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ABSTRACT: A three-dimensional (3D) analytical formulation is proposed to put together magnetic, electric and
elastic fields to analyze the vibration modes of simply-supported layered piezo-electro-magnetic plates. The present
3D model allows analyses for layered smart plates in both open-circuit and closed-circuit configurations. The second-
order differential equations written in the mixed curvilinear reference system govern the magneto-electro-elastic free
vibration problem for multilayered plates. This set consists of the 3D equations of motion and the 3D divergence
equations for the magnetic induction and electric displacement. Navier harmonic forms in the planar directions and
the exponential matrix method in the transversal direction of the plate are applied to solve the second-order differential
equations in terms of displacements. For these reasons, simply-supported boundary conditions are considered.
Imposition of interlaminar continuity conditions on primary variables (displacements, magnetic potential, electric
potential), and some secondary variables (transverse normal and transverse shear stresses, transverse normal magnetic
induction/electric displacement) allows the implementation of the layer-wise approach. Assessments for both load
boundary configurations are proposed in the results section to validate the present 3D approach. 3D electro-elastic
and 3D magneto-elastic coupling validations are performed separately considering different models from the open
literature. A new benchmark involving a full magneto-electro-elastic coupling for multilayered plates is presented
considering both load boundary configurations for different thickness ratios. For this benchmark, circular frequency
values and related vibration modes through the transverse direction in terms of displacements, magnetic and electric
potential, transverse normal magnetic induction/electric displacement are shown to visualize the magneto-electro-
elastic coupling and material and thickness layer effects. The present formulation has been entirely implemented in an
academic Matlab (R2024a) code developed by the authors. In this paper, for the first time, the second-order differential
equations governing the magneto-electro-elastic problem for the free vibration analysis of plates has been solved
considering the mixed mode of harmonic forms and exponential matrix. The exponential matrix permits computing the
secondary variable of the problem (stresses, electric displacement components and magnetic induction components)
exactly, directly from constitutive and geometrical equations. In addition, the very simple and elegant formulation
permits having a code with very low computational costs. The present manuscript aims to fill the void in open literature
regarding reference 3D solutions for the free vibration analysis of magneto-electro-elastic plates.

KEYWORDS: 3D analytical formulation; multilayered smart plates; free vibration analyses; vibration modes; magneto-
electro-elastic coupling; exponential matrix method; layer wise approach

1 Introduction
Magneto-electro-elastic (MEE) structures are smart structures where the energy between all the

involved fields is exchanged interacting each other [1–3]. This ability (called MEE coupling) is employed in
smart structures for the health monitoring and for the suppression of unwanted vibrations [4,5]. For these
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reasons, researchers are interested in analytical and numerical tool developments for the analysis of these
types of smart structures. Several analytical and numerical models have been developed in the open literature
to understand smart structure behaviors [6,7].

In the framework of numerical models, Carrera et al. [8] developed refined finite elements for mul-
tilayered plates subjected to MEE fields. The natural characteristics of a three-layered simply supported
MEE multilayered plate were studied by Yang et al. in [9]. In [10], a free vibration study for anisotropic
functionally graded MEE plates was carried out using a semi-analytical finite element method based on the
series solution in the in-plane directions of the plate and on the finite element approximation through the
thickness direction of the structure. Chen et al. [11] presented a free vibration study of multilayered MEE
plates, under combined clamped/free lateral boundary conditions, by using a semi-analytical discrete-layer
approach. Jiangong et al. [12] studied the dispersion behavior of waves in a layered MEE plate. Legendre
orthogonal polynomial series were employed in controlling equations to include the MEE coupling. In [13], a
finite element (FE) approach was proposed for free vibrations and transient peculiarities of MEE composite
rectangular and elliptical plates resting on the visco-Pasternak medium in the case of a hygro-thermal
environment and blast load applications. Kattimani and Ray [14] presented an FE model to analyze the
active constrained layer damping for large amplitude vibrations of smart MEE plates. In [15], the nonlinear
forced vibration behavior of MEE composite plates involving elastic foundations was studied via Reddy’s
third-order shear deformation theory. Vinyas [16] proposed the free vibration study of different carbon
nanotube-reinforced MEE plates adopting FE methods and considering the higher-order shear deformation
theory. Milazzo [17,18] proposed a variable kinematics approach for moderately large deflection analysis
of smart MEE multilayered and functionally graded plates, 2D refined equivalent single-layer models were
developed. The same author [19] also proposed an equivalent single-layer model for the free vibration analysis
of smart laminated plates by considering quasi-static electric and magnetic fields. Davì and Milazzo [20]
developed a regular variational boundary element formulation, based on a hybrid variational principle, for
dynamic analyses of 2D MEE domains. Vinyas and Kattimani [21] discussed the effects of the hygrothermal
environment on free vibration characteristics of MEE plates, the FE method and a higher order shear
deformation theory were employed. Ramirez et al. [22] presented a free vibration approximate solution for
the 2D MEE laminates in order to determine their fundamental behavior. In [23], a layerwise FE model was
developed by Kiran and Kattimani using the shear deformation theory and coupled constitutive equations,
non-dimensional eigenfrequencies of 3D multilayered MEE plates with skewed edges were computed.

In the case of analytical formulations for the free vibration study of MEE structures, Soni et al. [24]
proposed a nonlinear analytical classical plate theory for transverse vibrations of cracked MEE thin plates.
The material employed in this study was the reinforced BaTiO3–CoFe2O4 composite including a central
partial crack. In Xu et al. [25], the nonlinear free vibration response of MEE composite plates was proposed,
the von Karman’s nonlinear strain–displacement theory and the high-order shear deformation theory were
employed. The bending and free vibrations of an MEE plate with surface effects were proposed in Yang
and Li [26]. The governing differential equations for bending and vibrations of MEE plates were derived
considering surface effects in the Kirchhoff thin plate theory. Chen et al. [27] presented a state-vector
approach to detect free vibrations of MEE laminated plates. The same authors [28,29] developed a 3D
analytical solution for the propagation of time-harmonic waves in transversely isotropic and multilayered
MEE plates with nonlocal effects. Pan and Heyliger [30] presented an analytical solution for free vibrations
of simply supported multilayered MEE rectangular plates; the Stroh formalism was used for the general
solution. Dat et al. [31] developed an analytical solution for the nonlinear MEE vibrations of smart sandwich
plates made of a carbon nanotube reinforced composite core embedded between two MEE face sheets. In
Wang et al. [32], a state variable mixed type formulation was developed for the free vibration of laminated
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structures embedding actuators/sensors. Razavi and Shooshtari [33] presented the nonlinear free vibration
study of symmetric MEE laminated rectangular plates with simply supported boundary conditions, first-
order shear deformation theory and von Karman’s nonlinear strains were included in the model. A 3D
semi-analytical solution of the elasticity theory was derived by Xin and Hu [34] for free vibrations of
simply supported and multilayered MEE plates, the analysis combined the state space approach and the
discrete singular convolution algorithm. Kuo and Wang [35] proposed an analysis for the investigation of
wave motion characteristics (e.g., dispersion curves and mode shapes) for MEE laminated plates including
generalized membrane-type interfacial imperfections. In Dinh and Duc [36], the vibration behavior of a
honeycomb composite structure embedding electromagnetic layers was presented. Combined effects of
uniform loadings, thermal stresses and electromagnetic potentials were investigated. The effect of the elastic
foundation and the viscoelastic interface on the dynamic behaviour of laminated simply supported MEE
rectangular plates was investigated by Hamidi et al. [37]. The state space method in the Laplace domain was
used. Free vibrations of simply supported rectangular MEE nanoplates were studied in [38], the nonlocal
Kirchhoff plate theory was employed. A buckling and free vibration model of MEE nanoplates was presented
by Li et al. [39], nonlocal Mindlin theory resting on Pasternak foundation was implemented. Chang [40]
investigated the free vibration behavior of fluid-loaded transversely isotropic MEE rectangular plates. In
Jamalpoor et al. [41], free vibration and biaxial buckling of MEE microplates were shown. The Kelvin–Voigt
visco-Pasternak foundation was implemented when initial external electric and magnetic potentials were
applied. In [42], nonlinear forced vibrations of an immovable simply supported MEE rectangular plate were
studied considering the first-order shear deformation theory and harmonic excitation forces.

