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ABSTRACT: Inspired by natural biomimetic structures exemplified by femoral bones, the shell-infill composite design
has emerged as a research focus in structural optimization. However, existing studies predominantly focus on uniform-
thickness shell designs and lack robust methodologies for generating high-resolution porous infill configurations. To
address these challenges, a novel topology optimization framework for full-scale shell-filled composite structures is
developed in this paper. First, a physics-driven, non-uniform partial differential equation (PDE) filter is developed,
enabling precise control of variable-thickness shells by establishing explicit mapping relationships between shell
thickness and filter radii. Second, this study addresses the convergence inefficiency of traditional full-scale topology
optimization methods based on local volume constraints. It is revealed that a reduced influence radius exacerbates
algorithm convergence challenges, thereby impeding the design of intricate porous structures. To overcome this
bottleneck, a physics-driven stress skeleton generation method is developed. By integrating stress trajectories and
rasterization processing, this method constructs an initial density field, effectively guiding material evolution and
significantly enhancing convergence in porous structural optimization within the full-scale framework. Classical
numerical examples demonstrate that our proposed optimization framework achieves biomimetic non-uniform shell
thickness optimization and enables precise control of the shell thickness. Additionally, density preprocessing effectively
eliminates intermediate density regions and void aggregation. Moreover, the generated trabecular-like infill patterns
with spatially graded porosity, akin to multiscale topology optimization (MTO), provide an innovative solution for
multifunctional, lightweight, complex shell-infill composite structures in aerospace and biomedical applications.
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1 Introduction
As an emerging technology garnering significant attention in recent years, additive manufacturing

(AM) has enabled the practical fabrication of structures with complex geometric features [1–3]. Meanwhile,
conventional configuration designs are increasingly unable to meet the growing comprehensive performance
requirements in engineering fields. Inspired by the biological structures in nature, such as animal bones and
plant stalks [4] (as shown in Fig. 1), which have been evolved over millions of years, shell-infill composite
structures [5–7] have emerged as a prominent research focus in academia due to their excellent specific
stiffness [8], specific strength [9], and lightweight properties [10]. The shell-infill composite structures,
where rigid outer shells and internal spatial-varying porous infills synergistically share the structural load,
enables them to balance load-bearing capacity and functional diversity, exhibiting notable superiority over
conventional solid structures.
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Figure 1: The shell-infill structures in nature, human bone (www.kashpersky.com)

Topology optimization, which can harness the full potential of design freedom, has become an efficient
design tool for shell-infill composite structures [11–13]. Clausen et al. [14] first put forward a topology
optimization method for coated structures, based on the SIMP (Solid Isotropic Microstructures with
Penalization) material model [15,16]. Through multiple smoothing-projection processes, the external coating
topology with uniform thickness is characterized by a density gradient field. Building upon this, Yi et al. [17]
replaced the gradient field in the second phase with density filter and projection, which eliminated the
coating thickness errors caused by gradient calculations. Luo et al. [18] streamlined the computation of
the density gradient field, and introduced a density-based dilation-erosion framework. Furthermore, the
precise mathematical expression linking the parameters of the filter-projection to the coating thickness
was derived. Unlike density-based methods, Wang and Kang [19] achieved a unified representation of the
matrix and coating features by employing a single level set function. However, the aforementioned studies on
coated structures treat the internal infills as isotropic materials or single-type microstructures. Although this
approach is computationally efficient and characterizes the coated and infill domains using a set of variables
and their derived quantities, it has not fully exploited their design freedom. Furthermore, existing research
on coated structures is largely confined to uniform thickness designs, whereas natural coatings often exhibit
non-uniform thickness distributions to adapt to environmental stimuli. Consequently, the design potential
of coated structures with spatially varying coatings remains underexplored.

In the pursuit of superior-performance configurations, homogeneous infill is being transitioned to
gradient infill, primarily achieved through MTO [20–24], which can be traced back to the homogenization-
based topology optimization framework proposed by Bendsøe and Kikuchi [25]. Rodrigues et al. [26] further
advanced this framework by decoupling MTO problems into macroscopic and microscopic scale optimiza-
tions, yielding structures with distinct microstructural configurations. In recent years, the integration of
coated structures with non-uniform infill has gained further development. Fu et al. [27] initialized the
signed distance function, and a macro-level set function was employed to describe the uniformly-thick shell.
Meanwhile, a micro-level set function was employed to describe the infilled single-type microstructures.
Based on SIMP framework, Niu et al. [28] systematically considered the dynamic compliance of both the shell
and infilled microstructures. However, similar to Fu’s work, their designed microstructures are restricted
to a single type, a limitation that somewhat constrains the design freedom. Xu et al. [29] employed diverse
microstructures to expand the design freedom of infill structures. A two-stage optimization strategy was

https://www.kashpersky.com
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adopted to address the computational intensity, enabling separate design phases for the shell and infilled
microstructures. To ensure connectivity among different microstructures, solid shells were introduced
between them. However, as the number of microstructure types increases, this method may become
inefficient. Groen et al. [30] employed the density gradient field to identify the shell, achieved coupled macro-
microstructural design using Rank-2 model with optimal performance under a single loading condition.
Notably, a de-homogenization method was proposed to ensure smooth connectivity between distinct
microstructures [31]. In summary, MTO still faces two major challenges: firstly, the enormous computational
cost, and secondly, the difficulty of ensuring connectivity between different microstructures.

