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ABSTRACT: Multi-view clustering is a critical research area in computer science aimed at effectively extracting
meaningful patterns from complex, high-dimensional data that single-view methods cannot capture. Traditional fuzzy
clustering techniques, such as Fuzzy C-Means (FCM), face significant challenges in handling uncertainty and the
dependencies between different views. To overcome these limitations, we introduce a new multi-view fuzzy clustering
approach that integrates picture fuzzy sets with a dual-anchor graph method for multi-view data, aiming to enhance
clustering accuracy and robustness, termed Multi-view Picture Fuzzy Clustering (MPFC). In particular, the picture
fuzzy set theory extends the capability to represent uncertainty by modeling three membership levels: membership
degrees, neutral degrees, and refusal degrees. This allows for a more flexible representation of uncertain and conflicting
data than traditional fuzzy models. Meanwhile, dual-anchor graphs exploit the similarity relationships between data
points and integrate information across views. This combination improves stability, scalability, and robustness when
handling noisy and heterogeneous data. Experimental results on several benchmark datasets demonstrate significant
improvements in clustering accuracy and efficiency, outperforming traditional methods. Specifically, the MPFC
algorithm demonstrates outstanding clustering performance on a variety of datasets, attaining a Purity (PUR) score of
0.6440 and an Accuracy (ACC) score of 0.6213 for the 3Sources dataset, underscoring its robustness and efficiency. The
proposed approach significantly contributes to fields such as pattern recognition, multi-view relational data analysis,
and large-scale clustering problems. Future work will focus on extending the method for semi-supervised multi-view
clustering, aiming to enhance adaptability, scalability, and performance in real-world applications.
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1 Introduction

In the era of big data, multi-view data has become increasingly significant due to its ability to provide
complementary information from different perspectives. This data type is extensively utilized in areas such
as data science, pattern recognition, and relational data analysis [1,2], providing a holistic view of complex
phenomena. Multi-view data supports the discovery of complex patterns and hidden relationships that
are often overlooked when considering a single view [1-3]. However, exploiting multi-view data presents
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significant challenges, including the need to effectively combine, aggregate, and compare information across
views while also addressing the inherent uncertainty that exists in real-world data [4,5].

A variety of methods have been developed to address the challenges associated with multi-view data.
Traditional techniques, such as Fuzzy C-Means (FCM) and its variants, have been widely used to uncover
latent patterns; however, they encounter limitations in fully exploiting the multi-view nature of the data [6,7].
To overcome these limitations, multi-view clustering methods have been proposed to simultaneously process
information from multiple views, thereby reducing uncertainty and improving clustering accuracy [8-11].
One such approach is graph-based multi-view clustering, which has become a key technique in this area
[12-14]. In [12], a novel algorithm, robust graph-based multi-view clustering (RG-MVC), is proposed to
overcome the non-convexity and local optimum issues in traditional graph-based multi-view clustering (G-
MVC). The proposed Graph-based Multi-view Clustering (GMC) technique overcomes the limitations of
current multi-view clustering methods by combining the data graph matrices from all views into a unified
graph matrix [15]. Subsequently, the unified graph matrix enhances the individual graph matrices of each
view and directly produces the final clusters. The proposed bipartite graph-based multi-view clustering
(BIGMC) method tackles the challenge of capturing consensus cluster structures by learning similarity graph
matrices for various views and merging them into a unified graph matrix [16]. BIGMC constructs bipartite
graph matrices for each view and integrates representative anchor points to capture consensus information.
It then optimizes the objective function in an alternating fashion, adapting weights for each view and
enforcing a low-rank constraint to ensure robust clustering. However, existing graph-based methods still face
significant challenges, particularly due to the high computational cost associated with the time-consuming
processes of learning similarity matrices, calculating spectral embeddings, and discretizing them.

To mitigate these issues, recent research has shifted focus to anchor graph-based methods [17-19].
These methods select representative anchor instances from multi-view data, which are then used to generate
anchor graphs for clustering. For example, Zhang et al. proposed a flexible method for exploring multi-
view data by learning multi-group anchor instances and multi-level anchor graphs for each view, along
with a fusion mechanism to combine these graphs efficiently [13]. CAMVC, another advanced technique
introduced by Zhang et al., is a dynamic Cluster-wise Anchor learning-based MVC model that assumes an
initial clustering arrangement for target anchors through a consensus-based cluster indicator matrix. This
approach establishes a clear cluster pattern for hidden anchors by learning a variety of centroids, thereby
improving both the diversity between clusters and the consistency within clusters, which leads to better
subspace representation discrimination [20]. Despite these advances, challenges remain, particularly when
applying these methods to data with complex structures and high dependencies, such as in relational data
environments [21].

To model uncertainty more effectively, Bui Cong Cuong introduced the concept of Picture Fuzzy Sets
(PES) [22], which is a direct extension of fuzzy sets and Intuitionistic Fuzzy Sets (IFS) [23]. This extension
is achieved by integrating advanced mechanisms that represent degrees of membership degrees, neutral
degrees, and refusal degrees [22]. In the study [7], the Fuzzy Clustering method on PES (FC-PES) clustering
method was proposed, demonstrating superior performance compared to the standard fuzzy clustering
method, particularly when handling noisy data. This improvement is attributed to the fact that FC-PFS uses
PFES, which involve four key attributes: positive membership, neutral membership, negative membership,
and refusal membership, each indicating the degree of membership for each data point in relation to the
clusters. Although significant progress has been made in handling uncertainty, current methods based on
PFS have not yet been optimized for integrating multi-view information, which limits their overall clustering
accuracy [24].
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Recently, a number of advanced methods for multi-view clustering have been introduced. For example,
semi-supervised fuzzy clustering, which uses consensus between views to handle relational data [25], and
deep multi-view clustering, such as the SDMVC method [11]. The SDMVC technique adopts a self-supervised
discriminative feature extraction framework for deep multi-view clustering, leveraging auto-encoders to
autonomously capture embedded representations from individual perspectives. These representations are
then integrated into global feature spaces to mitigate the adverse effects caused by ambiguous clustering
patterns. This approach has demonstrated effectiveness in enhancing clustering accuracy, particularly by
optimizing the exploitation of inter-view dependencies. Zhang et al. [17] introduced the Dual Anchor Graph
Fuzzy Clustering (DAG_FC) approach, specifically designed for handling multi-view data. This method
applies matrix factorization to refine the data, enhancing latent representations and anchor graphs while
using a unified optimization process to construct both common and view-specific anchor graphs, thereby
improving accuracy and representational power. Shi et al. [26] proposed the Enhanced Latent Multi-view
Subspace Clustering (ELMSC) method, which overcomes the limitations of traditional latent multi-view
subspace clustering by constructing an augmented data matrix that integrates both complementary and
consistent information. The ELMSC method enhances clustering performance through sparse regularization
and an iterative algorithm based on the ADMM. However, these methods still encounter challenges in
modeling uncertainty and integrating information from multiple views, particularly when the data is noisy
or the views are inconsistent. These limitations highlight the need for more robust and flexible multi-view
clustering solutions, especially in the context of relational data with high-dimensional feature spaces and
large-scale datasets [27].

