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ABSTRACT: Hesitation analysis plays a crucial role in decision-making processes by capturing the intermediary
position between supportive and opposing information. This study introduces a refined approach to addressing
uncertainty in decision-making, employing existing measures used in decision problems. Building on information
theory, the Kullback-Leibler (KL) divergence is extended to incorporate additional insights, specifically by applying
temporal data, as illustrated by time series data from two datasets (e.g., affirmative and dissent information). Cumulative
hesitation provides quantifiable insights into the decision-making process. Accordingly, a modified KL divergence,
which incorporates historical trends, is proposed, enabling dynamic updates using conditional probability. The
efficacy of this enhanced KL divergence is validated through a case study predicting Korean election outcomes.
Immediate and historical data are processed using direct hesitation calculations and accumulated temporal information.
The computational example demonstrates that the proposed KL divergence yields favorable results compared to
existing methods.
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1 Introduction

The decision-making problem has been extensively explored across diverse areas including manage-
ment, economics, and industry [1-3]. Additionally, multi-criteria problems were addressed continuously by
the numerous researchers as well [4-6]. Previous studies also focused on enhancing their precision and
generalizability for practical applications by developing score functions. Consequently, researchers have
proposed various approaches to address the complexities in score function design [7-10]. In addressing the
challenge of score function development, we managed hesitation through intuitionistic fuzzy sets (IFSs)
[11-13]. However, dissatisfaction with decision outcomes persists due to similarity in decision values and
instances of indecision [1,2,8,9]. Hence, we faced the following issues:

« Data on hesitation are limited, affecting the balance between supporting and dissenting responses.
« A more rational analysis of hesitation, including its variability, is necessary.

Research in decision and classification has also leveraged granular computing, a framework pio-
neered by Zadeh [14] and Bargiela and Pedrycz [15]. Continuous research has been conducted by many
researchers [16-18]. While granular computing has shown promise in recognition and decision applications,
its performance is less consistent when handling large datasets. Although hesitation is defined within the
IFS framework, few studies have thoroughly investigated its role in decision-making. Recently, hesitation
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analysis has been applied in pattern recognition, which is derived based on information distribution [12].
The research evaluates both synthetic numerical examples via granular computing and a cognitive viewpoint
was also demonstrated [17]. In this context, we consider Kullback-Leibler (KL) divergence as the tool to
investigate the effect of hesitation within the IFS framework [19]. Different from fuzzy sets (FSs), IFSs
have a challenge in treating hesitation [11]. Furthermore, KL divergence needs an additional complement
to use as the distance measure because of the non-symmetric property [20,21]. IFS Knowledge categorizes
information into affirmative, dissent, and abstention, represented by u(x), v(x), and 7(x) in IFS notation.
KL divergence helps quantify the probabilistic distance between y(x), and v(x), despite lacking symmetry
and triangular inequality properties [12,13]. Specifically, even the same hesitation supportive information—
p(x)—has different support for the alternative, so the hesitation analysis is decisive in the decision-making.
Building on prior research, decision-making methods have been applied across diverse fields such as business
management, engineering, and social sciences [1,2,4]. With its applications across domains, the KL diver-
gence can also be integrated into artificial intelligence (AI) alongside cross-entropy (CE) [22]. A fundamental
limitation, however, is that it requires predefined probability distributions, reducing adaptability for real-
time data integration. By utilizing affirmative, dissent, and abstention information, hesitation calculations
can be applied to specific decision scenarios, such as election outcomes. Here, achieving over 50% support
serves as the decision threshold. Using the numerical difference between affirmative and dissent values,
hesitation metric values can be derived, providing more reliable predictions when aligned with actual data.
Furthermore, the freshness and accuracy of the sensing data are critical to the sensing systems. Hence,
research has been conducted on information entropy optimization. With the help of information theory,
hesitation calculation is proposed in this research. Furthermore, accumulated information also plays a crucial
role in decision-making from the common sense. Applying this approach to Korean congressional election
data [23], hesitation calculations are analyzed based on seven census polls that indicate support and dissent
for a specific candidate. In this regard, two analytical approaches are proposed in the research.

» Hesitation calculation is based on the affirmative and dissenting information. So we proposed hesitation
calculation with the help of Kullback-Leibler divergence illustrated in information theory [19,24].

o Data are updated using the conditional probability, and the calculation results are illustrated with the
decision results.

The calculation of the degree of hesitation is based on the deviation of the support ratio from 50%
using the KL divergence. The hesitation degree is further assessed by the difference between the supportive
and opposing degrees, where the supportive trend is represented by its derivative. Additionally, this
decision-making framework incorporates prior information and likelihood functions to determine posterior
information, integrating recent data. An example is presented to validate the proposed methodologies: a
Korean election analysis that predicts results based on supportive and dissenting ratios, using updated
consensus data before the election date. Affirmative and dissenting opinions towards candidates are modeled
using IFSs, while the remaining ratios represent middle-class opinions. Calculations demonstrate that this
decision yields meaningful insights compared to existing methodologies.

In decision-making problems, to address complex and uncertain circumstances, three-dimensional
divergence-based decision making (DM) has been proposed to enhance the discrimination of informa-
tion [25]. Additionally, to evaluate complex alternatives under uncertainty, vagueness, and inconsistent
linguistic expressions, a novel multi-criteria group decision-making (MCGDM) approach was also proposed,
which is grounded in cubic sets, and integrates Minkowski-based distance measures and entropy-based
weighting strategies [26].
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The rest of the study is structured as follows: Section 2 briefly introduces hesitation and KL divergence.
It includes an overview of hesitation from both supportive and opposing perspectives and the KL diver-
gence calculation method. Section 3 outlines the hesitation calculation based on the KL divergence and
temporal data analysis. Section 4 applies the KL-divergence to the Korean congressional election, where
two approaches are used: hesitation calculation with the KL divergence and temporal data updates with
conditional probability. The results are then discussed—finally, Section 5 offers concluding remarks.

2 Preliminaries

Brief descriptions of IFSs and KL divergence are illustrated in this section. Especially, the role of
hesitation-7(x ) —and relations with membership and non-membership are emphasized.

2.1 Hesitation in Intuitionistic Fuzzy Sets

According to IFS definitions, hesitation degree is determined as follows [11]:
m(x) =1-p(x) = v(x)

It is expressed by the difference between the whole information (totally one) and the sum of
membership and non-membership functions, where y(x) and v(x) denote membership(affirmative) and
non-membership (dissent) functions on x € X, respectively. X is universe of discourse accordingly. Hence,
the following definition of the IFSs is applied in the existing research [11].

Definition 1. IFSs I for the universe of discourse X = {x1,x,, ..., X, } is defined as follows:
I={(x, ur(x), vi())x € X, pr(x), vi(x) € [0,1], 0 < gy (x) + vi(x) <1}

Given the values of uj(x) and vi(x): representing affirmative and dissent, the following preference can be
stated in Fig. 1. From Fig. 1, it is observed that items A and B share an equal hesitation index of —-0.1. However,
their affirmative and dissent characteristics differ; affirmatives are 0.8 and 0.2 for A and B, respectively. KL
divergence analysis proves insightful for decision-making, especially in binary contexts, where a threshold of 0.5
facilitates decisions. Calculation results demonstrate that for A, the KL divergence of A to decision boundary [9].

#(x)
0.5’ M

D(u(x)[0.5) = u(x)log

calculation result satisfies

0.8
D(0.8]0.5) = 0.8l0gy "~ = 0.5425.

Figure 1: Affirmative and dissent representation of A and B
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For B, D(0.2]0.5) = 0.2l0g, % = —0.2644 is obtained. Logarithmic analysis shows that distances greater
than 0.5 yield a positive divergence, while those below 0.5 are negative, highlighting distinct interpretations
of KL divergence. Even the same hesitation of 7(x), this divergence allows for a nuanced understanding of
affirmation and dissent in two primary categories: (i) KL divergence between u(x) and 0.5 (ii) KL divergence
from v(x) and 0.5. From the first one—(i), it is also classified two cases;

o u(x) > 0.5; decided with enough, conservative, overwhelm hesitation,
o u(x) <0.5; cannot reach to decision, hesitation is also included.

Dissent opinion can be realized by the calculation between v(x) and 0.5—calculation of y(x) < 0.5.
It also has two types: v(x) > 0.5 and v(x) < 0.5. Calculation results are the same result with respect to the
disagreement. Hesitation is also included in each case, but dissent is overwhelmed when v(x) > 0.5. Fig. 1
indicates that IFS A is more concrete in the decision than B. However, it is given from the common concept.
The KL divergence calculation, is calculated in the following subsection. A more decisive opinion becomes
the standard from 0.5 whether it is affirmative or dissent.

2.2 KL Divergence Calculation

In the binary decision scenarios, decisions are concluded when affirmation exceeds 0.5. For competitive
candidates, hesitation may be decisive, warranting deeper analysis. Log scale values—I0g,x—diminish
rapidly for x < 1, and stabilize for x > 1. Values of y(x) and v(x) include hesitation, except when at boundary
values (0 or 1). Using KL divergence, as formulated in Eq. (1), we capture hesitation information relative to
0.5. For example, the KL divergences of minor opinions of A and B to 0.5 in Fig. 1 are given by the following
Equations.

v(x)

D(v(x)]0.5) = v(x)log, 05 for v(x) = 0.1, (2)

and

u(x)
0.5

D(u(x)|0.5) = u(x)log, where u(x) =0.2. (3)

By the calculation, Eqs. (2) and (3) are —0.2322 and —0.2644, respectively. Contrary opinions of A and
B are illustrated by the major concerns; for A,

0.8
D(u(x)]0.5) = ‘u(x)logzﬁ,for p(x)=0.8,
and for B,
v(x)
D(v(x)[0.5) = v(x)logzﬁ,for v(x)=0.7,
calculation results are and respectively. Complete decision opinion is calculated by
1
D(1[0.5) =1-log,— =1.
(105) =1 Togs

Hence, the hesitation of major opinion represents the distance from the mentioned complete distance;
therefore 1 — 0.5425 or 1 — 0.3398. Then, it is clear that A in Fig. | shows less hesitation for the decision. For the
minor opinion, | —0.2322| and | —0.2344| illustrate the distance from the half value 0.5. Then, the hesitation
of B is greater than that of A. In this regard, we can notice that B in Fig. | shows more hesitation than A. From
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a heuristic viewpoint, it can be inferred that IFS A has more sensitivity in hesitation than B. These results are
insightful for extracting the degree of hesitation. The method of extracting the hesitation degree from p(x)
and v(x) is evident from the calculation of the mentioned majority and minority opinions.

The answer is obvious from the calculation of the aforementioned major and minor opinions. Specif-
ically, KL divergence under 0.5 probability is non-proportional with respect to the variation of probability.
This work presents the KL divergence with respect to —0.5. Explicit KL divergence from distribution to 0.5 is
satisfied from the definition as follows:

p- logzé =p-logp—p-10g,0.5.

When p(x) approaches to zero and 0.5, its divergence is close to zero.

By derivation with respect to p(x) denotes
logop+1-10g,0.5,

and the minimum KL divergence to 0.5 is obtained easily, it is p(x) = 0.1839 by the calculation and shown
in Fig. 2.

-0.05 |,
0.1

-0.15

KL divergence

-02 1

-0.25

-0.3

Figure 2: KL divergence with respect to low probability (under 0.5)

3 Hesitation Analysis with KL Divergence

The preliminary results show that hesitation analysis is crucial in decision theory. It offers insights
into both analytical derivations and temporal data considerations. This section explores the derivation and
temporal characteristics associated with hesitation calculations.

3.1 Hesitation Calculation

Hesitation is estimated by measuring how far the support or dissent deviates from the 0.5 decision
threshold. As observed in Fig. 2, the KL divergence reveals a hesitation distance of 0.5. This value stems from
the relation between u(x) and v(x) each less than 0.5 which are p(x),v(x) < 0.5. It is clear from Fig. 1,
v(x) = 0.1 of A and p(x) = 0.2 of B, so they need to pass hesitation to reach 0.5.

In this regard, we can find the hesitation roughly by the relation from y(x) = 0.8 of A, and v(x) = 0.7 of
B to 0.5. However, KL divergence does not represent a standard distance measure; the symmetry property is
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not satisfied. Modified KL divergence, adapted from Eq. (4), quantifies this deviation. Its nonlinearity reflects
how sensitive decisions are near the threshold. From previous findings [19],

dn(p(x)) = 5{D(p(x)[0.5)) + D(0.5]p(x))} @

du(p(x)) is positive, but not linear. However, it can approximate hesitation distance relative to y(x) and
v(x). Examples of the difference between dissent and affirmative to average value can be expressed as d; =
d(v(x)) —d(u(x)). That is the difference between minor and major opinion. For instance, the hesitation
distance for A in Fig. | can be calculated by examining the deviation.

dy = %{D(O.lHO.S) + D(0.5]0.1) - D(0.8]0.5) - D(0.5]0.8)}

1
= {0.110g>(1/5) + 0.5108:(5) - 0.810g2(8/5) — 0.510g>(5/8)}
= 0.3626.

From the viewpoint of B, the hesitation distance is expressed as

dp =d(u(x)) —d(v(x))
= %{D(0.2||0.5) +D(0.5]0.2) - D(0.7|0.5) - D(0.5]0.7)}

= %{O.Zlogz(Z/S) +0.5l0g2(5/2) = 0.710g2(7/5) — 0.5l0g2(5/7) }
=0.1497.

The calculation result is not as straightforward as we expected. Another example is considered by the
calculation of hesitation distance itself.

