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ABSTRACT: Cold-start alloy-design campaigns often have too few labeled compositions to reliably locate phase
boundaries for tree-structured composition-space Gaussian process regression (TCGPR). We study a controlled way
to incorporate external CALPHAD-like boundary information into this partitioning step. The proposed MP-TCGPR
method adds a Gaussian MAP penalty centered on a thermodynamic boundary estimate and uses an adaptive width
σj(N) = σ0

√
1 + N/Ncross to reduce prior influence as node-level data accumulate. The revised theory distinguishes

asymptotic convergence from convergence rate: a fixed-width prior is also asymptotically negligible under local
regularity, whereas the adaptive schedule accelerates finite-sample prior release. Across 900 one-dimensional simulation
runs spanning six Al-alloy cross-sections, MP-TCGPR reduces normalized Hausdorff distance at N0 = 10 from 0.2233 ±
0.2939 to 0.0613 ± 0.0487. Additional fixed-width MAP, CALPHAD-only, misspecification, Ncross, two-dimensional,
and active-learning diagnostics show that most cold-start gain comes from a sufficiently accurate thermodynamic prior,
while downstream AL benefits are modest in the tested budgets. The method is therefore presented as a reproducible
cold-start partitioning strategy whose reliability depends on prior calibration, not as validation of a specific production
CALPHAD database.

KEYWORDS: Active learning; CALPHAD; Gaussian process regression; aluminum alloy design; composition-space
partitioning; MAP prior

1 Introduction
Accelerated alloy design often uses active learning (AL) to select the next composition or simulation

that is expected to be most informative [1–3]; Bayesian optimization and uncertainty-comparison studies
provide related guidance for sequential materials modeling [4], while multi-fidelity approaches [5] offer
further extensions for alloy design. Recent reviews on active learning for materials design [6] and Bayesian
optimization [7] provide complementary perspectives. A common difficulty is that property landscapes can
change abruptly across thermodynamic phase boundaries; a surrogate trained across such boundaries may
average incompatible regimes and mislead acquisition. Tree-structured composition-space Gaussian process
regression (TCGPR) addresses this by recursively partitioning composition space and fitting region-specific
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GPs, drawing on Bayesian CART and treed GP ideas [8,9]. However, at cold start, the number of labeled
compositions may be too small to locate a split threshold reliably. Broader reviews and demonstrations
of machine learning for materials and alloys show that data efficiency and extrapolation remain central
challenges for composition-space design [10,11]; failed-experiment learning offers another illustration of
data-efficient materials discovery [12].

CALPHAD thermodynamic calculations provide external information about phase boundaries before
new experiments are run [13,14]; uncertainty-aware CALPHAD and database-development studies provide
related context [15–17]. This makes CALPHAD a natural source of prior information for partitioning, but
using it requires caution. Commercial databases do not always provide calibrated Gaussian uncertainty
for a specific boundary, and database errors can be systematic, temperature-dependent, and non-Gaussian.
Accordingly, this paper studies a controlled methodological question rather than claiming validation of a
particular production database: when a thermodynamic boundary estimate and an assumed uncertainty are
available, can they stabilize a cold-start TCGPR split, and how sensitive is the result to prior bias?

We introduce MP-TCGPR, a MAP-prior variant of TCGPR that adds a Gaussian penalty centered
on a CALPHAD-like boundary estimate to the split-threshold objective. The method also includes an
adaptive prior-width schedule, σj(N) = σ0

√
1 + N/Ncross, which gradually releases prior influence as node-

level sample size increases. A key revision of the theoretical interpretation is that fixed-width MAP is
also asymptotically negligible under standard local regularity conditions; the adaptive schedule is therefore
framed as a finite-sample prior-release mechanism, not as the only path to MAP-to-MLE convergence.

The contributions of the revised manuscript are:

1. A MAP split objective that injects thermodynamic boundary information into the TCGPR threshold
score while leaving the rest of the tree and GP machinery unchanged.

2. A corrected local bias–variance analysis showing how prior bias can make MAP worse than MLE,
together with explicit regularity limitations for full recursive trees.

3. New baselines separating CALPHAD-only, fixed-width MAP, and adaptive-width MAP, with paired
statistical tests and confidence intervals.

4. Reproducible coordinate scaling from physical mol% to normalized split coordinates for six Al-alloy
cross-sections, including the projected quaternary Al-Mg-Zn-Si case.

5. Additional misspecification, Ncross, two-dimensional boundary, and active-learning utility diagnostics
that delimit where the method is useful and where claims must remain cautious.

Multi-fidelity Bayesian optimization approaches further extend these capabilities to scenarios with
limited high-fidelity data.

2 Background

2.1 Tree-Structured Composition-Space Gaussian Process Regression (TCGPR)
TCGPR denotes the composition-space tree-partitioning framework studied here. It builds on Bayesian

CART and treed Gaussian-process ideas [8,9] for fitting composition-property surfaces that contain sharp
discontinuities at thermodynamic phase boundaries. A single Gaussian process (GP) across a multi-phase
composition space tends to smooth over such discontinuities [18], whereas TCGPR recursively partitions
the composition domain with axis-aligned split thresholds and fits an independent GP within each resulting
region. Recent advances in composition-space Gaussian process regression for alloy design have been
widely reported.
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Let DN = {(xi , yi)}N
i=1 be a labeled dataset with composition vectors xi ∈ [0, 1]d and scalar responses

yi ∈ R. At a candidate node, TCGPR selects a split dimension j∗ and threshold ĉ by maximizing the
composite log marginal likelihood

ĉ = arg max
c
[�ML(D( j≤c)

N ) + �ML(D( j>c)
N )] , (1)

where �ML(⋅) is the GP log marginal likelihood on the subset assigned to each side of the candidate
boundary. The tree is grown until a stopping criterion is met, after which leaf-specific GP hyperparameters are
optimized. This purely data-driven objective is flexible at moderate N but unstable at cold start: with N0 ≤ 30,
few observations fall near the true boundary, the candidate-threshold likelihood can be flat or multimodal,
and the MLE may be selected by sampling noise rather than by phase information.

2.2 CALPHAD Boundary Information
The CALPHAD (Calculation of Phase Diagrams) methodology [13,14,19] uses parametric Gibbs-energy

descriptions fitted to thermochemical and phase-equilibrium measurements to predict phase boundaries in
alloy systems [15,17,20]. Production databases and software such as Thermo-Calc and PANDAT are widely
used for Al-alloy design [21,22], but they do not universally provide a calibrated, Gaussian, per-boundary
uncertainty estimate as a standard output. Uncertainty quantification in CALPHAD database development
has attracted increasing attention [23], and the integration of CALPHAD with machine learning has been
recently reviewed [24]. Recent aluminum-alloy and phase-prediction examples provide related materials-
informatics context [25–27]. Therefore, in this paper σ0 = 0.05 mol% is not treated as a universal claim
about database precision. It is a transparent simulation baseline representing a plausible small solvus
boundary uncertainty for methodology validation; the operating range is then stress-tested by explicit bias
and width sweeps.

This distinction is important because the experiments below do not query a production thermodynamic
database. They ask a narrower statistical question: if an external thermodynamic model supplies a boundary
estimate μCALPHAD with known or assumed uncertainty, how should that information be incorporated into
a cold-start partition estimator, and when does it help or hurt relative to an MLE split?

2.3 Relation to Existing Bayesian and Physics-Informed Methods
MP-TCGPR is related to, but narrower than, several existing research lines. Bayesian CART and

Bayesian treed Gaussian-process models place priors on tree structures and region-specific response sur-
faces [8,9], whereas the present work keeps the TCGPR tree-search machinery fixed and adds an externally
supplied thermodynamic prior only to the split-threshold score. Physics-informed Gaussian-process and
hybrid thermodynamics–machine-learning workflows often encode physical knowledge through kernels,
mean functions, constraints, uncertainty quantification, or auxiliary thermodynamic features [17]; MP-
TCGPR instead uses a CALPHAD-like boundary estimate as a local MAP regularizer for composition-space
partitioning. Classical convex-hull and phase-field methods address phase stability or microstructure
evolution from different physical assumptions [28], and they are complementary baselines for future end-
to-end materials benchmarks rather than direct replacements for the cold-start threshold estimator studied
here. The methodological novelty should therefore be read as an incremental, reproducible modification to
TCGPR plus explicit prior-bias diagnostics, not as a general new Bayesian-CALPHAD framework.
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2.4 Bias–Variance View of MAP Thresholds
Near a locally regular split optimum, the MLE threshold can be approximated as ĉMLE ∼

N (ctrue , σ 2
data(N)). Combining this likelihood approximation with a Gaussian prior N (μCALPHAD, σ 2

j )
gives an approximate posterior mean (or local MAP, under the same quadratic approximation)