To address these challenges, we propose a novel clustering method that integrates picture fuzzy sets
with a dual-anchor graph-based fuzzy clustering approach designed explicitly for multi-view data. The
main objectives of this study are to: (i) Improve clustering accuracy by extracting highly discriminative
latent representations from multi-view data using a dual-anchor graph mechanism; (ii) Effectively handle
uncertainty in real-world datasets through the integration of Picture Fuzzy Sets, which represent positive,
neutral, negative, and refusal degrees of membership; (iii) Integrate multi-view information in a robust and
scalable manner by simultaneously capturing both shared and view-specific patterns through dual-anchor
graph construction; (iv) Enhance the stability and interpretability of clustering results by optimizing fuzzy
membership learning with low-rank representation and entropy-based regularization techniques.

The primary contributions of this paper are as follows:

(1)  This paper introduces a novel multi-view clustering method based on picture fuzzy set theory and dual-
anchor graphs, which effectively leverages dual-anchor graphs by constructing a fuzzy membership
structure preservation mechanism and minimizing negative Shannon entropy while also addressing
the inherent uncertainty in multi-view data.

(2) Conducting extensive experimental evaluations to demonstrate the effectiveness of the proposed
method across multiple multi-view datasets, thereby enhancing clustering accuracy and robustness.

Unlike existing methods, our proposed method is the first to combine Picture Fuzzy Sets with dual
anchor graph learning to simultaneously address uncertainty and structure in multi-view data.

The structure of the paper is as follows: Section 2 outlines the theoretical foundations, Section 3 provides
a detailed description of the proposed method, Section 4 presents the experimental results, analysis, and

comparative evaluation, and Section 5 concludes the paper by summarizing key findings and suggesting
directions for future research.
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2 Related Work
2.1 Multi-View Clustering: Challenges and Advances

Multi-view clustering (MVC) is a technique designed to leverage complementary information from
multiple views or feature sets of the same data to enhance clustering accuracy and robustness. By integrating
diverse sources of information, MVC allows for a more comprehensive understanding of the data structure.
Traditional methods, such as co-training [1] and Canonical Correlation Analysis (CCA) [28], laid the foun-
dation for cross-view integration. These techniques mainly focused on linear relationships between views
and provided early insights into how to combine information effectively across multiple representations.
However, such approaches have limitations in capturing nonlinear dependencies and are highly sensitive to
noise and outliers present in the raw data.

To address these shortcomings, more recent advances have shifted toward graph-based representations.
In these methods, similarity matrices or anchor graphs are constructed for each view, which are then fused
to capture shared cluster structures [12-15]. This approach enhances the ability to model complex data
relationships, but it still assumes linear relationships and is vulnerable to noise, which can degrade clustering
accuracy. As a result, these methods struggle in environments where the data exhibits high variability or
contains significant outliers.

The introduction of deep learning has marked a significant breakthrough in MVC, as it allows for
modeling complex, nonlinear relationships between views. Deep learning-based MVC methods, such as
Deep Canonical Correlation Analysis (DCCA) [29] and Self-supervised Discriminative Feature Learning for
Deep Multi-view Clustering (SDMVC) [11], use deep neural networks to project each view into a latent space.
These projections are then aligned or fused for clustering. By learning a shared latent space for all views,
deep learning models are better equipped to handle nonlinear dependencies. Additionally, Graph Neural
Networks (GNNs) have been applied to MVC to improve graph-based methods. GNNs learn adaptive edge
weights and propagate information across view-specific graphs, improving the ability to capture intricate
relationships between views and enhancing clustering performance [30]. Despite the advantages offered
by deep learning techniques, they require substantial computational resources for training and often rely
on large amounts of data. Furthermore, these models are not explicitly designed to handle uncertainty or
conflicting information between views, which is a critical challenge when dealing with noisy or partially
unreliable data. For instance, many deep models assume that the available data is largely complete and
accurate, which is often not the case in real-world applications.

A recent advancement in the field is the Elastic Deep Multi-view Autoencoder with Diversity Embed-
ding (EDMVAE-DE), introduced by Daneshfar et al. [31]. This model combines an elastic deep autoencoder
with a diversity constraint and graph regularization to jointly address challenges such as noise sensitivity,
feature redundancy, and manifold preservation. Specifically, the elastic loss function, which combines
Frobenius and 12,1 norms, helps improve robustness against both Gaussian and Laplacian noise. The model
also imposes orthogonality constraints on the latent features across views, encouraging complementary
representations. In addition, Laplacian-based graph regularization helps preserve the intrinsic geometric
structure of the data. Unlike earlier approaches that decouple representation learning and clustering,
EDMVAE-DE integrates both tasks within an end-to-end framework, making it more efficient and effective.

Although deep learning-based approaches show promising results, there is a need for more flexible
frameworks that can effectively handle uncertainty and conflicting information in multi-view clustering,
particularly with noisy or incomplete data.
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2.2 Picture Fuzzy Sets in Multi-View Clustering
(a) Picture Fuzzy Sets in Traditional Fuzzy Clustering

Fuzzy clustering is a fundamental technique in data mining and machine learning, widely used to
analyze datasets with ambiguous or overlapping boundaries. The classical Fuzzy C-Means (FCM) algorithm
assigns each data point to multiple clusters based on fuzzy membership values derived from the distances
between points and cluster centroids. While FCM is computationally efficient and effective for datasets with
uncertain boundaries, it is limited in handling noisy data and complex uncertainty structures due to its
inability to model hesitation or ambiguity explicitly [7].

To overcome these limitations, more expressive models such as Type-2 Fuzzy Sets (T2FS) [32,33] and
Intuitionistic Fuzzy Sets (IFS) [34] have been introduced. T2FS extends classical fuzzy sets by allowing
membership degrees to be represented as intervals, thereby introducing the concept of the Footprint of
Uncertainty (FOU). Although powerful, T2FS suffers from high computational cost and complex parameter
tuning, especially in large-scale scenarios [33]. IFS improves upon FCM by including a degree of hesitation
in addition to membership and non-membership values, offering better handling of incomplete or contra-
dictory information. However, IFS still lacks the ability to explicitly express neutrality and is computationally
more demanding.

Building on these developments, Picture Fuzzy Sets (PES), introduced by Cuong [22], further extend IFS
by incorporating a neutral membership degree and a refusal degree, thereby providing a richer representation
of uncertainty. PFS has been successfully applied in tasks such as weather forecasting [24,35], where multiple
levels of uncertainty and conflict exist. However, this increased expressive power comes with a drawback: it
has the highest computational cost among fuzzy clustering techniques, making it unfeasible for very large-
scale problems [7].

The PES, introduced by Cuong [22], extends the IFS [23] by adding a parameter called the refusal degree
(&(x)), alongside the positive membership (¢ (x)), neutral degree (7 (x)), and negative membership (y (x))
values. A Picture Fuzzy Set in a non-empty set X satisfies the following constraints:

A={(xp(x),7(x),y (%)) [x e X}
p(x)+n(x)+y(x) +5(x) =1L VxeX oy

where u (x), # (x) and y (x) represent the positive membership, neutral degree, and negative membership
of the element x in the set X, and & (x) is the refusal degree.

The degree of refusal of an element is computed as follows:

§(x) =1=(u(x) +n(x) +y(x)), ¥xe X (2)

if £ (x) = 0, the PFS becomes an IFS. Similarly, if £ (x) = 57 (x) = 0, the PFS becomes a classical fuzzy set.

Compared to IFS, which implicitly models hesitation, PES provides explicit modeling of neutral and
refusal states, enabling it to capture complex forms of ambiguity. Neutrosophic Sets (NS) offer even more
generality by allowing truth, indeterminacy, and falsity values to vary independently. However, their lack of
constraint and difficult parameter control make them less practical in clustering applications. In contrast, PFS
offers a balanced trade-off between expressiveness and computational manageability, making it well-suited
for tasks involving structured uncertainty and partial conflict.

Advanced fuzzy clustering techniques like IFS and PFS primarily focus on modeling uncertainty in
data from a single view. However, as multi-view data becomes increasingly prevalent, multi-view clustering
methods address a broader challenge by integrating different perspectives or feature sets from datasets. This
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shift underscores the need for uncertainty modeling techniques that not only address ambiguity within each
view but can also reconcile conflicting or inconsistent information across views—something that PFS is
uniquely positioned to address.

(b) Potential of PFS in Multi-View Clustering

While PES has demonstrated strong performance in modeling uncertainty in single-view clustering
tasks, such as weather prediction and medical diagnosis, its integration into multi-view clustering frame-
works remains limited. This presents an opportunity to explore how PES can be effectively leveraged to model
inconsistencies and complementary relationships across multiple views, where data from different sources
may partially agree, contradict, or contain varying levels of confidence.

Multi-view clustering aims to combine feature sets from different views to construct a more com-
prehensive clustering structure. Hard multi-view clustering methods [5,9] often fail to capture ambiguity
across views. More recent methods, such as non-negative matrix factorization (NMF) and deep multi-
view clustering techniques [10,11], project data into unified spaces, but often assume linear relationships
or require extensive computational resources. Although effective, these methods often rely on assumptions
about the linearity of the data or require large computational resources to train deep models, which limits
their scalability. In contrast, fuzzy clustering methods are advantageous when working with multi-view data
due to their ability to model the overlap between membership values. Multi-view fuzzy clustering techniques
integrate membership values from different views to form a unified clustering structure, thereby improving
accuracy and flexibility in clustering complex and heterogeneous data scenarios [25,36,37].

Fuzzy clustering techniques are advantageous in multi-view contexts because they naturally model
partial memberships across views. However, existing multi-view fuzzy clustering methods still face several
challenges: (1) Incomplete utilization of view-specific and shared features, (2) Graph-based methods often
build anchor graphs or similarity matrices directly from the raw data, which may contain noise or poor
discrimination, reducing clustering performance, (3) Lack of strong integration mechanisms: Current
methods struggle with balancing contributions from different views, especially when some views contain
noise or are unreliable.

These limitations highlight the lack of effective mechanisms to model and integrate uncertainty across
multiple views. Given PFS’s ability to represent multi-dimensional uncertainty through its four membership
degrees, it holds strong potential to improve robustness and accuracy in multi-view clustering, particularly
in complex, noisy, and high-dimensional datasets. By incorporating PES into the multi-view clustering
paradigm, we aim to bridge the gap between uncertainty modeling and view integration, offering a new
approach that is both theoretically sound and practically applicable in real-world multi-view scenarios.

In summary, compared to Intuitionistic Fuzzy Sets (IFS), which represent uncertainty through degrees
of membership and non-membership with an implicit hesitation degree, Picture Fuzzy Sets (PFS) introduce
two additional explicit components: the neutral degree and the refusal degree. This enables a more nuanced
representation of ambiguous or conflicting information, particularly in scenarios where data points do
not clearly belong to or reject a specific cluster. Neutrosophic Sets (NS) further generalize the concept of
uncertainty by allowing the degrees of truth, indeterminacy, and falsity to be mutually independent. While
theoretically flexible, NS-based models often suffer from lack of interpretability, absence of constraints, and
increased complexity in parameter tuning, which limit their practical adoption in clustering-especially in
high-dimensional or large-scale multi-view datasets.

In contrast, PES strikes a practical balance by providing richer uncertainty representation than IFS,
while maintaining mathematical constraints (i.e., the sum of all degrees is <1), ensuring computational
tractability. These characteristics make PFS well-suited for multi-view clustering, where multiple views may
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introduce inconsistencies, contradictions, or partial agreements in the data. Thus, our method leverages
PES to better model real-world uncertainty and improve robustness in clustering performance across
heterogeneous views.

2.3 Multi-View Dual Anchor Graph Learning
(a) Multi-View Anchor Graph Learning

Anchor graph learning is an effective method for modeling the intrinsic structure of data by approximat-
ing the original dataset with a small set of representative anchor points and constructing a similarity graph
to represent the relationships between data points and the anchor points [17]. Given a multi-view dataset
{X I'e RAIXN I=12,...,L }, where N denotes the number of data samples, L represents the number of views,
and d; corresponds to the feature size of the I/-th view, the standard multi-view anchor graph learning is
defined as follows:

. L 2
ngnl; HXl - AIZZHF
z'>0,(2') 1=1 (3)

where X! € R9*N s the data matrix for the I-th view. A' € R%*™ is the anchor matrix for the I-th view,
generated using methods such as K-Means or random sampling. m is the number of anchor points, much
smaller than N. Z' € R™ is the anchor graph for the I-th view, representing the relationship between the

T
data points and the anchor points. The constraint (Z ! ) 1 =1 ensures that the columns of Z' sum to one,
preserving the membership distribution.

Recent studies have introduced several advancements in anchor graph learning to improve its effec-
tiveness: specifically, Ma et al. (2024) [38] introduced the 3AMVC (Multi-view Clustering with Automatic
and Aligned Anchor) method, which employs an adaptive anchor selection strategy and automatic anchor
alignment to address the challenges of determining the optimal number of anchors and enhancing the repre-
sentational capacity of anchors across different views in multi-view clustering. Ji et al. (2020) [39] presented
an adaptive partial multi-view clustering method (AAPMC) utilizing anchor graphs, which integrates an
adaptive neighbor assignment strategy to enhance the computation of similarity matrices. This approach
eliminates the necessity for parameter tuning and offers a more efficient solution for handling large-scale
datasets. Yang et al. (2022) [18] introduced the ECMC algorithm, which improves clustering performance by
combining anchor graph embedding and NME while enhancing robustness through correntropy to reduce
noise and outliers. ECMC outperforms existing methods in speed and robustness. Yang et al. (2022) [19]
proposed the ERMC-AGR algorithm, which enhances anchor graph quality using a novel regularization
technique (ARG), reduces computational complexity with a lightweight approach, and improves robustness
through correntropy, leading to better clustering efficiency and robustness. Fu et al. (2024) [40] introduced
an anchor graph network for incomplete multi-view clustering (IMVC), employing a generative model
to construct bipartite graphs, using graph convolution networks (GCNs) to learn structural embeddings,
and incorporating an adaptive learning strategy to improve the robustness of bipartite graph construction.
This approach significantly reduces computational complexity, enabling efficient handling of large-scale
data while achieving superior performance compared to state-of-the-art methods. However, existing anchor
graph learning methods still face several challenges: (1) Sensitivity to raw data: Directly constructing graphs
from raw data makes these methods vulnerable to noise and redundant data. (2) Overlooking the distinctive
features of each view: Most methods focus on the shared information between views, without fully exploiting
the unique features of each individual view. (3) Incomplete use of graph information: Many methods do
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not fully utilize the information from the anchor graph, leading to incomplete improvements in clustering
accuracy and robustness. To tackle these challenges, the multi-view dual anchor graph learning method is
proposed as an effective solution.

(b) Multi-View Dual Anchor Graph Learning

Current multi-view anchor graph learning techniques can generally be divided into two main categories:
(1) methods that directly learn common anchor instances to construct a unified anchor graph [13,41], and
(2) methods that simultaneously learn anchor instances and graphs for each view, followed by fusing the
individual graphs into a common representation using post-processing techniques [42,43]. Nevertheless,
both approaches have limitations in fully leveraging the rich and complementary information inherent in
multi-view data. Specifically, these methods struggle to effectively capture both the common information
shared across views and the view-specific details. To overcome these limitations, a dual anchor graph learning
method is proposed as a more robust approach to simultaneously extract both common and view-specific
information from multi-view data [27,44].

Zhang et al. introduced the multi-view dual anchor graph learning (MV_DAGL) algorithm [17]. The
objective function is defined as follows:

min  J, (B H*) + 1, (H*, Ac, Zc, A%, Z§) (4)
BK,HK, Ac,Zc, Ak, Zk

where ] (Bk, H*) is used to purify the original multi-view data by applying matrix factorization.
I (H k Ac,Zc, A’;, Zé‘) is used to extract the dual anchor graphs.

The method employs matrix factorization to refine the raw data, eliminating noise and errors, which
allows for the extraction of high-quality latent representations for each view. This refinement boosts the
discriminative ability of the anchor graphs, thereby improving the efficiency in modeling the relationships
between data points and anchor points. The method simultaneously constructs a common anchor graph
to capture shared information across all views, along with separate anchor graphs to preserve view-
specific features. A key feature of this approach is the unified optimization process that combines latent
representation learning with anchor graph learning. This iterative optimization generates complementary
interactions between the two components, ultimately improving the accuracy and representational power of
the anchor graphs.

The Dual Anchor Graph Fuzzy Clustering (DAG_FC) algorithm is presented, and its objective function
is formulated as follows [17]:

< K12 | Sk ¢ k k|2 g 2
3 IR/ D D 3p SN LA 599 SE NNy P
1

[

min W +l

wk U, Vk

“MZ ~M2

. R < . ,
S Sisj H”l,i_”l»szJr)’zk:W ln(w )+6HUHF

c V+1
sty up=Lup,wh 20,5 wh=1 (5)
1 v

where F, ; represents the i-th instance of the common representation, Fsk,i denotes the i-th instance of the
k-th specific representation. The membership matrix is given by U = [u ;] -,» which is used to determine
clustering partitions. The clustering center matrix of the k-th specific representation is denoted as V* =
[vﬂ cxc» Where as VK*1 corresponds to the clustering center matrix of the common representation. The
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view weighting factor w* is utilized to adjust the relative importance of different representations. 3, y, 8 are
hyperparameters, which can be manually set or determined using a cross-validation strategy.

The anchor graph-based multi-view fuzzy clustering method effectively leverages dual anchor graphs by
constructing a fuzzy membership structure preservation mechanism and incorporating negative Shannon
entropy to enhance clustering performance.

Although dual-anchor graphs have been successfully used in areas like image classification and com-
munity detection in social networks, their integration with advanced uncertainty modeling frameworks like
PFS has not been thoroughly explored. This combination holds strong potential for improving robustness in
multi-view clustering.

2.4 Enhanced Multi-View Latent Subspace Clustering

The Enhanced Latent Multi-view Subspace Clustering (ELMSC) method [26] is introduced to overcome
the limitations of latent multi-view subspace clustering, which may result in incomplete information
recovery. Rather than simply concatenating data matrices vertically, ELMSC constructs an augmented data
matrix by positioning multi-view data in block-diagonal form to leverage complementary information, while
non-block-diagonal elements capture the consistency across views. Furthermore, sparse regularization is
employed to avoid redundant computations. An iterative algorithm based on ADMM is proposed to optimize
the model, with theoretical analysis confirming its convergence.

The mathematical formulation of the is given as follows:
P’Har’rzlngsz ”B”z,l +A|Z, - diag (Za)“l
s.t.X,=PH,+B,H,=H,Z,+B,,B=[B;B,],PPT =1 (6)

here, A is a positive balance parameter, X, represents an augmented data matrix, H, denotes the augmented
latent representation matrix, and Z, refers to the augmented self-representation matrix. B; and B, rep-
resent the error matrices, while ||.|,, and |||, denote the L ;-norm and /;-norm operations, respectively.
Alternatively, these error matrices can be combined by stacking B, and B, into a unified error matrix for
further processing.

Research Gap and Motivation:

Despite considerable progress in multi-view clustering, three major gaps remain:

(1)  Most deep or graph-based methods do not explicitly represent uncertainty, which limits interpretabil-
ity and robustness when views are noisy or partially inconsistent.

(2) Existing fuzzy clustering methods lack mechanisms to integrate information across views, often
treating each view independently or combining them in ad hoc ways.

(3)  Techniques such as PFS and dual-anchor graphs have not yet been fully leveraged together in a unified
framework to address both structural and uncertainty-related challenges in multi-view data.

These gaps highlight the need for a novel approach that can jointly model multi-dimensional uncertainty
and exploit both common and specific information across views in a principled manner.

3 Proposed Method

Fuzzy clustering methods, such as FC-PES [7], have significantly advanced in handling uncertainty and
ambiguity. However, their integration with multi-view data remains limited due to challenges such as high
computational complexity and the difficulty in effectively handling the diverse nature of multi-view data.
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Similarly, current multi-view clustering techniques still struggle to effectively balance shared information
with view-specific information, as well as handle noisy or unreliable views. To address these challenges, this
study proposes a novel method that combines PFS and dual-anchor graph fuzzy clustering with multi-view
data. The proposed method is called Multi-view Picture Fuzzy Clustering (MPFC). This model is designed
to:

«  Represent nuanced uncertainty using four membership components from PES,
«  Construct dual-anchor graphs to simultaneously capture shared and view-specific structures,
« Improve clustering robustness, adaptability, and scalability in complex, real-world multi-view scenarios.

Through this integration, our method bridges the gap between uncertainty modeling and structural
learning in multi-view clustering, providing a theoretically grounded and practically effective solution.

3.1 Main Idea

In the MPFC model, we propose a dual-anchor graph learning mechanism to simultaneously capture
both shared and view-specific structures in multi-view data. For each view [, a set of representative anchor
points is selected using clustering-based sampling or random sampling strategies. Subsequently, a similarity
matrix §' is constructed between data samples and anchors using cosine similarity. These view-specific
similarity matrices are jointly optimized through matrix factorization to learn a shared latent representation.
This process results in the construction of two types of graphs: (1) a common anchor graph, and (2) view-
specific anchor graphs for each individual view. The dual-anchor structure enables the model to effectively
extract both consensus information across views and unique characteristics of each view. To integrate with
Picture Fuzzy Sets (PES), the edge weights in the dual-anchor graphs are treated as fuzzy relational values,
from which the four membership components of PES. This approach not only models the fuzzy relations
between data points and anchors but also allows for the multi-dimensional representation of uncertainty
based on inter-view similarity and consistency. The dual-anchor graph plays a critical role in: Reducing
computational complexity by avoiding the construction of full pairwise similarity matrices; Preserving
clustering structures of both individual views and global consensus; Supporting robust learning of fuzzy
membership degrees, especially in scenarios with noisy, conflicting, or incomplete data.

Through the integration of dual-anchor graphs and PFS, the proposed MPFC model effectively captures
data structure while modeling uncertainty comprehensively. This results in improved clustering accuracy,
stability, and interpretability for complex, real-world multi-view datasets.

The key steps of the algorithm are outlined as follows:

Step 1: Initialization of membership values. Membership values based on PFS are initialized for
each view, including positive membership (y (x)), neutral degree (17 (x)), and refusal degree (£ (x)). This
initialization ensures that all membership values satisfy the PFS constraints: y (x) +7(x)+&(x) <1
p(x),1(x), & (x) € [0,1]. This step provides a solid initialization, laying the foundation for the optimization
process and maintaining consistency across views.

Step 2: Data preprocessing and dual anchor graph construction. In this step, the data preprocessing
and the construction of key components are carried out simultaneously to prepare for the clustering process.
Specifically, the process is as follows:

Principal Component Analysis (PCA): PCA is applied to each view of the data to reduce its dimension-
ality while retaining only the most significant principal components. This technique helps eliminate features
with low variance or little informational value, thereby reducing computational complexity and enhancing
processing efficiency. When PCA is applied, the data features are projected onto the space defined by the
principal components, where each principal component is a linear combination of the original attributes. To
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ensure that essential information is preserved, PCA is conducted in a way that the variance explained by the
principal components captures most of the variability in the original data. This allows the model to maintain
a majority of the data’s variability while eliminating redundant factors, thus improving processing speed and
reducing computational costs.

Dual Anchor Graph Construction: A common anchor graph is constructed from all views, reflecting
the relationships between objects across the entire dataset. Simultaneously, a specific anchor graph is built
for each view to capture the unique features of each data source. This process helps establish connections
between objects within each individual view, as well as across the shared data space. Fig. | illustrates an
example of the common and specific information in a two-view dataset.

View 1 T i

Common : ' specific | :
information 2 !
1

information | |

Figure 1: A demonstration of the common and specific information in a two-view dataset

We employ the multi-view dual anchor graph learning (MV_DAGL) [17] algorithm, which produces
two outputs: Z¢ (common anchor graph) and Zg (specific anchor graph). Once the optimal common
and specific anchor graphs are learned, we apply Singular Value Decomposition (SVD) [13] to obtain the
latent representations R¢c and Rg, where: R¢ = Ry represents the common features and Rg = Rj, R, ..., R
represents the specific features. These representations are then used for subsequent clustering.

L

Similarity Matrix Creation: After constructing the anchor graphs, a similarity matrix is created to
measure the similarity between objects, aiding the clustering process. This matrix captures relationships
based on proximity in the anchor graphs. To further leverage the information in dual anchor graphs, a
membership structure-preserving mechanism is introduced, which maintains cluster integrity by preserving
the membership relationships between data points. Unlike traditional methods that calculate the similarity
matrix directly from raw data, our approach computes it using the dual anchor graphs, significantly reducing
the computational burden. This method improves efficiency without compromising clustering quality, and
the resulting matrix aligns better with the multi-view structure. The reduction in computational time
enhances scalability and allows for more efficient processing of larger datasets.

The detailed calculation function is as follows:
Ss = (ZS)TZs; Sc= (ZC)TZC (7)

where S¢ and Sg are the common and specific similarity matrix, respectively [17].

Augmented Matrix Creation and Latent Representations: Alongside constructing the Dual Anchor
Graph, an augmented matrix is created to effectively integrate information from various views, facilitating
the processing of multi-source data. This matrix aggregates key features from each view, ensuring a more
comprehensive data representation. Simultaneously, the ELMSC [26] method is employed to generate latent
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representations for the objects, reducing the data’s dimensionality while preserving essential relationships.
This aids in identifying key clustering patterns, thereby improving both efficiency and accuracy.

Building the Augmented Data Matrix: The augmented data matrix Y, € R¥*" is constructed by
stacking the data matrices from different views into the diagonal positions of the matrix [26]. Specifically,
the views are placed in the diagonal blocks of the matrix to maintain complementary information from each
view. The augmented matrix takes the following form:

y® y@2 oy
y@n y@ o y@wy)

- (8)
yon ye2a o oy®

where:

« Y js the data matrix of the p-th view.
« Y9 isthe correlation matrix between the p-th and g-th views, computed as Y (70 = Y(P)§(-0) | » ¢
with $(79) being the cosine similarity matrix between the two views p and g.

Calculating the Correlation Matrix: The correlation matrices $(74) between two views are computed
using cosine similarity:
(») y(9)
Y 'Y~, j 1

Sff’q)— i =
B ek N R

€

where Y(lp ) and Kfj.q) represent the feature vectors of the i-th and j-th samples in views p and g, respectively.

Applying Sparse Regularization: Sparse regularization is applied to the non-diagonal blocks of the
augmented self-representation matrix Z, to eliminate redundant calculations and retain only the essential
correlation information between views. This ensures that the correlation information between views is not
redundant, improving the efficiency of latent representation learning.

With this process, the augmented matrix can leverage both complementary information from individual
views and consistent information across views to construct a better latent representation.

Finally, the augmented self-representation matrix Z is calculated using the following equation: Z =

> > Z, (i, j). Where Z, (i, j) refers to the (i, j)-th block matrix. The resulting values are then used as inputs
P
to the FCM algorithm, which outputs the membership matrix p.

All the results obtained from the three tasks above are used for the subsequent clustering process.

Step 3: Optimization of the objective function, convergence, and finalization of clustering results.
In this step, the algorithm minimizes the objective function using the Lagrangian method, ensuring that
the PFS constraints are satisfied in each iteration. After completing the iterative optimization process, the
algorithm checks for convergence of the objective function, confirming that the updated membership values
comply with the PFS constraints. The final result consists of the optimal membership values (y, 7, &) for
each data point across all views, as well as the cluster centroids, providing a consistent and stable clustering
solution across the multiple views.

Fig. 2 illustrates the framework of the proposed multi-view picture fuzzy clustering method.
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Figure 2: Diagram illustrating the framework of the proposed method

3.2 Algorithm Details
A. Mathematical notation

Let X = {x1,x2,%3,...,xy} denote a dataset containing N data samples, where x; represents the i-th
sample. In a multi-view dataset, each data sample is linked to features derived from several views. Thus,
the multi-view dataset can be represented as X = {X;, X;, X3,..., X1}, where X € RN*41 ig the data matrix
of the [-th view, L is the total number of views, and d; is the dimensionality of the I-th view. To clarify
the terminology used, Table 1 provides a summary of the notations throughout this paper. The objective of
Multi-view clustering is to effectively combine the information from different views to improve the clustering
process. In large-scale multi-view scenarios, where the dataset size N can be considerably large, the challenge
lies in robustly integrating the multi-view information while maintaining both efficiency and practicality.

Table 1: Explanation of the mathematical symbols employed

Symbol Description
N Dataset object count
L Number of views
C Cluster count in total
X A multi-view dataset
dix; Euclidean distance between data point k and cluster j on view [
Hkj The positive degree of data point k belongs to cluster j
MNkj The neutral degree of data point k belongs to cluster j
&kj The refusal degree of data point k belongs to cluster j
X1k Data point k on view [

Vij Centroid of cluster j on view [
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B. The objective function

Based on the idea presented in the previous section, this part will model the proposed method. The
objective function of the method is as follows:

L N C 5 N C L
FeaXw ¥ a((l—fkj)#kj) dij =B L Elﬂkj(ln(ﬂkj)—fkj)—agwl (In (w;))
L_CN;\]]_ 5 L EJJ_V 2 N C ) . (10)
+0% 2 2 YSy (rj—wij) +oXwi Y Y (pkj—wr) dikj+p 2 pi; = Min
1=0 j=1 k=1 i=1 =0 j=lk=1 k=1j=1
The constraint conditions:
‘ukj)gkj’ 71k] € [0’1] (11)
pij+ &+ i < 1 (12)
C
> (ukj) =1 (13)
j=1
C 1
> (1) =+ (14)
j=1 L
C
Z(fkj) = (15)
j=1
L
> (wj) =1 (16)

-
I
un

the proposed model in Eqgs. (10)-(16) is based on the principles of picture fuzzy sets combined with dual
anchor graph fuzzy clustering, applied in multi-view scenarios. The objective function F consists of six main
components, each designed to address different objectives in the multi-view picture fuzzy clustering problem.
The primary goal is to find a balance between the views, minimize discrepancies in membership degrees,
and reduce the impact of noise or unreliable factors during the clustering process. The weight coefficients
a, fB,0,0,p,w help adjust the importance of each component in the objective function. w; is the weight for
each view.

The following is a detailed explanation of each component:

2
The first component « Z W) Z Z ((1 - & j) Uk j) d;xj measures the distribution of data points across
= ]_
clusters, calculating their separatlon based on the cluster centroids.

N C
The second component 3 3 #y; (ln(qkj) - fkj) adjusts the degree of uncertainty of neutral
k=1 j=1
and refusal.

L
The third component ¢ Y w; (In (w;)) uses Shannon entropy to adjust the weight distribution between
1=0
views, aiming to prevent overemphasis on certain views.
L CNN )
The fourth component 8 3 3° >° ¥ S}, ( Pkj— Wi j) ensures stability and consistency across clusters.
1=0 j=1k=1i=1
Sj,; represents the similarity matrix between data points.
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—\2 . .
The fifth component w Z w; Z Z ( Wk~ Bk j) d;xj measures the difference between the centroids of
=0 j=lk
different views, helping to ad)ust and ensure compatibility between the views during the clustering process.

The sixth component p Z Z uz; j helps minimize the excessive spread of membership degrees, thereby
k=1 j=1
making the clustering process clearer and more accurate.

C. The optimal solution of the algorithm

The Lagrange method is applied to find the optimal solution for the Eqs. (10)-(16), with specific results
as follows: The cluster centroids, membership degrees, neutral degrees, refusal degrees and weights are
calculated according to Eqs. (17)-(21), respectively.

N 2 N 2
(XkZ ((1- &) uxj) Fi+ Z (pxj —orj)” Fik
=1 k=1
Vij=—% — ; (17)
“El((l— 8j) i)+ o w2 (bt = 1ik5)
€ Gy
Z -
1 Z  Gu.
iy = o Ak K (18)
Brj  Bij Ay
&k
e r
Mkj = 19)
L Z egki
i=1
C
—-C+ dii
B ﬁﬂk] /3 121 (Eki)
§kj=1- = (20)
T
i=1 Ekx
K
wi= (21)
> Ky
h=0
in which:
Akj (( (1 - gk]) + w) Z Wldlk] +6 Z Z Slkl + P) ak%ljgl((1_£kj)ﬂkj)2dlskj+wjélk%l(#kj_rkjydlkj
Ki=e 7
& Ay : 2
Bij= 2 3. dix; = | R ~ V|
- L
L N - > _
Gej =0 2 X pyS + @ z wigdix,j Exj = 2api; 2 widuj
=0 i=1

The Multi-view Picture Fuzzy Clustering (MPFC) algorithm is presented in Algorithm 1.
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Algorithm 1: Multi-View Picture Fuzzy Clustering Algorithm (MPFC)

Input: Multi-view representation R: Ry, Ry, R,,..., Ry with L views. Number of clusters C,
maximum number of iterations maxSteps, adjustment weights «,f,0,0,w,p in the objective
function, Similarity matrix S, @ (FCM) and convergence threshold e.

Output: The optimal membership matrices p,#,& Cluster centroids V.

BEGIN

Step 1: Initialize

Randomly initialize the membership matrices pyj, 7xj> §xj» such that: py;, &), 75 € [0,1],
prj+ &kt e <LVL K, j

Randomly initialize view weights w; € [0,1], such that: Y], (w;) =1

Step 2: Multi-view Picture Fuzzy Clustering

2.1. Initialize t=0.

Repeat:

22. t=t+1

2.3. Update centroids V using Eq. (17).

2.4. Update membership matrices y using Eq. (18).

2.5. Update membership matrices n using Eq. (19).

2.6. Update membership matrices & using Eq. (20).

2.7. Update view weights w; using Eq. (21).

2.8. Calculate F using Eq. (10).

Until: (F'-F"™') <e or t>maxSteps

END

D. Algorithmic complexity

In this subsection, the complexity of the presented approach is discussed. The proposed method mainly
includes two stages: (1) Preprocessing data with dual anchors graph learning [17] and Augmented Matrix
Creation and Latent Representations [26]; (2) Updating parameters by optimizing the proposed objective
function. The complexity for dual anchors graph learning, in [17], is O (rmN°LT) for updating Z¢ (common
anchor graph), Zs (specific anchor graph), and for creating Latent Representation [26] is O (I’N?). The
presented method has a loop with ¢ iteration, for each step V is calculated with O (LCN), u is O (LC°N?), 1y is
O (C°N), £is O (LC’N), w is O (LCN). Then, the total complexity of the second one is O (LCN?t). Because
t has a maximum value in the maxstep, which is less than N. Then, the total complexity of the proposed
method is O (LC°N°t) + O (I’N°) ~ O (I’ N°).

4 Experimental Results
4.1 Experimental Conditions

The experimental setup was carried out on an ASUS PC with a configuration core i7 7700 with
24 GB of RAM, using Python programming language version 3.11. All experiments were conducted in the
same environment.

To assess performance, we employ the following criteria: Adjusted Rand Index (ARI), Accuracy score
(ACC), Normalized Mutual Information (NMI), and Purity (PUR) [10]. Higher ARI, ACC, NMI, and PUR
values reflect better clustering quality, with a higher degree of accuracy and similarity between the model
and actual clustering. These evaluation metrics are widely used in clustering tasks due to their ability to
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quantify different aspects of clustering performance. Each metric is chosen to capture a specific dimension

of clustering quality, and their relevance to the multi-view clustering problem is outlined below:

(a)

(b)

()

(d)

Adjusted Rand Index (ARI): ARI is a measure of the similarity between two data clusterings, adjusted
for chance. It compares the predicted clustering labels with the true labels, accounting for random
assignments to avoid overestimating the clustering performance. ARI is computed as:

RI- E[RI]

ARL = X (RD) - E[R]] (22)

where RI is the Rand Index, and E[RI] is its expected value under random assignments. The ARI
ranges from —1 (no agreement) to 1 (perfect agreement), with 0 indicating random clustering. ARI is
particularly useful in multi-view clustering because it evaluates the overall consistency between cluster
assignments across multiple views while adjusting for random chance. This helps in assessing whether
the method effectively utilizes the complementary information provided by multiple views.

Accuracy (ACC): Accuracy measures the proportion of correct cluster assignments to the true labels,
after optimal matching. It is calculated as:

z

Y I(yi=Ji)
ACC ==
N

(23)

where [ is the indicator function, y; is the true label, and y; is the predicted label. N is the total number
of samples. While clustering is typically unsupervised, many multi-view datasets come with ground-
truth labels. ACC serves as a practical measure of how closely the clustering results align with the
actual class labels, providing an intuitive sense of the clustering quality.

Normalized Mutual Information (NMI): NMI is a measure of the shared information between the
predicted clusters and the ground truth. It quantifies how much knowing one clustering reduces the
uncertainty about the other. It is defined as:

1(X;Y)

(24)

where I (X; Y) is the mutual information between the predicted labels X and the true labels Y, and
H (X) and H (Y) are the entropies of the respective label distributions. NMI ranges from 0 (no mutual
information) to 1 (perfect correlation). NMI is particularly effective for multi-view clustering because
it captures the amount of shared information across multiple views. This helps evaluate how well
the proposed method integrates the diverse sources of information (views) into a unified clustering
structure, while accounting for both shared and view-specific characteristics.

Purity (PUR): Purity measures the extent to which each cluster contains data points from a single class.
It is computed as:

1 C
PUR = — Z max |Cy N T} (25)
N i

where C is the set of data points in the k-th cluster, and T; is the set of data points in the i-th true class.
C s the total number of clusters, and N is the total number of data points. Purity is an important metric
when evaluating the effectiveness of clustering methods, especially in multi-view scenarios, where the
goal is to ensure that the resulting clusters are cohesive and contain as few mixed-class data points as
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possible. It highlights how well the multi-view clustering method consolidates information from each
view to form distinct and meaningful clusters.

These metrics were selected because they provide a well-rounded assessment of clustering performance.
ARTI and NMI focus on the consistency between the predicted and true clustering, which is essential in multi-
view clustering where the objective is to integrate multiple views accurately. ACC, while straightforward,
offers a clear evaluation of how closely the method aligns with known labels when available. PUR, on the
other hand, ensures that the clusters are internally coherent, an important aspect in multi-view clustering
where diversity between views could lead to less pure clusters. In comparison with other methods, these
metrics have been widely used in the multi-view clustering literature and are recognized for their ability
to capture different aspects of clustering quality. Our choice of these four metrics enables a comprehensive
evaluation of clustering quality, particularly in the context of integrating information from multiple views,
managing uncertainty, and ensuring the robustness of the clustering solution.

Parameter settings: Regularization parameters: a« =10, =0.00001, 0 =10, 6 = 0.1, w =10, p =10,
Number of anchors: {C, 2C,...,5C}, where C is the number of clusters, € = 0.001. Where «a, 3,0, 0, w, p
are hyperparameters, they can be set manually or determined by a cross-validation strategy. Specifically,
cross-validation involves splitting the data into multiple folds (commonly k-fold). For each fold, the model
is trained on a portion of the data (training set) and tested on the remaining portion (validation set).
The performance metrics are computed for each fold, and the hyperparameter values are chosen based on
the average performance across all folds. This approach helps ensure that the model is evaluated on all
data points, thus improving the generalizability of the model. The cross-validation process can be repeated
for different values of the hyperparameters, and the set of hyperparameters that maximizes the model’s
performance on the validation set is selected as the optimal configuration. To ensure a fair comparison, the
regularization parameters for all methods are meticulously optimized to attain the best performance. This
parameter selection strategy may differ from those used in existing approaches, so it is anticipated that our
results for these methods may vary from those presented in the corresponding literature.

To evaluate the effectiveness of the proposed method, the research team conducted simulations on
different kinds of image and text multi-view datasets [45]. A detailed overview of these datasets is provided
in Table 2, along with a brief description below.

o 3Sources: 169 news stories were collected from 3 popular online news sources: BBC, Reuters and The
Guardian. Each story belongs to one of 6 topics: business, entertainment, health, politics, sport, and
technology. A word histogram of each story is extracted to make three views, namely Reuters view (3068
dimensions), BBC view (3560 dimensions), and Guardian view (3631 dimensions).

«  MSRC-v5: This dataset is a subset of the Microsoft Research in Cambridge. It consists of 210 images of 7
object types. We selected five views: 24-D Color moments feature, 576-D Histogram of oriented gradients
feature, 512-D GIST feature, 256-D Local binary patterns feature, and 254-D CENTRIST feature.

«  Wikipedia-test: This dataset is a subset of the Wikipedia dataset. It is collected from 693 text-image pair
documents from Wikipedia’s featured articles of 10 categories. Each image is represented as a bag of visual
features obtained through the Scale-Invariant Feature Transform (SIFT) method to form one view with
10 dimensions, and text is processed into word histograms to make another view with 128 dimensions.

» CiteSeer: This dataset contains 3312 scientific publications categorized into one of six academic fields:
Agents, IR, DB, AI, HCI, and ML. The first view represents each publication as a binary word vector,
where each entry indicates the presence (1) or absence (0) of a word from a dictionary of 3703 unique
terms. The second view is a citation network consisting of 4732 links, capturing the relationships
between publications.
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Table 2: The brief description of multi-view datasets

Dataset Instances Clusters Views
3Sources 169 6 Reuters (3068), BBC (3560), Guardian (3631)
MSRC-v5 210 7 CM (24), HOG (576), GIST (512), LBP (256), CENT (254)
Wikipedia-test 693 10 Word (128), SIFT (10)
CiteSeer 3312 6 Content (3703), Cites (4732)

4.2 Results and Discussion

This section presents the experiments conducted on four multi-view datasets to assess the performance

of the proposed method. The results are compared with those from two other methods: DAG_FC [17] and
ELMSC [26]. A brief description of these two methods is provided below:

DAG_FC: A dual anchor graph learning technique is proposed to capture shared and view-specific infor-
mation, combining latent representations with anchor graph learning via matrix factorization. A new
multi-view fuzzy clustering method is then developed to incorporate these anchor graph representations
with a membership structure preservation mechanism to enhance clustering performance further. The
multi-view dual anchor graph learning (MV_DAGL) algorithm is a sub-algorithm within DAG_FC
designed to learn the optimal common and specific anchor graphs.

ELMSC: This innovative latent multi-view subspace clustering approach builds an augmented multi-
view data matrix, where diagonal blocks stack data matrices from each view to retain complementary
information, and non-diagonal blocks capture inter-view similarities to maintain consistency. This
approach enhances the recovery of latent representations. