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ABSTRACT: Rubberized concrete is one of the most studied applications of discarded tires and offers a promising
approach to developing materials with enhanced properties. The rubberized concrete mixture results in a reduced
modulus of elasticity and a reduced compressive and tensile strength compared to traditional concrete. This study
employs finite element simulations to investigate the elastic properties of rubberized mortar (RuM), considering the
influence of inclusion stiffness and interfacial debonding. Different homogenization schemes, including Voigt, Reuss,
and mean-field approaches, are implemented using DIGIMAT and ANSYS. Furthermore, the influence of the interfacial
transition zone (ITZ) between mortar and rubber is analyzed by periodic homogenization. Subsequently, the influence
of the ITZ is examined through a linear fracture analysis with the stress intensity factor as a key parameter, using
the ANSYS SMART crack growth tool. Finally, a non-linear study in FEniCS is carried out to predict the strength
of the composite material through a compression test. Comparisons with high density polyethylene (HDPE) and
gravel inclusions show that increasing inclusion stiffness enhances compressive strength far more effectively than
simply improving the mortar/rubber bond. Indeed, when the inclusions are much softer than the surrounding matrix,
any benefit gained on the elastic modulus or strength from stronger interfacial adhesion becomes almost negligible.
This study provide numerical evidence that tailoring the rubber’s intrinsic stiffness—not merely strengthening the
rubber/mortar interface—is a decisive factor for improving the mechanical performance of RuM.
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1 Introduction
The enormous amount of end-of-life tires (ELT) is one of the world’s major environmental issues. To

avoid burning or disposing of them in landfills or stockpiling, the manufacturing industries are proposing
different solutions to reuse materials derived from ELT [1]. At the same time, legislation and policies to
regulate tire waste are emerging in several countries [2]. The main by-products are rubber, steel wires and
textile fibers, which can be recycled in asphalt and pavement [3]; construction materials such as concrete
[4–6]; sports and children’s playgrounds; acoustic insulator products [7,8]; molded objects; or artificial turf.
Rubberized concrete (RuC) has been one of the most studied applications of discarded tires [9]. It is a
sustainable concrete that contains tire rubber aggregates as a partial replacement for its natural aggregate (i.e.,
stone and sand). The processed rubber from waste tires can be categorized into three groups: ground rubber
(smaller than 1 mm), crumb rubber (1–10 mm) and chipped or shredded rubber (10–100 mm), which can
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be used as a partial replacement for cement, fine aggregates or coarse aggregates in conventional concrete,
respectively [10–12].

The effect of the size of the rubber particles, the percentage of replacement, and several treatment meth-
ods on the mechanical properties of RuC has been experimentally investigated over the past decades [13].
The rubberized concrete mixture results in a reduced modulus of elasticity and a degraded compressive and
tensile strength compared to traditional concrete. However, it possesses a number of desirable properties,
such as lower density and higher ductility, toughness, impact resistance, and energy dissipation compared to
conventional concrete.

The decrease in RuC strength with increasing rubber content and particle size in the mixture is almost
always detected. This weak performance can be attributed to: (i) the high Young’s moduli ratio (concrete
is around ten thousand more stiffs than rubber), resulting in crack initiation in a pattern similar to that of
the air voids in normal concrete; (ii) weak interfacial bond between the rubber aggregates and the cement
matrix. The latter is because when rubber inclusions, which are hydrophobic, are mixed in concrete form
air pockets, increasing the pore volume and therefore weaker hydration products are developed around the
aggregates. This zone is known as the interfacial transition zone (ITZ) and its thickness is determined by the
intensity of the surface effects produced by the aggregate. The thickness is larger for larger inclusions and
is also a function of their shape [14]. Researchers have partially overcome some of these negative properties
using various ways to improve the bond performance of rubber particles. Among the more studied methods
are water washing, water soaking, cement paste precoating, or NaOH or solvent treatments [13]. However,
pretreatment is expensive, time consuming and produces a considerable amount of sludges that would be
detrimental to the environment [15–18]. In fact, from a technical, practical and economical point of view,
when rubber is soaked in water for 24 h before incorporating it into the mortar mixture, it is possible to add
up to 5% crumb rubber with respect to aggregate weight, and still exceed design strength [19]. Generally,
concrete with low rubber content (less than 10%) has a good balance between strength and toughness, but
also meets the structural requirements for the properties of the material [11].

