
echT PressScience

Doi:10.32604/cmc.2025.066920

ARTICLE

An Inverted Pendulum System Control with Fuzzy Linear Quadratic Regulator
Method: Experimental Validation

Tayfun Abut*

Department of Mechanical Engineering, Muş Alparslan University, Muş, 49100, Türkiye
*Corresponding Author: Tayfun Abut. Email: tayfunabut@gmail.com or t.abut@alparslan.edu.tr
Received: 21 April 2025; Accepted: 13 August 2025; Published: 23 September 2025

ABSTRACT: In this study, a dynamic model for an inverted pendulum system (IPS) attached to a car is created, and
two different control methods are applied to control the system. The designed control algorithms aim to stabilize the
pendulum arms in the upright position and the car to reach the equilibrium position. Grey Wolf Optimization-based
Linear Quadratic Regulator (GWO-LQR) and GWO-based Fuzzy LQR (FLQR) control algorithms are used in the
control process. To improve the performance of the LQR and FLQR methods, the optimum values of the coefficients
corresponding to the foot points of the membership functions are determined by the GWO algorithm. Both a graphic
and a numerical analysis of the outcomes are provided. In the comparative analysis, it is observed that the GWO-based
FLQR method reduces the settling time by 22.58% and the maximum peak value by 18.2% when evaluated in terms
of the angular response of the pendulum arm. Furthermore, this approach outperformed comparable research in the
literature with a settling time of 2.4 s. These findings demonstrate that the suggested GWO-based FLQR control method
outperforms existing literature in terms of the time required for the pendulum arm to reach equilibrium.

KEYWORDS: Fuzzy-linear quadratic regulator control; grey wolf optimization algorithm; inverted pendulum system;
linear quadratic regulator; real-time control

1 Introduction
The inverted pendulum system (IPS) is an incompletely driven system in which control methods are

tested. These systems are used in a wide area [1–3]. Real-time balancing of these systems is challenging task.
Theoretical studies in the literature are quite abundant, but real-time application of the suggested methods in
an experimental environment is scarce [4–6]. Experimental studies are presented in the literature section of
this study. In particular, experimental studies utilizing LQR and Fuzzy Logic Controller (FLC) methods are
described. Prof. Lotfi A. Zadeh of Azerbaijan studied fuzzy logic theory. In his research, Zadeh suggested that
humans’ superior capacity to operate particular systems over machines originates from their capacity to make
decisions based on specific, ambiguous information. The processes involved in fuzzy logic operations include
problem identification and analysis, variable clustering and logic relation building, knowledge conversion
into fuzzy sets, and model interpretation [7]. Hung and Fernandez realized the comparative control of an
IPS in real time [8]. In the study, proportional-derivative, sliding mode, fuzzy, expert system, and neural
network control methods were used. As a result of the study, the strengths and weaknesses of the methods in
real-time control were shown. A Fuzzy LQR control approach for an IPS was created by Sáez and Cipriano,
and it was used in simulation and actual testing environments [9]. The FLQR controller achieved better
results in terms of angular stabilization of the IPS than a conventional LQR method. For the process of an IPS
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mechanical system, Chen and Chen developed an adaptive control, architecture based on a fuzzy model and
put it into practice in an experimental setting [10]. In this study, the position of the cart was limited to 0.008
m, and the angle to 0.4 degrees. The effectiveness of the suggested controller for an unstable nonlinear system
with unknown uncertainties was demonstrated. In another study, an IPS was controlled in an experimental
environment with FLC using visual feedback [11]. It was shown that control using FLC and visual feedback is
possible within certain limits. Teng tested three Matlab/Simulink-based software systems in real-time. Real-
time implementations of PID, LQR controller, and FLC methods in WinCon 2.0, Real-Time Toolbox 3.0, and
xPC Target 1.0 software were demonstrated [12].

Nundrakwang et al. [13] designed an LQR control method for the stabilization of the pendulum
in which PD control was applied for the upright position of the pendulum, and a servo state feedback
control was carried out in real-time. Despite its simplicity in design, the suggested method proved effective,
yielding the desired system performance. Muskinja and Tovornik experimentally carried out the swing-up
and stabilization of an IPS utilizing the FLC method [14]. They compared the FLC method with energy-
based oscillation strategies and showed its advantages. Gawthrop and Wang carried out interval predictive
pole placement control of an IPS in real time [15]. Chen et al. [16] controlled an IPS in a simulation and
experimental environment using the LQR control method. The transition time was obtained as 4 s in the
experiments. Lee and Jung carried out the experimental control of an IPS using a neuro-fuzzy network
method [17]. The Takagi-Sugeno neuro-fuzzy control scheme was utilized. For online learning and control,
a backpropagation learning algorithm for a T-S neuro-fuzzy network was derived. Hu et al. [18] controlled
an IPS in a simulation and experimental environment using an LQR-based control method. Attempts were
made to bring the IPS to its intended position. Liu et al. [19] suggested the FLC method for real-time control
of an IPS and enforced it in a simulation and experimental.

Kizir et al. [20] applied the FLC method for the release and stabilization of CIPS in real-time. In
robustness tests against internal and external disturbances, it was shown that the maximum error of the
pendulum angle to the pulse input was between 1.89○ and 4.6449○. Hamza et al. [21] conducted a comparative
experimental study of an IPS using PID, pole placement, LQR, and FLC control methods. Among the
applied methods, the FLC control method showed high disturbance rejection and relatively low control
energy consumption performance. Xin et al. [22] controlled an IPS utilizing the PID control method in
both simulation and real-time. According to the results obtained, it was concluded that a PID controller
can control only the pendulum angle, but a PID controller cannot control both the pendulum angle of the
pendulum and the displacement of the carrier at the same time. For this purpose, it was concluded that PID
control with two inputs and two outputs or two separate PID controllers should be implemented. The robust
LQR control method for stabilization and trajectory tracking of an IPS was suggested by Kumar and Jerome
and implemented in an experimental setting [23]. The suggested LQR control method guaranteed a faster
and smoother stabilization process with fewer oscillations and better robustness than the Full State Feedback
(FSF) control method with a pole placement approach. An event-based control technique for an IPS’s swing-
up and stabilization was put out by Durand et al. [24] and used in an experimental setting. For swing-up and
stabilization, a reduction of about 98% and 50% compared to the classical method was achieved, respectively,
while the system performance remained the same (in terms of compensation and stabilization time or control
amplitude). Urniezius and Geguzis presented the design and experimental implementation of a hybrid FLC
and adaptive design for an IPS [25].

Bettayeb et al. [26] presented a new pole placement fractional PI state feedback design and applied it
to IPS in an experimental setting. Good results were obtained concerning stability, accuracy, and robustness
according to the variation of the cart mass and, also according to the external effects applied to the pendulum.
Singla and Singh controlled an IPS in simulation and real time using pole placement and LQR control
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methods [27]. It was experimentally shown that the LQR control method outperformed the pole placement
control method on account of the decrease in the oscillations of the system (56%) and the size of the
maximum control input (66.7%). A simulation research on the application of the event-triggered fuzzy
control approach to the IPS was carried out by Su et al. [28]. The method was based on three samples: fuzzy
control on the classical fuzzy model, fuzzy control on the state space model, event-based control on the
fuzzy model, and event-based fuzzy control. The advantage of the method is that conservatism is further
reduced compared to most existing results. Du et al. [29] suggested the control of the visual servo systems of
a networked IPS by the H∞ control method and implemented it in a simulation and experiment.

Tiga et al. [30] suggested a switched control method with nonlinear/linear controllers for an IPS and
implemented it in real time. An alternative switched control structure incorporating both backstepping and
linear feedback control laws was designed. As a result of a real-time experiment, it was proven that when the
back-stepping control method was applied in the suggested control methods, it was reduced by 84% com-
pared to conventional methods. In addition, the percentage reduction was 92% compared to the composite
linear/linear controller. A modified energy-based control approach for an IPS was developed by Kennedy
et al. [31], who implemented it in a simulated and experimental setting. As a result of the experimental
study, the settling time of the arm angle of the pendulum was obtained as approximately 15 s. Blondin and
Pardalos presented a holistic optimization approach for the control of IPS in simulation and experimental
settings [32]. The holistic optimization is carried out by a streamlined ant colony optimization method with a
strained Nelder-Mead algorithm (ACO-NM). The ACO-NM effectiveness in the holistic approximation was
confronted with that obtained with the optimized solutions GA, ABC, and SA. The recommended method
satisfies the requirements for tuning strategies for the entire Q and switching mode parameter in the LQR
methodology. Susanto et al. [33] presented the realization of a hybrid controller approach that used the FLC
method for oscillation control, switched to state feedback control for stabilization, and used LQR (guaranteed
cost control) for uncertainty management. In this study, the settling time of the arm angle of the pendulum
was obtained as approximately 7.7 s.

Waszak and Langowski presented a self-tuning LQR approach for an IPS, and it was used in modeling
and experimental scenarios [34]. As a result of the experimental study, the settling time of the arm angle of the
pendulum was obtained as approximately 8 s. Llama et al. [35] suggested and experimentally implemented
adaptive fuzzy controllers based on heuristic global optimizations to solve the trajectory-tracking problem of
an IPS. Among the heuristic global optimization techniques, the best results were obtained with PSO-based
adaptive fuzzy implementation. Jain et al. [36] carried out real-time oscillation control of a nonlinear IPS
using a Lyapunov-based optimized FLC method. A new optimization method based on the fuzzy entropy
function was suggested to find the membership function for the FLC method. Fuzzy sets and a genetic
algorithm with stopping criteria were used to minimize the optimal control cost function. The optimized
FLC method reached a stable upward oscillation position within 4 s of settling time and 5 oscillations. Ping
et al. [37] suggested a developed neural network tracking control strategy for an inverted pendulum driven
by a linear motor on a car and carried out an experimental study. This method is an advanced ANN method
combined with adaptive friction make up for the tracking problem of the system. Experimental results
illustrate that the control strategy has achieved much more satisfactory tracking performance contrasted to
the existing NN control strategy.

Mondal and Dey [38] controlled an IPS in real-time utilizing cascaded fractional order PI-PD control.
When the real-time experimental results of the suggested method are analyzed, it is shown that it outperforms
the existing works. Israilov et al. [39] compared two algorithms (basic Q-Learning and Deep Q-Nets (DQN))
for the control of IPS, both in experiments and in simulation in a virtual environment. Both the parameter
range and the initial conditions are used to confirm the DQN approach’s robustness: RL ensured that the
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pendulum always moved in its unstable position independently of the initial state. Liu et al. [40] implemented
the control of an IPS with a deep neural network (DNN) using a two-phase learning protocol. It was shown
that DNN has good robustness for modeling errors after secondary learning. It is also shown that when the
pendulum length is decreased by 25% or enhanced by 25%, the steady-state error of the pendulum angle
is less than 0.05 rad. Tian et al. [41] suggested and applied a Radial Basis Function-auto-regressive model
model-based predictive control approach for IPS with a self-triggered mechanism. The real-time control
experiment and simulation results showed that the self-triggered model predictive control algorithm has
no poorer control performance than LQR control, but the online computational load can be sufficiently
diminished at the same time.

Bajrami et al. [42] achieved real-time control of a linear inverted pendulum using the deep deterministic
policy gradient algorithm, a type of reinforcement learning. Experiments and simulation results indicated
a 45% reduction in training time, a 25% development in stability, and a 30% diminish in pendulum
displacement compared to baseline practices. In this article, the dynamic model of the IPS with the cart was
obtained, and two different control methods were used to control it. GWO-based LQR and GWO-based
FLQR control algorithms were used to control the IPS. In the real-time application of the LQR control
method, the GWO algorithm was used to obtain the optimum values of the parameters Q and R, which are
critical in the control of the LQR control method. To improve the performance of FLQR control methods,
the optimum values of the coefficients of the points where the legs of the membership functions touch were
obtained utilizing the GWO algorithm. The results were presented and analyzed graphically and numerically.

Below is a summary of the study’s main contributions.

a- The first key contribution of this study is the integration of GWO to optimize the positions of
the membership function legs in the Fuzzy LQR (FLQR) control method. This allows the system
to autonomously determine critical control parameters, specifically the weights for the membership
functions, providing adaptive decision-making capability for real-time control applications.

b- Another significant contribution is the optimization of the critical Q and R parameters in the LQR
control method. These parameters, which are crucial for the LQR method’s performance, are optimized
using the GWO algorithm, improving the effectiveness and responsiveness of the control system.

c- The third contribution lies in highlighting the advantages of GWO as a metaheuristic optimization
algorithm for LQR and FLQR control. GWO is beneficial due to its low number of parameters,
straightforward calculation process, and high convergence speed, making it well suited for real-time
control implementations when compared to other optimization algorithms.

The disadvantage of the LQR control method is that there is no exact method for determining the best
value of the Q and R matrices used to calculate the state feedback gain; Trial and error or manual adjustment
methods are mostly used. The GWO-based LQR and the FLQR methods have been used to eliminate this
problem. The study was deemed to be original and will add to the body of literature, so it was determined
that publishing it would be advantageous for the reasons and through the research mentioned above. The rest
of this article is as follows: The IPS mathematical model is shown in Section 2. The design of the GWO-LQR
and GWO-FLQR control techniques is clarified in Section 3. Section 4 presents the experimental results and
discussion. In this section, the experimental results acquired from the study are presented graphically and
numerically. In addition, at the end of this chapter, comparisons and interpretations of the literature and with
each other are presented. Finally, Section 5 summarizes the conclusion. The paper’s findings are examined
and interpreted in this part. Additionally, recommendations for enhancing the approach and details on
upcoming research on the approach are provided after this section.
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2 Mathematical Model of the IPS
The Lagrange-Euler method was acquired as the mathematical model that will be used to control the

system. The model of IPS is given in Fig. 1. IPS has 2 degrees of freedom. Fig. 1 illustrates the physical
configuration of the IPS, including the cart, pendulum rod, and relevant parameters such as mass, length,
and angles. However, the arms are not driven by the motor, so it is called an underactuated driven system
in the literature. Eq. (1a) and (b) give the distance of the cart and the pendulum arm from the origin. Point
Z is the midpoint of the arm of length 2L. Eqs. (2) and (3) show the kinetic and potential energy of the cart
(TM) and the pendulum arm (Tm and Vm). The main Lagrange equation of the system is given in Eq. (4).
The equations of the IPS system are given in Eqs. (5) and (6).

xcar = x , xarm = x − Lcosθ and yarm = Lcosθ (1a)

ẋarm = ẋ − Lcosθθ̇ and ẏarm = −Lsinθθ̇ (1b)

TM =
1
2

Mẋ2 and Tm =
1
2

m [ẋ2 + ẏ2] + 1
2

Iθ̇2 (2)

Vm = mg y (3)

Ll agrange =
1
2

Mẋ2 + 1
2

m [(ẋ − Lcosθθ̇)2 + (−Lsinθθ̇)2] + 1
2

Iθ̇2 +mgLcosθ (4)

(M +m) ẍ +mLθ̈cosθ −mL (θ̇2) sinθ + bẋ = F (5)

(I +mL2) θ̈ +mẍLcosθ −mgLsinθ = 0 (6)

Figure 1: The model of IPS

Here M is the mass of the cart, m is the mass of the arm, 2L is the length of the arm, I is the moment
of inertia of the arm, b is the friction coefficient of the cart, g is the acceleration due to gravity, and F is the
electromechanical force. Point Z is the midpoint of the arm of length 2L. The variables of the system are
cart position (x) and cart velocity (ẋ), pendulum angle (θ), and pendulum angular velocity (θ̇), respectively.
The mathematical model of the system was obtained in state space form using the assumptions ≈ 0, θ̇2 =
0, sinθ = 0, and cosθ = 1.
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θ̈ = mL
ϑ
{(F − bẋ) + (M +m)gθ (7)

ẍ = 1
ϑ
{(I −mL2) (F − bẋ) +m2L2 gθ} (8)

ϑ = MmL2 + I(M +m) (9)

The mathematical model of the system is constructed as follows in the form of a state-space form ẋ =
Ax + Bu.

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ẋ
ẍ
θ̇
θ̈

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

0 −(I +mL2)B
ϑ

m2L2 g
ϑ

0
0 0 0 1

0 −(mLB)
ϑ

mgL(M +m)
ϑ

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x
ẋ
θ
θ̇

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
(I +mL2)

ϑ
0

mL
ϑ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10)

y = [ 1
0

0
0

0
1

0
0 ]

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x
ẋ
θ
θ̇

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(11)

3 Controller Designs for the System
These controllers were created especially for the IPS to maintain the pendulum arms raised and bring

the cart to its equilibrium position. IPS was controlled using GWO-based Linear Quadratic Regulator (LQR)
and GWO-based Fuzzy Linear Quadratic Regulator (FLQR) control methods. The significant problem in
the control of a system is figuring out the optimal control law that reduces the specified performance index
to a minimum. The LQR control scheme is one of the optimal control approaches and uses a state-space
model of the system [43]. It is a full-state feedback-type controller. The primary goal of optimum control is to
overestimate (maximize or minimize) a chosen performance criterion or cost function while simultaneously
obtaining control signals that cause a system to satisfy certain physical restrictions. Since the LQR control
method is simple, optimal, and robust, it is frequently used in the literature [44–46]. u = −K ∗ x is the input
form of the LQR control method. K is the feedback control input, and x is the state of the system. The cost
function below, obtained by utilizing the state-space equations, is minimized by selecting an appropriate
control input.

J = 1
2 ∫

t

0
(xT (t)Qx + uT Ru)dt (12)

The control’s goal is to reduce the quadratic performance index. The weight matrices are represented
by the matrices Q and R. Q is both a positive definite matrix and a positive semi-definite symmetric matrix
(Q ≥ 0, R > 0). The objective of the control is to minimize the integral of the quadratic performance index.
The matrices Q and R represent the weight matrices. Q is a positive semi-definite symmetric matrix and is a
positive definite matrix (Q ≥ 0, R > 0). Here, u is the optimum control vector. Eq. (12) is quadratic in terms
of both x(t) and u(t), where vector x represents the system states. The following equation was used to find
the ideal feedback input K.

K = R−1BT P (13)
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The system’s input matrix is shown here by the letter B. The value of the P positive definite matrix P is
acquired with the help of the Riccati equation. A represents the state matrix.

AT P + PA− PBR−1BT P + Q = 0 (14)

Various studies have been conducted on how Q and R matrices, which are of critical significance in
the LQR control method, could be optimized. The FLC algorithm, a method put forth by Zadeh, has five
stages [7,47–48]. The input variables are transformed into a fuzzy set in the first stage, and rule bases,
membership functions, and tables are created in the second stage. This rule base is made up of IF-THEN rules
that were deduced from system experts’ spoken statements. The third stage involves the inference mechanism
applying these rules to the system and producing fuzzy results. The definition of fuzzy sets in the database,
as well as the membership functions, is described in the fourth stage. A fuzzy set is transformed into a crisp
value for the output in the last stage, the final stage, and the purification part. The FLQR control method, a
different approach put forth for the control of IPS, combines the strengths of both the LQR and the Fuzzy
control methods. By acquiring the Q and R matrices that influence the performance of the LQR control
method with fuzzy logic, it is aimed to transform the suggested method (FLQR) into a dynamic structure
depending on the changing road conditions and thus increase the performance of the IPS against variable
conditions and to ensure that the method performs close to reality. Using the error (e) and its derivative
(ė) as inputs to the controller, the FLQR controller uses fuzzy controller rules to modify the state feedback
gain expressions.

The GWO algorithm is a population-based meta-heuristic optimization method inspired by the hunting
and leadership hierarchy of grey wolves in nature [49]. One of the main advantages of GWO is its dynamic
balance between exploration and exploitation. The balance provides more stable results by preventing
premature convergence, especially in complex control systems with multiple local minima. Moreover, GWO
requires fewer parameters compared to algorithms such as PSO or GA, which reduces the sensitivity of the
algorithm to parameter tuning and makes it easier to implement. The GWO algorithm stands out with its
better convergence speed and lower error rate, especially in engineering problems that require solutions in
continuous space [50–52]. The GWO algorithm has been chosen for optimizing the control parameters in
the IPS due to its ability to perform global optimization without the need for gradient information, which is
particularly useful for nonlinear systems. While it offers significant advantages, such as better exploration of
the solution space compared to traditional optimization methods, its main challenges include computational
cost, especially for real-time applications, and sensitivity to parameter settings and initial conditions. Despite
these challenges, GWO provides a robust framework for improving the performance of the control system
under varying conditions, making it an appropriate choice for the dynamic nature of the IPS. These features
provide significant advantages for nonlinear, multivariate problems such as optimization of the LQR gain
matrix. In this study, parametric analysis and comparative tests revealed that GWO improves both the control
performance and the stability of the system within the Fuzzy-LQR control structure. In this study, the GWO
algorithm is used to obtain the boundary values of the Q and R parameters of the LQR control method and
the membership functions of the FLQR control algorithm.

Implementation Steps of GWO-Based LQR and FLQR Methods:
Step 1: Initialization and Parameter Settings
To run the GWO algorithm, initial parameters are described.
Number of iterations: Determines how many generations the GWO algorithm will run for.
Population size: The number of grey wolves (number of solution candidates) is described.
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Leadership hierarchy parameters: Alpha, beta, and delta wolves are described as factors that balance the
algorithm’s exploration and exploitation capabilities.

Step 2: Creating the Initial Population
In the GWO algorithm, each individual (wolf) is a solution vector representing the gain matrices of the

LQR or FLQR controller (e.g., the Q and R matrices or the gains together with the membership function
parameters for FLQR). The initial population is generated randomly or according to certain initial conditions.

Step 3: Defining the FLQR and LQR Controller Structure
In this step, classical LQR and Fuzzy-LQR structures are described:
For LQR: The state-feedback structure is created, and the controller is configured via the Q and

R matrices.
For FLQR: Input-output variables, fuzzy membership functions (Gauss), and rule bases are created.
Step 4: Optimization Process with GWO
The performance of each solution candidate (i.e., each GWO wolf) is evaluated as follows:
Performance metric: Usually, a cost function (the integral of the time-weighted absolute error (ITAE) is

used to minimize the output error of the IPS. The GWO algorithm updates the solution vectors by following
the lead wolves and using environmental exploration strategies. The aim is to find the LQR/FLQR parameters
that will provide the best control performance.

Step 5: Selecting the Best Solution
At the end of each generation, the solution with the lowest cost function (the best Q-R parameters or

FLQR membership functions) is selected. This solution is considered the parameter set that maximizes the
control performance of the system.

Step 6: System Test and Evaluation with the Obtained Controller
The optimum LQR or FLQR controller is tested on the IPS system:
The dynamic responses of the system (linear and angular position) are analyzed. The effectiveness of

the active control is evaluated by comparative analysis with the IPS system.
Step 7: Conclusion and Development Possibilities
The IPS’s performance is assessed in light of the outcomes. If necessary, further improvements can be

made to the GWO algorithm.
The explanation of the time complexity of GWO is given as follows: (a) the time required to initialize

GWO is O(N × D), where N is the population size and D is the function size, (b) It takes O(N × D) time to
calculate the GWO control parameters, (c) It takes O(N × D) time for GWO’s search agents to update their
locations, d) It takes O(N × D) time to evaluate each search agent’s fitness. In conclusion, each generation’s
total time complexity is O(N ×D). Thus, for the maximum number of iterations, the overall time complexity
of GWO is O(N × D × max _iter), where max _iter is the maximum number of iterations. In the LQR and
FLQR control methods, the integral of the time-weighted absolute error (ITAE) is used as the objective
function (GWO algorithm) to minimize the errors obtained as a result of the system operation.

G = ITAEθ + ITAEx = ∫
t

0
t ∣eθ ∣ dt + ∫

t

0
t ∣ex ∣ dt (15)

eθ and ex show the arm angle error and the position error of the cart, respectively. The operating time
is indicated by t. Fig. 2 illustrates the block diagram of (a) the LQR and (b) the FLQR control methods.
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Figure 2: The control methods (a) the LQR, (b) the FLQR block diagram

Fig. 2 illustrates the control diagram of the two methods: (a) LQR and (b) FLQR. As can be seen in
both control diagrams, ITAE is used as the objective function for the GWO optimization method. The input
values for the controller are the error (e) and the rate of change of the error (ė). The FLQR control method
makes use of the Mamdani method and membership functions of the Gaussian type. The FLQR rule table
and membership duties are listed below. The membership functions and boundary values for the system’s
input values e and ė are depicted in Figs. 3 and 4. The membership functions and boundary values for the
output value F are depicted in Fig. 5.

Figure 3: The FLQR membership functions defined for input values e and ė

Figure 4: The FLQR membership functions defined for the output value F
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Figure 5: (a) Mechanical representation, (b) Control installation schema of the IPS

Figs. 3 and 4 illustrate the membership functions and boundary values described for the system’s input
variables: the error (e) and the change in error (ė). These functions play a key role in fuzzifying the crisp input
values and determining the degree of membership across linguistic terms. Fig. 5 presents the membership
functions and boundary values for the output variable (F), which represents the control force carried out to
the system. This output guides the system’s response based on the fuzzy inference mechanism. The boundary
values of the membership functions utilized in the FLQR control method that the GWO algorithm optimized
are displayed in Table 1. The rule table developed for the FLQR control method is displayed in Table 2.

Table 1: The limit values of the FLQR membership functions

p1 p2 p3 p4 p5 p6 p7 p8

5 4.8 3.47 3.12 2.36 2.28 1.13 1.21
p9 p10 p11 p12 p13 p14 p15

0.34 0.97 1.26 1.84 2.86 3.54 4.8

Table 2: The rule table created for the FLQR

F NB NS Z PS PB
NB NB NB PS PB NB
NS NB NB Z NS PB
Z Z NS NB PS PB

PS NB NB PB PB PS
PB Z PB NB PS PB

Table 1 presents the boundary values of the membership functions utilized in the FLQR control method,
as optimized by the GWO algorithm. These values described the fuzzy partitions for the input and output
variables, ensuring accurate fuzzification and defuzzification within the control process. Table 2 displays the
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fuzzy rule base developed for the FLQR controller. This rule set governs the relationship between the input
variables error (e) and change in error (ė) and the output control signal (F), which represents the corrective
force. In the table, the fuzzy variables e, ė, and F represent the system error, the rate of change of error, and
the control force, respectively. The linguistic terms NB, NS, Z, PS, PM, PB, and PVB correspond to Negative
Big, Negative Small, Zero, Positive Small, Positive Medium, Positive Big, and Positive Very Big, respectively.

4 Experimental Studies and Results
This section provides experimental studies on the IPS using its dynamic equations. The consequences of

the suggested and real-time applied control methods are graphically and numerically presented. Fig. 5 shows
(a) the mechanical representation and (b) the control installation schema of the IPS.

The IPS, whose control variables are the position of the cart (x) and the arm angle of the pendulum
(θ), consists of the cart placed on a rail and a pair of metal arms mounted on either side of the center of
the cart. The equipment that makes up the IPS consists of 1 PC with PCI-1711 card, 1 Feedback SCSI Cable
Adaptor, 2 Limit switches, 1 DC motor, 1 Cart, 2 the arms of the system, 1 pendulum controller, 2 HCTL2016
IC type encoders, 1 Adjustable belt, 2 Connection cables and wires, Matlab, Simulink, Real-Time Workshop,
Advantech PCI-1711 device driver and Feedback Pendulum Software (Fig. 5). The movement of the cart is
realized by employing a belt connected to the DC motor. The IPS is connected to a data acquisition (DAQ)
card via an interface between a computer and the system. The control signal required for the IPS is constituted
from the PC via MATLAB/Simulink, converted by the DAQ card to an analog value of ±5 volts, which is
transformed by the DC motor interface to ±24 volts for motor operation. The position of the cart and the
angle of the pendulum are measured by two encoders. These encoders have a connection between the digital
converter and the analog, which converts analog values from the encoder to digital values and communicates
with the DAQ card to the PC. Fig. 6 illustrates the real-time flow diagram of the IPS. Real-time control times
are set to 10 s. A second-order derivative filter with a cut-off frequency of 100 rad/s and a damping ratio of
0.35 was used for control. For all experiments, the initial value of the cart was taken as x = 0, the angle of
the pendulum as θ = 2π rad, and the sampling time as 0.001. In this study, the control of the IPS on a cart is
carried out with LQR and FLQR control methods. In this way, the performance results of the applied control
algorithms are given graphically and numerically. Fig. 7 illustrates the experimental setup of the IPS.

Figure 6: The real-time flow diagram of the IPS
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Figure 7: The IPS experimental setup

The physical parameters of IPS are taken as M = 2.4 kg, m = 0.23 kg, L = 0.4 m, I = 0.099 kg⋅m2,
b = 0.05 Ns/m, and g = 9.81 m/s2. The LQR control method has two parts in the system: active and passive.
One of these is designed to hold the arms of the pendulum up, and the other is designed to stabilize the
cart when the pendulum reaches the starting position. The control algorithm for the upward swing of the
pendulum is created to regulate the force exerted on the cart so that the pendulum starts to swing with a
successive enhancement in the swing magnitude. When the arms of the pendulum reach the target position,
an attempt is made to maintain the position of the IPS with the minimum control effort applied to the cart.
For GWO-based LQR and GWO-based FLQR, the population of wolves was 80, and the maximum number
of iterations was 100. Using the GWO algorithm, the matrix values Q = [184.7 1854.26 1.2904 0.5846] and
R = [0.3546] were obtained for the LQR control method. The arm angle of the pendulum and the position
of the cart using the LQR controller are shown in Figs. 8 and 9.

Figure 8: The LQR control method for the pendulum arm angle
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Figure 9: The LQR control method for the position of the cart

When the performance of the LQR controller applied to the arm angle of the pendulum illustrated
in Fig. 8 is examined, it is seen that the settling time of the arm angle of the pendulum is 3.1 s, and the peak
point is obtained as 6.7 radians. It is also observed that the arm angle of the pendulum continues in the range
of ±0.08 radians of oscillation when it reaches the equilibrium position. When the position of the cart shown
in Fig. 9 is analyzed, it is seen that it initially started in the oscillation range of +0.09 and −0.078 radians
and then continued in the range of approximately ±0.04 radians. The arm angle of the pendulum and the
position of the cart using the FLQR controller are shown in Figs. 10 and 11.

Figure 10: The FLQR control method for pendulum arm angle
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Figure 11: The FLQR control method for the position of the cart

When the performance of the FLQR controller applied to the arm angle of the pendulum illustrated
in Fig. 10 is investigated, it is seen that the settling time of the arm angle of the pendulum is 2.4 s, and the
peak point is obtained as 5.48 radians. It is observed that the arm angle of the pendulum continues in the
oscillation range of ±0.06 radians when it reaches the equilibrium position. When the position of the cart
shown in Fig. 11 is analyzed, it is seen that it initially starts in the oscillation range of +0.055 and −0.047
radians and then continues in the range of approximately ±0.025 radians. The comparison graphs of the arm
angle of the pendulum and the position of the cart using the LQR and the FLQR controller methods are
given in Figs. 12 and 13. The graph for the settling time of the angle value of the pendulum and peak value
comparison when the LQR and the FLQR were applied is given in Fig. 14.

Figure 12: Angle comparison of the pendulum when the LQR and the FLQR type controllers are applied
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Figure 13: The cart position comparison when the LQR and the FLQR are applied

Figure 14: The comparison of the settling time and peak value of the angle value of the pendulum when the LQR and
the FLQR are applied

When the comparative pendulum arm angle graphs given in Figs. 12 and 14 are analyzed, it is seen that
there is an improvement compared to the LQR control method by decreasing the settling time by 22.58% and
the peak value by 18.2% when the FLQR method is used. When the position graph of the cart given in Fig. 13
is analyzed, it is seen that the targeted value of the arms of the pendulum is obtained with shorter position
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movements from the starting point of the cart when the FLQR method is used. The robustness analysis of the
suggested method (GWO-based FLQR) was tested by considering ±10% variations in the mass parameter
of the car and the pendulum, and the graph is given in Fig. 15. The suggested control methods’ settling time
performance comparison graph with the methods from the literature is indicated in Fig. 16.

Figure 15: System performance under variation in cart and pendulum mass

Figure 16: The settling time performance contrasted with the suggested control method with the methods in the
literature

The performance of the GWO-based Fuzzy-LQR controller under these conditions (±10% variations
in the mass parameter of the trolley and the pendulum) is investigated. The results obtained show that the
controller maintains the overall system stability and regulation capability despite being affected to a certain
extent, contrasted to the nominal conditions. When the settling time performance of the suggested control
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method, given in Fig. 16, is analyzed with the methods in the literature, the FLQR control method shows
the lowest error arm angle settling time, and its value is 2.4 s. In the real-time control studies enforced in
the literature, the arm angle settling time performance was carried out with Self-tuning Fuzzy PID [4] and
Optimal Fuzzy Logic [36] methods, and the times were shown as 5 and 4 s, respectively. In light of the
aforementioned findings, it is evident that the proposed FLQR control approach performs better in terms
of arm angle settling time than previous research in the literature. The following is an expression of this
work’s limitations: The GWO’s performance can change, particularly if the system becomes more complex
or the parameters are nonlinear. Under specific circumstances, the FLQR approach employed in the study
is optimized. Its capacity to continuously adjust to shifting system conditions (such as load or speed) might
be constrained, though. In real-time operation, delays caused by sensors, processors, and actuators may
adversely influence the stability of the system. The large number of membership functions used in the fuzzy
LQR method can also increase the decision time and cause control delay.

5 Conclusions
In this study, a mathematical model of the IPS was improved, and two control strategies, GWO-

optimized LQR and GWO-based FLQR, were designed and implemented to stabilize the system. The
controllers were applied in real-time to maintain the pendulum arms in vertical equilibrium while position-
ing the cart at its reference point. The GWO algorithm was utilized to optimize the LQR’s Q and R parameters,
and to tune the membership function boundaries in the FLQR method. Experimental results demonstrated
that the FLQR controller outperformed the LQR, achieving a 22.58% reduction in settling time and an
18.2% decrease in peak overshoot. Furthermore, the FLQR method achieved a settling time of 2.4 s, showing
superior performance compared to similar studies in the literature. For future work, the suggested FLQR
method could be extended to systems with multiple degrees of freedom. Additionally, exploring various
optimization techniques, objective functions, membership function types, and rule structures may further
enhance control performance.
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