An alternative efficient design strategy for gradient-infilled structures was proposed by Wu et al. [32],
through a topology optimization framework where the conventional global volume constraint is replaced
by multiple local volume constraints, thereby compelling the material to distribute variably across the
entire design domain in a spatially varying manner. Subsequently, Wu incorporated density-gradient-based
shell identification into this framework, facilitating the generation of full-scale shell-infill structures [33].
Li et al. [34] implemented topology optimization for multi-phase infills based on pre-optimized coated
structures, where maximum local volume constraints were imposed on different materials to avoid the
formation of large solid or void regions. Yang et al. utilized local volume constraints to achieve robust designs
of porous structures considering thermal-mechanical coupling [35] and fiber-reinforced structures [36],
which not only circumvents the excessive computational costs associated with MTO, but also addresses the
challenge of microstructural discontinuities caused by scale separation. However, as noted by Wang et al. [37],
under certain special loading conditions, topology optimization based on local volume constraints may
encounter difficulty in convergence, failing to yield binary “black-white” designs where material densities
approach either 1 or 0 strictly. Thus, stress degenerate point analysis is employed for density preprocessing,
effectively facilitating the convergence of the method proposed by Wu et al. [32].

The motivation of this study is to fully exploit the design freedom of shell-infill structures by:
(1) proposing a density-based shell identification scheme with precise thickness control; and (2) developing
a density preprocessing strategy using porous infill skeletons derived from global stress analysis for the gen-
eration of biologically inspired porous infill. Unlike prior studies, this paper leverages the local optimization
characteristics of topology optimization, and amplifies the role of initial density on optimization outcomes.
Specifically, a preprocessing strategy based on global stress skeleton analysis is proposed to facilitate the
formation of stable gradient infill structures without explicit scale separation. The remainder of this paper
is structured as follows: Section 2 details the variable-thickness shell identification scheme and the design
method of infill structures. Section 3 details the stress trajectory generation method and the corresponding
density preprocessing strategy. Section 4 validates the effectiveness and superiority of the proposed method
through classical numerical examples. Section 5 concludes this work with a comprehensive discussion and
outlines future research directions.

2 Topology Optimization of the Shell-Infill Structure

2.1 Problem Description
Unlike the conventional topology optimization of composite structures, in the shell-infill structure,

specific materials are assigned to be distributed in different topological feature regions. As illustrated
in Fig. 2, the outermost part of the structure is enveloped by shell materials of non-uniform thickness, while
the interior is filled with dissimilar material phases. To achieve high-performance shell-infill composite
structures, this paper explores design freedoms by focusing on shell thickness and the spatial graded
distribution of infill. Within a density-based topology optimization framework, a physics-driven gradient
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filter was proposed, achieving precise characterization of variable-thickness shell features combined with
the two-stage erosion-dilation strategy. Furthermore, a stress analysis strategy is developed to guide the
design of graded infill materials, ultimately generating naturally connected porous infill phases with smooth
spatial transitions.

Figure 2: Schematic diagram of the topology optimization problem for variable-thickness shell-infill structures

2.2 Characterization of Variable Thickness Shell Topology
Conventional density-based shell identification methodologies predominantly rely on density gradient

field. However, numerical discretization procedures applied to gradient fields in finite element analysis
(FEA) introduce substantial discretization errors, significantly compromising precise shell thickness control.
Recent advancements in erosion-dilation-based shell identification frameworks have demonstrated superior
thickness controllability [18]. Building upon this, a framework for variable-thickness shell-infill structures is
proposed, as shown in Fig. 3, and its core lies in the key procedure highlighted by the red frame. In contrast to
the globally uniform PDE filter employed by Luo et al. [18], this paper develops an innovative variable-radius
PDE filter that performs gradient-based smoothing operations on the initial density field φ. Subsequent
threshold projection using a uniform high-density threshold facilitates precise regulation of shell topology,
thereby achieving graded thickness control through the synergistic interaction between variable-radius PDE
filter and fixed projection threshold. It has been proven that the shell thickness τ in erosion-dilation-based
method satisfies the following [18]:

τ = lim
t→∞

ω (s, R1 , ηe) = −
R1

2
√

3
ln (2 − 2ηe) (1)

where R1 is the key to controlling the shell thickness, which is expanded from an invariant to a variable in
this paper. s is the thickness of the structure prior to corrosion, and ηe is the high threshold value used in
the optimization process. In the actual numerical implementation, ηe is always kept constant, and it is taken
as 0.95 in this paper. The thickness of shell is only related to the non-uniform PDE filter radius R1.
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Figure 3: Schematic diagram of the characterization of variable thickness shell topology

In this study, the shell thickness distribution is physics-informed through a gradient-free optimiza-
tion strategy. The methodology leverages element displacement fields to differentiate structural regions:
performance-critical areas with large structural deformations receive thickened shell for enhanced load-
bearing capacity, while non-critical areas with small deformations undergo thickness reduction to conserve
material. Thus, the non-uniform PDE filter radius Re

1 can be written as:

Re
1 = Rmin + (

Ue −Umin

Umax −Umin
) ⋅ (Rmax − Rmin) (2)

where Rmin and Rmax represent the minimum and maximum allowable shell thicknesses, respectively.
Ue denotes the elemental displacements, numerically equal to the numerical average of the displacements of
its four nodes. Umin and Umax correspond to the minimum and maximum values of element displacement,
respectively. More details can be referred to the work of Yang et al. [35]. The non-uniform shell topology
μ is obtained for subsequent optimization of the porous infill structure.

2.3 Porous Infill Topology Optimization
Since our porous infill structure topology optimization framework builds upon the density-based

approach with local volume constraints [32], a concise review of this foundational work is warranted: In
contrast to conventional global volume constraints, a spatial discretization scheme that partitions the design
domain into multiple circular subdomains was proposed. By converting the global material volume into
localized volume ceilings for each subregion, this approach effectively suppresses the emergence of large-
scale solid aggregates. The local volume constraint serves as a numerical realization of maximum geometric
scale control, mathematically expressed as:

ρ̃e =
∑i∈Me ρi

∑i∈Me 1
, Me = {i ∣∥r i − re∥2 ≤ R2 } (3)
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here, ρi denotes the pseudo-density corresponding to the element-i. The subdomain Me, centered at element-
e with radius R2, defines a circular region where r i denotes the centroid coordinates of element-i. The local
material volume fraction within Me, denoted as ρ̃e , is computed as the spatial average of pseudo-densities in
this subdomain. Eq. (3) enables full-domain control of the maximum geometric scale of structures; however,
its direct implementation requires the enforcement of N (the number of elements in the FEA model) local
volume constraints, which becomes computationally prohibitive. Given the uniform upper-bound value
across all local constraints (critical for global material consumption regulation), a P-norm aggregation
strategy is introduced to consolidate the multiple local constraints into a single constraint:

max(ρ̃e) = lim
p→+∞

∥ρ̃∥p = lim
p→+∞

(∑
e

ρ̃ p
e)

1
p

(4)

Although the P-norm aggregation theoretically approaches max(ρ̃e) as p → +∞, practical numerical
implementation prohibits strict satisfaction of this asymptotic condition. Critically, increasing p exacerbates
the nonlinearity of the optimization model, inducing numerical convergence instabilities. To balance
approximation accuracy with computational feasibility, p is set to 16 in this paper. Eq. (4) can be further
rewritten as:

Lmax = (∑
e

ρ̃ p
e)

1
p

≤ (N ⋅ V p)
1
p (5)

where V is the upper limit of the volume fraction in the infill domains.

2.4 Optimization Formulation
Building upon the conventional density-based topology optimization framework and enhanced

through the integration of local volume constraints, mathematical model for porous infill structure design
can be proposed:

min ∶ c = 1
2

U T KU

s.t. F = KU

Lmax = (∑
e

ρ̃ p
e )

1
p
≤ (N ⋅ V p)

1
p

find ∶ ρe ∈ {0, 1}

(6)

U denotes the global nodal displacement vector, and F represents the external load vector. The global
stiffness matrix K , dependent on the Young’s modulus, is interpolated via the SIMP model. Particularly, the
Young’s modulus expression can be defined as:

Ee (ρ) = Emin + ργ
e(E1 − Emin) ⋅ ϕ + μ ⋅ E2 (7)

where E1 and E2 represent the Young’s moduli of the shell phase and the infilled material, respectively. To
mitigate numerical singularities in the stiffness matrix during optimization, a small constant Emin = 10−9 is
introduced in this paper. μ and ϕ are the density-indicating fields of the shell and infill phases, respectively.
In addition, a critical challenge arises from the integer-programming nature of Eq. (6), which becomes
computationally intractable for large-scale design problems. To address this, a relaxation strategy combining
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filtering and projection is often used to transform discrete optimization into a continuous formulation while
preserving manufacturable 0–1 boundaries.

It is crucial to emphasize that, to conduct the subsequent density preprocessing aimed at improving
convergence, the optimization of the shell and the infill phases in this paper is carried out in two sequential
stages. Specifically, the topology of the variable-thickness shell is first obtained based on the non-uniform
PDE filter. Subsequently, the topology optimization of the porous infill phase is performed on this basis. This
two-stage approach is adopted because the density preprocessing must be executed on a pre-known topology.

During the infill phase design, the discrete binary solutions (0 or 1) of the shell topology variables
( μ and ϕ) remain unchanged. These variables participate in the finite element analysis as a non-design
domain at this stage. Consequently, these variables in Eq. (7) represent the finalized geometric boundaries
and are exempt from penalty terms.

2.4.1 Filtering
Similar to Eq. (3), each element’s design variable xi is filtered through a distance-dependent weight-

ing scheme. This filtering operation aims to suppress checkerboard patterns through controlled spatial
regularization [38], mathematically implemented as:

x̃e =
∑i∈Ne ωi ,e xi

∑i∈Ne ωi ,e
, Ne = {i ∣∥r i − re∥2 ≤ R f } (8)

where x denotes the design variables directly engaged in the optimizer, and x̃ represents the filtered design
variables obtained through Eq. (8). The subdomain Ne, centered at element-e with filter radius Rf , defines
a circular region where r i denotes the centroid coordinates of element-i. The weighting factor ωi ,e can be
mathematically formulated as:

ωi ,e = 1 − ∥r i − re∥2
R f

(9)

2.4.2 Projection
The filtered intermediate variables x̃ ∈ [0, 1] generate continuous density fields, which fail to satisfy the

manufacturable binary distribution. To achieve a manufacturable design while maintaining the differentia-
bility, the Heaviside function was introduced to sharpen the filtered field [39], which can be expressed as
follows:

ρn
e =

tanh (βη) + tanh (β (x̃e − η))
tanh (βη) + tanh (β (1 − η)) (10)

where η denotes the projection threshold, where filtered densities x̃ ≥ η are projected to 1 (solid) and x̃ < η
to 0 (void). The parameter β governs the sharpness of the projection. Increasing β enhances the projection
precision but exacerbates nonlinearity in the optimization problem. A parameter continuation strategy is
employed: initializing β = 1 to maintain convexity, then progressively doubling β at predefined intervals or
upon meeting convergence criteria until reaching 128.
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2.4.3 Relaxed Optimization Formulation
Incorporating the filtering and projection operations, the continuous optimization model for porous

infill structures can be mathematically formulated as follows:

min ∶ c = 1
2

U T KU

s.t. F = KU

Lmax = (∑
e

ρ̃ p
e )

1
p
≤ (N ⋅ V p)

1
p

find ∶ xe ∈ [0, 1]

(11)

2.4.4 Sensitivities Analysis
The gradient-based method of moving asymptotes (MMA) is employed in this study to update density

variables. This approach requires the sensitivities of both the objective and constraint functions with respect
to the design variables. Following the chain rule, these sensitivities can be derived as:

∂c
∂xe
= ∂c

∂ρe
⋅ ∂ρe

∂x̃e
⋅ ∂x̃e

∂xe
(12)

∂Lmax

∂xe
= ∂Lmax

∂ρ̃e
⋅ ∂ρ̃e

∂ρe
⋅ ∂ρe

∂x̃e
⋅ ∂x̃e

∂xe
(13)

∂c
∂ρe
= 1

2
⋅ (∂U T

∂ρi
KU +U T ∂K

∂ρi
U +U T K ∂U

∂ρi
) = − 1

2
⋅U T ∂K

∂ρi
U = − 1

2

n
∑
i=1

γργ−1
i uT

i k0u i (14)

u denotes the nodal displacement vector of an element, while k0 represents the corresponding element
stiffness matrix. For a more rigorous formulation, the sensitivities of intermediate variables can be derived
as follows:

∂Lmax

∂ρ̃e
= (∑

e
ρ̃ p

e)
1
p−1

(15)

∂ρ̃e

∂ρe
= 1
∑k∈Me 1

(16)

∂ρe

∂x̃e
=

β [1 − tanh (β (η − x̃e))2]
tanh (βη) + tanh (β (1 − η)) (17)

∂x̃e

∂xe
= ωi ,e

∑k∈Ne 1
(18)

3 Density Preprocessing Strategy Based on Stress Analysis
In topology optimization problems involving complex design domains, the implementation of local vol-

ume constraints often leads to ambiguous principal stress orientations due to stress degradation phenomena,
thereby hindering the generation of desired binary design. A representative case is demonstrated through
the classical L-shaped beam design, as shown in Fig. 4, where the top edge is fully clamped and a vertical
concentrated load is applied at the right-top corner. After 1000 iterations, although porous infill topology
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emerges within the L-shaped design domain, substantial regions remain unconverged with intermediate
density distributions.

Figure 4: Topology optimization process of porous infill structures for L-beam. (a) Design domain and boundary
conditions for L-beams (discretized into 200 × 200 elements). (b) Density distribution of porous infill structure at 500
iterations with local volume constraints, R2 = 7. (c) Density distribution of porous infill structure at 1000 iterations with
local volume constraints, R2 = 7. (d) The sensitivity field of objective function ∂c/∂x at 1000 iterations. (e) The sensitivity
field of constraint function ∂L/∂x at 1000 iterations. (f) Relative sensitivity field (∂c/∂x)/(∂L/∂x) at 1000 iterations

Sensitivity analysis reveals that both objective and constraint function sensitivities in unconverged
regions significantly exceed those in other areas, as shown in Fig. 4d,e. It indicates that density increments
in these regions would violate volume constraints, while density reductions would substantially compromise
structural stiffness performance. The sensitivity ratio between objective and constraint functions plays a
critical role in deriving the fixed-point update scheme of the Optimality Criteria (OC) framework. As
illustrated in Fig. 4f, the relative sensitivities (∂c/∂x)/(∂L/∂x) in unconverged regions exhibit minimal
spatial variation, resulting in ineffective gradient information for density updates.

3.1 Numerical Integration for Stress Trajectories
To address the convergence challenges in full-scale porous infill structure topology optimization

frameworks, Delmarcelle and Hesselink [40] proposed a methodology involving the identification of stress
trisectors and wedge-type degenerate points within the design domain. By leveraging the topological skeleton
construction approach of Delmarcelle and Hesselink [40], the tangential principal stress directions at stress
degenerate points is calculated to guide density updates in low-convergence regions. However, this method
requires element-wise stress state discrimination and the solution of multiple sets of nonlinear equations,
resulting in substantial computational complexity. This paper presents a density preprocessing method for
porous topological skeletons based on stress analysis, where the stress state at any point in a two-dimensional
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design domain can be characterized as follows:

σ e = [
σ e

x x σ e
x y

σ e
yx σ e

y y
] (19)

here, σ e denotes the second-order stress tensor at point e, where σ e
x x and σ e

y y represent the normal stresses
along the x- and y-directions, respectively, and σ e

x y corresponds to the shear stress. Eigenvalue decomposition
of this tensor:

σ e = [ v e
1 v e

2 ] [
σ e

1
σ e

2
] [ v e

1 v e
2 ]

T (20)

here, σ e
1 and σ e

2 denote the magnitudes of the major and minor principal stresses at point e, respectively,
while v e

1 and v e
2 represent their corresponding directional vectors.

According to Michell’ work [41], the optimization design of porous infill structures requires adherence
to principal stress distribution patterns to enhance initial structural performance. For arbitrarily complex
design domains, principal stress trajectories can be constructed through the numerical integration illustrated
in Fig. 5. The process begins with FEA to obtain nodal displacement fields, from which the stress tensor
field is derived across all nodes. A continuous principal stress orientation field is subsequently established
using inverse distance weighting interpolation (Fig. 5a). The principal stress trajectory tracing algorithm
proceeds as follows: Starting from an arbitrary initial point Pi, a provisional point P

′

i is generated through
forward integration with step size h along the principal stress vector vi. The principal stress orientation
v
′

i at P
′

i is then determined, and a revised integration step of length h is executed from Pi along this
updated direction to obtain the corrected point P

′

i+1. This iterative procedure continues until reaching the
infill domain boundaries, ultimately generating continuous principal stress trajectories. The methodology
ensures both numerical stability and path continuity through adaptive directional correction during the
integration process.

Figure 5: Stress trajectory generation based on vector integration. (a) The principal stress direction at any arbitrary
point within the design domain, which is determined through inverse distance-weighted interpolation of principal
stress directions from its four adjacent element nodes. (b) A continuous principal stress trajectory tracing methodology
based on the Runge-Kutta method

3.2 Strategies for Generating Porous Topological Skeletons
The porous topological skeletons should be constructed through orthogonally interwoven principal

and secondary principal stress trajectories. As a preprocessing phase for the framework proposed by
Yang et al. [35], the skeleton generation should prevent the formation of large-scale solid regions or void
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concentrations during the initial iteration to satisfy local volume constraints. Building upon Jobard and
Lefer’s [42] uniform streamline seeding algorithm, a seed point orthogonal coloring strategy driven by dual
stress fields governed by principal and secondary principal stress fields is proposed.

The generation process of the porous topological skeleton is illustrated in Fig. 6. For arbitrary complex
shape design domains, its centroid is first calculated as the initial integration point. Bidirectional integration
along the principal stress direction based on the method described in Section 3.1 generates a continuous
blue stress trajectory. A coloring bandwidth parameter I is defined to mark seed points within this
distance from the existing blue trajectory as red, shown in Fig. 6a. Subsequently, secondary principal stress
direction integration from the same initial point produces a red trajectory, while seed points within I from
this red trajectory are marked blue, shown in Fig. 6b. Seed points receiving double markings undergo
elimination, shown in Fig. 6b, completing one orthogonal coloring cycle. Particularly, colored seed points
exclusively initialize trajectories of matching color, i.e., red seeds generate only red trajectories. During
the iterative procedure, the closest valid colored seed to the initial point is prioritized for subsequent
integration (Fig. 6c), continuing until no activatable seeds remain. This dynamic state updating mechanism
enables self-organizing growth of the porous topological skeleton through systematic elimination of spatial
candidates. This mechanism demonstrates dual functionality by preserving morphological uniformity of the
porous skeleton while enhancing the efficiency of candidate seed point exclusion. The procedure advances
through an integration-coloration-culling operational loop until reaching termination criteria triggered by
exhaustion of activatable candidate seed points within the design domain, ultimately yielding a self-evolved
porous topological skeleton. Fig. 6e–h resembles Fig. 6a–d, but with the dyeing bandwidth decreased from
I = 10 to I = 7. As a result, the number of colored and excluded seed points reduces significantly, leading to
an increase in stress trajectories and porosity of the porous topological skeleton, which is vital for improving
the convergence of local volume constraints.

Figure 6: Generation process of the porous topological skeleton. (a) Red coloring process for seed points in the first
iteration, seed spacing I = 10. (b) Blue coloring process for seed points in the second iteration, seed spacing I = 10.
(c) Red coloring process for seed points in the third iteration, seed spacing I = 10. (d) Final porous topological skeleton,
seed spacing I = 10. (e) Red coloring process for seed points in the first iteration, seed spacing I = 7. (f) Blue coloring
process for seed points in the second iteration, seed spacing I = 7. (g) Red coloring process for seed points in the third
iteration, seed spacing I = 7. (h) Final porous topological skeleton, seed spacing I = 7

The initial porous topological skeletons generated from continuous stress trajectories requires rasteri-
zation preprocessing for topology optimization [43]. For this purpose, the skeleton feature thickness control
parameter t and FEA model mesh characteristic size d are defined. The elements whose centroids have a
Euclidean distance less than t⋅d from any stress trajectory integration point are assigned an initial design
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variable of 1, as shown in Fig. 7 for the yellow elements. To ensure spatial continuity of skeleton elements,
the numerical integration step of the stress trajectories h is set to d/2. In addition, the non-skeleton elements
are initialized to:

xnon =max{N ′ ⋅ V − N ′′

N ′ − N ′′
, 0} (21)

where xnon denotes the initial density of non-skeleton elements. N ′ represents the total number of elements
within the design domain, and N ′′ represents the number of skeleton elements. Eq. (14) ensures that the
initial design satisfies the volume constraints as much as possible.

Figure 7: Rasterization preprocessing of porous topological skeletons. (a) Only the elements containing integration
points along stress trajectories are assigned xe = 1. (b) With t = 1, elements whose centroids reside within a Euclidean
distance d from stress trajectory integration points are initialized with xe = 1

4 Numerical Example
In this section, several topology optimization examples of shell-infill composite structures are given to

demonstrate the validity and superiority of the methodology we proposed. All physical quantities in this
section are dimensionless, and the Young’s moduli of the infill-phase and shell materials are E1 = 1 and
E2 = 2, respectively.

4.1 MBB Beam
The Messerschmitt-Bölkow-Blohm (MBB) beam, a topology optimization benchmark, is employed in

this section to investigate the effectiveness of our framework for shell-infill composite structures. As depicted
in Fig. 8a, the design domain is discretized into a structured mesh of 400 × 200 quadrilateral elements. The
left boundary is constrained against horizontal displacement, the lower right corner node is subjected to
vertical displacement constraint, and a vertical concentrated load F = 1 is applied to the top-left node. The
radius of density filter used to prevent the checkerboard patterns is Rf = 4.5. The shell thickness parameters
are set as Rmax = 6 and Rmin = 3. Fig. 8b illustrates the non-uniform PDE-based filter radius R1 distribution
contour map driven by displacement field responses. A positive correlation between displacement magnitude
and filter radius is established: larger filter radii are adopted in high-displacement regions to generate thick
shell features, whereas smaller radii in low-displacement zones yield thin shell configurations. As shown
in Fig. 8c, the optimized MBB beam exhibits a well-defined shell feature. Local magnification reveals that the
shell thickness in low-displacement regions precisely corresponds to 3 element side lengths, which validates
the precision of the thickness constraint control methodology proposed in this work.
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Figure 8: Topology optimization of coated MBB beam structure. (a) Design domain and boundary conditions.
(b) Non-uniform PDE filter radius R1 distribution. (c) Optimized variable-thickness coated MBB beam structure,
Rmax = 6, Rmin = 3

The coated structure illustrated in Fig. 8 is employed as a material indicator field for infill phase opti-
mization design. The results obtained through a conventional full-scale topology optimization framework
without density preprocessing are presented in Fig. 9. Fig. 9a–c displays the infilled density distribution
after 200, 600, and 1000 iterations, respectively, where red and blue regions represent shell and infill phase
materials. Under the MBB beam’s typical loading condition, even after 1000 iterations exceeding conventional
convergence thresholds, the infill phase still exhibited a significant presence of intermediate density elements,
indicating failure to achieve effective convergence in the optimization process. Further analysis of sensitivity
distributions at the 1000th iteration reveals distinct characteristics: Fig. 9d–f respectively demonstrates the
objective function sensitivity, constraint function sensitivity, and their ratio distribution. Fig. 9f shows that
in non-converged regions, the sensitivity ratio between objective and constraint functions displays uniform
characteristics, failing to provide directional gradient information essential for density field updates. This
observation suggests that continued iteration would not resolve convergence issues, thereby highlighting
inherent limitations of conventional approaches in porous infill structure design.

Figure 9: Topology optimization process of porous infill structures for MBB beam without density preprocessing, and
the influence radius of the local volume constraint is R2 = 10. (a) Density distribution of porous infill structure after 200
iterations with local volume constraints. (b) Density distribution of porous infill structure after 600 iterations with local
volume constraints. (c) Density distribution of porous infill structure after 1000 iterations with local volume constraints.
(d) The sensitivity field of objective function ∂c/∂x after 1000 iterations. (e) The sensitivity field of constraint function
∂L/∂x after 1000 iterations. (f) Relative sensitivity field (∂c/∂x)/(∂L/∂x) after 1000 iterations
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To enhance convergence performance in topology optimization framework under local volume con-
straints, a density preprocessing method based on porous topological skeletons is proposed. As shown
in Fig. 10, for the optimized MBB beam coated structure, the method described in Section 3.1 generates global
orthogonal stress trajectories that approximate equivalent Michell trusses to guide subsequent optimization,
as shown in Fig. 10a. The density field was obtained by rasterizing the stress trajectories, and elements
containing integral points of the stress trajectory are recognized as skeleton elements, as shown in Fig. 10b.
Following this density preprocessing, an initial shell-infill composite structure with distinct geometric
features is established for subsequent topology optimization, as shown in Fig. 10c.

Figure 10: Density preprocessing for topology optimization design of MBB beam shell-infill composite structure.
(a) Visualization of stress trajectories. (b) Density distribution following rasterization of stress trajectories. (c) Initial
design of MBB beam shell-infill composite structure

Under the optimization framework incorporating porous topological skeleton preprocessing, Fig. 11
systematically demonstrates the dynamic evolution process of infill phase topology optimization for the
MBB beam. To elucidate structural evolution patterns, configurations at every 100 iterations were employed
to visualize the density field distribution. Notably, compared with conventional non-preprocessed methods
requiring 1000 iterations yet still struggling with intermediate densities, our proposed approach achieved
an ideal binary 0–1 density distribution within merely 300 iterations, as shown in Fig. 11c. Upon extending
iterations to 600 steps, the density field remains stably converged without exhibiting notable alterations.

Figure 11: Topology optimization process of porous infill structures for MBB beam with density preprocessing, and
the influence radius of the local volume constraint is R2 = 10. (a–f) The density distributions corresponding to 100, 200,
300, 400, 500, and 600 iterations, respectively
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To delve into the underlying mechanism by which density preprocessing enhances the convergence of
the algorithm, we conducted a detailed data analysis on the relative sensitivity (∂c/∂x)/(∂L/∂x) affecting the
update of density variables. Given that a clear porous structure was obtained after 300 iterations, to illustrate
the problem concisely without sacrificing generality, we visualized the relative sensitivity fields after 100, 200,
and 300 iterations, as shown in Fig. 12. The analysis reveals that, after 100 and 200 iterations, the relative
density fields within the design domain exhibit significant non-uniform characteristics. This non-uniformity
provides a clear update direction for the density variables, enabling the density to evolve efficiently towards 0
or 1, thereby significantly accelerating the convergence of the algorithm. Correspondingly, when the number
of iterations reaches 300, the relative sensitivity field gradually becomes uniform, indicating a decrease in
the efficiency of density updates. In fact, at this stage, a clear structure has been obtained, and the density
variables have essentially achieved binarization. As a result, the structure will not undergo significant changes
in subsequent iterations, which is highly consistent with the structural evolution process depicted in Fig. 11
in terms of logic.

Figure 12: The relative sensitivity field (∂c/∂x)/(∂L/∂x) after density preprocessing. (a) Sensitivity visualization after
100 iterations. (b) Sensitivity visualization after 200 iterations. (c) Sensitivity visualization after 300 iterations

4.2 Bone-Like Porous Structure
As mentioned in previous sections, the design of shell-infill composite structures draws inspiration from

natural biological systems. To validate the effectiveness of our proposed topology optimization framework
for bionic structural design, this section establishes a 400 × 400 discretized design domain based on 2D CT
scan images of human femurs. The topology optimization of bone-like porous structures is implemented
through two phases: First, a shell thickness design is employed to extract interface characteristics and
optimize material phase distribution between shell and infill regions. Subsequently, within a full-scale
topology optimization framework, bone trabecula-like porous structures are systematically designed within
the predetermined infill domains.

As shown in Fig. 13a, fixed displacement constraints are imposed on the basal surface of the femoral
structure, while vertical upward and downward loads are applied at two load-bearing points on the superior
femoral head. The radius of density filter used to prevent the checkerboard patterns is Rf = 4.5. Based on
the displacement field derived from FEA, a non-uniform filter for shell thickness control is constructed
based on the proposed method in Section 2.2, and the numerical optimization result demonstrates that the
shell phase exhibits characteristic variable-thickness topological configurations. Specifically, pronounced
thickness gradients emerge near load-bearing regions, showing strong spatial correlation with filtering
field shown in Fig. 13b. This thickness gradient evolution aligns with biomechanical adaptation principles,
where stress-concentrated zones develop mechanically enhanced shell materials to improve structural
load-bearing efficiency.
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Figure 13: Topology optimization of coated bone-like porous structure. (a) Design domain and boundary conditions.
(b) Non-uniform PDE-based filter radius R1 distribution (c) Optimized variable-thickness coated bone-like porous
structure, Rmax = 24, Rmin = 8

Building upon the variable-thickness shell femoral structure shown in Fig. 13, full-scale topology
optimization of porous infill structures was implemented. Initial configurations adopted a uniform density
field (xe = 0.6) without preprocessing interventions, with local volume constraint influence radius set at
R2 = 10. As illustrated in Fig. 14, significant gray material agglomeration persists after 1000 iterations,
indicating non-convergence characteristics. Notably, Fig. 14e reveals abnormal void concentration within
the infill domain, violating functional requirements of shell-infill composite structure. This phenomenon is
attributed to these void regions being mechanically non-critical zones where material allocation provides
limited stiffness enhancement. To address this, a straightforward idea is to reduce the influence radius of the
local volume constraints to force that the porous structure can be more uniformly distributed in the infill
domain. Thus, the local volume constraints are set to R2 = 6 and 8, and the resulting structures are shown
in Fig. 15.

Figure 14: Topology optimization process of bone-like porous structure without density preprocessing, and the
influence radius of the local volume constraint is R2 = 10. (a–e) The density distributions corresponding to 100, 300,
500, 700, 1000 iterations, respectively

It can be observed that decreasing the influence radius R2 promotes the emergence of microstructural
features with enhanced spatial uniformity within the infill domain, which aligns with the observations
reported by Yang et al. [35]. However, the reduction in influence radius R2 resulted in a significant increase in
intermediate-density elements in the structure, deteriorating the convergence of the optimization problem.
To further investigate the effect of the influence radius R2 on the convergence of topology optimization for
porous structures, we further enlarged the influence radius to R2 = 12 and R2 = 14. It was found that a strong
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correlation between increasing influence radius and reduction of intermediate density elements. Notably,
at R2 = 12 and 14, the optimized structures achieve visually clear 0–1 binary density distribution. However,
the porosity of the bone-like porous structure significantly decreased simultaneously, making it difficult to
obtain trabecular-like structures with fine features.

Figure 15: Topology optimization process of bone-like porous structures without density preprocessing at different
influence radii

To achieve fine-scale trabecular-like features while maintaining 0–1 binary density distributed bone-
like shell-infill composite structure, the stress trajectory-based porous topological skeleton was implemented
for density field preprocessing, as shown in Fig. 16a. The skeletal feature thickness parameter t was set to 1,
i.e., the skeleton features are identified for domains that are not more than 1 element away from the stress
trajectories. The preprocessed density distribution and initialized bone-like shell-infill composite structure
are presented in Fig. 16b,c.
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Figure 16: Density preprocessing for topology optimization design of bone-like porous structures. (a) Visualization of
stress trajectories. (b) Density distribution following rasterization of stress trajectories. (c) Initial design of bone-like
porous structures

Following porous topological skeleton-based density preprocessing, the optimized bone-like porous
structures under varying constraint radii are presented in Fig. 17. Numerical examples demonstrate stabilized
convergence across influence radii ranging from R2 = 6 to R2 = 14, confirming the efficacy of the preprocessing
strategy in resolving non-convergence issues. Notably, reducing influence radii induces multiscale topologi-
cal features within infill domains, successfully replicating the hierarchical characteristics of trabecular bone
structures. What’s more, structural compliance exhibits a progressive increase with decreasing influence radii
R2, attributed to constrained design freedom caused by intensified local volume restrictions.

