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ABSTRACT: High penetration of distributed photovoltaic (PV) generation increases the impact of source-load
uncertainty on voltage security and economic performance in distribution network planning. Planning methods
that neglect uncertainty may underestimate voltage risks caused by PV and load fluctuations and may not fully
reflect the performance differences among candidate PV schemes under different operating scenarios. To address
this issue, this paper develops a distributed PV planning method that combines Dirichlet process mixture model
(DPMM)-based scenario modeling with affine voltage risk evaluation. Historical PV and load data are organized into
daily joint PV-load samples, and DPMM is used to identify latent source-load operating components. Based on these
components, representative scenarios are constructed, from which occurrence probabilities, central profiles, and
quantile-based fluctuation bounds are obtained. The scenario centers and fluctuation bounds are then converted into
affine power injections, so that intra-scenario fluctuations can be propagated to nodal voltage intervals through affine
power flow. In the proposed planning and evaluation framework, candidate PV siting and sizing schemes are assessed
using scenario-weighted economic cost and affine voltage-risk indicators, and particle swarm optimization is used to
update the planning decisions. Case studies on the IEEE 69-bus system and a practical 80-bus distribution network,
together with annual Monte Carlo validation, indicate that the proposed method can incorporate uncertainty-induced
voltage risk and multi-scenario economic performance into PV planning, thereby supporting a balanced trade-off
between economic performance and voltage security.

KEYWORDS: Distributed photovoltaic planning; Dirichlet process mixture model; affine arithmetic; source-load
uncertainty; voltage risk; scenario-based planning

1 Introduction

Driven by the low-carbon energy transition, photovoltaic (PV) generation has been increasingly
integrated into distribution networks [1–3]. However, PV output is inherently intermittent and is affected
by meteorological and geographical conditions, while load demand also varies over time. Under high
PV penetration, the combined uncertainty of PV generation and load demand may change nodal power
injections and aggravate operational issues such as voltage violations, reverse power flow, and network
loss variation [4,5]. Since PV installation locations and capacities directly determine the spatial distribution
of power injections and voltage profiles, distributed PV planning, especially PV siting and sizing decisions,
should consider not only economic performance but also voltage-boundary risks under uncertain operating
conditions [6,7].
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Distributed PV siting and sizing jointly determine installation locations and capacity allocations and
are generally formulated as a mixed-integer nonlinear optimization problem [8]. Existing studies have
developed single and multi-objective planning models with objectives such as network loss reduction,
voltage profile improvement, investment cost reduction, hosting capacity enhancement, and power quality
improvement [9,10]. Recent studies have also considered coordinated PV-storage investment planning
and DG allocation in unbalanced distribution systems [11–13]. Because these models usually involve
nonlinear power flow constraints and discrete-continuous decision variables, metaheuristic and intelligent
optimization algorithms have been widely applied to search for planning solutions [14,15]. Nevertheless,
many existing planning models still evaluate candidate schemes using deterministic PV generation and
load demand profiles, such as forecasted curves or typical daily profiles. Although such deterministic
representations are convenient for planning calculation, they may underestimate voltage-boundary risk
and operating-performance variations when actual source-load injections deviate from their nominal
values [16,17].

To account for source-load uncertainty, various uncertainty-aware methods have been introduced
into distribution network planning. Source-load uncertainty can be represented through random samples,
representative scenarios, or probabilistic models [18–20]. Scenario-based stochastic and chance-constrained
methods incorporate uncertainty through probability-weighted scenarios or probabilistic security con-
straints [21,22], whereas robust and distributionally robust methods address bounded and distributional
uncertainty, respectively [23,24]. In scenario-based evaluation, using numerous operating samples increases
the computational burden, whereas using only representative scenario centers may neglect intra-scenario
fluctuations. Interval-based methods provide an alternative way to characterize intra-scenario fluctuations
by describing uncertain inputs within prescribed bounds and estimating the corresponding range of system
states. However, conventional interval analysis may produce conservative results because dependency
information among uncertain variables is not fully retained. Affine arithmetic alleviates this limitation by
representing uncertain variables using central values and shared noise elements, thereby retaining part of
the dependence information during uncertainty propagation [25,26]. Affine power flow therefore provides
a tractable means of estimating nodal voltage intervals under bounded source-load deviations.

For planning studies based on historical PV and load data, an important issue is how to identify
representative source-load conditions and their associated fluctuation ranges. Conventional clustering
methods, such as K-means, have been widely used for typical scenario extraction and scenario reduction
in power system operation and planning [27,28]. However, these methods usually require the number
of clusters to be specified in advance, which may introduce subjectivity when the actual number of PV-
load operating patterns is unknown. The Dirichlet process mixture model (DPMM), as a nonparametric
Bayesian mixture model, provides a data-driven way to identify latent operating components without
fixing the component count beforehand [29–31]. Related DPMM-based models have also been applied
to data-driven dispatch and distribution-network risk assessment [32,33]. For planning applications, the
DPMM-derived latent components can be further organized into representative source-load scenarios, from
which occurrence probabilities, central profiles, and quantile-based fluctuation bounds can be obtained.

For the planning problem considered in this study, scenario probabilities and scenario-specific bounds
provide complementary uncertainty information. Scenario probabilities support the weighted evaluation
of planning performance across representative operating conditions, whereas scenario-specific bounds
describe source-load fluctuations within each condition and provide inputs for voltage-risk evaluation.
Their coordinated use within a data-driven PV siting and sizing framework remains insufficiently explored.
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Motivated by the above discussion, this paper proposes a DPMM-based affine voltage-risk-aware plan-
ning method for distributed PV siting and sizing under source-load uncertainty. Its principal methodological
contribution lies in linking DPMM-based joint source-load scenario construction with scenario-dependent
affine voltage-risk evaluation, thereby retaining both differences among representative operating conditions
and fluctuations within each condition during candidate-scheme evaluation. Historical PV generation and
load demand data are first organized into daily joint PV-load samples. DPMM is then used to identify latent
source-load operating components and construct representative scenarios with occurrence probabilities,
central profiles, and quantile-based fluctuation bounds. The scenario central profiles and fluctuation bounds
are converted into affine source-load injections, whereas the occurrence probabilities are retained for
multi-scenario planning evaluation. Affine power flow is then employed to propagate the intra-scenario
fluctuations into nodal voltage intervals. During optimization, candidate PV siting and sizing schemes are
evaluated by considering scenario-weighted economic cost and affine voltage-boundary risk. The resulting
optimization problem is solved using particle swarm optimization (PSO).

The main contributions are summarized as follows.

(1) A DPMM-based source-load scenario construction method is developed for distributed PV planning.
Unlike predefined weather classification or clustering with a fixed number of clusters, the proposed
scenario construction process identifies latent operating components from historical PV-load data and
constructs representative scenarios with occurrence probabilities, central profiles, and quantile-based
fluctuation bounds.