The present 3D coupled MEE analytical approach for the free vibration analysis of open and closed
circuit simply supported plates is employed to comprehend the behavior of layered smart structures for
health monitoring and suppression of vibrations. The present 3D model consists of a set of five second-
order differential equations. Navier harmonic forms in the planar directions and the exponential matrix
in the transverse direction are applied. The exponential matrix in the thickness direction allows exact
computations of stresses, strains, electric displacement components and magnetic induction components.
This 3D formulation includes a layer-wise approach where congruence and equilibrium conditions are
imposed at each layer interface. Displacements, electric potential, magnetic potential, stresses, transverse
normal electric displacement and transverse normal magnetic induction are correctly evaluated by taking
into account the zigzag effect. Brischetto and Cesare proposed 3D coupled electro-elastic free vibrations
in [43] and 3D coupled magneto-elastic free vibrations in [44]. 3D pure elastic free vibration analysis of
multilayered structures was proposed in [45]. For the first time, a 3D coupled magneto-electro-elastic free
vibration analysis of layered plates is proposed considering the exponential matrix method in the transverse
direction and the Navier harmonic forms in the planar directions. Results proposed in this paper can be used
by scientists involved in the development of other formulations for magneto-electro-elastic analyses and by
those researchers interested in the free vibration analysis of smart magneto-electro-elastic structures. The
present paper is organized in different sections: in the second section, the 3D coupled magneto-electro-elastic
model is presented in terms of governing, geometric and constitutive equations and solution methodology;
in the third section, assessments are proposed to validate the model and new benchmark cases are shown
to investigate the free vibration behavior of MEE multilayered plates. Some conclusive remarks and future
developments are reported in the last section.

2 3D Magneto-Electro-Elastic Analytical Formulation
The present section shows the 3D formulation for coupled magneto-electro-elastic free vibration

analyses of flat panels. In the first subsection, the set of five second-order differential governing equations
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for the 3D magneto-electro-elastic coupling is proposed. Then, constitutive and geometrical relations are
shown. In the last subsection discusses the solution method in terms of Navier harmonic forms in the planar
directions and the exponential matrix in the transverse direction.

2.1 3D Set of Governing Equations for the Magneto-Electro-Elastic Plate Problem
The five 3D governing equations for the magneto-electro-elastic free vibration analysis can be explicitly

written for each k layer included in multilayered flat panels:

σ k
x x ,x
+ σ k

x y , y
+ σ k

xz ,z
= ρkük , (1a)

σ k
x y ,x
+ σ k

y y , y
+ σ k

yz ,z
= ρkv̈k , (1b)

σ k
xz ,x
+ σ k

yz , y
+ σ k

zz ,z
= ρkẅk , (1c)

Bk
x ,x
+ Bk

y , y
+ Bk

z ,z = 0, (1d)

Dk
x ,x
+Dk

y , y
+Dk

z ,z = 0. (1e)

Stresses (σ k
x x , σ k

x y , σ k
xz , σ k

y y , σ k
yz , σ k

zz), magnetic inductions (Bk
x , Bk

y , Bk
z ) and electric displacements

(Dk
x , Dk

y , Dk
z ) are dependent from coordinates x, y and z and time t. ρk indicates material mass density. ük ,

v̈ k and ẅk are displacements second derivatives in time. Subscripts , x, , y and , z state partial derivatives
performed with respect to rectilinear coordinates. Eqs. (1d and 1e) have been derived in an orthogonal
reference system using the work by Povstenko [46]; magnetic induction and electric displacement have been
properly rewritten. The orthogonal rectilinear reference system and geometry defined for flat panels (plates)
are clearly indicated in Fig. 1.

Figure 1: Plate (flat panel) geometry. Dotted green lines represent the Ω0 middle reference surface

2.2 Geometrical and Constitutive Equations for the Magneto-Electro-Elastic Plate Problem
Geometrical equations are employed to link displacements with strains, the electric potential with the

electric field and the magnetic potential with the magnetic field. MEE geometrical relations are:

εk
x x = uk

,x , εk
y y = vk

, y , εk
zz = wk

,z , (2a)
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γk
yz = vk

,z +wk
, y , γk

xz = uk
,z +wk

,x , γk
x y = uk

, y + vk
,x , (2b)

E k
x = −ϕk

,x , E k
y = −ϕk

, y , E k
z = −ϕk

,z , (3)

Hk
x = −ψk

,x , Hk
y = −ψk

, y , Hk
z = −ψk

,z , (4)

where εk
x x , εk

y y , εk
zz , γk

yz , γk
xz and γk

x y are strain components; E k
x , E k

y and E k
z are electric field components; ϕk

is the electric potential; Hk
x , Hk

y and Hk
z are magnetic field components; ψk is the magnetic potential.

Constitutive equations are employed to link stresses, the electric displacement and the magnetic
induction with strains, electric field components and magnetic field components. Their explicit form is:

σ k
x x = Ck

11ε
k
x x + Ck

12εk
y y + Ck

13εk
zz + Ck

16γk
x y − ek

31E k
z − qk

31Hk
z , (5a)

σ k
y y = Ck

12εk
x x + Ck

22εk
y y + Ck

23εk
zz + Ck

26γk
x y − ek

32E k
z − qk

32Hk
z , (5b)

σ k
zz = Ck

13εk
x x + Ck

23εk
y y + Ck

33εk
zz + Ck

36γk
x y − ek

33E k
z − qk

33Hk
z , (5c)

σ k
yz = Ck

44γk
yz + Ck

45γk
xz − ek

14E k
x − ek

24E k
y − qk

14Hk
x − qk

24Hk
y , (5d)

σ k
xz = Ck

45γk
yz + Ck

55γk
xz − ek

15E k
x − ek

25E k
y − qk

15Hk
x − qk

25Hk
y , (5e)

σ k
x y = Ck

16εk
x x + Ck

26εk
y y + Ck

36εk
zz + Ck

66γk
x y − ek

36E k
z − qk

36Hk
z , (5f)

Dk
x = ek

14γk
yz + ek

15γk
xz + εk

11E k
x + εk

12E k
y + dk

11Hk
x + dk

12Hk
y , (6a)

Dk
y = ek

24γk
yz + ek

25γk
xz + εk

12E k
x + εk

22E k
y + dk

12Hk
x + dk

22Hk
y , (6b)

Dk
z = ek

31ε
k
x x + ek

32εk
y y + ek

33εk
zz + ek

36γk
x y + εk

33E k
z + dk

33Hk
z , (6c)

Bk
x = qk

14γk
yz + qk

15γk
xz + dk

11E k
x + dk

12E k
y + μk

11Hk
x + μk

12Hk
y , (7a)

Bk
y = qk

24γk
yz + qk

25γk
xz + dk

12E k
x + dk

22E k
y + μk

12Hk
x + μk

22Hk
y , (7b)

Bk
z = qk

31ε
k
x x + qk

32εk
y y + qk

33εk
zz + qk

36γk
x y + dk

33E k
z + μk

33Hk
z , (7c)

where Ck
i j are elastic coefficients, ek

i j are piezoelectric coefficients, qk
i j are piezomagnetic coefficients, εk

i j
are electric permittivity coefficients, dk

i j are electro-magnetic coupling coefficients and μk
i j are magnetic

permittivity coefficients. Eqs. (2a)–(7a) allow the interaction between magnetic, electric and elastic fields.