Figure 17: Topology optimization process of bone-like porous structures with density preprocessing at different
influence radii, and the iteration number is 500

To further validate the effectiveness of our proposed density pre-processing method across different
mesh scales, we examined significant mesh models of the hip bone structure: 600 × 600 and 200 × 200
elements. The initial and final designs under these differing mesh resolutions are presented in Fig. 18,
from which the following observations can be made: 1. The initial designs obtained using our density
pre-processing method are remarkably consistent, even under mesh resolutions differing by several-fold
magnitudes. This consistency stems from the fact that the integration process within the stress trajectory
tracing method presented in Fig. 5 operates in the parametric space, inherently making the stress skeleton
largely mesh-independent. Although the mesh affects the calculation accuracy of stress states, this effect
is significantly weakened after interpolation, making the stress skeleton less affected by the mesh. 2. The
proposed method converges well at different resolutions, yielding clear porous infill structures. Notably,
in the low-resolution model, the number of features in the porous infill phase decreases and the porosity
significantly reduces compared to the high-resolution model. This phenomenon is expected, as coarser
meshes capture fewer structural features due to the inherent loss of geometric detail. Crucially, the overall
convergence and structural integrity across scales demonstrate the method’s effectiveness and robustness
under varying mesh resolutions for structural applications.
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Figure 18: Optimization results of bone structures under different mesh resolutions. (a) Shell optimization result at
600× 600 resolution. (b) Initial design of infill phase optimization at 600× 600 resolution. (c) Final shell-infill design at
600 × 600 resolution. (d) Shell optimization result at 200 × 200 resolution. (e) Initial design of infill phase optimization
at 200 × 200 resolution. (f) Final shell-infill design at 200 × 200 resolution

To systematically validate the efficacy of the proposed density preprocessing method in enhancing
convergence for porous infill structure topology optimization, the convergence metric M is introduced to
facilitate quantitative analysis of density evolution dynamics during the optimization process. M close to 1
indicates that the design variables have not converged at all and are all equal to 0.5, conversely, M close to 0
indicates that the design variables have all reached a binary distribution of 0–1. The expression for M is as
follows [44]:

M =

N
∑
i=1

4 ρi (1 − ρi)

N
× 100% (22)

The iterative processes of the objective functions and convergence metrics for various cases are shown
in Fig. 19. Numerical examples of porous structure topology optimization under local volume constraints
reveal that initial density field configuration plays a decisive role in convergence characteristics. For uni-
formly initialized density fields, the objective functions exhibited pronounced non-monotonic oscillations
with peak-to-valley variations. The convergence metric M showed a positive correlation with decreasing
influence radius R2, reaching M = 0.46 at R2 = 6, indicative of substantial intermediate density elements.
In contrast, the density preprocessing strategy significantly enhanced convergence stability. The profiles
of the objective functions with density preprocessing demonstrated only 7 controlled stepwise transitions,
corresponding to parameter β doubling events during optimization iterations. Except for R2 = 6, all other
influence radii achieved near-zero M values, confirming near-binary 0–1 density distributions. Notably,
under the R2 = 6 condition, preprocessing reduced M from 0.46 to 0.1 (78.3% decrease), demonstrating the
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critical role of our density preprocessing framework in resolving convergence challenges for local volume
constrained porous structure optimization.

Figure 19: Iteration histories of objective function and convergence metric during bone-like shell-infill optimization.
(a, b) Iteration histories of the compliance and convergence metric M without density preprocessing. (c, d) Iteration
histories of the compliance and convergence metric M with density preprocessing

5 Conclusions
In this study, a full-scale topology optimization framework for variable-thickness shell-infill composite

structures is proposed. Inspired by biomimetic structures in nature, a physics-driven non-uniform PDE filter
is introduced to construct variable-thickness shell topologies via a density-based dilation-erosion strategy.
Furthermore, an explicit relationship between shell thickness and filter radius is established to achieve precise
control over shell thickness. Aiming at the convergence challenge caused by local volume constraints, where
obtaining a manufacturable 0–1 binary density field remains difficult even after thousands of iterations, this
paper presents a stress-driven porous topological skeleton generation method, which involves deploying
uniform seed points across the design domain and performing stress trajectory integration. The initial
density field of the porous infill structure is then constructed by identifying and assigning values to the initial
variable field through rasterization techniques.
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Two typical numerical examples show that our proposed method generates density fields with distinct
shell and filler phase characteristics while achieving precise control of the thickness, both in free-form
optimization and in the structural design of variable-thickness shell for a given profile. For the optimization
challenges posed by the structural complexity of the infill domain, traditional initial density layouts with
uniform distribution often face convergence challenges when handling full-scale topology optimization
problems integrating local volume constraints. Specifically, a large number of intermediate density elements
remain after 1000 iterations, and the relative sensitivities in non-convergent regions show no significant
changes, leading to a lack of clear direction for density updates. Additionally, the study reveals that the
convergence of the optimization problem is positively correlated with the influence radius of local volume
constraints. By contrast, after preprocessing the density field using the proposed method, the optimization
process achieves good convergence even at smaller influence radii, generating fine trabecular-like structures
similar to those in MTO. Moreover, our method effectively mitigates the void aggregation phenomenon
caused by traditional methods, enabling gradient distribution of porous infill structures across the entire infill
domain. Future research directions include: (1) expanding single-phase infill to multiphase material infill for
multifunctional biomimetic shell-infill composite structure design; and (2) upgrading the serial shell-infill
stepwise design mode to a collaborative optimization design framework.
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