RuC can be characterized as a multi-phase material with generally three different representative
levels: macro, meso and micro scales [20]. Micro-scale research refers to the atomic and molecular levels
10−8–10−4 m. At this scale, the cement slurry is considered to be a random composite material whose
components are unhydrated and hydrated silicate particles, fine pores, and other chemical components. The
meso research scale is 10−4–10−1 m, where RuC is considered to be a three-phase material consisting of
(aggregate and rubber) particles, mortar and ITZ. Their individual properties and the separation between the
particles and the cement mortar matrix directly affect the macromechanical properties of RuC. The macro-
scale (10−1 m) neglects the internal structure of RuC. At this scale, the representative volume is equivalent to
3 to 4 times the maximum inclusion volume and RuC is assumed to be homogeneous.

From the atomic scale to the macroscale, a wide range of models and computational techniques have
been proposed to understand its behavior and provide guidelines for improving the mechanical properties,
performances, and safety of structures. The mechanical properties of concrete are largely determined by
cementitious materials, but the influence of soft inclusions has been evaluated much less frequently. Several
mesoscopic models of concrete have been developed for studying the influence of material composition on its
nonlinear mechanical behavior: finite element model describing the random geometry of aggregates [21,22];
truss [23] and lattice models [24–26]; framework model [27]; finite element models combining isotropic
damage model [28], plasticity-damage model [29] or the eXtended Finite Element Method (X-FEM) [30];
and meshless methods as well [31]. Some attempts of numerical simulations concerning RuC include a finite
element model considering a stiffness damage parameter [32], a numerical model based on X-FEM [33], or
simulations using a discrete element method [34].
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This work focuses on the mesoscale, specifically predicting the effect of the debonding of rubber
inclusions on the elastic modulus and the compression strength of rubberized mortar (RuM). First, the elastic
properties of the composite are estimated using different homogenization techniques, from the properties
of rubber and mortar and including the influence of the ITZ. For this, finite element simulations are
performed in DIGIMAT and ANSYS software (see Section 3). Then, an approach from the elastic fracture
mechanics is carried out using the SMART (Separating Morphing and Adaptive Remeshing Technology)
routine in ANSYS to appreciate the influence of ITZ on the stress intensity factor (Section 4). In addition,
the role of the stiffness ratio between the inclusion and the matrix in the stress intensity factor is studied.
In Section 5, the cohesive zone model is adopted in the FEniCS software [35] to simulate the entire fracture
process in compression tests. Three inclusion scenarios (rubber, HDPE, and gravel) are considered to predict
the compressive strength at varying the ITZ fracture energy. The numerical curves are compared to the
experimental datasets reported in [19,36,37].

2 Material and Model Considerations
In this work, the mortar is considered the matrix, the crumb rubber is the second phase, and the mortar

that incorporates the crumb rubber is the rubber-mortar composite. The elastic properties of both mortar
and rubber are estimated from the literature. The Young’s modulus of mortar is assumed to be 31.5 GPa
and the Poisson’s ratio equals 0.2 [36,38]. In the case of rubber, Young’s modulus and Poisson’s ratio are
equal to 2 MPa and 0.49, respectively [38]. Rubber inclusions are supposed to be spherical and randomly
distributed. This preliminary modeling decision serves as an idealization and can be regarded as an initial
effort to represent the effective elastic properties of granular composites distributed randomly [39]. Due to
the ease of their production, crumb rubber with a diameter of 3.55 mm is considered here [19].

3 Homogenization Analysis
This section presents the application of three families of homogenization schemes to estimate the elastic

modulus of the rubberized mortar: i) analytical methods (Voigt, Reuss, and distributed) coded in MATLAB;
ii) mean-field (MF) approaches (Mori-Tanaka and Double Inclusion) implemented in DIGIMAT-MF; and
iii) periodic homogenization using DIGIMAT-FE and ANSYS. The study considers various replacement
weight fractions, while the geometry and elastic properties of mortar and rubber are defined as described
in Section 2. The results are compared with the experimental data reported by Nguyen et al. [36]. The
influence of the ITZ on the elastic modulus is also addressed through a periodic homogenization approach.

Homogenization techniques allow one to estimate the effective elastic properties from knowledge of
the constitutive laws, geometry, and spatial orientation of the constituents. For this, the global behavior
is supposed to be equivalent to the volumetric average of a representative volume element (RVE)—the
smallest volume over which a measurement can be made that yields a representative value of the whole.
The simplest homogenization methods are Voigt [40] and Reuss [41]. The Voigt model assumes that the
strain field is uniform, while Reuss assumes that the stress field is uniform in the RVE. Then, the elastic
moduli of the composite are identified as the upper (Voigt) and lower (Reuss) bounds. An approximation
within these bounds is the distributed-phase model. These methods are analytical and therefore easily
implemented, but do not take into account the shape or orientation of inclusions. Their direct expressions
can be found in [42]. MF homogenization schemes—such as Mori-Tanaka (MT) [43] or Double Inclusion
(DI) [44]—are more sophisticated analytical models, based on the solution of Eshelby [45], providing
reasonable accuracy for reinforcements that can be approximated as ellipsoids. Alternatively, computational
homogenization methods have also been developed in recent years [46]. In these approaches, finite element
(FE) simulations are used to solve boundary value problems on a meshed RVE (see Fig. 1). Various types
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of boundary conditions can be derived from the adopted micro-macro averaging relation, but periodic
boundary conditions have proven to be the most versatile.

Figure 1: Computational homogenization scheme, corresponding to (a) mortar, (b) rubber, (c) RVE, (d) FE mesh and
(e) FE simulation

The results are shown in Fig. 2, where the elastic modulus of the rubber-mortar composite is obtained
ranging from 1% to 95% the weight fraction of rubber. It is confirmed that the Voigt model is a better
approach than Reuss when the stiffness of the matrix is greater than that of inclusion [47]. The distributed
homogenization behaves in a way similar to that offered by DIGIMAT-MF. The mean field double inclusion
homogenization (MF-DI) appears to have the closest concordance with the experimental Young’s modulus.

Figure 2: Rubberized mortar Young’s modulus according to the rubber weight fraction for analytical and MF
homogenization methods. Experimental data from [36]

To analyze the influence of the ITZ, a finite element homogenization is performed with periodic
boundary conditions. The Young’s modulus of the rubber-mortar composite is obtained for a fully bonded
ITZ and for an ITZ with no adhesion. In order to overcome numerical difficulties when taking into
account contact in a RVE with a large number of randomly distributed inclusions, a single inclusion RVE is
considered here. Fig. 3 shows the RuM homogenized elastic modulus for 1% to 20% rubber weight fraction,
including two DIGIMAT-FE simulations: the perfectly idealized bonded mortar/rubber ITZ and the totally
debonded interface. Therefore, the non-bonded ITZ configuration implicitly represents the stress relief and
local stiffness loss caused by micro-voids entrapped at the rubber-mortar interface. Throughout the entire
replacement range, the bonded curve remains ∼6% stiffer than the non-bonded one, confirming that even
a very thin, perfectly adhered interface can recover only a few percent of the stiffness lost when rubber
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particles are introduced. Importantly, the separation between the bonded and non-bonded curves is modest
and roughly constant, while increasing the rubber fraction itself causes a much larger absolute decrease in the
elastic modulus (from 30 GPa at 0 % to 17 GPa at 20 %). In order to take into account an elastic ITZ, periodic
homogenization was implemented using ANSYS [48] because DIGIMAT-FE is not capable of handling this
interfacial behavior. Table 1 compares the RuM homogenized modulus of elasticity with 10% of rubber by
weight, considering three types of mortar/rubber ITZ: perfectly adhered; without adhesion; and elastic with
constant rigidity k. There is a 6% difference between bonded and non-bonded ITZ, the former having the
highest rigidity. The elastic behavior is located between both extreme cases.