2.3 Solution Methodology
The solution methodology for the 3D magneto-electro-elastic free vibration problem (Eq. (1a)) is here

discussed in depth. The present methodology is based on a closed-form solution. Therefore, the following
coefficients have to be imposed to zero:

Ck
16 = Ck

26 = Ck
36 = Ck

45 = 0, εk
12= 0, μk

12 = 0, dk
12 = 0, (8)

ek
14 = ek

25 = ek
36 = 0, qk

14 = qk
25 = qk

36 = 0. (9)

The imposition suggested in Eq. (8) permits the analysis of only 0○/90○ lamination angles for
orthotropic laminae. The introduction of Eqs. (2a)–(4) into Eqs. (5a)–(7a) allows to write Eq. (1a) in terms
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of displacements (uk , vk and wk), magnetic potential ψk and electric potential ϕk . These are the primary
variables of the magneto-electro-elastic free vibration problem.

Navier harmonic forms for primary variables are introduced in the planar directions of the plate as
follows:

uk(x , y, z, t) = U k(z)e iωt cos(ᾱx) sin(β̄y), (10a)

vk(x , y, z, t) = V k(z)e iωt sin(ᾱx) cos(β̄y), (10b)

wk(x , y, z, t) =W k(z)e iωt sin(ᾱx) sin(β̄y), (10c)

ϕk(x , y, z, t) = Φk(z)e iωt sin(ᾱx) sin(β̄y), (10d)

ψk(x , y, z, t) = Ψk(z)e iωt sin(ᾱx) sin(β̄y), (10e)

where terms written in capital letters are primary variable amplitudes. ω = 2π f is the circular frequency, i is
the imaginary unit and t indicates the time. Terms ᾱ and β̄ are defined as:

ᾱ = mπ
a

, β̄ = nπ
b

, (11)

considering a and b as the planar dimensions of flat panels and m and n the half-wave numbers in x and y
directions, respectively.

Harmonic forms proposed in Eq. (10a) automatically satisfy simply supported boundary conditions for
each side belonging to flat panels:

vk = 0, wk = 0, ϕk = 0, ψk = 0, σ k
x x = 0 for α = 0, a,

uk = 0, wk = 0, ϕk = 0, ψk = 0, σ k
y y = 0 for β = 0, b. (12)

Navier harmonic forms allows to write the 3D set of second-order differential magneto-electro-elastic
equations in terms of primary variable amplitudes and related first and second derivatives in z. The compact
form of these equations is:

Ak
1 U k + Ak

2V k + Ak
3W k + Ak

4Φk + Ak
5Ψk + Ak

6U k
,z + Ak

7W k
,z + Ak

8Φk
,z + Ak

9Ψk
,z + Ak

10U k
,zz = 0, (13a)

Ak
11U

k + Ak
12V k + Ak

13W k + Ak
14Φk + Ak

15Ψk + Ak
16V k

,z + Ak
17W k

,z + Ak
18Φk

,z + Ak
19Ψk

,z + Ak
20V k

,zz = 0, (13b)

Ak
21U

k + Ak
22V k + Ak

23W k + Ak
24Φk + Ak

25Ψk + Ak
26U k

,z + Ak
27V k

,z + Ak
28W k

,z + Ak
29Φk

,z+
+ Ak

30Ψk
,z + Ak

31W
k

,zz + Ak
32Φk

,zz + Ak
33Ψk

,zz = 0, (13c)
Ak

34U k + Ak
35V k + Ak

36W k + Ak
37Φk + Ak

38Ψk + Ak
39U k

,z + Ak
40V k

,z + Ak
41W

k
,z + Ak

42W k
,zz+

+ Ak
43Φk

,zz + Ak
44Ψk

,zz = 0, (13d)
Ak

45U k + Ak
46V k + Ak

47W k + Ak
48Φk + Ak

49Ψk + Ak
50U k

,z + Ak
51V

k
,z + Ak

52W k
,z + Ak

53W k
,zz+

+ Ak
54Φk

,zz + Ak
55Ψk

,zz = 0, (13e)

where each Ak
i term includes elastic coefficients, piezoelectric coefficients, magnetic coefficients and ᾱ and

β̄ parameters.
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The exponential matrix method is used as a solution in the z thickness direction. Coefficients Ak
i are

constant in each k physical layer because they depend on well-known coefficients for elastic, electric and
magnetic properties and on calculated terms α and β. The number of primary unknowns must be redoubled
to obtain a set of first-order differential equations. This procedure has been clearly proposed in [47] where
the redoubling of primary unknowns is obtained by considering in the related vector both primary variables
and their first derivatives in the z thickness direction. Therefore, the final set of ten first-order differential
equations in z is:

Ak
10U k

,z = Ak
10U k

,z , (14a)

Ak
20V k

,z = Ak
20V k

,z , (14b)

Pk
1 W k

,z = Pk
1 W k

,z , (14c)

Pk
1 Φk

,z = Pk
1 Φk

,z , (14d)

Pk
1 Ψk

,z = Pk
1 Ψk

,z , (14e)

Ak
10U k

,zz = − Ak
1 U k − Ak

2V k − Ak
3W k − Ak

4Φk − Ak
5Ψk − Ak

6U k
,z − Ak

7W k
,z+

− Ak
8Φk

,z − Ak
9Ψk

,z , (14f)
Ak

20V k
,zz = − Ak

11U
k − Ak

12V k − Ak
13W k − Ak

14Φk − Ak
15Ψk − Ak

16V k
,z − Ak

17W k
,z+

− Ak
18Φk

,z − Ak
19Ψk

,z , (14g)
Pk

1 W k
,zz = − Pk

2 U k − Pk
3 V k − Pk

4 W k − Pk
5 Φk − Pk

6 Ψk − Pk
7 U k

,z − Pk
8 V k

,z − Pk
9 W k

,z+
− Pk

10Φk
,z − Pk

11Ψ
k
,z , (14h)

Pk
1 Φk

,zz = − Pk
12U k − Pk

13V k − Pk
14W k − Pk

15Φk − Pk
16Ψk − Pk

17U k
,z − Pk

18V k
,z − Pk

19W k
,z+

− Pk
20Φk

,z − Pk
21Ψ

k
,z , (14i)

Pk
1 Ψk

,zz = − Pk
22U k − Pk

23V k − Pk
24W k − Pk

25Φk − Pk
26Ψk − Pk

27U k
,z − Pk

28V k
,z − Pk

29W k
,z+

− Pk
30Φk

,z − Pk
31Ψ

k
,z . (14j)

Eq. (14a) are solved via the exponential matrix method. Coefficients Pk
i are explicitly given in

the Appendix A section.
Matrix form of Eq. (14a) is:

Dk X k
,z = Ak X k ⇒ X k

,z = A∗ j X k , (15)

where X k and X k
,z primary variable amplitudes and related derivatives in z, respectively. The 10 × 1 vec-

tor is X k = {U(z)k , V(z)k , W(z)k , Φ(z)k , Ψ(z)k , U(z)k
,z , V(z)k

,z , W(z)k
,z , Φ(z)k

,z , Ψ(z)k
,z}. The solution

of Eq. (15) is obtained by applying the exponential matrix method via the Taylor expansion [47]:

X k(hk) = A∗∗k X k(0) = [
N
∑
i=0

(A∗k)i

i!
hi

k] X k(0). (16)

where (A∗k)0 = I is the 10 × 10 identity matrix. k indicates the layer and it goes from 1 (first layer) to M (last
layer). hk is the layer thickness for each physical layer.
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Interlaminar continuity conditions for primary variables, transverse normal and transverse shear
stresses (σ k

zz , σ k
xz , σ k

yz), transverse normal electric displacement component (Dk
z ) and transverse normal

magnetic induction component (Bk
z ) are fundamental to obtain a layer wise model. Interlaminar continuity

conditions consider the top (t) of the k − 1 layer and the bottom (b) of the k layer.
Interlaminar continuity conditions are imposed as:

uk
b = uk−1

t , vk
b = vk−1

t , wk
b = wk−1

t , ϕk
b = ϕk−1

t , ψk
b = ψk−1

t (17a)

σ k
xzb
= σ k−1

xzt
, σ k

yzb
= σ k−1

yzt
, σ k

zzb
= σ k−1

zzt
, Dk

zb
= Dk−1

zt
, Bk

zb
= Bk−1

zt
. (17b)

The introduction of Eqs. (5a)–(7a) and (10a) in Eq. (17) allows interlaminar continuity conditions
written in terms of maximum amplitudes:

U k
b = U k−1

t , (18a)

V k
b = V k−1

t , (18b)

W k
b =W k−1

t , (18c)

Φk
b = Φk−1

t , (18d)

Ψk
b = Ψk−1

t , (18e)

Ck
55ᾱW k

b + Ck
55U k

,zb
+ ek

15 ᾱΦk
b + qk

15ᾱΨk
b = Ck−1

55 ᾱW k−1
t + Ck−1

55 U k−1
,zt
+ ek−1

15 ᾱΦk−1
t + qk−1

15 ᾱΨk−1
t , (18f)

Ck
44 β̄W k

b + Ck
44V k

,zb
+ ek

24 β̄Φk
b + qk

24 β̄Ψk
b = Ck−1

44 β̄W k−1
t + Ck−1

44 V k−1
,zt
+ ek−1

25 β̄Φk−1
t + qk−1

25 β̄Ψk−1
t , (18g)

Ck
13ᾱU k

b − Ck
23 β̄V k

b + Ck
33W k

,zb
+ ek

33Φk
,zb
+ qk

33Ψk
,zb
= −Ck−1

13 ᾱU k−1
t − Ck−1

23 β̄V k−1
t + Ck−1

33 W k−1
,zt
+

+ ek−1
33 Φk−1

,zt
+ qk−1

33 Ψk−1
,zt

, (18h)

− ek
31ᾱU k

b − ek
32 β̄V k

b + ek
33W k

,zb
− εk

33Φk
,zb
− dk

33Ψk
,zb
= −ek−1

31 ᾱU k
t − ek−1

32 β̄V k
t + ek−1

33 W k−1
,zt
+

− εk−1
33 Φk−1

,zt
− dk−1

33 Ψk−1
,zt

, (18i)
− qk

31ᾱU k
b − qk

32 β̄V k
b + qk

33W k
,zb
− dk

33Φk
,zb
− μk

33Ψk
,zb
= −qk−1

31 ᾱU k
t − qk−1

32 β̄V k
t + qk−1

33 W k−1
,zt
+

− dk−1
33 Φk−1

,zt
− μk−1

33 Φk−1
,zt

. (18j)

The matrix form is:

X k
b = T k ,k−1 X k−1

t , (19)

where T k ,k−1 is the 10 × 10 transfer, it allows to link interfaces between two adjacent layers k and k − 1.
In Eq. (19), X k

t means X k(hk) and X k
b means X k(0).

The recursive introduction of Eq. (16) in Eq. (19) allows the solution along the z thickness direction. The
final equation has the following form:

X M
t = Hm X 1

b , (20)

where Hm = A∗∗M T M ,M−1 . . . T2,1A∗∗1. Matrix Hm includes the matrices T k ,k−1 and A∗∗k computed for each
k layer of the multilayered plate. M is the last layer at the top and 1 is the first layer at the bottom. These



Comput Mater Contin. 2025;85(3) 4499

two matrices include elastic, magnetic and electric material coefficients, dimensions for the flat panel and
thickness of each layer. The most important feature of matrix Hm is the 10 × 10 dimension, independently of
the number of k layers involved in the multilayered configuration and the order N used in Eq. (16). In this
way, a low computational cost is guaranteed.

Load boundary conditions for open-circuit and closed-circuit configurations are:

σzz = 0, σxz = 0, σyz = 0, Dz = 0, Bz = 0 for z = ±h/2 (open circuit) (21)

σzz = 0, σxz = 0, σyz = 0, ϕ = 0, ψ = 0 for z = ±h/2 (closed circuit). (22)

The open-circuit configuration may be explicitly stated as:

σ 1
zzb
= −C1

13 ᾱU 1
b − C1

23 β̄V 1
b + C1

33W 1
,zb
+ e1

33Φ1
,zb
+ q1

33Ψ1
,zb
= 0, (23a)

σ 1
yzb
= C1

44 β̄W 1
b + C1

44V 1
,zb
+ e1

24 β̄Φ1
b + q1

24 β̄Ψ1
b = 0, (23b)

σ 1
xzb
= C1

55ᾱW 1
b + C1

55U 1
,zb
+ e1

15ᾱΦ1
b + q1

15ᾱΨ1
b = 0, (23c)

D1
zb
= e1

31ᾱU 1
b + e1

32 β̄V 1
b + e1

33W 1
,zb
− ε1

33Φ1
,zb
− d 1

33Ψ1
,zb
= 0, (23d)

B1
zb
= q1

31ᾱU 1
b + q1

32 β̄V 1
b + q1

33W 1
,zb
− d 1

33Φ1
,zb
− μ1

33Ψ1
,zb
= 0, (23e)

σ M
zzt
= −CM

13 ᾱU M
t − CM

23 β̄V M
t + CM

33 W M
,zt
+ eM

33 ΦM
,zt
+ qM

33ΨM
,zt
= 0, (23f)

σ M
βzt
= CM

44 β̄W M
t + CM

44V M
,zt
+ eM

24 β̄ΦM
t + qM

24 β̄ΨM
t = 0, (23g)

σ M
αzt
= CM

55 ᾱW M
t + CM

55U M
,zt
+ eM

15 ᾱΦM
t + qM

15 ᾱΨM
t = 0, (23h)

DM
zt
= eM

31 ᾱU M
t + eM

32 β̄V M
t + eM

33 W M
,zt
− εM

33ΦM
,zt
− d M

33 ΨM
,zt
= 0, (23i)

BM
zt
= qM

31 ᾱU M
t + qM

32 β̄V M
t + qM

33W M
,zt
− d M

33 ΦM
,zt
− μM

33 ΨM
,zt
= 0. (23j)

The closed-circuit configuration can be explicity written as:

σ 1
zzb
= −C1

13 ᾱU 1
b − C1

23 β̄V 1
b + C1

33W 1
,zb
+ e1

33Φ1
,zb
+ q1

33Ψ1
,zb
= 0, (24a)

σ 1
βzb
= C1

44 β̄W 1
b + C1

44V 1
,zb
+ e1

24 β̄Φ1
b + q1

24 β̄Ψ1
b = 0, (24b)

σ 1
αzb
= C1

55ᾱW 1
b + C1

55U 1
,zb
+ e1

15ᾱΦ1
b + q1

15ᾱΨ1
b = 0, (24c)

Φ1
b = 0, (24d)

Ψ1
b = 0, (24e)

σ M
zzt
= −CM

13 ᾱU M
t − CM

23 β̄V M
t + CM

33 W M
,zt
+ eM

33 ΦM
,zt
+ qM

33ΨM
,zt
= 0, (24f)

σ M
βzt
= CM

44 β̄W M
t + CM

44V M
,zt
+ eM

24 β̄ΦM
t + qM

24 β̄ΨM
t = 0, (24g)

σ M
αzt
= CM

55 ᾱW M
t + CM

55U M
,zt
+ eM

15 ᾱΦM
t + qM

15 ᾱΨM
t = 0. (24h)

ΦM
t = 0, (24i)

ΨM
t = 0. (24j)
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Both open and closed circuit conditions can be further compacted in matrix form as:

B1
b X 1

b = 0, (25a)
BM

t X M
t = 0, (25b)

where B1
b and BM

t are the generic 5 × 10 load boundary condition matrices at the bottom (b) of the first layer
(1) and at top (t) of the last layer (M), respectively. Eq. (25) can be rewritten by using Eq. (20):

[ BM
t Hm
B1

b
] X 1

b = {
0
0 } ⇒ EX 1

b = 0. (26)

The null space of matrix E must be imposed via the computation of eigenvalues. The determinant allows
to compute eigenvalues and eigenvectors. Matrix E determinant is a polynomial function in terms of ω2,
where ω = 2π f is the circular frequency. Solving the equation, the minor ω value satisfying the polynomial
equation makes null the space of matrix E. Therefore, the eigenvectors and eigenvalues computation of matrix
E by considering the proper ω2 value is possible. Eigenvectors can be evaluated along the thickness direction
of the flat panel via the recursive use of Eqs. (16) and (19). In this way, frequency modes along the thickness
direction are shown considering displacements, magnetic potential, electric potential, transverse normal
magnetic induction/electric displacement and stresses.

3 Results
The results section is made up of two subsections. In the first one, two assessment cases are shown

to validate the present 3D coupled magneto-electro-elastic model (called 3D-u-ϕ-ψ). Comparisons are
made using a 3D electro-elastic model (3D-u-ϕ) and a 3D magneto-elastic model (3D-u-ψ). Then, a new
multilayered plate case is studied considering different thickness ratios.

The 3D-u-ϕ-ψ model is preliminarily confronted with the 3D-u-ϕ model by Brischetto and Cesare [43]
and with the 3D-u-ψ model by Brischetto and Cesare [44]. Open-circuit and closed-circuit configurations
are validated. For both assessments, different a/h ratios are compared. A complete validation is proposed
because magnetic and electric fields are separately validated considering thick and thin flat panels. Further
effects involved in the flat panels, such as material and thickness layer effects, are evaluated. Comparisons
are proposed in terms of the first three circular frequency values ω̄ for several (m, n). Third and fourth
assessments also verify the full electro-elastic-magnetic coupling correctness.

In the benchmark subsection, a multilayered square flat panel is analyzed under open-circuit and
closed-circuit conditions. The first five circular frequencies ω̄ for different (m, n) couples are reported in
tabular form. First three frequency modes through the z direction are represented in graphical form for
different thickness ratios a/h. These frequency modes are given considering normalized displacements u∗,
v∗ and w∗, electric potential ϕ∗, magnetic potential ψ∗, transverse normal stress σ∗zz , transverse normal
electric displacement D∗z and transverse normal magnetic induction B∗z . Normalization for each variable is
performed by dividing each variable by its maximum value.

3.1 Assessments
In the first two proposed assessments, the magnetic permittivity coefficients μ1 and μ2 for the CoFe2O4

are considered equal to −590 ⋅ 103 nH/m in Table 1 to be coherent with reference results proposed in [43]
and [44]. Elastic material properties in terms of Young modulus (Ei), shear modulus (Gi j) and Poisson ratio
(νi j) have been computed from Ci j elastic coefficients by considering relations proposed in [48].
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The first assessment (A1) considers a simply supported multilayered square flat panel with
in-plane dimensions a = b = 1 m and variable thickness h. Multilayered configuration is PZT-
4/Al2024/PVDF/Al2024/PZT-4 where hPZT−4 = hAl 2024 = 0.1h and hPV DF = 0.6h. h is the total thickness of
the flat panel. Both closed circuit (A1-CC) and open circuit (A1-OC) configurations are validated. The open
circuit configuration for the electro-elastic case states Dzt = Dzb = 0 C/m2; the closed circuit configuration
imposes ϕt = ϕb = 0 V. Three different impositions for half-wave number couples are analyzed for open
and closed circuit configurations: m = n = 1, m = 1 and n = 2 and m = n = 2. The first three frequencies are
given for each (m,n) couple. Properties related to mechanical, electric and magnetic material coefficients are
reported in Table 1. Comparisons are performed considering as reference solution the 3D-u-ϕ electro-elastic
model by Brischetto and Cesare [43]. In Tables 2 and 3, the first three circular frequencies ω̄ for several
(m, n) values are compared with the reference solution for thick (a/h = 4), moderately thick (a/h = 10, 20)
and thin (a/h = 50, 100) flat panels in both closed-circuit and open-circuit configurations. A perfect
matching is shown when the 3D-u-ϕ-ψ electro-magneto-elastic model is confronted with the 3D-u-ϕ model
for each thickness ratio. Results in Tables 2 and 3 allow to state that the 3D-u-ϕ-ψ model opportunely
includes the electro-elastic coupling, and related material and thickness layer effects. Differences between
results obtained in closed circuit configuration and results obtained in open circuit configuration are very
small. These small differences are more evident for thicker plates and higher (m,n) values.

Table 2: Assessment A1-CC, layered electro-elastic square flat panel in closed circuit configuration. Free vibration
analysis for simply supported sides

a/h 4 10 20 50 100
ω̄ = ω/100

(1,1)-I 3D-u-ϕ [43] 39.165 25.172 14.499 6.0930 3.0695
3D-u-ϕ-ψ 39.165 25.172 14.499 6.0930 3.0695

(1,1)-II 3D-u-ϕ [43] 131.62 135.66 136.30 136.49 136.52
3D-u-ϕ-ψ 131.62 135.66 136.30 136.49 136.52

(1,1)-III 3D-u-ϕ [43] 163.96 247.27 250.72 251.72 251.86
3D-u-ϕ-ψ 163.96 247.27 250.72 251.72 251.86

ω̄ = ω/100
(1,2)-I 3D-u-ϕ [43] 64.895 48.306 31.569 14.197 7.2389

3D-u-ϕ-ψ 64.895 48.306 31.569 14.197 7.2389
(1,2)-II 3D-u-ϕ [43] 204.89 225.81 228.02 228.65 228.75

3D-u-ϕ-ψ 204.88 225.81 228.02 228.65 228.74
(1,2)-III 3D-u-ϕ [43] 224.53 301.55 303.75 304.32 304.40

3D-u-ϕ-ψ 224.52 301.55 303.75 304.32 304.40
ω̄ = ω/100

(2,2)-I 3D-u-ϕ [43] 93.894 72.517 50.344 23.679 12.186
3D-u-ϕ-ψ 93.893 72.517 50.344 23.679 12.186

(2,2)-II 3D-u-ϕ [43] 215.21 266.56 271.31 272.77 272.98
3D-u-ϕ-ψ 215.19 266.56 271.31 272.77 272.98

(2,2)-III 3D-u-ϕ [43] 263.76 362.11 494.54 502.30 503.44
3D-u-ϕ-ψ 263.75 362.11 494.54 502.29 503.44
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Table 3: Assessment A1-OC, layered electro-elastic square falt panel in open circuit configuration. Free vibration
analysis for simply supported sides

a/h 4 10 20 50 100
ω̄ = ω/100

(1,1)-I 3D-u-ϕ [43] 39.172 25.173 14.500 6.0930 3.0695
3D-u-ϕ-ψ 39.172 25.173 14.500 6.0930 3.0695

(1,1)-II 3D-u-ϕ [43] 131.62 135.66 136.31 136.49 136.52
3D-u-ϕ-ψ 131.62 135.66 136.31 136.50 136.53

(1,1)-III 3D-u-ϕ [43] 163.97 247.32 250.74 251.73 251.88
3D-u-ϕ-ψ 163.97 247.32 250.74 251.73 251.88

ω̄ = ω/100
(1,2)-I 3D-u-ϕ [43] 64.922 48.310 31.570 14.197 7.2389

3D-u-ϕ-ψ 64.922 48.310 31.570 14.197 7.2389
(1,2)-II 3D-u-ϕ [43] 204.89 225.81 228.02 228.66 228.75

3D-u-ϕ-ψ 204.88 225.81 228.02 228.66 228.75
(1,2)-III 3D-u-ϕ [43] 224.54 301.60 303.78 304.35 304.43

3D-u-ϕ-ψ 224.52 301.60 303.78 304.35 304.43
ω̄ = ω/100

(2,2)-I 3D-u-ϕ [43] 93.954 72.525 50.346 23.679 12.186
3D-u-ϕ-ψ 93.954 72.525 50.346 23.679 12.186

(2,2)-II 3D-u-ϕ [43] 215.21 266.56 271.32 272.78 273.00
3D-u-ϕ-ψ 215.19 266.56 271.32 272.78 273.00