(2) A scenario-dependent affine representation of source-load uncertainty is established for voltage-
boundary risk evaluation. The DPMM-derived scenario centers are used as affine central values,
while the intra-scenario fluctuation bounds are converted into affine radii, enabling scenario-level
uncertainty propagation through affine power flow.

(3) A multi-scenario economic and affine voltage-risk-aware PV siting and sizing model is formulated.
Candidate planning schemes are evaluated by jointly considering scenario-weighted economic per-
formance and voltage-boundary risk across representative source-load scenarios, and the model is
solved using PSO and examined on the IEEE 69-bus system and a practical 80-bus distribution network
through annual Monte Carlo validation.

2 DPMM-Based Source-Load Uncertainty Modeling and Affine Power Flow

The proposed method links data-driven source-load scenario construction, affine voltage-risk evalua-
tion, and PV siting and sizing within a unified workflow. Historical PV generation and load demand are first
organized into joint daily profiles, from which representative source-load scenarios are constructed with
occurrence probabilities, central profiles, and fluctuation bounds. During optimization, each candidate PV
configuration is evaluated under these scenarios using affine power flow, and the resulting economic cost
and voltage-risk indicators are returned to update the planning decisions. The main stages and information
exchange of the proposed method are shown in Fig. 1.
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1 Data-Driven Source-Load Scenario Modeling

Historical PV-Load Data

Construct joint daily PV-load profiles

Identify DPMM Components

Infer latent operating components

Construct Representative Scenarios

Obtain probabilities, centers, and bounds

2 PV Planning and Scenario-Based Evaluation

Optimize PV Siting and Sizing

Encode and update candidate schemes using PSO

Evaluate Candidate PV Scheme

Perform affine power flow
Calculate economic cost and voltage risk

Candidate PV scheme

Fitness value 

Representative scenario information

Figure 1: Overall framework of the proposed method.

2.1 DPMM-Based Source-Load Scenario Construction

Historical hourly PV generation and load demand records are organized into paired daily profiles to
preserve their temporal correspondence and characterize joint source-load operating conditions. Let d
denote the day index, t denote the time index within one day, and T denote the number of time periods in
one day. To eliminate the influence of different PV capacities and load scales, PV output and load demand
are normalized by the rated PV capacity and the base load, respectively. The normalized PV profile and
load profile of the same day are combined into a daily joint PV-load sample:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝜌𝑑 = [𝜌𝑑,1, 𝜌𝑑,2, … , 𝜌𝑑,𝑇 ]
𝑇

𝜆𝑑 = [𝜆𝑑,1, 𝜆𝑑,2, … , 𝜆𝑑,𝑇 ]𝑇

𝑢𝑑 = [𝜌𝑑 , 𝜆𝑑]

(1)

where 𝑢𝑑 is the daily joint source-load sample.
Daily PV and load profiles contain 24-h temporal information and have different numerical scales.

To obtain a compact representation for joint scenario construction, each daily sample is mapped into
a source-load feature space. After standardization, the PV-related and load-related feature vectors are
weighted and concatenated as:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝑓 𝑃𝑉
𝑑 = 𝑃𝑉 (𝜌𝑑)

𝑓 𝐿
𝑑 = 𝐿(𝜆𝑑)

𝑥𝑑 = [ 𝑤𝑃𝑉 𝑓 𝑃𝑉
𝑑 , 𝑤𝐿𝑓 𝐿

𝑑 ]

(2)

where 𝑃𝑉 (⋅) and 𝐿(⋅) denote the feature extraction mappings for PV and load daily profiles, respectively;
𝑓 PV
𝑑 and 𝑓 𝐿

𝑑 are the PV and load feature vectors of day d; 𝑓 PV
𝑑 and 𝑓 𝐿

𝑑 are their standardized forms; 𝑤𝑃𝑉

and 𝑤𝐿 are feature weights used to balance the influence of PV and load characteristics. The PV features
describe the daily generation level and profile shape, while the load features characterize the main variation
pattern of the daily load profile. Joint modeling preserves the daily correspondence between PV generation
and load demand, so that the constructed scenarios can reflect combined source-load operating patterns
rather than separate PV or load states.
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Unlike PV-only profiles, which can often be associated with weather-related generation patterns, joint
PV-load samples combine weather-dependent PV output with load demand influenced by both weather and
consumption behavior. The latent patterns may therefore involve diverse PV-load combinations. DPMM is
used to identify these latent components without fixing their number during the initial identification stage,
and the identified components provide the basis for subsequent representative scenario construction.

The basic generative process of DPMM is expressed as follows [29]:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝐺 ∼ 𝐷𝑃(𝛼𝐷, 𝐺0)

𝜃𝑑 |𝐺 ∼ 𝐺

𝑥𝑑 |𝜽𝑑 ∼ 𝐹(𝑥𝑑 |𝜽𝑑)

(3)

where 𝐺 is a random distribution following the Dirichlet process, 𝐺0 is the base distribution, 𝛼𝐷 is the
concentration parameter, 𝜃𝑑 is the mixture component parameter of sample d, and 𝐹(⋅) is the conditional
distribution of the sample.

The standardized source-load features are continuous and may exhibit multiple local patterns. Each
latent component is therefore represented by a multivariate Gaussian distribution, whose mean and
covariance describe the center and dependence structure of the corresponding feature group [32,33]:

𝑥𝑑 ||(𝑧𝑑 = 𝑘, 𝝁𝑘 , 𝜮𝑘) ∼  (𝝁𝑘 , 𝜮𝑘) (4)

where 𝑧𝑑 is the latent component label of day d; 𝝁𝑘 and 𝜮𝑘 are the mean vector and covariance matrix of
the k-th Gaussian mixture component.

Under the DPMM, the probability of assigning a sample to an existing component is proportional to
the number of samples currently assigned to that component, while the probability of generating a new
component is controlled by the concentration parameter [30]:

⎧⎪⎪
⎨⎪⎪⎩

𝑝(𝑧𝑑 = 𝑘|𝑧−𝑑) =
𝑛𝑘,−𝑑

𝑁−1+𝛼𝐷

𝑝(𝑧𝑑 = new|𝑧−𝑑) = 𝛼𝐷
𝑁−1+𝛼𝐷

(5)

where 𝑧−𝑑 denotes the component labels of all samples except sample d, 𝑛𝑘,−𝑑 is the number of samples
assigned to component k excluding sample d, N is the total number of samples. Posterior inference is
performed using a collapsed Gibbs sampler, in which the latent component assignments are updated
iteratively and the concentration parameter is updated during sampling. The final component assignments
provide the raw components for subsequent representative-scenario organization.

The latent components may represent detailed PV-load combinations, some of which contain only a
few samples. For use in the proposed planning model, they are organized into representative scenarios
according to sample size and similarity in the source-load feature space. This reduces the number of scenario
evaluations while allowing empirical fluctuation bounds to be estimated from the samples assigned to each
representative scenario. The similarity between two components is measured by the distance between their
feature centers:

⎧⎪⎪
⎨⎪⎪⎩

𝒎𝑘 = 1
|𝐶𝑘 |

∑
𝑑∈𝐶𝑘

𝑥𝑑

𝑑𝑘𝑖 = ‖𝒎𝑘 −𝒎𝑖‖2
(6)
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where 𝑘 is the set of daily samples assigned to the k-th latent component, 𝒎𝑘 is the feature center of
this component, and 𝑑𝑘𝑙 measures the feature-space distance between components k and l. A smaller 𝑑𝑘𝑙
indicates higher similarity between the two source-load operating components. Components with close
feature centers can be represented by the same representative scenario when constructing the planning
scenario set.

After component organization, each representative scenario corresponds to a set of original daily PV-load
samples. Its occurrence probability is estimated from the sample frequency and used as the scenario weight for
aggregating scenario-dependent economic cost and affine voltage risk in the subsequent planning evaluation:

⎧⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎩

𝑘 = {𝑑|𝑧𝑑 = 𝑘}

𝜋𝑘 = |𝑘 |
𝑁

𝐾
∑
𝑘=1

𝜋𝑘 = 1

(7)

where 𝑘 is the set of days assigned to scenario k, and 𝜋𝑘 is the occurrence probability of scenario k.
For each scenario, the representative PV and load profiles are recalculated from the original 24-h

profiles of samples assigned to the same scenario:

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝜌𝑘,𝑡 =
1

|𝑘 |
∑

𝑑∈𝑘

𝜌𝑑,𝑡

𝜆𝑘,𝑡 = 1
|𝑘 |

∑
𝑑∈𝑘

𝜆𝑑,𝑡
(8)

where 𝜌𝑘,𝑡 and 𝜆𝑘,𝑡 are the representative PV output and load demand of scenario k at time t, respectively.
To describe intra-scenario PV and load fluctuations, empirical quantiles are used to construct the

fluctuation bounds:

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜌min
𝑘,𝑡 = 𝑄0.05(𝜌𝑑,𝑡

|||𝑑 ∈ 𝑘)

𝜌max
𝑘,𝑡 = 𝑄0.95(𝜌𝑑,𝑡

|||𝑑 ∈ 𝑘)

𝜆min
𝑘,𝑡 = 𝑄0.05(𝜆𝑑,𝑡

|||𝑑 ∈ 𝑘)

𝜆max
𝑘,𝑡 = 𝑄0.95(𝜆𝑑,𝑡

|||𝑑 ∈ 𝑘)

(9)

where 𝜌min
𝑘,𝑡 and 𝜌max

𝑘,𝑡 are the lower and upper bounds of the normalized PV output in scenario k and 𝜆min
𝑘,𝑡

and 𝜆max
𝑘,𝑡 are the lower and upper bounds of the normalized load demand. 𝑄0.05(⋅) and 𝑄0.95(⋅) denote the

5% and 95% empirical quantiles, respectively.
Through the above process, the scenario construction procedure yields representative source-load

scenarios with associated probabilities, central profiles, and intra-scenario fluctuation bounds, which
provide the basis for scenario-weighted economic evaluation and scenario-dependent affine voltage-risk
assessment.
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2.2 Affine Representation of Scenario-Based Source-Load Uncertainty

Based on the representative scenarios obtained in Section 2.1, affine arithmetic is used to express the
scenario central profiles and intra-scenario fluctuation bounds as affine uncertain source-load injections.
Affine arithmetic is an interval-based uncertainty analysis method that represents an uncertain quantity
as a central value plus a weighted combination of bounded noise elements. Unlike conventional interval
arithmetic, which only records the lower and upper bounds of uncertain variables, affine arithmetic
preserves part of the dependency information among variables through shared noise elements [34,35]. In
affine arithmetic, an uncertain variable can be expressed as follows:

𝑥̂ = 𝑥0 +
𝑀
∑
𝑚=1

𝑥𝑚𝜀𝑚 (10)

where 𝑥0 is the central value; each 𝜀𝑚 ∈ [−1, 1] is a noise element representing the fluctuation of uncertainty
source m; and 𝑥𝑚 is the partial deviation coefficient indicating the influence magnitude of each uncertainty.

The range of the affine variable is determined by the central value and the deviation coefficient. Its
lower and upper bounds can be calculated using the following formula:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝑥 = 𝑥0 +
𝑀
∑
𝑚=1

|𝑥𝑚|

𝑥 = 𝑥0 −
𝑀
∑
𝑚=1

|𝑥𝑚|
(11)

The scenario center obtained in Section 2.1 is used as the affine central value, and the intra-scenario
fluctuation range is converted into the coefficient of the affine noise term. According to the scenario profiles
and fluctuation bounds, the fluctuation radii of PV output and load demand are defined as follows:

⎧⎪⎪
⎨⎪⎪⎩

Δ𝜌𝑘,𝑡 = max
{
𝜌𝑘,𝑡 − 𝜌min

𝑘,𝑡 , 𝜌
max
𝑘,𝑡 − 𝜌𝑘,𝑡

}

Δ𝜆𝑘,𝑡 = max
{
𝜆𝑘,𝑡 − 𝜆min

𝑘,𝑡 , 𝜆
max
𝑘,𝑡 − 𝜆𝑘,𝑡

} (12)

where Δ𝜌𝑘,𝑡 and Δ𝜆𝑘,𝑡 are the fluctuation radii of PV output and load demand in scenario k at time t,
respectively.

After the representative source-load profiles and fluctuation radii are obtained, they are converted into
affine nodal power injections for power flow calculation. For node i, scenario k, and time t, the affine active
power injections of PV generation and load demand are expressed as:

⎧⎪⎪
⎨⎪⎪⎩

𝑃𝑃𝑉
𝑖,𝑘,𝑡 = 𝑆𝑃𝑉𝑖 (𝜌𝑘,𝑡 + Δ𝜌𝑘,𝑡𝜀𝑃𝑉𝑘,𝑡 )

𝑃𝐿
𝑖,𝑘,𝑡 = 𝑃𝐿

𝑖 (𝜆𝑘,𝑡 + Δ𝜆𝑘,𝑡𝜀𝐿𝑘,𝑡)
(13)

The corresponding reactive powers are determined according to the specified power factors of PV
generation and load demand. Therefore, the affine net active and reactive power injections are written as:

⎧⎪⎪
⎨⎪⎪⎩

𝑃𝑖,𝑘,𝑡 = 𝑃𝑃𝑉
𝑖,𝑘,𝑡 − 𝑃𝐿

𝑖,𝑘,𝑡

𝑄̂𝑖,𝑘,𝑡 = 𝜂𝑃𝑉 𝑃𝑃𝑉
𝑖,𝑘,𝑡 − 𝜂𝐿𝑃𝐿

𝑖,𝑘,𝑡

(14)
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where 𝜂𝑃𝑉 and 𝜂𝐿 are the reactive power coefficients determined by the PV and load power factors,
respectively.

Finally, the affine complex power injection can be expressed as:

𝑆𝑖,𝑘,𝑡 = 𝑃𝑖,𝑘,𝑡 + 𝑗𝑄̂𝑖,𝑘,𝑡

= 𝑆𝑖,0,𝑡 +
𝑁𝜉

∑
𝑘=1

𝑆𝑖,𝑘,𝑡𝜀𝑘
(15)

where 𝑆𝑖,0,𝑡 is the central value of the nodal net complex power injection; 𝑆𝑖,𝑘,𝑡 is the deviation coefficient
associated with different sources of uncertainty and 𝜀𝑘 is the corresponding noise element.

2.3 Affine Power Flow Propagation

To evaluate the voltage response under source-load uncertainty, the affine net power injections defined
above are introduced into the power flow equations. Based on the nodal-admittance formulation in [25],
the relationship between nodal currents and voltages is expressed as follows:

[
𝑌 𝑌𝑖𝑛
𝑌𝑛𝑖 𝑌𝑛𝑛][

𝑉
𝑉𝑛]

=
⎡
⎢
⎢
⎣

( 𝑆
𝑉 )

∗

( 𝑆𝑛
𝑉𝑛 )

∗

⎤
⎥
⎥
⎦

(16)

where 𝑌 denotes the nodal admittance matrix; 𝑉 and 𝑆 denote the nodal voltage and complex power,
respectively; the subscript n represents non-slack buses.

Substituting the affine net power injections into the power-flow equations gives the iterative affine
voltage formulation:

𝑉̂ = 𝑌 −1

[(
𝑆
𝑉̂ )

∗

− 𝑌𝑛𝑖𝑉̂𝑛]
(17)

The iterative formulation in (17) is evaluated in affine form. At each iteration, the central values and
affine coefficients of the bus voltages are updated using the scenario-specific affine power injections [35].
The network topology and model parameters are assumed to remain unchanged within each representative
scenario, while the PV and load variations are confined to their corresponding scenario-specific bounds. The
iteration terminates when the changes in the voltage bounds satisfy the prescribed convergence tolerance.

After convergence, the voltage magnitude at bus i can be expressed in affine form as follows:

𝑉̂𝑖 = 𝑉 0
𝑖 +

𝑀
∑
𝑚=1

𝑉𝑚
𝑖 𝜀𝑚 (18)

Accordingly, the lower and upper bounds of the nodal voltage magnitude are obtained as follows:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝑉 𝑖 = 𝑉 0
𝑖 −

𝑀
∑
𝑚=1

|𝑉𝑚
𝑖 |

𝑉 𝑖 = 𝑉 0
𝑖 +

𝑀
∑
𝑚=1

|𝑉𝑚
𝑖 |

(19)
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This procedure yields affine representations of the bus voltages, including their central values and
uncertainty ranges. Shared noise symbols retain the dependence among uncertain injections, and the
resulting voltage intervals characterize the effects of intra-scenario source-load fluctuations. These intervals
are subsequently used for voltage-risk evaluation in the planning model.

3 Distributed PV Planning Model Considering Scenario-Weighted Economic Cost and Affine
Voltage Risk

Based on the representative source-load scenarios and affine power flow described in Section 2, the
PV siting and sizing problem is formulated by considering affine voltage risk. PV installation locations
and capacities affect the distribution of active and reactive power injections in the network and thus
influence nodal voltages under source-load uncertainty. Accordingly, the planning objective includes the
scenario-weighted economic cost under representative source-load scenarios and a voltage risk penalty
evaluated using scenario-level affine voltage intervals.

3.1 Planning Variables and Scenario-Based Scheme Evaluation

The planning decision consists of two parts: the siting state and the installed PV capacity at candidate
buses. The siting variable is a binary variable indicating whether a PV system is installed at candidate bus i.
It is defined as:

𝑦 = [𝑦1, 𝑦2, … , 𝑦𝑁 ], 𝑦𝑖 ∈ {0, 1} (20)

where N is the number of candidate buses. 𝑦𝑖 = 1 if PV is installed at candidate bus i; otherwise, 𝑦𝑖 = 0.
The sizing variable is a continuous variable representing the installed PV capacity at candidate bus i.

It is defined as:

𝑠 = [𝑠1, 𝑠2, … , 𝑠𝑁 ], 𝑠𝑖 ∈ [𝑠min
𝑖 , 𝑠max

𝑖 ] (21)

where 𝑠min
𝑖 and 𝑠max

𝑖 are the minimum and maximum capacity at bus i.
For a candidate planning scheme 𝑢 = {𝑦𝑖, 𝑠𝑖}, the scenario-weighted economic cost and scenario-

level affine voltage risk indicators are calculated based on the scenario-dependent affine representation
established in Section 2. The obtained scenario-aggregated objective value is then used as fitness information
for scheme comparison and subsequent particle updating.

3.2 Objective Function and Operating Constraints

The objective function of the proposed model consists of the scenario-weighted economic cost and
the scenario-weighted affine voltage-boundary risk penalty. The economic cost evaluates the investment
and operating performance of the PV planning scheme across representative source-load scenarios, while
the affine voltage boundary risk penalty quantifies both central voltage violations and interval-boundary
violations caused by intra-scenario source-load fluctuations.

3.2.1 Economic Cost Model

The economic cost mainly includes annualized PV investment cost, operation and maintenance (O&M)
cost, scenario-dependent grid power transaction cost, and scenario-dependent network loss cost.
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The annualized PV investment cost, which is independent of operating scenarios, is given by:

𝐶𝑖𝑛𝑣 = (𝑐𝑛𝑢𝑚 ⋅
𝑁
∑
𝑖=1

𝑦𝑖 + 𝑐𝑐𝑎𝑝 ⋅
𝑁
∑
𝑖=1

𝑠𝑖) ⋅
𝑟(1 + 𝑟)𝑇𝑙𝑖𝑓 𝑒

(1 + 𝑟)𝑇𝑙𝑖𝑓 𝑒 − 1
(22)

where 𝑐𝑛𝑢𝑚 and 𝑐𝑐𝑎𝑝 are the fixed installation cost coefficient and unit capacity investment cost coefficient,
respectively; r is the discount rate; 𝑇𝑙𝑖𝑓 𝑒 is the project lifetime.

The annualized PV O&M cost of the installed PV capacity is expressed as:

𝐶om = 𝑐om ⋅
𝑁
∑
𝑖=1

𝑠𝑖 (23)

where 𝑐𝑜𝑚 is the unit O&M cost coefficient per capacity.
For each representative scenario, the grid power transaction cost is calculated according to the power

exchanged between the distribution network and the upstream grid:

𝐶𝑔𝑟𝑖𝑑,𝑘 =
𝑇
∑
𝑡=1

(𝑐𝑏𝑃𝑘
𝑏𝑢𝑦,𝑡 − 𝑐𝑠𝑃𝑘

𝑠𝑒𝑙𝑙,𝑡) (24)

where 𝑐𝑏 and 𝑐𝑠 are the electricity purchase and selling prices, respectively; 𝑃𝑘
𝑏𝑢𝑦,𝑡 and 𝑃𝑘

𝑠𝑒𝑙𝑙,𝑡 are the
purchased and sold power under representative scenario k at time t.

For each representative scenario, the network loss cost is expressed as:

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝐶loss,𝑘 = 𝑐𝑒 ⋅
𝑇
∑
𝑡=1

𝐿𝑡,𝑘

𝐿𝑡,𝑘 =
1
2

𝑛
∑
𝑖=1

𝑛
∑
𝑗=1

𝐺𝑔(𝑉 2
𝑖 + 𝑉 2

𝑗 − 2𝑉𝑖𝑉𝑗 cos 𝜃𝑔)
(25)

where 𝐿𝑡,𝑘 is the system loss under representative scenario k at time t; 𝑐𝑒 is the electricity price; n is the
number of system buses.

Thus, the scenario-weighted total economic cost is expressed as:

𝐶eco = 𝐶inv + 𝐶om +
𝐾
∑
𝑘=1

𝜋𝑘(𝐶grid,𝑘 + 𝐶loss,𝑘) (26)

Although the scenario-weighted economic cost reflects the comprehensive operating benefit of a
planning scheme under representative source-load scenarios, it cannot directly characterize the voltage-
boundary risk caused by intra-scenario PV and load fluctuations. Therefore, a scenario-dependent affine
voltage-boundary risk index is further introduced.

3.2.2 Affine Voltage Risk Index

According to the scenario-based affine power flow propagation described in Section 2, the voltage
magnitude at each bus, time period, and representative scenario can be expressed in affine form. To evaluate
voltage security in the planning model, the voltage risk of each representative scenario is divided into
central voltage risk and interval voltage risk. The former reflects voltage violations of the affine central
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values under the scenario center, whereas the latter captures possible voltage-boundary violations caused by
intra-scenario source-load fluctuations. For representative scenario k, the central voltage risk is defined as:

𝑅𝑐
𝑉 ,𝑘 = ∑

𝑡
∑
𝑖
[max(0, 𝑉min − 𝑉 0

𝑖,𝑘)
2 + max(0, 𝑉 0

𝑖,𝑘 − 𝑉max)
2
] (27)

where 𝑉min and 𝑉max are the lower and upper voltage limits, respectively.
For representative scenario k, the affine interval voltage risk is defined as:

𝑅𝐼
𝑉 ,𝑘 = ∑

𝑡
∑
𝑖
[max(0, 𝑉min − 𝑉 𝑖,𝑘)

2 + max(0, 𝑉 𝑖,𝑘 − 𝑉max)
2
] (28)

where the lower bound violation term reflects the potential undervoltage risk, and the upper bound violation
term reflects the potential overvoltage risk caused by intra-scenario source-load fluctuations.

The comprehensive voltage risk of representative scenario k is then formulated as:

𝑅𝑉 ,𝑘 = 𝛼𝑅𝐶
𝑉 ,𝑘 + (1 − 𝛼)𝑅𝐼

𝑉 ,𝑘 (29)

where 𝛼 is the weighting coefficient between the central voltage risk and the affine interval voltage risk
within each representative scenario.

The voltage risk penalty is then expressed by:

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝑅𝑉 =
𝐾
∑
𝑘=1

𝜋𝑘𝑅𝑉 ,𝑘

𝐶𝑉 = 𝜆𝑉𝑅𝑉

(30)

where 𝜆𝑉 is the voltage risk penalty coefficient. This risk term converts the scenario-weighted affine voltage
risk into a planning penalty and is incorporated into the overall objective function.

3.2.3 Planning Constraints and Overall Objective Function

The number of PV installation buses is limited by:

𝑁
∑
𝑖=1

𝑦𝑖 ≤ 𝑁max (31)

where 𝑁max is the maximum allowed number of PV installation buses.
The total installed PV capacity at each candidate bus and the total installed PV capacity are constrained by:

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝑦𝑖𝑠min
𝑖 ≤ 𝑠𝑖 ≤ 𝑦𝑖𝑠max

𝑖

𝑁
∑
𝑖=1

𝑠𝑖 ≤ 𝑠𝑀𝐴𝑋

(32)

where 𝑠𝑀𝐴𝑋 is the maximum total installed PV capacity.
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A constraint penalty term is introduced to penalize infeasible solutions during the optimization process:

𝐶𝑝𝑒𝑛 = 𝜆𝑆Δ𝑆 + 𝜆𝑁Δ𝑁 (33)

where Δ𝑆 is the violation amount of the capacity constraints, Δ𝑁 is the violation amount of the maximum
site number constraint; 𝜆𝑆 and 𝜆𝑁 are the corresponding penalty coefficients.

By combining the scenario-weighted economic cost, the scenario-weighted affine voltage risk penalty,
and the constraint penalty, the overall objective function is formulated as:

min 𝐹 = 𝐶eco + 𝐶𝑉 + 𝐶pen (34)

3.3 PSO-Based Solution Method

The proposed planning model involves binary siting variables, continuous sizing variables, and
nonlinear voltage risk evaluation based on affine power flow, which together form a mixed-integer nonlinear
optimization problem. In the solution process, each particle represents a candidate PV siting and sizing
scheme. The scenario-based affine evaluation process calculates the scenario-weighted economic cost,
scenario-aggregated affine voltage risk, and constraint penalties of each candidate scheme, which are
then combined into the fitness value. PSO is therefore adopted because its particle-based encoding can
accommodate mixed discrete-continuous decision variables, and its fitness-driven update mechanism is
suitable for the embedded affine evaluation process [13,15].

3.3.1 Particle Encoding and Update Strategy

Each particle represents a planning scheme. Its position vector consists of discrete siting variable 𝑦𝑖
and continuous sizing variables 𝑠𝑖.

Continuous variables are updated using the standard PSO rule:

⎧⎪⎪
⎨⎪⎪⎩

𝑣𝑡+1𝑖 = 𝑤 ⋅ 𝑣𝑡𝑖 + 𝑐1 ⋅ 𝑟1 ⋅ (𝑝𝑏𝑒𝑠𝑡,𝑖 − 𝑥𝑡𝑖 ) + 𝑐2 ⋅ 𝑟2 ⋅ (𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑡𝑖 )

𝑥𝑡+1𝑖 = 𝑥𝑡𝑖 + 𝑣𝑡+1𝑖

(35)

where 𝑣𝑡𝑖 and 𝑣𝑡+1𝑖 are the velocities of particle i at iterations t and t + 1; 𝑥𝑡𝑖 is its current position; 𝑝𝑏𝑒𝑠𝑡,𝑖 is
its historical best position; 𝑔𝑏𝑒𝑠𝑡 is the global best position.

Discrete variables are updated by mapping the velocity to a probability via a sigmoid function:

𝑥𝑡+1𝑖 =

{
1 if 𝑟𝑎𝑛𝑑() < 𝜎(𝑣𝑡+1𝑖 )

0 otherwise
𝜎(𝑣𝑡+1𝑖 ) = 1

1+𝑒−𝑣
𝑡+1
𝑖

(36)

Inertia weight 𝑤 is updated with the strategy below:

𝑤(𝑚) = 𝑤max − (𝑤max − 𝑤min) ⋅ (
𝑚
𝑀) (37)

wherem is the current iteration count,M is the maximum iteration count, 𝑤max and 𝑤min are the maximum
and minimum inertia weights.
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The fitness function used in the PSO search is expressed as:

𝐹𝑖𝑡𝑛𝑒𝑠𝑠 = 𝐹 = 𝐶𝑒𝑐𝑜 + 𝐶𝑉 + 𝐶𝑝𝑒𝑛 (38)

3.3.2 Fitness Evaluation and Optimization Procedure

For each particle representing a candidate planning scheme, its fitness is evaluated through the
following steps:

Step 1: Based on the representative source-load scenarios obtained in Section 2 and the decoded siting
and sizing variables, the affine PV generation, load demand, and nodal net power injections are constructed
for each scenario.

Step 2: Affine power flow is performed using these uncertain injections to obtain the central values
and fluctuation ranges of the nodal voltages.

Step 3: The fitness value is calculated from the scenario-weighted economic cost, central voltage risk,
affine interval voltage risk, and constraint penalties.

After all particles have been evaluated, their states and the best solutions are updated according to the
calculated fitness values. The fitness evaluation and particle update are repeated until the convergence
criterion is satisfied, after which the optimal PV configuration is obtained. This embedded evaluation
enables PSO to compare candidate schemes by considering both multi-scenario economic performance and
affine voltage risk under source-load uncertainty. The detailed solution procedure is illustrated in Fig. 2.

 

No

Yes

Initialize PSO population

Decode PV siting and sizing variables

Construct affine source-load injections

Perform affine power flow under all scenarios
Calculate economic cost, voltage risk, and penalties

Update particle states and  best solutions

Convergence criterion
satisfied?

Output optimal PV scheme

Figure 2: Detailed solution procedure of the proposed PV planning method.

4 Case Studies and Results

Case studies are conducted on the IEEE 69-bus distribution system and a practical 80-bus distribution
network in Fujian Province, China. The two systems are selected to represent different voltage risk
characteristics. The IEEE 69-bus system is used to examine the planning results in an undervoltage prone
feeder, while the practical 80-bus system is used to evaluate the trade-off between economy and voltage
risk under limited upper voltage margin.
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4.1 Case Setup

4.1.1 Economic and Algorithmic Parameters

The investment cost of PV systems is converted into an annualized cost and incorporated into the
objective function. The main economic and algorithmic parameters are listed in Table 1.

Table 1: Economic and algorithmic parameters.

Parameter Value

Fixed installation cost 20 × 104 CNY/site
Unit capacity investment cost 350 × 104 CNY/MW

Annual O&M cost 5 × 104 CNY/(MW⋅year)
Purchasing electricity price 0.05 × 104 CNY/MWh
Selling electricity price 0.01 × 104 CNY/MWh

PV lifetime 20 years
Discount rate 6%

Allowable voltage range 0.95–1.05 p.u.
Population size 70

Maximum stagnation iteration 15
Central-interval voltage risk weight, 𝛼 0.4

Affine voltage risk penalty coefficient, 𝜆𝑉 15

4.1.2 DPMM-Based Representative Source-Load Scenarios

The source-load uncertainty data used in the case studies are constructed from hourly PV generation
and load demand records collected from a region in Fujian Province, China [36,37]. The PV data are
normalized according to the rated PV capacity, while the load data are converted into normalized load
coefficients. The annual hourly data are organized into daily PV-load samples, where each sample consists
of a 24-h PV output profile and the corresponding 24-h load demand profile.

DPMM is first applied to the joint PV-load samples to identify latent operating components without
specifying the number of components in advance. For the reported case studies, the concentration parameter
was initialized according to the number of daily samples and subsequently updated during sampling. The
DPMM was run for 500 iterations, and the component assignments from the final iteration were retained
as the raw DPMM result. The use of joint samples preserves the temporal correspondence between PV
generation and load demand on the same day and the identified components therefore provide a data-driven
basis for constructing representative planning scenarios. Since the raw DPMM components may include
low-probability groups or highly similar PV-load patterns, they are further organized before being used
in affine calculation. The organization process considers both sample size and feature-space similarity,
allowing components with close source-load characteristics to be represented by the same planning scenario.
Unlike K-means clustering, where the final number of clusters is specified in advance, this procedure first
identifies latent source-load components and then constructs the final scenario set according to their
statistical support and similarity. After this process, four representative source-load scenarios are obtained.
For each scenario, the central profile and the 5%–95% empirical quantile interval are recalculated from the
original 24-h PV and load profiles assigned to that scenario.

The representative source-load scenarios used for planning are summarized in Table 2. The corre-
sponding scenario profiles and 5%–95% fluctuation intervals are shown in Fig. 3. In the figure, the solid
lines denote the scenario centers, while the shaded regions and dashed lines represent the intra-scenario
fluctuation intervals. The obtained scenario centers, occurrence probabilities, and fluctuation bounds are
used as the uncertainty inputs for the subsequent affine evaluation.
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Table 2: Representative source-load scenarios obtained by DPMM-based modeling.

Scenario Days Probability Operating Pattern

S1 223 0.611 High PV generation and moderate load demand
S2 75 0.205 Moderate PV generation and moderate load demand
S3 27 0.074 Moderate PV generation and high load demand
S4 40 0.110 Low PV generation and low load demand
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Figure 3: Representative source-load profiles and fluctuation intervals.

4.1.3 Comparative Schemes and Monte Carlo Validation

Four planning schemes are considered for comparison:
Case 1: No-PV baseline. No new PV is installed, and this case is used to represent the original operating

condition of the system.
Case 2: Deterministic planning. PV siting and sizing are optimized using the scenario central profiles

and their occurrence probabilities, without considering intra-scenario PV and load fluctuations.
Case 3: Robust planning. PV siting and sizing are optimized using conservative combinations of the

upper and lower bounds of PV generation and load demand within each representative scenario.
Case 4: Affine-based planning. PV siting and sizing are optimized using the proposed scenario-weighted

economic and affine voltage-risk-aware formulation.
The four cases are designed to distinguish the original no-PV condition, deterministic planning based

on scenario central profiles, conservative bound-based uncertainty treatment, and affine voltage-risk
evaluation. Cases 2–4 use the same representative source-load data, decision variables, economic model,
technical constraints, candidate buses, and PSO settings, and differ in how intra-scenario uncertainty is
treated during candidate-scheme evaluation.

Since the compared planning schemes adopt different uncertainty treatments, their optimization
objective values are not directly comparable. Therefore, a unified annualMonte Carlo validation is performed
after planning. For each scheme, the obtained PV siting and sizing result is fixed, and annual source-load
samples are generated according to the representative scenario probabilities and intra-scenario fluctuation
ranges. The same validation samples are then used to calculate the average annual cost, network loss cost,
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voltage quantiles, and voltage violation depth and violation rate. In this way, the long-term operating
performance of different schemes can be compared under a consistent uncertainty setting.

In the Monte Carlo validation, voltage violation depth and violation rate are used to quantify voltage
security. The violation rate is calculated as the proportion of validation samples in which the voltage
exceeds the allowable limit. The violation depth is defined as follows:

𝐷under = ∑
𝑡
∑
𝑖
max(0, 𝑉 lim

min − 𝑉𝑖,𝑡)

𝐷over = ∑
𝑡
∑
𝑖
max(0, 𝑉𝑖,𝑡 − 𝑉 lim

max)
(39)

where 𝐷under and 𝐷over denote the cumulative undervoltage and overvoltage depths over all buses and time
periods for one validation sample, respectively. The reported Monte Carlo results are averaged over all
validation samples.

4.2 Results on the IEEE 69-Bus System

4.2.1 System Description and Parameter Settings

The IEEE 69-bus distribution system is a typical radial distribution network, shown in Fig. 4. The base
power is 10 MVA, the total active load is 3.8021 MW, and bus 1 is the slack bus. The original system has
relatively low voltage at downstream buses. Therefore, this case is used to examine the behavior of different
planning schemes in an undervoltage prone feeder, where PV integration tends to improve both economic
performance and voltage level. In this case, buses 11, 21, 27, 50, 61, 65, and 68 are selected as PV candidate
buses. The total PV capacity limit is set to 3.5 MW.

Figure 4: Topology of the IEEE 69-bus distribution system with PV candidate buses.

4.2.2 Planning Results

The planning results obtained by different methods are listed in Table 3.

Table 3: Planning results of the IEEE 69-bus system.

Scheme Total Capacity/MW Number of Sites
Annualized PV
Cost/104 CNY

PV Location and
Capacity/MW

Case 1: No-PV 0.00 0 0 -
Case 2: Deterministic 3.5 3 129.532 21:0.687; 61:1.875; 65:0.938

Case 3: Robust 3.5 2 127.789 61:1.770; 65:1.730
Case 4: Affine-based 3.5 2 127.789 61:1.924; 65:1.576
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All three PV planning schemes reach the total capacity limit of 3.50 MW, indicating that additional PV
capacity is favored in this undervoltage prone system. However, the siting patterns are not identical. The
deterministic scheme selects buses 21, 61, and 65, whereas the robust and affine-based schemes concentrate
the installations at buses 61 and 65. This indicates that the treatment of source-load uncertainty affects the
spatial allocation of PV units to some extent.

The similarity between the robust and affine-based schemes is related to the operating characteristics of
the IEEE 69-bus system. Since the dominant issue is insufficient downstream voltage support, PV generation
at downstream buses can reduce upstream power purchase, decrease network losses, and raise voltage
levels simultaneously. As a result, the economic benefit and undervoltage mitigation effect have consistent
directions, and the operating performance differences among the PV schemes are expected to be limited in
the subsequent validation.

4.2.3 Monte Carlo Validation and Analysis

To compare the long-term operating performance of different planning schemes under the same
uncertainty setting, all schemes are tested using a unified annual Monte Carlo validation process. The
validation results are listed in Table 4.

Table 4: Monte Carlo validation results of the IEEE 69-bus system.

Scheme Average Annual
Cost/104 CNY

P5 Minimum
Voltage/p.u. Undervoltage Depth Undervoltage

Violation Rate/%

Case 1: No-PV 1338.612 0.916 529.643 97.922
Case 2: Deterministic 1158.223 0.932 57.149 21.124

Case 3: Robust 1158.981 0.934 49.649 18.371
Case 4: Affine-based 1158.743 0.934 49.784 18.454

Table 4 shows that the no-PV case exhibits a clear undervoltage problem, with a P5 minimum voltage
of 0.916 p.u., an undervoltage depth of 529.643, and an undervoltage violation rate of 97.922%. After PV
integration, all three planning schemes reduce the average annual cost and substantially decrease the
undervoltage depth. This indicates that the IEEE 69-bus system is an undervoltage prone case in which PV
integration provides both economic benefit and voltage support.

The performance differences among the three PV planning schemes are relatively limited. The
deterministic scheme retains a slight economic advantage, whereas the robust and affine-based schemes
provide modest improvements in lower-tail voltage performance. The cost-undervoltage trade-off is weak
because PV integration improves economic performance and alleviates undervoltage in the same direction.

Fig. 5 compares the minimum voltage quantiles of different planning schemes. Compared with the
no-PV case, the voltage quantiles of all PV planning schemes shift upward, indicating improved low-voltage
performance after PV integration. However, the quantile differences among the deterministic, robust, and
affine-based schemes are small. The robust and affine-based schemes show slightly better lower-tail voltage
performance, which is consistent with their lower undervoltage depths in Table 4.
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Figure 5: Minimum-voltage quantile comparison on the IEEE 69-bus system.

4.3 Results on the Practical 80-Bus Distribution System

4.3.1 System Description and Parameter Settings

To further examine the performance of different planning schemes under limited upper-voltage margin
and overvoltage risk, a practical 10 kV 80-bus distribution network from a city in Fujian Province, China, is
used for the second case study. The network topology and PV candidate buses are shown in Fig. 6. The
system has a base power of 10 MVA, a total active load of 1.4197 MW, and bus 1 is the slack bus. Without
new PV integration, the maximum voltage of the system is 1.0250 p.u., which does not exceed the voltage
limit but indicates a limited upper voltage margin. Buses 12, 35, 36, 40, 60, 73, 77, and 79 are selected as PV
candidate buses. The total PV capacity limit is set to 3.00 MW, and the maximum number of PV installation
sites is set to 4.

Figure 6: Topology of the practical 80-bus distribution network with PV candidate buses.

4.3.2 Planning Results

The planning results of the practical 80-bus distribution system are shown in Table 5.
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Table 5: Planning results of the practical 80-bus system.

Scheme
Total

Capacity/MW
Number of Sites

Annualized PV
Cost/𝟏𝟎𝟒 CNY

PV Location and Capacity/MW

Case 1: No-PV 0.00 0 0.00 —
Case 2: Deterministic 2.55 3 95.793 35:0.750; 60:0.850; 77:0.950

Case 3: Robust 2.30 4 88.658 12:0.250; 35:0.750; 60:0.850; 79:0.450
Case 4: Affine-based 2.338 3 88.250 35:0.750; 60:0.638; 77:0.950

In contrast to the common capacity limit reached in the IEEE 69-bus system, the three planning methods
produce different total capacities and siting patterns in the practical 80-bus system. The deterministic
scheme installs 2.55 MW of PV at buses 35, 60, and 77, which is the largest total capacity among the three
PV schemes.

The robust scheme reduces the total installed PV capacity to 2.30 MW and distributes PV units over
four buses, namely buses 12, 35, 60, and 79. This indicates a more conservative allocation strategy under
source-load uncertainty. The affine-based scheme installs 2.338 MW at buses 35, 60, and 77. Compared with
the deterministic scheme, it keeps the main installation buses but reduces the capacity at bus 60. These
differences show that the treatment of intra-scenario uncertainty affects both the total installed capacity
and the spatial allocation of PV units. Their long-term economic and voltage-security performance is
examined below using the same Monte Carlo samples.

4.3.3 Monte Carlo Validation and Analysis

The practical 80-bus system is further evaluated using the unified annual Monte Carlo validation
procedure described in Section 4.1.3. The validation results are listed in Table 6.

Table 6: Monte Carlo validation results of the practical 80-bus system.

Scheme Average Annual
Cost/104 CNY

P95 Maximum
Voltage/p.u. Overvoltage Depth Overvoltage

Violation Rate/%

Case 1: No-PV 484.269 1.025 0 0
Case 2: Deterministic 400.353 1.050 4.300 4.784

Case 3: Robust 402.774 1.044 0.013 0.107
Case 4: Affine-based 400.836 1.044 0.003 0.086

Without PV integration, the system has an average annual cost of 484.269 × 104 CNY, and no overvoltage
occurs. After PV integration, all three planning schemes reduce the average annual cost because local
PV generation decreases upstream power purchase and network losses. However, unlike the IEEE 69-bus
system, the economic benefit of PV integration is accompanied by different levels of overvoltage risk.

Table 6 reveals a clear cost-overvoltage trade-off among the three PV planning schemes. The deter-
ministic scheme achieves the lowest annual cost but exhibits the highest upper-tail voltage risk, indicating
that evaluation based only on scenario central profiles may underestimate the effect of intra-scenario
source-load fluctuations. Both the robust and affine-based schemes substantially reduce this risk. Compared
with the robust scheme, the affine-based scheme maintains similar voltage-security performance while
retaining an annual cost closer to that of deterministic planning.

Fig. 7 compares the maximum voltage quantiles of different planning schemes. The deterministic
scheme has the highest upper tail voltage level, and its P99 maximum voltage exceeds the upper voltage
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limit. By contrast, the robust and affine-based schemes reduce the upper tail voltage quantiles, indicating
better voltage security performance under uncertain operating conditions.

 

Figure 7: Maximum-voltage quantile comparison on the practical 80-bus system.

Whereas Table 6 and Fig. 7 present system-level voltage statistics, Fig. 8 shows the spatial and temporal
distributions of the node-hour P95 voltage for the four cases. For each case, the P95 voltage is calculated at
every bus and PV-active hour from annual Monte Carlo realizations generated under the same uncertainty
setting. A common color scale and a 1.05 p.u. reference plane are used to facilitate comparison.

 

Figure 8: Node-hour P95 voltage surfaces for different planning cases on the practical 80-bus distribution network.
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The no-PV case remains below the upper voltage limit. Deterministic planning produces the most
pronounced voltage rise and the widest high-voltage region during PV-active hours, whereas the robust
and affine-based schemes reduce both the magnitude and the spatiotemporal extent of the voltage rise.
The node-hour voltage distributions are consistent with the system-level indicators in Table 6 and the
voltage-quantile comparison in Fig. 7.

4.4 Discussion

Overall, the two case studies indicate that the benefit of uncertainty-aware PV planning depends on the
voltage characteristics of the distribution network. In the IEEE 69-bus system, PV integration improves both
economic performance and undervoltage conditions, resulting in limited differences among the planning
schemes. In the practical 80-bus network, PV integration introduces a clearer trade-off between annual cost
and overvoltage risk.

The proposed framework is particularly relevant to feeders where PV integration creates a non-
negligible overvoltage risk. By combining probability-weighted operating scenarios with affine propagation
of intra-scenario fluctuations, it allows the trade-off between economic performance and voltage security
to be considered without repeated Monte Carlo sampling during each optimization iteration.

The scenario construction depends on the representativeness of the available PV and load records and
may require updating as source-load patterns evolve. The current formulation focuses on annual economic
performance and steady-state voltage security. Future work will extend the framework to multi-year
source-load data, coordinated planning with flexible resources, and additional engineering constraints.

5 Conclusions

This paper develops an affine voltage risk-aware distributed PV planning method under source-load
uncertainty. Historical PV and load data are organized into daily joint samples and DPMM is used to
identify latent source-load operating components for representative scenario construction. The scenario
probabilities are used to aggregate scenario-dependent economic cost and voltage risk, while the scenario
central profiles and intra-scenario fluctuation bounds are converted into affine source-load injections for
voltage interval evaluation. The main conclusions are as follows:

(1) The DPMM-based scenario construction process provides a data-driven description of source-load
operating patterns. By using daily joint PV-load samples, the method preserves the correspondence
between PV generation and load demand. The representative scenarios obtained after scenario
organization provide occurrence probabilities for scenario-weighted evaluation and central profiles
with fluctuation bounds for affine uncertainty propagation.

(2) The affine voltage risk evaluation links intra-scenario source-load fluctuations with voltage-boundary
violation assessment. By converting scenario centers and fluctuation bounds into affine injections, the
planning model can consider both central voltage violations and affine interval-boundary violations.

(3) The case studies indicate that the effect of uncertainty-aware planning is related to the voltage risk
characteristics of the distribution system. In the IEEE 69-bus system, the trade-off between economy and
voltage risk is relatively limited because PV integration reduces annual cost and alleviates undervoltage
simultaneously. In the practical 80-bus system, the affine-based scheme reduces overvoltage risk
compared with deterministic planning while maintaining a comparable annual cost, providing a more
balanced trade-off between economic performance and voltage-risk mitigation. From a practical
perspective, the proposed framework provides utility planners with a consistent basis for comparing
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candidate PV configurations and selecting siting and sizing schemes that balance annual cost and
voltage-security performance as PV penetration increases.
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