ĉMAP ≈ (1 −wprior)ĉMLE +wprior μCALPHAD, wprior =
σ 2

data(N)
σ 2

j (N) + σ 2
data(N)

. (2)

If the prior center has bias δ = μCALPHAD − ctrue, the corresponding local MSE is

MSEMAP ≈ (1 −wprior)2σ 2
data(N) +w2

priorδ2. (3)

Thus MAP improves over MLE only when the variance reduction exceeds the squared bias introduced
by the prior. Equivalently, for a fixed wprior the prior bias must satisfy δ2 < (2 −wprior)σ 2

data(N)/wprior. The
misspecification experiments in Section 5.4 are designed to empirically map this condition outside the local
Gaussian idealization.

Eq. (2) also corrects an important asymptotic point. If σj(N) = σ0 is held fixed and σ 2
data(N) → 0, then

wprior → 0 under regularity conditions; a fixed-width prior is therefore also asymptotically negligible in a
single smooth threshold problem. The adaptive schedule proposed here is not required for MAP-to-MLE
convergence. Its narrower contribution is to accelerate decay of prior influence and to make large-sample
prior release explicit in finite-budget active-learning workflows, while the misspecification diagnostics
remain consistent with the broader robust Bayesian view that prior information must be checked against
possible model bias [29,30].

3 Method
The proposed MP-TCGPR workflow is summarized in Fig. 1.

3.1 MAP Split Objective
MP-TCGPR modifies only the split-threshold scoring step of TCGPR. For a candidate split dimension j

and threshold c, the MLE score in Eq. (1) is augmented with a Gaussian log-prior term centered on μCALPHAD:

ĉMAP = arg max
c
[�ML(D( j≤c)

N ) + �ML(D( j>c)
N ) − 1

2
( c − μCALPHAD

σj(N)
)

2

]. (4)

The quadratic penalty is evaluated in the same normalized coordinate system as the tree split. All
other operations—candidate dimension search, grid search over c, tree stopping, and leaf GP fitting—
are unchanged. Consequently, MP-TCGPR reduces to the original TCGPR objective when σj(N) is
sufficiently large.

3.2 Adaptive Prior Width
The adaptive schedule is

σj(N) = σ0

√
1 + N

Ncross
, (5)

where N is the number of labeled observations in the current node and Ncross = 100 by default. At N = Ncross,
the variance doubles and the standard deviation increases by

√
2 (41.4%), not by a factor of two. Under the
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local approximation in Eq. (2), this schedule gives wprior = O(N−2)when σ 2
data(N) = O(N−1); a fixed-width

prior gives wprior = O(N−1). Thus the adaptive schedule should be interpreted as a faster finite-sample release
mechanism rather than as the sole route to asymptotic MLE recovery.

Figure 1: The MP-TCGPR pipeline. Four sequential stages: (1) A CALPHAD thermodynamic database supplies
a phase-boundary estimate μCALPHAD; in the simulations, an assumed uncertainty σ0 is assigned after coor-
dinate normalization. (2) The adaptive prior width σj(N) = σ0

√
1 + N/Ncross enforces strong regularization at

small N and widens to release prior influence as data accumulate. (3) MAP split scoring selects the threshold
ĉ = arg maxc[�left

ML + �
right
ML − 1

2(
c−μCALPHAD

σ j(N) )
2
]; the quadratic penalty term is the sole modification to TCGPR. (4) Region-

specific Gaussian process regressors are fitted on each partition.

Proposition 1 (Local prior-weight decay): Assume that a fixed tree node has a unique interior threshold
optimum, that the composite GP log marginal likelihood is locally quadratic in c, and that the node-level MLE
has sampling variance σ 2

data(N) = σ 2
ref/N + o(N−1). Then the prior weight in Eq. (2) converges to zero for both

fixed-width MAP and adaptive-width MAP. With Eq. (5), the leading-order decay is O(N−2); with σj(N) = σ0,
it is O(N−1).

This proposition is a local approximation, not a proof of convergence of the full recursive tree. Changing
split dimensions, imbalanced leaf sizes, sparse samples near a boundary, multimodal likelihoods, and finite
grid resolution can all violate the smooth single-threshold assumptions. The empirical convergence and
fixed-width baseline experiments below therefore serve as checks on the practical magnitude of these effects.

3.3 Coordinate Scaling and Prior Calibration
All split coordinates are normalized to [0, 1] before model fitting. For a physical composition coordinate

xmol% ∈ [xmin, xmax], we use

xnorm =
xmol% − xmin

xmax − xmin
, σ0,norm =

σ0,mol%

xmax − xmin
. (6)
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The reported Hausdorff distances are dimensionless normalized distances unless explicitly stated
otherwise. Table 1 gives the physical ranges and the normalized equivalent of a 0.05 mol% prior width for
every tested system.

Table 1: Physical system definitions and unit conversion. The MAP penalty is evaluated in normalized coordinates
using xnorm = (xmol% − xmin)/(xmax − xmin). A physical prior width of 0.05 mol% is therefore converted separately for
each system as σ0,norm = 0.05/(xmax − xmin).

System Class Cross-Section Axis T (○C) Range (mol%) σ0,norm

Al-Zn-Mg ternary Zn at Mg=2.0 mol% 160 0–8 0.00625
Al-Mg-Si ternary Mg at Si=0.8 mol% 175 0–2 0.02500
Al-Cu-Mg ternary Cu at Mg=1.0 mol% 190 0–6 0.00833
Al-Zn-Cu ternary Zn at Cu=1.5 mol% 160 0–8 0.00625

Al-Mg-Zn-Si quaternary projected Zn at Mg=1.2, Si=0.5 mol% 170 0–7 0.00714
Al-Cu-Li ternary Cu at Li=1.0 mol% 155 0–5 0.01000

Because production CALPHAD uncertainty estimates were not available for these simulations,
σ0,mol% = 0.05 is used as a controlled baseline assumption rather than as a database-validated uncertainty.
We test robustness to this assumption through prior-width sweeps, Ncross sweeps, and systematic prior-
bias sweeps.

4 Experimental Setup

4.1 Baseline Implementation
We implement the TCGPR-style tree-partitioning baseline with explicit settings added for reproducibil-

ity, following the Bayesian CART and treed-GP modeling principles cited above. Each node evaluates all
composition coordinates as candidate split dimensions and then optimizes the threshold by grid search over
100 uniformly spaced values on the normalized interval [0, 1]. The tree is grown greedily with minimum leaf
size nmin = 5 and maximum depth 3. After each accepted split, leaf GP hyperparameters are re-optimized
by L-BFGS-B on the log marginal likelihood with five random restarts. Each GP uses an RBF kernel with
automatic relevance determination and a white-noise term; all experiments use Python 3.10, NumPy [31], and
scikit-learn [32]. Random seeds determine both labeled-set sampling and simulated prior error; all paired
methods use the same seeds and labeled sets.

4.2 Synthetic Property and Prior Generation
The one-dimensional experiments use a piecewise-GP data-generating process. For each system, the

normalized boundary ctrue is fixed by the benchmark definition. On the left and right sides of the boundary,
latent property values are sampled from independent squared-exponential GPs with different length scales
and means; Gaussian observation noise with standard deviation 0.02 in normalized property units is then
added. This construction intentionally favors methods that can exploit a partition, so results should be read
as controlled methodological validation rather than as a substitute for DFT or experimental alloy data.

The simulated CALPHAD estimate is

μCALPHAD = ctrue + εCALPHAD, εCALPHAD ∼ N (0, σ 2
0,norm), (7)

with system-specific σ0,norm from Eq. (6). For systematic misspecification experiments, we replace the
random draw by μCALPHAD = ctrue + δ with δ/σ0 ∈ {0, 0.5, 1, 1.5, 2, 3, 4}.
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4.3 Alloy Systems and Dimensionality
The six test cases are Al-Zn-Mg, Al-Mg-Si, Al-Cu-Mg, Al-Zn-Cu, Al-Mg-Zn-Si, and Al-Cu-Li.

Al-Mg-Zn-Si is correctly treated as a projected quaternary cross-section, not a ternary system. The one-
dimensional experiments correspond to fixed-temperature composition cross-sections through two-phase
regions; Table 1 gives the axis, temperature, physical range, and normalization used for each. The two-
dimensional diagnostic uses a normalized slice with a linear boundary x2 = 0.42x1 + 0.30 and evaluates
false-positive/false-negative region errors on a uniform grid.

4.4 Evaluation Metrics and Statistics
The primary boundary metric is normalized Hausdorff distance (HD), lower being better. For

one-dimensional thresholds we additionally store false-positive and false-negative region fractions and
intersection-over-union in the source data. For the two-dimensional slice we report both boundary HD and
region F1. MP-better rate is the fraction of paired runs where the MAP-prior method has lower HD than
MLE. Confidence intervals for mean HD use normal 95% intervals over runs; confidence intervals for MP-
better rates use approximate binomial 95% intervals. Because TCGPR and MAP-prior variants are evaluated
on matched systems, seeds, and labeled sets, significance is assessed with one-sided Wilcoxon signed-rank
tests on paired HD reductions. The text reports paired median and interquartile range (IQR) summaries and
states whether results remain significant after Bonferroni correction for the family of baseline comparisons.

5 Results

5.1 Cold-Start Partition Accuracy
Fig. 2 illustrates the mechanism schematically: without the MAP prior (panel A), split estimates scatter

widely; with the prior (panel B), the search is anchored near the thermodynamic estimate.

Figure 2: Schematic of cold-start partition behavior at N0 = 10. (A) TCGPR (MLE) exhibits unstable split estimates
with sparse labels. (B) MP-TCGPR leverages a calibrated CALPHAD-like prior to constrain the search near the
thermodynamic boundary. The schematic illustrates the mechanism, while quantitative evaluations are subsequently
presented.
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Table 2 and Fig. 3 report the one-dimensional partition benchmark over 900 runs (6 systems × 30
seeds × 5 cold-start sizes), with HD normalized by the composition-axis width. At N0 = 10, MP-TCGPR
achieves 0.0613 ± 0.0487 HD vs. 0.2233 ± 0.2939 for TCGPR, yielding a 3.64× reduction. As N0 increases,
the advantage gradually diminishes to 1.16× at N0 = 50, reflecting the decreasing contribution of the prior.

Table 2: Partition accuracy of MP-TCGPR vs. TCGPR under different cold-start sizes. Metrics include normalized
Hausdorff distance (HD; lower is better), MP-better rate, and their ratio. Results are aggregated over 900 runs (6 Al-alloy
systems × 30 seeds × 5 N0); values are mean ± s.d. with n paired runs per row.

N0 n MP HD TCGPR HD MP-Better Ratio
10 180 0.0613 ± 0.0487 0.2233 ± 0.2939 97.2 3.64×
15 180 0.0612 ± 0.0511 0.1628 ± 0.2546 98.3 2.66×
20 180 0.0665 ± 0.0551 0.1148 ± 0.1900 96.1 1.73×
30 180 0.0496 ± 0.0444 0.0638 ± 0.1193 95.6 1.29×
50 180 0.0348 ± 0.0344 0.0403 ± 0.0493 100.0 1.16×

Figure 3: Mean Hausdorff distance vs. cold-start size N0. MP-TCGPR (solid blue) outperforms TCGPR (dashed red)
at every tested N0. The HD ratio decreases from 3.64× at N0 = 10 to 1.16× at N0 = 50, consistent with prior influence
fading as data accumulate. Error bars: ±1 s.d. over 180 runs (6 systems × 30 seeds) per N0.

Because HD captures only the maximum boundary discrepancy, we also record run-level false-positive
and false-negative phase-region fractions in the benchmark outputs. For a one-dimensional threshold, these
fractions are the one-sided interval lengths max(ĉ − ctrue , 0) and max(ctrue − ĉ, 0); they therefore distinguish
systematic left- and right-shift errors even when the absolute HD is identical.

5.2 Fixed-Width MAP and CALPHAD-Only Baselines
Table 3 isolates the incremental contribution of the adaptive schedule by adding the reviewer-requested

baselines: pure MLE, CALPHAD-only, fixed-width MAP with σj(N) = σ0, and adaptive-width MAP. All
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comparisons are paired by system, seed, and labeled set. At N0 = 10, fixed-width and adaptive MAP have
essentially indistinguishable mean HD (0.0085 ± 0.0093 for both in this diagnostic simulation), and both
are close to CALPHAD-only. This confirms that most cold-start improvement comes from introducing
the thermodynamic prior itself, not from the adaptive schedule. The adaptive schedule contributes mainly
at larger budgets by slightly reducing unwanted prior influence: at N0 = 50, the MP-better rate is 81.7%
for adaptive MAP vs. 79.4% for fixed-width MAP. One-sided Wilcoxon signed-rank tests on paired HD
reductions remain significant after a conservative Bonferroni correction over 15 baseline comparisons
(α = 0.0033). For adaptive MAP vs. MLE, the paired HD-reduction median (IQR) is 0.0432 [0.0180, 0.0878]
at N0 = 10, 0.0167 [0.0047, 0.0342] at N0 = 30, and 0.0112 [0.0020, 0.0213] at N0 = 50. Thus the practical effect
size narrows with budget even when most paired runs still favor the prior-guided split.

Table 3: Fixed-width and CALPHAD-only baselines. Normalized HD is reported as mean ± s.d. over 180 paired runs
per N0. The 95% CI is for the mean HD. Paired p values use one-sided Wilcoxon signed-rank tests on the run-level HD
reduction relative to TCGPR MLE.

N0 Method HD 95% CI MP-Better vs. MLE p vs. MLE
10 TCGPR MLE 0.0643 ± 0.0499 [0.0570, 0.0716] – –
10 CALPHAD-only 0.0086 ± 0.0099 [0.0072, 0.0101] 89.4% [85.0, 93.9] 6.18 × 10−28

10 Fixed-width MAP 0.0085 ± 0.0093 [0.0071, 0.0098] 89.4% [85.0, 93.9] 3.29 × 10−28

10 Adaptive-width MAP 0.0085 ± 0.0093 [0.0071, 0.0099] 89.4% [85.0, 93.9] 3.14 × 10−28

30 TCGPR MLE 0.0272 ± 0.0199 [0.0243, 0.0301] – –
30 Fixed-width MAP 0.0075 ± 0.0069 [0.0064, 0.0085] 84.4% [79.1, 89.7] 8.41 × 10−23

30 Adaptive-width MAP 0.0074 ± 0.0069 [0.0064, 0.0084] 84.4% [79.1, 89.7] 3.45 × 10−23

50 TCGPR MLE 0.0221 ± 0.0182 [0.0194, 0.0247] – –
50 Fixed-width MAP 0.0075 ± 0.0073 [0.0064, 0.0086] 79.4% [73.5, 85.3] 3.70 × 10−21

50 Adaptive-width MAP 0.0075 ± 0.0072 [0.0065, 0.0086] 81.7% [76.0, 87.3] 3.00 × 10−22

5.3 MAP-to-MLE Convergence
Fig. 4 is reinterpreted as an empirical optimizer-gap study rather than a claim of exact statistical

convergence at finite N . The normalized MAP–MLE grid-search gap decreases from the cold-start regime to
below 0.2σ0 by N0 = 50 and is numerically zero at N0 = 200 for the reported seeds. This finite-grid equality
means that the MAP penalty is too small to change the selected candidate threshold on the tested grid; it
does not mean that the prior variance is infinite or that the statistical estimator is exactly identical to MLE at
finite sample size. The theoretical statement is only the asymptotic prior-weight decay given in Proposition 1.

5.4 Prior-Misspecification Failure Envelope
As shown in Fig. 5, the MP-better rate declines gradually as bias increases.
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Figure 4: Empirical MAP–MLE grid-search gap as N0 increases. (A) Normalized MAP–MLE gap (∣ĉMAP − ĉMLE∣/σ0,
log scale): falls from 4.98 ± 5.00 at N0 = 10 to numerical equality on the tested grid at N0 = 200 across all 20 seeds (<0.2σ0
already at N0 = 50). (B) Hausdorff distances of MP-TCGPR and TCGPR converge to a common value (HD = 0.0173) at
N0 = 200, indicating that the remaining MAP penalty does not change the selected finite-grid split in this diagnostic.
Error bars: ±1 s.d. (n = 20 per N0).

Figure 5: Robustness to prior bias: MP-better rate vs. bias δ. MP-TCGPR exceeds the 80% success threshold for all
conditions except δ = 2σ0 at N0 = 20 (78.8%, starred). The N0 = 20 series is non-monotone at maximum bias: worse
than both N0 = 10 (87.5%) and N0 = 30 (93.3%), indicating a sample-size-sensitive interaction between bias magnitude
and estimation variance. Each cell: n = 120 runs (6 systems × 20 seeds). Dashed line: 80% failure threshold.

Table 4 reproduces the original deterministic-bias grid. The most important revision is interpretive: the
below-threshold cell at δ = 2σ0, N0 = 20 (78.8%) is within sampling uncertainty of the 80% practical-utility
threshold, so it should not be used to claim a sharp universal safety boundary.
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Table 4: MP-better rate (%) under systematic prior bias. Results are aggregated over 120 runs per cell (6 systems × 20
seeds). The only case below the 80% utility threshold is δ = 2σ0, N0 = 20 (78.8%).

Bias δ/σ0 N0 = 10 N0 = 20 N0 = 30
0.0 100.0 100.0 100.0
0.5 97.5 100.0 100.0
1.0 96.2 95.0 97.5
1.5 91.2 90.0 97.5
2.0 87.5 78.8 93.3

The extended grid in Fig. 6 uses 240 paired runs per cell and biases up to 4σ0. It shows a smooth
degradation rather than an abrupt transition. Across N0 ∈ {10, 20, 30}, MP-better rates remain above or near
80% at δ = σ0 but fall below 80% for several cells at δ ≥ 1.5σ0. Accordingly, the revised operating guidance is
conservative: MP-TCGPR is most reliable when independent validation suggests the CALPHAD boundary
bias is no larger than roughly one stated prior standard deviation; larger biases require wider priors, conflict
diagnostics, or reverting to MLE.

Figure 6: Extended prior-bias failure envelope with uncertainty. Error bars show approximate 95% binomial confidence
intervals over 240 paired runs per cell. The dashed line denotes the 80% practical-utility threshold. Performance declines
smoothly beyond δ/σ0 = 1; therefore the earlier 2σ0 rule is treated as a simulation-dependent observation, not as a
universal safety guarantee.

5.5 Sensitivity and Higher-Dimensional Check
Table 5 reports the original prior-width sweep, and Table 6 adds the requested Ncross sensitivity.

Changing Ncross from 50 to 400 leaves the N0 = 30 HD unchanged at 0.0074 ± 0.0069 in the diagnostic
simulation, indicating that the default Ncross = 100 is not a finely tuned value for the tested budgets.

Table 5: Prior-width sensitivity: MP-better rate at N0 = 10. Three values of σ0 spanning the controlled simulation range.
All exceed 95%, indicating that the result is insensitive to reasonable calibration uncertainty in σ0.

σ0 (mol%) MP-Better (%) at N0 = 10
0.03 >95
0.05 >95
0.07 >95
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Table 6: Ncross sensitivity at N0 = 30. Results are aggregated over 180 runs. The adaptive schedule is insensitive to the
tested range, supporting Ncross = 100 as a default rather than a tuned hyperparameter.

Ncross HD MP-Better (%)
50 0.0074 ± 0.0069 84.4
100 0.0074 ± 0.0069 84.4
200 0.0074 ± 0.0069 84.4
400 0.0074 ± 0.0069 84.4

Table 7 adds a two-dimensional composition-slice experiment with a linear phase boundary. The
adaptive prior reduces boundary HD from 0.1660 ± 0.0937 to 0.0551 ± 0.0323 at N0 = 20 and improves region
F1 from 0.880 ± 0.091 to 0.962 ± 0.026. This experiment does not validate full quaternary active alloy design,
but it shows that the MAP-prior idea is not intrinsically limited to one-dimensional thresholds when the
boundary can be parameterized in a low-dimensional form.

Table 7: Two-dimensional boundary recovery. A normalized 2D composition slice with a linear phase boundary was
evaluated over 80 seeds. Region F1 quantifies false-positive and false-negative area errors in addition to boundary HD.

N0 Method Boundary HD Region F1
20 TCGPR MLE 0.1660 ± 0.0937 0.880 ± 0.091
20 Adaptive-width MAP 0.0551 ± 0.0323 0.962 ± 0.026
40 TCGPR MLE 0.1028 ± 0.0623 0.928 ± 0.055
40 Adaptive-width MAP 0.0337 ± 0.0204 0.977 ± 0.017
80 TCGPR MLE 0.0895 ± 0.0519 0.936 ± 0.045
80 Adaptive-width MAP 0.0293 ± 0.0170 0.979 ± 0.014

5.6 Active-Learning Utility
The revised active-learning diagnostic reports both cumulative regret and best-found optimality gap

over 40 runs per budget. It is a budget-level utility check rather than a full closed-loop acquisition benchmark;
therefore it is used only to test whether the partition gains plausibly translate into downstream optimization
gains. At a budget of 100 evaluations, adaptive MAP reduces mean cumulative regret from 0.0404 for MLE
partitioning to 0.0292, while the best-found gap changes only from 0.0275 to 0.0258. These effects are
directionally favorable but modest compared with the boundary HD improvement. We therefore frame the
method primarily as a cold-start partition estimator; the claim that improved partitions reliably produce
large downstream AL gains requires larger real-material studies.

6 Discussion
The main finding is that thermodynamic priors substantially improve cold-start composition-space

partitioning. MP-TCGPR reduces normalized HD by 3.64× at N0 = 10, with fixed-width and CALPHAD-
only baselines confirming that the gain mainly arises from a reliable boundary prior, while adaptive
scheduling provides finite-sample prior attenuation. MAP analysis shows that fixed-width priors do not
introduce persistent bias in regular threshold problems, as likelihood contributions dominate asymptotically.
However, practical TCGPR trees involve dynamic splits and non-convex structures, requiring empirical
validation beyond local theory. Prior-bias experiments reveal that MP-TCGPR is most effective when the
prior center is close to the true boundary (within approximately one prior standard deviation). Larger
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biases can outweigh variance reduction, highlighting the need for uncertainty-aware thermodynamic priors.
Active-learning results show modest downstream benefits, indicating that MP-TCGPR primarily improves
cold-start partition reliability rather than serving as a complete alloy-design optimization framework.

Several limitations remain. First, the CALPHAD priors are simulated rather than queried from Thermo-
Calc, PANDAT, or another production database; real database errors may be systematic, non-Gaussian, and
composition- or temperature-dependent. Second, most experiments use one-dimensional cross-sections,
although the new 2D slice shows that the MAP-prior idea can extend to a simple low-dimensional
boundary parameterization. Third, the synthetic piecewise-GP generator is favorable to tree partitioning, so
comparisons with linear models, SVM/RBF classifiers, convex-hull boundary methods, phase-field models,
high-throughput screening workflows, and other Bayesian optimization or partitioning approaches remain
necessary for a complete benchmark [33–35]. Extrapolation benchmarks and high-throughput materials
platforms provide complementary evaluation settings [36–38]; broader materials-informatics perspectives
also motivate such benchmarking [39]. Fourth, the computational cost remains small for axis-aligned
thresholds (one quadratic penalty per candidate threshold), but richer 2D/3D boundary families would
require more expensive optimization and stronger regularization.

Recent adjacent materials-informatics studies further illustrate the broader context in which such
partition and prior-calibration problems arise, including ML-assisted aluminum-alloy design, quasi-phase
prediction, interpolation–extrapolation trade-offs, polymer-material property prediction, high-throughput
first-principles screening, and interface calculations [25–27]. Interpolation–extrapolation, polymer-
material, high-throughput screening, and interface studies provide additional related examples [40];
first-principles interface calculations further illustrate this broader context. Overall, MP-TCGPR should be
viewed as a lightweight mechanism for incorporating external thermodynamic boundary estimates into
TCGPR when the uncertainty of those estimates is credible. It is most useful in the data-scarce regime and
most risky when the thermodynamic prior is overconfident or biased. The revised experiments are intended
to make these tradeoffs explicit rather than to overstate validation on real CALPHAD or DFT data.

7 Conclusions
This study presents MP-TCGPR, a lightweight MAP-prior extension of TCGPR that stabilizes cold-

start composition-space partitioning when a thermodynamic boundary estimate is available. Theoretical
analysis further shows that fixed-width MAP priors become asymptotically negligible under regularity
conditions, while adaptive prior scheduling primarily serves as a finite-sample mechanism to accelerate
prior release as node-level data accumulate. Controlled one-dimensional benchmarks demonstrate that
MP-TCGPR achieves the largest improvement under limited initial budgets, and the CALPHAD-only and
fixed-width MAP baselines further confirm that the gain mainly originates from incorporating a calibrated
thermodynamic prior.

Additional diagnostics characterize the applicability and limitations of the proposed approach. Prior-
bias experiments indicate that the method remains reliable when the prior center is reasonably close to the
true boundary, typically within one prior standard deviation. Two-dimensional experiments further suggest
that the MAP-prior formulation can extend beyond one-dimensional thresholds, although more complex
boundary representations require additional investigation. The active-learning utility study shows consistent
but moderate regret reduction, suggesting that the current contribution primarily lies in improving cold-start
partition estimation rather than fully optimizing end-to-end alloy-design workflows.

Future studies will focus on three aspects: validating prior assumptions using production CALPHAD
databases (e.g., Thermo-Calc and PANDAT) with realistic uncertainty sources, developing higher-
dimensional boundary models with conflict-aware prior control, and integrating improved partitioning into
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complete closed-loop alloy-design campaigns with comprehensive evaluation of acquisition efficiency, GP
calibration, optimization performance, and robustness under uncertain thermodynamic knowledge.
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