(2,2)-III 3D-u-ϕ [43] 263.76 362.13 494.63 502.33 503.47
3D-u-ϕ-ψ 263.75 362.13 494.63 502.33 503.47

In the second assessment (A2), a simply supported multilayered square flat panel is considered.
In-plane dimensions are a = b = 1 m and the thickness h is variable. The multilayered configuration is
CoFe2O4/Al2024/Foam/Al2024/CoFe2O4 where hCoFe2 O4 = hAl 2024 = 0.1h and hPV DF = 0.6h; h is the total
thickness of the multilayered flat panel. Material mass density of the CoFe204 for this assessment is ρCoFe2 04 =
5300 kg/m3. The open-circuit configuration (OC) is analyzed. This configuration states Bzt = Bzb = 0 T .
Material properties in terms of elastic, electric and magnetic coefficients are reported in Table 1. The reference
solution used is the 3D-u-ψ magneto-elastic model in [44]. In Table 4, the first three circular frequencies ω̄
for (1,1), (2,2) and (3,3) half-wave couples are reported for the same thickness ratios proposed in A1. Even in
this case, a perfect matching is highlighted between ω̄ values computed with the 3D-u-ϕ-ψ electro-magneto-
elastic model and those calculated with the 3D-u-ψ magneto-elastic model. This feature is confirmed for
each thickness ratio. Results presented in Table 4 permit validation of the magneto-elastic coupling and
related material and thickness layer effects for thick, moderately thick and thin multilayered magneto-elastic
flat panels.
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Table 4: Assessment A2-OC, layered magneto-elastic square flat panel in open circuit configuration. Free vibration
analysis for simply supported sides

a/h 4 10 20 50 100
ω

(1,1)-I 3D-u-ψ [44] 0.0558 0.0352 0.0296 0.0214 0.0133
3D-u-ϕ-ψ 0.0558 0.0352 0.0296 0.0214 0.0133

(1,1)-II 3D-u-ψ [44] 0.1420 0.3559 0.4503 0.4504 0.4504
3D-u-ϕ-ψ 0.1420 0.3559 0.4503 0.4504 0.4504

(1,1)-III 3D-u-ψ [44] 0.4491 0.4502 0.5589 0.7871 0.7873
3D-u-ϕ-ψ 0.4491 0.4502 0.5589 0.7871 0.7873

ω
(2,2)-I 3D-u-ψ [44] 0.1928 0.0965 0.0704 0.0559 0.0428

3D-u-ϕ-ψ 0.1928 0.0965 0.0704 0.0559 0.0428
(2,2)-II 3D-u-ψ [44] 0.2190 0.3510 0.7117 0.9007 0.9007

3D-u-ϕ-ψ 0.2190 0.3510 0.7117 0.9007 0.9007
(2,2)-III 3D-u-ψ [44] 0.8072 0.8993 0.9004 1.2212 1.5742

3D-u-ϕ-ψ 0.8072 0.8993 0.9004 1.2212 1.5742
ω

(3,3)-I 3D-u-ψ [44] 0.4062 0.1913 0.1239 0.0925 0.0768
3D-u-ϕ-ψ 0.4062 0.1913 0.1239 0.0925 0.0768

(3,3)-II 3D-u-ψ [44] 0.4137 0.3676 0.7049 1.3510 1.3511
3D-u-ϕ-ψ 0.4137 0.3676 0.7049 1.3510 1.3511

(3,3)-III 3D-u-ψ [44] 0.8968 1.3443 1.3500 1.5863 2.1284
3D-u-ϕ-ψ 0.8968 1.3443 1.3500 1.5863 2.1284

In the assessment number three (A3), a simply supported three-layered thick square flat panel is
considered. Geometrical dimensions are a = b = h = 0.3 m. (m, n) half-wave couples equal to (1,1) have
been used. The lamination stacking sequence is BaTiO3/CoFe2O4/BaTiO3 where each lamina is 0.1 m thick.
Material mass density of the CoFe204 is ρCoFe2 04 = 1 kg/m3 as stated in [49]. Both open circuit (Dzt = Dzb =
0 C/m2 and Bzt = Bzb = 0 C/m2) and closed circuit (ϕt = ϕb = 0 V and ψt = ψb = 0 V) configurations have
been analyzed. Elastic, electric and magnetic material properties for BaTiO3 and CoFe2O4 are included
in Table 1. Reference solution is the manuscript by Chen et al. [49] related to the 3D free vibration analysis of
magneto-electro-elastic model for plates. In Table 5, the first seven no-dimensional circular frequencies in
both open circuit and closed circuit configuration are compared with the 3D-u-ϕ-ψ model. These calculated
values are in agreement with the 3D reference solution by Chen et al. [49]. This validation permits the correct
depiction of all the effects involved in thick square flat panels (thickness layer and material layer effects) by
considering the full magneto-electro-elastic coupling.

In the fourth assessment (A4), a simply supported three-layered thick square flat panel is presented
considering both open and closed circuit cases. Geometrical dimensions, half-wave couples (m, n) and
material mass density for CoFe2O4 are the same as seen in the A3 case. The multilayered configuration
scheme is CoFe2O4/BaTiO3/CoFe2O4 considering each lamina 0.1 m thick. Material properties of the two
laminae involved in this assessment are written in Table 1. The benchmark solution is the paper by Chen
et al. [49]. Table 6 shows the first seven non-dimensional circular frequencies for the multilayered flat panel.



Comput Mater Contin. 2025;85(3) 4505

It is possible to see a very good accordance with the 3D benchmark solution [49] for both load boundary con-
ditions. This feature is confirmed for each investigated non-dimensional circular frequency. This validation
attests that the proposed model correctly includes all involved effects for magneto-electro-elastic flat panels.

Table 5: Assessment A3, layered magneto-electro-elastic square flat panel BaTiO3/CoFe2O4/BaTiO3 in open circuit and
closed circuit configuration. Free vibration analysis for simply supported sides. Cmax = 286 GPa and ρmax = 1 kg/m3

are the maximum elastic coefficients and the maximum mass density of the proposed structure

Open circuit Closed circuit
ω̄ = ωa

√
ρmax/Cmax

(1,1)-I 3D [49] 1.5474 1.5337
3D-u-ϕ-ψ 1.5474 1.5336

(1,1)-II 3D [49] 1.8265 1.8265
3D-u-ϕ-ψ 1.8247 1.8247

(1,1)-III 3D [49] 2.1556 2.1556
3D-u-ϕ-ψ 2.1556 2.1556

(1,1)-IV 3D [49] 2.2448 2.2333
3D-u-ϕ-ψ 2.2448 2.2330

(1,1)-V 3D [49] 3.0765 3.0222
3D-u-ϕ-ψ 3.0764 3.0222

(1,1)-VI 3D [49] 3.0834 3.0765
3D-u-ϕ-ψ 3.0834 3.0765

(1,1)-VII 3D [49] 3.4438 3.3452
3D-u-ϕ-ψ 3.4437 3.3452

Table 6: Assessment A4, layered magneto-electro-elastic square flat panel CoFe2O4/BaTiO3/CoFe2O4 in open circuit
and closed circuit configuration. Free vibration analysis for simply supported sides. Cmax = 286 GPa and ρmax = 1 kg/m3

are the maximum elastic coefficients and the maximum mass density of the proposed structure

Open circuit Closed circuit
ω̄ = ωa

√
ρmax/Cmax

(1,1)-I 3D [49] 1.6054 1.6052
3D-u-ϕ-ψ 1.6054 1.6039

(1,1)-II 3D [49] 1.8987 1.8987
3D-u-ϕ-ψ 1.8986 1.8986

(1,1)-III 3D [49] 2.2475 2.2474
3D-u-ϕ-ψ 2.2475 2.2465

(1,1)-IV 3D [49] 2.3156 2.3156
3D-u-ϕ-ψ 2.3156 2.3156

(1,1)-V 3D [49] 3.1156 3.1156
3D-u-ϕ-ψ 3.1156 3.1156

(1,1)-VI 3D [49] 3.2216 3.2215
3D-u-ϕ-ψ 3.2216 3.2215

(1,1)-VII 3D [49] 3.7369 3.7369
3D-u-ϕ-ψ 3.7371 3.7451
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The results proposed in all these assessments have been obtained with an order N = 7 for the exponential
matrix. This order has been obtained after a convergence analysis and it gives proper results for the
various thickness ratio, (m, n) couple and frequency order. For this reason, it will also be employed in the
benchmark subsection. This assessment section stated the correctness of the mathematical formulation and
the effectiveness of the implementation of the 3D-u-ϕ-ψ model. Thanks to the first two assessments (A1 and
A2), electro-elastic and magneto-elastic couplings have been separately assessed. This procedure permits
stating that the present 3D-u-ϕ-ψ model correctly decouples the electro-elastic effect and the magneto-elastic
effect. Then, the other two assessments (A3 and A4) include the full magneto-electro-elastic coupling. Even
for these assessments, the proposed 3D-u-ϕ-ψ model correctly depicts all the involved effects for a magneto-
electro-elastic multilayered flat panel. Therefore, all possible configurations have been tested and it is possible
to state that a very good robustness and correct depiction of all involved effects are shown in the case of the
free vibration analysis of a magneto-electro-elastic multilayered flat panel (magneto-electro-elastic coupling,
thickness layer effect and material layer effect). For this reason, the 3D-u-ϕ-ψ model can be used in the
following subsection to present new multilayered flat panel cases involving magneto-electro-elastic effects.

3.2 Benchmarks
In this benchmark subsection, the magnetic permittivity coefficients μ1 and μ2 for the Adaptive Wood

are equal to +590 ⋅ 103 nH/m in Table 1 for physical reasons as discussed in Pan [50]. The minus sign
was considered in the assessment subsection to allow for comparison with results already obtained in the
literature. For these new results, we prefer to be physically consistent.

The proposed benchmark considers a multilayered square flat panel embedding external skins made of
Adaptive wood and an internal composite laminated core with stacking sequence /0○/90○/0○. The thickness
of each external skin is hAd a ptiv e wood = 0.05h, the thickness of each internal composite lamina is hCom posi te =
0.3h. h is the global thickness of the flat panel. The plate dimensions are a = b = 1 m. First five circular
frequencies ω̄ are proposed for both closed circuit (CC) and open circuit (OC) configurations. Imposed
half-wave numbers (m, m) for each case are (1,1), (1,2), (2,1), (2,2), (3,1) and (3,2). Dzt = Dzb = 0 C/m2 and
Bzt = Bzb = 0 T conditions are imposed at external surfaces for the open circuit case (OC); ϕt = ϕb = 0 V
and ψt = ψb = 0 V conditions at external surfaces are valid for the closed circuit case (CC). Elastic, electric
and magnetic properties of Adaptive Wood and Composite materials are given in Table 1. Table 7 (for closed
circuit configuration) and Table 8 (for open circuit configuration) show the first five circular frequencies
ω̄ for different half-wave number couples (m, n) and several a/h thickness ratios. When the thickness
ratio a/h increases, the circular frequency ω̄ decreases because the stiffness of the flat panel is smaller. For
thickness ratio a/h fixed and (m, n) imposed, the circular frequency ω̄ values increase going from the first
(I) to the fifth (V) vibration mode. When the vibration mode is fixed (e.g., the first (I) one), the frequency
value increases when the half-wave number increases. The behavior of the structure in terms of frequency
evaluations, thickness ratio effects, vibration modes through the thickness direction and half-wave number
couples (m, m) is the same for both open (OC) and closed circuit (CC) configurations. Frequency values
for CC and OC configurations are very similar even if bigger differences are shown for thicker plates and
higher values of m and n. These differences remain similar even when the vibration mode order changes.
In Figs. 2 and 3, the first three vibration modes are shown for the closed circuit configuration in terms of
normalized displacement u∗, v∗ and w∗, normalized potentials ϕ∗ and ψ∗, normalized transverse normal
stress σ∗zz , normalized transverse normal magnetic induction B∗z and normalized transverse normal electric
displacement D∗z . Fig. 2 considers a thick plate (a/h = 4) and imposed half-wave numbers equal to m = 1 and
n = 1. For each vibration mode, the zigzag effect for each electro-magneto-elastic variable is clearly shown
because the analyzed structure has a high transverse anisotropy. The continuity of each variable at interfaces
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is obtained because the interlaminar continuity has been correctly imposed. The free vibration analysis is
in closed circuit configuration: transverse normal stress σ∗zz is zero at external surfaces, electric potential ϕ∗
and magnetic potential ψ∗ are zero at external surfaces and transverse normal electric displacement D∗z and
magnetic induction B∗z are free (they are different from zero at external surfaces). Fig. 3 considers a thinner
flat panel (a/h = 50) with imposed half-wave numbers equal to m = 1 and n = 2. This thinner structure is
analyzed in closed circuit configuration too. Fig. 2 shows that the I vibration mode is purely flexural because
w∗ has a constant value and u∗ and v∗ have antisymmetric linear trends along the thickness direction.
The II and III vibration modes are purely membranal because u∗ and v∗ are linear symmetric and w∗ has
an antisymmetric trend along the thickness direction. For both thickness ratios, the peak of σ∗zz for the I
vibration mode occurs in correspondence with the interface where material changes from Adaptive Wood to
Composite. For II and III vibration modes, the maximum value of σ∗zz is reached within one of the Composite
lamina. In Fig. 3, the thinner plate configuration shows in a clearer way that the I vibration mode is flexural
and II and III vibration modes are membranal. Comparisons between Fig. 3 (thinner plate) and Fig. 2 (thicker
plate) show a clear thickness layer effect. For the closed circuit case, ϕ∗ and ψ∗ have different behaviors
and magnitudes for each proposed thickness ratio. This feature shows the different influence of the two
physical fields in the behavior of the flat panel. The same considerations remain valid for D∗z and B∗z ; they
have similar trends along the thickness direction but with different magnitudes. This feature certifies the
different amplitudes of magnetic and electric fields applied to the structure for the three different vibration
modes. Figs. 4 and 5 give the same study for the open circuit configuration. Fig. 4 shows a thick plate (a/h =
10) case for imposed half-wave numbers m = 3 and n = 2. For each vibration mode, zigzag effects for electro-
magneto-elastic variables and interlaminar continuity conditions are confirmed. However, in open circuit
configuration there are several differences and some similarities: transverse normal stress σ∗zz is still zero at
external surfaces; electric potential ϕ∗ and magnetic potential ψ∗ are now different from zero at external
surfaces; transverse normal electric displacement D∗z and transverse normal magnetic induction B∗z are zero
at external surfaces. Fig. 5 shows a thin plate (a/h = 100) case for imposed half-wave numbers m = 2 and n =
2. This thin structure is analyzed in open circuit configuration. Therefore, all the features described for the
thick structure are here confirmed. Figs. 4–5 show the three displacement trends for the first three vibration
modes: the I vibration mode is flexural, II and III vibration modes are classical membranal for both a/h = 10
and a/h = 100 thickness ratios. Electric potential ϕ∗ and magnetic potential ψ∗ have opposite behavior for
both thick and thin structures. Maximum values for ϕ∗ and ψ∗ are shown at the top and bottom of the
flat panel for each investigated thickness ratio. Transverse normal stress σ∗zz for the I vibration mode has its
maximum value at the interface between the two materials. In the cases of II and III vibration mode, the
maximum value is shown in the Composite laminated core. Transverse normal electric displacement D∗z and
transverse normal magnetic inductionB∗z have similar trends along the thickness direction but with different
magnitudes. This feature means that they have a different influence on the free vibration behavior of the flat
panel. The maximum value for these two variables is always shown at the interface between the two different
materials. Fig. 4 shows a bigger zigzag effect along the thickness direction because the plate is thicker.

Table 7: Benchmark (CC), simply supported layered electro-magneto-elastic square flat panel in closed circuit
configuration. 3D-u-ϕ-ψ model for free vibration analysis

ω̄ = ω/100
a/h 4 10 20 50 100

(1,1)-I 42.848 32.684 21.212 9.4756 4.8249

(Continued)
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Table 7 (continued)

ω̄ = ω/100
(1,1)-II 187.20 204.12 207.41 208.39 208.53
(1,1)-III 206.16 293.11 297.81 299.02 299.19
(1,1)-IV 218.63 340.28 605.11 1452.6 2884.6
(1,1)-V 267.69 440.25 671.57 1498.8 2945.0

(1,2)-I 69.491 59.218 43.290 21.086 10.931
(1,2)-II 223.74 273.22 281.01 284.35 284.90
(1,2)-III 252.38 398.14 453.92 459.55 460.35
(1,2)-IV 284.59 432.65 643.25 1479.0 2904.1
(1,2)-V 325.07 526.80 735.53 1520.0 2950.0

(2,1)-I 75.469 63.888 49.204 25.850 13.682
(2,1)-II 214.92 242.47 246.31 247.45 247.61
(2,1)-III 237.29 369.51 548.39 555.92 556.90
(2,1)-IV 242.24 502.69 622.29 1458.7 2887.5
(2,1)-V 344.16 577.67 846.44 1586.8 2991.0

(2,2)-I 93.455 82.137 65.369 35.470 18.951
(2,2)-II 229.65 387.03 408.24 415.65 416.78
(2,2)-III 317.22 452.92 586.22 596.67 598.04
(2,2)-IV 318.09 520.16 680.56 1487.8 2905.1
(2,2)-V 363.53 594.20 880.50 1604.0 2997.7

(3,1)-I 112.98 99.131 82.652 50.304 28.128
(3,1)-II 236.14 284.21 289.14 290.83 291.09
(3,1)-III 270.92 409.94 648.49 823.64 826.67
(3,1)-IV 288.89 551.59 796.61 1470.0 2893.1
(3,1)-V 379.73 619.34 1075.9 1722.1 3065.4

(3,2)-I 125.74 112.38 94.969 58.440 32.847
(3,2)-II 242.23 423.62 448.81 456.76 457.93
(3,2)-III 342.49 486.40 707.58 843.57 847.37
(3,2)-IV 347.83 553.21 810.27 1499.5 2909.8
(3,2)-V 409.70 714.49 1098.8 1737.1 3072.7

Table 8: Benchmark (OC), simply supported layered electro-magneto-elastic square flat panel in open circuit configu-
ration. 3D-u-ϕ-ψ model for free vibration analysis

ω̄ = ω/100
a/h 4 10 20 50 100

(1,1)-I 42.855 32.687 21.212 9.4757 4.8249
(1,1)-II 187.21 204.12 207.41 208.39 208.54
(1,1)-III 206.16 293.12 297.83 299.04 299.21
(1,1)-IV 218.63 340.28 605.12 1452.6 2884.8

(Continued)
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Table 8 (continued)

ω̄ = ω/100
(1,1)-V 267.69 440.29 671.63 1499.0 2945.2

(1,2)-I 69.507 59.225 43.292 21.087 10.931
(1,2)-II 223.74 273.22 281.01 284.36 284.90
(1,2)-III 252.38 398.15 453.94 459.58 460.39
(1,2)-IV 284.61 432.65 643.25 1479.0 2904.3
(1,2)-V 325.09 526.82 735.59 1520.2 2950.1

(2,1)-I 75.493 63.895 49.206 25.850 13.682
(2,1)-II 214.93 242.47 246.31 247.45 247.62
(2,1)-III 237.31 369.52 548.41 555.95 556.93
(2,1)-IV 242.28 502.69 622.29 1458.7 2887.6
(2,1)-V 344.17 577.68 846.55 1587.0 2991.3

(2,2)-I 93.490 82.149 65.373 35.470 18.951
(2,2)-II 229.65 387.04 408.24 415.66 416.79
(2,2)-III 317.28 452.93 586.24 596.70 598.09
(2,2)-IV 318.15 520.16 680.56 1487.8 2905.2
(2,2)-V 363.55 594.20 880.57 1604.1 2997.9

(3,1)-I 113.05 99.146 82.657 50.305 28.128
(3,1)-II 236.16 284.21 289.14 290.84 291.10
(3,1)-III 270.97 409.95 648.49 823.68 826.71
(3,1)-IV 288.93 551.59 796.65 1470.0 2893.1
(3,1)-V 379.75 619.34 1076.1 1722.3 3065.7

(3,2)-I 125.81 112.40 94.977 58.442 32.847
(3,2)-II 242.26 423.64 448.81 456.77 457.95
(3,2)-III 342.56 486.43 707.58 843.61 847.42
(3,2)-IV 347.93 553.21 810.29 1499.5 2909.8
(3,2)-V 409.71 714.49 1099.0 1737.3 3073.0
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Figure 2: Benchmark (CC), simply-supported layered square flat panel in closed circuit configuration. Thickness ratio
a/h = 4. First three vibration modes through the thickness direction for m = 1 and n = 1
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Figure 3: Benchmark (CC), simply-supported layered square flat panel in closed circuit configuration. Thickness ratio
a/h = 50. First three vibration modes through the thickness direction for m = 1 and n = 2
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Figure 4: Benchmark (OC), simply-supported layered square flat panel in open circuit configuration. Thickness ratio
a/h = 10. First three vibration modes through the thickness direction for m = 3 and n = 2
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Figure 5: Benchmark (OC), simply-supported layered square flat panel in open circuit configuration. Thickness ratio
a/h = 100. First three vibration modes through the thickness direction for m = 2 and n = 2
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4 Conclusions
The present paper shows a 3D analytical formulation, which couples magnetic, electric and elastic

fields for the free vibration analysis of simply supported flat panels. The set of five second-order differential
equations for plates involves the 3D equations of motion, the 3D divergence equation for the magnetic
induction and the 3D divergence equation for the electric displacement. Solution method invokes the
Navier harmonic forms in the planar directions and the exponential matrix method in the transverse
direction. A closed-form solution is employed: simply supported constraint conditions and isotropic or
orthotropic materials are required. A layer-wise approach is implemented considering interlaminar continu-
ity conditions in correspondence of two subsequent layers in terms of displacements, electric and magnetic
potential, transverse shear and transverse normal stresses, transverse normal magnetic induction/electric
displacement. In the assessments, the present 3D magneto-electro-elastic model is validated by comparing
separately the results from the 3D electro-elastic model and a 3D magneto-elastic model. Comparisons
with 3D electro-magneto-elastic models are also proposed. Both open and closed-circuit configurations
are validated considering different thickness ratios (from thick to thin structures) and different half-wave
number couples. Assessments allow the validation of the electro-elastic coupling, the magneto-elastic
coupling and the electro-magneto-elastic coupling. In the new benchmark, a new plate case is proposed
where the full coupling between magnetic, electric and elastic fields is considered. Circular frequency values
in open and closed circuit configurations are collected in tabular form for different thickness ratios, half-wave
numbers, and vibration mode orders. Circular frequencies decrease when the plate is thinner. The frequency
values increase from the first to the fifth mode when the half-wave number couple is fixed. The frequency
increases when the half-wave numbers increase for a given vibration mode. The open circuit configuration
always gives frequency values bigger than the closed circuit configuration, even if these differences are very
small. In figures for vibration modes through the thickness direction, the zigzag effect and the interlaminar
continuity (connected with the transverse anisotropy) are clearly shown. Moreover, the model can correctly
consider the boundary conditions related to the free vibration analysis for both open and closed circuit
configurations. Future developments will consider the addition of thermal and hygroscopic fields to the
proposed three-field model.
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Appendix A
Meaning of Pk

i terms in Eq. (14a):
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