Figure 3: Rubberized mortar Young’s modulus according to the percentage of rubber (0% to 20% by wt.) for different
homogenization methods. Experimental data from [36]

Table 1: RuM Young’s modulus for different ITZ, 10% rubber weight fraction

Young’s modulus (GPa)
Bonded (DIGIMAT-FE) 18.023

Elastic interface k = 85 MPa (ANSYS) 17.633
Elastic interface k = 8.5 MPa (ANSYS) 17.220

Non-bonded (DIGIMAT-FE) 16.973

4 Linear Elastic Fracture Analysis
To know the crack propagation tendency of the rubber-mortar composites, linear fracture mechanics

allows calculating the stress intensity factor (K), defined from the elastic field stress that surrounds the end
of a crack. ANSYS proposes to solve crack growth problems using the SMART method, which is based
on the unstructured meshing method and includes the calculation of the stress intensity factor. SMART
automatically updates the crack mesh when there are variations in the crack tip, at each time increment. If
the stress intensity factor reaches the critical value (KC), which is a property of the material, then there is
crack growth.

To investigate this behavior, compression tests were carried out inspired by the American Society for
Testing and Materials (ASTM) C39 standard and the work of Guinea et al. [37]. Due to computational
limitations, only a representative 2D sample made of a mortar matrix containing two half-circular inclusions
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of radius R was considered, as depicted in Fig. 4. The dimensions L = 1.0 mm, b = 0.5 mm, a = 0.4 mm,
and R = 0.125 mm were chosen to describe a rubberized mortar with 10% by weight of rubber. The
specimen is subjected to a horizontal compression load Fc = 10 N. Then, the stress intensity factor is
calculated considering a horizontal pre-crack of a = 0.5 mm embedded in the middle of the specimen. The
elastic properties are defined as described in Section 2 (Emortar = 31.5 GPa; Erubber = 2.0 MPa; νmortar = 0.2;
νrubber = 0.49). The FE mesh is made of 7483 triangular and quadrilateral linear elements.

Figure 4: Stress intensity factor simulation: (a) Geometry and boundary conditions and (b) FE mesh

Fig. 5 presents the von Mises stress field for each inclusion-ITZ configuration, and Table 2 lists the cor-
responding mode-II stress-intensity factors. The bonded rubber-mortar composite shows only a marginally
lower KII (≈0.3%) than the non-bonded case; in fact, the latter is virtually indistinguishable from a mortar
matrix containing an air void of equal volume. In contrast, if the inclusion is of the same material as the
matrix (i.e., a perfectly bonded mortar aggregate), the stress intensity factor decreases drastically. From these
results, it is possible to conclude that improving the adhesion of the mortar/rubber interface is not enough to
increase the fracture toughness. Rather, it seems that the difference in the elastic moduli of both constituents
is the most relevant factor.

Figure 5: (Continued)



Comput Mater Contin. 2025;85(1) 587

Figure 5: Stress intensity factor simulation: RuC with 10% rubber by wt. (a) with bonded ITZ and (b) with non-bonded
ITZ, (c) without inclusion (void) and (d) a homogeneous mixture of mortar with bonbed ITZ

Table 2: Stress intensity factor KII

K II (MPa
√

mm)
Without inclusion (void) ITZ 1.9941

Rubber inclusion, non-bonded ITZ 1.9882
Rubber inclusion, bonded ITZ 1.9809
Mortar inclusion, bonded ITZ 0.8453

In Fig. 6, the stress intensity factor is plotted as a function of the elastic moduli ratio between the
two constituents λ = Ematrix

Einclusion
, for the case of a mortar-rubber composite with 10% inclusion by mass and

a perfectly adhered matrix/inclusion union. Specifically, Ematrix = Emortar = 31,500 MPa is kept constant
and Einclusion is varied. The figure highlights the stress intensity factor chosen for the RuM composite
(λRuM = Emortar

Erubber
= 15,750). Results indicate that as the stiffness ratio increases, it is easier to propagate a crack.

Figure 6: Stress intensity factor KII as function of the aggregate elastic modulus for a given mortar elastic modulus
(10% aggregate by wt). KII(λRuM) is marked in a blue circle
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5 Compressive Strength
This section is devoted to the prediction of the compressive strength fc of RuM and to the evaluation

of the influence of the ITZ fracture energy and the elastic modulus ratio of both constituents (λ). The same
rectangular 1 × 0.5 mm specimen detailed in Section 4 is used, inspired by the ASTM C39 standard [37],
but the particle radius is adjusted to 0.089, 0.109 and 0.125 mm to represent 5%, 7.5% and 10% rubber
by mass, respectively. An embedding condition is given on the left side (ux = 0 and uy = 0) and, to avoid
numerical instabilities, a compression displacement is imposed on the right side (ux = −uc and uy = 0), as
shown in Fig. 7a. The properties of the material remain (Emortar = 31.5 GPa; Erubber = 2.0 MPa; νmortar = 0.2;
νrubber = 0.49). Unlike Section 4, the present simulation use a traction–separation law to track the initiation
and propagation of the crack.

Figure 7: Compression test: (a) Geometry and boundary conditions and (b) FE mesh

To solve this non-linear fracture simulation, a discontinuous finite element method is proposed allowing
for cohesive zone modeling in the FEniCS software, based on a discontinuous Galerkin interpolation of
the displacement field (see details in [49]) and an implementation proposed by [50]. For each percentage
of rubber, an unstructured mesh with 21,228, 21,078 and 21,140 linear triangular elements is taken into
account, respectively (see Fig. 7b). Cohesive elements are considered along all internal facets of the mesh.
They are characterized by discontinuous displacement and can transmit forces through the interface. The
link between the interface opening (displacement jump [[u]]) and the traction t is given by the choice of a
specific constitutive law, usually referred to as a traction-separation law. Thus, an exponential cohesive law is
chosen here as depicted in Fig. 8. The mortar fracture energy, Gmortar

c = 0.07 N/mm, was estimated from [37],
while the maximum traction was chosen as tm0 = 180 MPa. For simplicity, the critical energy release rate of
the rubber is considered the same as that of the mortar (Grubber

c = 0.07 N/mm). Then a range of ITZ fracture
toughness GITZ

c = {0.01, 1, 3, 7, 10} N/mm is analyzed.
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Figure 8: Exponential traction separation law

The compressive strength of rubberized mortar with 10% by weight of rubber, f RuM10
c = 19.8 MPa,

is obtained from the plot of the compression force vs. displacement (see Fig. 9c). From that figure, it is
also observed that the fracture energy of the ITZ has no impact on the compressive response of RuM.
The compressive strength of pure mortar is also simulated (black line in Fig. 9c) reaching f MM

c = 88.5
MPa of strength, which is not far from the experimental result obtained by [37] ( f MM-exp

c = 71.1 MPa,
EMM-exp = 34.3 GPa, GMM-exp

c = 0.0672 N/mm). In order to study the influence of the inclusion elastic
modulus on compression strength, two other types of inclusion were studied: gravel and high density
polyethylene (HDPE). Their elastic modulus ratios λ are summarized in Table 3 and their compressive force
vs. displacement are plotted in Fig. 9. Simulations show not only that the compressive strength increases if
the elastic modulus of the aggregate increases ( f GrM

c > f PEM
c > f RuM

c ), but also that the compressive response
is invariant with respect to the ITZ’s fracture energy when λ > 1, as detailed in Fig. 10. Three inclusion
scenarios–rubber, HDPE, and gravel–are analyzed. By varying the ITZ fracture energy, it is observed that
its influence is appreciable only when the inclusion stiffness is comparable to the matrix (gravel); when
the inclusion is very soft (HDPE or rubber), the large stiffness mismatch governs the response and the
bond quality becomes secondary. This HDPE–gravel contrast underscores that intrinsic inclusion stiffness is
the decisive factor, while strengthening the matrix–inclusion interface offers limited gains when the elastic
modulus gap is extreme.

Figure 9: (Continued)
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Figure 9: Compression force vs. compression displacement for different aggregates (10% by weight of aggregate).
Corresponding to (a) λGrM = 0.6, (b) λPEM = 50 and (c) λRuM = 15,750

Table 3: Elastic modulus ratio (λ) of both constituents

Ematrix (GPa) Einclusion (GPa)
λGrM = 0.6 31.5 (mortar) 52.5 (gravel)
λPEM = 50 31.5 (mortar) 0.63 (HDPE)

λRuM = 15,750 31.5 (mortar) 0.002 (rubber)
λMM = 1.0 31.5 (mortar) 31.5 (mortar)

Figure 10: Compression strength vs. critical energy release rate for different aggregates (10% by weight of aggregate)