A:dy(p(x)) = %{D(o.9||o.8) +D(0.8]0.9)} = 8.4965 x 107,

B:du(p(x)) = %{D(0.7||0.8) + D(0.8]0.7)} = 9.6325 x 107,

From B’s point of view, the results are intriguing and plausible. Despite equivalent hesitation distances
in A and B in Fig. 1, KL divergence calculations reflect varying hesitation values, with A requiring more
adjustment to reach the 0.5 level than B. Revisiting the KL divergence formulation through Eq. (4), We revisit
the KL divergence formulation via Eq. (4) to capture a probabilistic distribution distance by setting p(x) =1,
as in the following equation.

d= Sgn(P(X))%{D(P(X)HO-5)) +D(0.5]p(x))} (5)

-1, if p(x)<0.5

sgn(p(x)) = {1, if p(x) > 0.5.

It is illustrated in Fig. 3.

The variation in divergence over the probability range of 0 to 1 exhibits distinct behavior around the
probability near 0.5. Divergence-hesitation-around p(x) = 0.5 shows rather flat; low hesitation even it is
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sensitive. On the other hand, a probability far from 0.5 indicates an abrupt change. Specifically, it is more
rapid over p(x) < 0.5. It is interesting and not the dual, once the probability is over 0.5, there should be less
hesitation. It indicates a rather conservative approach when it is over 0.5-decision bound.

0.5

05

KL divergence

-1.5

Figure 3: Modified KL divergence Eq. (5) with respect to probability

3.2 Hesitation Analysis on Temporal Data

The preceding section detailed the hesitation calculation, highlighting certain limitations regarding
temporal data due to constraints in informational variability and trends. Consequently, hesitation is
suggested by the sequential expression as dy (k), expressed as:

ds(px) = Sgn(pk(x))%{D(Pk(x)||0-5) +D(0.5]p(x))}- (6)

Eq. (6) consists of D(pk(x)[/0.5)) and D(0.5||px(x)), so it is the same structure of Eq. (1). Where, py(x)
is the probability at k-th sequential time, and x in universe of discourse X. Calculation of d;(p(x)) provides
instantaneous value, hence it needs to get whether its trend close to the specific value; more specifically close
to zero by the repetition. Here, we define as the sufficiency margin to be affirmative when d;(px(x)) > 0, and
insufficiency margin for d;(px(x)) < 0. The value of d;(px(x)) can become negative or positive for each
case. It is noticed that each margin is small and non-sensitive near to px(x) = 0.5 from Fig. 3, it means very
competitive situation. However, it is rather sensitive and accelerate when py (x) is far from 0.5, specifically
near to px(x) = 0. From the inspection, Eq. (6) needs to be analyzed its derivative with respect to pi(x), let
pr(x) = p for simplicity;

dd, 1 0.5
d_;p) = E{logzp+logze_logzo-S—7105’29} 7

It is illustrated in Fig. 4.
In this draft, simplicity is achieved by defining

%}gp) asd;, or Grad{d(p)}.
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-40

Hesitation Derivative with KL divergence

Figure 4: d,(p) gradient with respect to p(x)

This definition facilitates the examination of informational hesitation within data updates. With a
similar explanation to Fig. 3, hesitation changes drastically when it locates under 0.5.

Subsequently when it is under p(x) = 0.1839, it decreases maximally as shown in Fig. 2. Hesitation
analysis on temporal data is performed using conditional KL divergence, initially introduced in Eq. (1). To
achieve a more robust analysis, this divergence must be reformulated as a conditional divergence that directly
incorporates Bayes’ theorem. Specifically, in Eq. (8) redefined using Eq. (9).

D(p(xly, D] p(x[D)) = x;(?(xly, I)logzm,

1y < PO Dple 1), ©)

p(y.1)
A likelihood function and prior function should be assumed or provided to complete the conditional

KL divergence. The likelihood function p(y|x,I) of the election process is already illustrated in advance
and demonstrated [27]. The data shows that the winning rate varies concerning sustainable high support.

p(xly,

In this study, we posit that decisions are influenced by the previous information, not solely the immediately
preceding information, a Markov process. Hence, the probability of the first decision x is expressed as
p(x|y1), p(x|y1, ¥2), and so forth. Using Bayes’ theorem, these probabilities are compared by

p(xny1) p(xnyiny)
X ==——<2% and x|y, -4 720 727
p(x|y) () p(x|y1, y2) 2(n )

are repeated after the information is updated.

Fig. 5 presents a summary of the hesitation analysis using the KL divergence. First, possible information
needs to be transformed into IFS data with hesitation. In this procedure, some data would be suitable to
apply, specifically if it has affirmative and dissenting information together. Hence, the next example—election
poll census—includes support and opposition to the specific candidate: as well as hesitation. The decision
boundary is set to the 50%, so the KL divergence with respect to 0.5 is calculated for the affirmative and
dissent in the next step. Before we calculate dy(p(x), the same hesitation with different affirmative and
dissent cases is analyzed using the KL divergence, and the highest KL divergence under probability 0.5 is
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also investigated. KL divergence is not a complete distance measure because of the non-symmetric property.
Hence, Jeffrey’s divergence is applied to use as the distance: dy (p(x)) is provided.

For data with uncertainty(hesitation),

transform it to the IFSs data to evaluate

il

Calculate D(u(x) 11 0.5) and D(v(x) Il 0.5)

T

Calculate dy(p(x) in Eq (4), which indicate the

divergence from decision criteria — 0.5

U

Calculate the Difference total value, which is

the accumulated value of calculation dy(p(x))

Figure 5: Accumulate hesitation calculation

Temporal data can be updated with sequential probability values py(x), which are the instantaneous
values of dy(p(x)). Then the accumulated values indicate total hesitation values to the decision criterion-
0.5. The results are illustrated using a Korean congressional election census poll and are discussed in the
next section.

4 TIllustrative Example

To summarize, there is a great relationship between Western rhetoric and English writing, rhetoric is not
only the use of rhetoric. However, the use of figures of speech can provide some very useful writing skills for
English writing. Rhetoric, as a whole, is an art of persuasion. In the process of using various rhetorical devices
to write, English writers should pay attention to strengthening their understanding of rhetoric itself and the
knowledge covered within it, and combine the rhetorical perspective to improve their ability to use rhetorical
devices such as contrastive, exaggeration and so on. In this section, KL divergence is applied to analyze
election results, specifically focusing on the Korean congressional elections. This example interprets election
information through KL divergence, examining two cases of electoral competition to illustrate its application.

4.1 Korean National Assembly Election

KL-divergence calculation, applied to support and hesitation metrics in a model of Korean congressional
election, is derived from information theory principles [21]. The 22nd Korean congressional election took
place on 10 April 2024. There are 300 seats contested: 254 for district representatives and 46 for proportional
representation. The district map in Korea is shown in Fig. 6.
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Figure 6: Korean delegates districts

Election prediction measures have been stated by Buchanan, even though there was existing
research [28]. It was pointed out that the poll proportion predicts the winner correctly. The South Korean
National Assembly elections have undergone significant transformations over the years, reflecting shifts in
political ideology, electoral processes, and voter behavior. Historically, these elections have been charac-
terized by intense competition between the two dominant parties: the progressive and conservative blocs.
Since the democratization of South Korea in 1987, these elections have played a critical role in shaping
national policies and governance. The 21st congressional election, held in 2020, was particularly noteworthy
as it witnessed a landslide victory for the progressive party, securing 163 out of 300 total seats, while the
conservative party managed to secure only 84. This outcome significantly influenced subsequent policy
directions, including economic reforms, diplomatic strategies, and responses to social issues.

The 2024 election cycle presented a different landscape, with increased voter volatility and fluctuating
approval ratings for both major parties. In the months leading up to the election, polling data indicated a
narrowing gap between candidates, reflecting a more competitive political climate. The role of undecided
voters was particularly significant in this cycle, with their shifting preferences impacting both major parties’
campaign strategies. Moreover, the influence of external factors, such as economic downturns, diplomatic
challenges, and domestic social movements, further shaped voter sentiment. Understanding these historical
trends and their implications provides crucial context for analyzing hesitation patterns and decision-making
dynamics in the electoral process.

For the 2024 election, these two major parties are again the main contenders. Over the past two months
leading up to the election, their respective support levels have varied, as documented by candidate polling
data collected from the National Election Commission (NEC) [23]. Support trends for each candidate across
all districts are available, representing major and sometimes minor candidates based on relevance.

Considering the support histories for two leading candidates, Figs. 7 and 8 examine the support, dissent,
and abstention percentages for the 10 April 2024 voting outcome. Fig. 7 shows that two candidates are
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decisive; candidate A overwhelmingly beats B over the polling period and resulting in a swell. We can
recognize that the undecided class becomes shorter in the final. Candidate A starts with 44% support and
eventually garners 51.47% support. Whereas, Fig. 8 depicts two competitive candidates, with fluctuating
results on the final voting day. In this case, the result is not easily predictable with any measure. In this regard,
KL-divergence calculation, applied to support and hesitation metrics in a model of Korean congressional
election, is derived from information theory Two candidates showed a continual gap throughout the polling
period. From the figure, support, dissent, and abstention are considered membership values for IFSs, which
is also included in one of the examples in existing research [29].

60
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Figure 8: PollTrends in District 3 from 13th March to vote result in 10 April (%)

Each percentage is represented by the membership values: membership value y(x) represents support.
For example, candidate A’s supportive 51.47% corresponds to p4(x) = 0.5147, whereas pg(x) = 0.47 for
candidate B. The non-membership value v(x) represents dissent. For candidate A, v4(x) = 0.47, meanwhile
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vp(x) = 0.5147. Hesitation is represented by abstention, where both 74 (x) = 0.0093 and 75(x) = 0.0093 are
assigned to process IFSs.

Another competitive case is illustrated in Fig. 8. Candidate A starts with 47.1% and eventually garners
45.98% support. Two candidates showed up and down by the voting date-10 April. Each percentage is repre-
sented by the membership values: As supportive to 4 (x) = 0.4598, whereas g (x) = 0.5401 for candidate B
finally. The non-membership value v(x) represents as the same ways; dissent. v4(x) = 0.05401, meanwhile
vp(x) = 0.4598. Hesitation is represented by abstention, where both 74 (x) = 0.00001 and 75 (x) = 0.00001.

Fig. 7 highlights a decisive trend, while Fig. 8 illustrates a close contest, prompting a focus on calculating
ds(px(x)) in Fig. 8, then the calculation results of candidates A and B of Fig. 8 are illustrated in the tables
of the next subsection together with the difference and the summation of supportive history. The election
result is that candidate B wins. But the process was competitive and not easy to predict. The following insights
summarize the trends observed;

« Candidate B’s support trend was relatively stable, with minimal fluctuation.
«  Exit polls and final vote percentages represent the actual election outcome and are not included in the
information analysis.

Figs. 7 and 8 illustrate sequential data, Fig. 7 displays temporal data updates that influence current and
future outcomes.

A:044-0.4-0.43-0.44-0.48-0.48 — 0.516 — 0.5147

Decisions are made through iterative data sequences using prior and posterior distributions. Each
update informs the next decision. Given the information I, the prior distribution p(x), can be updated to a
posterior p(x|I) when new evidence y emerges, leveraging the KL divergence. Applying the KL-divergence,
we assess the utility of new information by updating the conditional distribution to determine if it holds
value. Using Eqs. (8) and (9), we calculate the proposed conditional KL-divergence based on election pool
data. Here, p(x|y,I), p(x,I) reflect the winning probability based on median poll values over a defined
census period:

p(x =win|y; =13th Mar., ..., y, = 4th Apr.)
p(x =win|y; =13th Mar., ..., y,_1 = 1st Apr.)

where p(x,I) is assigned by the winning probability with the mid values of the poll between two candidates
over the census duration. Specifically,

- 47.1+414 48 + 43

3o e

2 2

For instance, supportiveness can range between 44.25% and 45.5%, indicating an election could be won
at this support level. However, an election-win threshold of 50% must still be considered, although it is not
directly addressed here.

4.2 Recognition Comparison

The results of two recognition calculations are illustrated. By calculating hesitation in each candidate’s
support using Eq. (6)—d,(px(x))—together with its difference and accumulated hesitation are illustrated
in Tables 1 and 2. as the difference total. While both census results are presented, only one election poll is
decisive and predictive, as shown in Fig. 7. Conversely, Fig. 8 highlights a more competitive polling history.
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Candidate B exhibits stability here, whereas Candidate A shows continuous, albeit fluctuating, growth.
Specific census data on 1 and 4 of April indicate variability, complicating predictive efforts. Ultimately,
candidate B won, indicating significant support. To support this observation, we also examined simple
statistical indicators such as the variance of support ratios across the polling period, which was lower for
Candidate B than for Candidate A, indicating greater stability and consistency in voter preference. Notably,
only when pi(x) > 0.5 does d;(px(x)) produce positive values, and Candidate A’s hesitation fluctuates, as
shown by the alternated signs in Table 1.

Table 1: Margin to affirmative or dissent: d;(px(x)) of A in Fig. 8

Date dy(pr(x)) dy(px(x)) Difference Difference Total
13 Mar. -0.011709 - -0.011709
19 Mar. -0.00253 0.009179 -0.00253!
25 Mar. -0.0445 -0.04197 -0.0445°
26 Mar. —-0.00855 0.03595 ~0.00855%
29 Mar. -0.01288 —-0.00433 -0.01288
1 Apr. -0.00021 0.01267 -0.00021
4 Apr. -0.0076 -0.00739 -0.0076°
Exit Poll 0.000746 0.008346 0.000746*
Vote Result -0.00243 -0.003176 -0.00243*

Note: Source: National Election Commission of the Republic of Korea;
https://www.nec.go.kr/site/eng/ex/bbs/List.do?cbIdx=1273 (accessed on 21 September 2025)
https://www.nec.go.kr/site/eng/03/1030104000000202007060Ljsp (accessed on 21 September 2025)
"The result is behind that of Candidate B.

2 Almost same trend with respect to B, rather low on 25 and improve 26.

3The support result is decreased, which is not a positive sign.

“Election date result, not open in advance.

Table 2: Margin to affirmative or dissent: d;(px(x)) of B in Fig. 7

Date dy(pr(x)) dy(px(x)) Difference Difference Total
13 Mar. —-0.00125 - —-0.00125
19 Mar. -0.00205 -0.0008 -0.00205"
25 Mar. -0.00553 -0.00348 -0.005532
26 Mar. -0.0000711 0.00545 -0.000082
29 Mar. -0.000145 —-0.0000739 —-0.0001539

1 Apr. -0.00761 -0.00746 -0.0076139

4 Apr. —-0.000588 0.007022 -0.0005919°
Exit Poll -0.0007813 —-0.0001933 -0.0007852%

Vote Result 0.002482 0.00326 0.0024748*

Note: Source: National Election Commission of the Republic of Korea;
https://www.nec.go.kr/site/nec/main.do (accessed on 21 September 2025)
https://news.naver.com/election/nation2024 (accessed on 21 September 2025)
!Second poll result, ahead of A.

2 Almost same trend with respect to A, improving on the 26th.

3Poll delivered just before the election, decisive information.

“Election date result, not open in advance.


https://www.nec.go.kr/site/eng/ex/bbs/List.do?cbIdx=1273
https://www.nec.go.kr/site/eng/03/10301040000002020070601.jsp
https://www.nec.go.kr/site/nec/main.do
https://news.naver.com/election/nation2024
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Conversely, Table 2 shows a continuous reduction in hesitation for Candidate B, suggesting sustained
support. A lower difference total often implies consistent support, and ds(px(x)) calculations approach
zero, reflecting Candidate B’s support nearing 50%. It is essential to clarify that “Exit poll” and “Vote result”
represent election outcomes that are not part of the preliminary information.

Next, the conditional KL divergence calculation is conducted based on the updated information.
Using Eq. (9), the likelihood function is represented as p(y|x, I) and is structured linearly, as demonstrated
by prior findings [21]. Poll data from District 3, as shown in Fig. 8, are used to calculate the conditional KL
divergence for Candidate A, while the results for Candidate B are also noted.

0.414100, 2 1 0.459100, 220 4 034100, 222 1+ 0426100, 2220 4 041100, T2 4 0.488100, 2288
. 0 _ . (0] _ . 0] _— . 0 _— . 0 _— . 0 _—
8204425 820461 £20.39 8204595 82045 8204595
1+ 0.4300g, 2%
082 45

Candidate B also shows the following values:

0.471l0g,

L 0.46310 3 044100, 2 4 0.493100, 22 | 0.49100, 2 F
. . _— . 0 . e
0.4425 8270461 $2039 8204595 82045

0.431 0.48
+0.431log, ——— + 0.48l0g, ———Candidate A: — 0.2042, Candidate B:0.2280.
0.4595 0.455

From these results, Candidate A’s likelihood of winning appears relatively high but falls below the
winning criterion, which aligns with the margin insufficiency discussed in Section 3.2. Conversely, Candidate
B’s likelihood exceeds the sufficiency margin of 0.5—indicating a high probability of winning, consistent
with findings in Tables 1 and 2. The supportive data for both candidates also reflect a degree of hesitation, as
revealed in the calculations.

4.3 Discussion

The hesitation metric incorporates KL divergence calculated by comparing values supportive or
opposed to a threshold of 0.5, expressed as D(p(x)[0.5), where p(x) represents affirmative or opposing
views, as addressed by Eq. (5).

du =d(p(x)) - d(q(x)) (10)

p(x) deviates further from decision boundary—generally set at 0.5—than g(x). This calculation reflects
the current status, underscoring the need for ongoing data analysis to accurately assess trends for each
candidate. The election poll example shows the pivotal role of KL divergence in predicting likely outcomes
and supporting decision-making. However, predicting abrupt trend shifts, such as those illustrated in Fig. 8,
remains challenging because of unpredictable external factors. Then, the proposed method facilitates a
meaningful and accurate conclusion; rather than relying on instantaneous KL divergence values. These are
accumulated data yielding lower variance, reflecting reduced hesitation. According to these results, excluding
exit poll and final voting outcomes, Candidate A records a value of —0.0076 while Candidate B records
—0.0005919: it is a natural result that Candidate B is closer to winning. Although both values are close to 0.5,
indicating similar hesitation, Candidate B’s value trends closer to the mid-point. Although the calculations
depicted in Fig. 7 were not detailed here, their results would be definitive. In the conditional KL divergence,
we simplify the calculation as follows: p(x|y,I) represents the supportive factors, and p(x|I) denotes the
winning rate in Eq. (8). Calculations updated as of April 4 indicate that candidate B shows a relatively high
value, with A at —0.2042 and B at 0.2280. These values suggest that both candidates approach the winning
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criterion, yet candidate B holds a slight advantage by KL divergence standards. Intriguingly, despite potential
voter confusion, the results align consistently across calculation methods.

In future research, we aim to explore approaches incorporating information weighting akin to a
Markovian approach. Applying IFS data in KL-divergence calculations simplifies the process by mapping
membership functions to affirmative or dissenting categories. The proposed KL divergence approach has
significant potential for enhancement, particularly in refining the winning distribution and dynamically inte-
grating poll data with additional variables. Additionally, analyzing the middle-class voter shift is interesting,
as this demographic often critically influences election outcomes. The result is summarized as follows;

« The example presents precise IFS data, including affirmative and dissenting information, allowing for
considering hesitation values.

o Although hesitation information is calculated using the proposed methods, its behavior is some-
what unclear.

o Resultfrom Table 2 is chosen from one of the competitive election districts. The difference total should be
positive if candidate B wins. However, we observe a negative value trend, rather than an increasing one.

«  Most of the uncovered results are basically decisive, and the calculations are not included.

The implications of hesitation analysis in electoral decision-making extend beyond mathematical
modeling and probability calculations. In a democratic society, elections serve as the primary mechanism
for expressing public will, and understanding voter hesitation can provide insights into broader socio-
political trends. The presence of hesitation among voters reflects uncertainty and the complex interplay
of political preferences, media influence, and economic considerations. By quantifying hesitation using
Kullback-Leibler (KL) divergence, this study contributes to a deeper understanding of electoral behavior,
offering valuable perspectives for policymakers, political analysts, and strategists. From a social standpoint,
analyzing hesitation trends can help identify demographic segments that are more susceptible to shifts in
political allegiance, thereby guiding targeted voter outreach efforts. Furthermore, this research highlights
the importance of information dissemination in reducing voter uncertainty, ensuring that electoral decisions
are based on well-informed judgments rather than momentary influences. Politically, hesitation analysis can
aid in refining predictive models for election outcomes, improving strategic decision-making in campaign
management. In the broader scope, this study underscores the role of information theory in political science,
bridging the gap between computational methodologies and electoral studies to enhance the accuracy and
reliability of decision-making frameworks. This hesitation-based KL divergence framework is not intended
to replace standard predictive models, such as logistic regression or decision trees, but rather to complement
them by quantifying the unique role of hesitation and uncertainty in decision-making scenarios.

5 Conclusions

This study proposes a method to calculate hesitation values by leveraging the KL divergence. Since
hesitation originates from IFSs, it requires predefined membership and non-membership values. Here,
hesitation is calculated by examining the affirmative and dissent degrees, interpreted as membership and
non-membership structures within IFSs. Consequently, KL-divergence is modified using Bayes’ theorem
in conjunction with concepts from information theory, such as entropy and cross-entropy. Additionally,
conditional KL divergence is proposed to address decision-making challenges. To optimize this approach,
preference values for attributes and reference values for criteria are expressed as IFSs. These values contribute
to calculating KL divergence between attributes, influencing decision accuracy. The two KL-divergence met-
rics proposed have distinct implications for decision-making: the first evaluates proximity to criteria based
on given IFSs. In contrast, the second assesses hesitation in temporal data applications. Typically, cumulative
data significantly influence decision outcomes; calculations indicate that fluctuations in supportive data
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intensify hesitation levels. The results underscore the importance of deriving attribute values from existing
data or through further development. The demonstrated example—examining election data from Korean
Congressional members—highlights the importance of incorporating updated information in decision-
making processes. With the calculation, we can recognize the voters hesitation trend whether they support
or not. The analysis shows that two consistent decision-making approaches yield reliable results: hesitation
accumulation and conditional KL divergence. The research output is expected to be a useful foundation for
decision problems in future research. Although the methodology was demonstrated on electoral data, its
formulation is general and can be extended to diverse domains such as medical diagnostics, financial risk
assessment, and social decision-making processes where hesitation is critical.
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