For further analysis, Fig. 11 shows the stress fields and deformations before and after failure, respectively.
The mortal gravel composite is observed to have a typical brittle fracture mode through a 45○ shear plane. In
the case of HDPE and rubber aggregates, the crack develops from the stress concentration zone around the
inclusions. Although the crack front breaks the HDPE aggregate, the rubber inclusion seems to be healthy.
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Figure 11: Pre-failure von Mises stress field (MPa) and post-failure deformation for different aggregates (10% by weight
of aggregate, GITZ

c = 1.0 N/mm). Corresponding to (a) λGrM = 0.6, stress field pre-failure, (b) λGrM = 0.6, displacement
post-failure, (c) λPEM = 50, stress field pre-failure, (d) λPEM = 50, displacement post-failure, (e) λRuM = 15,750, stress
field pre-failure and (f) λRuM = 15,750, displacement post-failure

The predicted compression strength of rubberized mortar with 0%, 5%, 7.5% by weight of rubber is
compared to the experimental results of García et al. [19], in Fig. 12.
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Figure 12: Compressive strength of RuM with different % of rubber by weight. Experimental data from [19]

6 Conclusions
Homogenization techniques to estimate the elastic properties of rubberized mortar have been studied,

including three main approaches: analytical methods (Voigt, Reuss, and distributed), mean-field approaches
(Mori-Tanaka and Double Inclusion) and periodic homogenization using finite element simulations. The
results show that the distributed and mean-field homogenization results align closely with the experimental
findings, particularly the mean-field double inclusion method. Furthermore, periodic homogenization was
used to quantify the influence of the interfacial transition zone (ITZ). The findings indicate that there is
merely a 6% change in the elastic modulus when comparing perfectly bonded interfaces to fully debonded
ones, with the bonded ITZ offering the greatest stiffness. In practice, X-ray computed tomography could
be used to map the pore network around rubber particles and indirectly estimate the effective thickness
of the ITZ. Integrating these scans into the present mesomodel would sharpen the predictions of void
content and ITZ size, although only incremental gains are expected. However, such data would establish
indicative bounds for acceptable porosity levels and realistic ITZ thickness in rubberized mortars. From
another perspective concerning homogenization and ITZ influence, Guo et al. [51] recently showed that
shape-induced anisotropy is negligible when stiff inclusions are embedded in a compliant cement paste; our
case is the opposite: highly compliant rubber particles within a stiff mortar matrix. Under such conditions,
the geometry of the particles could become more influential, particularly if the rubber grains are elongated
or exhibit a preferred orientation. We therefore flag a detailed shape-sensitivity analysis, coupling ellipsoidal
inclusions with orientation statistics, as a key objective for future work.

The propagation of the crack using linear fracture mechanics was also addressed to calculate the stress
intensity factor, which determines the tendency to growth of the crack. The results reveal that KII is governed
by interfacial adhesion only when the stiffness of the inclusion approaches that of the matrix; once the
stiffness mismatch grows, the contrast of the modulus–not bonding–dictates the behavior of the fracture,
overturning the traditional emphasis on surface treatments.

Finally, the compressive strength for three aggregates (rubber, HDPE, gravel) was predicted, evaluating
the impact of the ITZ fracture energy. For that proposal, a discontinuous finite element method was employed
using FEniCS software. The results indicate that the compressive strength of RuM is not affected by the ITZ
fracture energy. However, a higher elastic modulus of the aggregates results in an increased compressive
strength. Crack patterns vary, with pure mortar showing a brittle fracture mode, while cracks in RuM form
around stress concentration zones. Comparisons with experimental results show that the predictions align
well with the compressive strengths observed. From these simulations, it is important to emphasize that while
improving the adhesion of mortar/rubber offers limited improvements in the resistance to fracture, the key
lies in optimizing the stiffness ratio of the components to improve the resistance to crack propagation. Taken
together, these findings provide the first coherent numerical proof that the tuning of the intrinsic stiffness
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of the rubber is a more powerful lever than the improvement of adhesion to achieve tougher and stronger
rubberized mortars.

This study overturns the customary emphasis on mortar-rubber adhesion, showing, through a
mesoscale numerical framework, that increasing the intrinsic stiffness of the rubber phase is the most
effective route to increased fracture toughness and compressive strength. Consequently, research and
industrial efforts should prioritize strategies for stiffening recycled rubber (e.g., targeted crosslinking, hybrid
fillers, or thermal pretreatments), while relegating adhesion enhancement to a complementary role when a
pronounced stiffness mismatch is present.
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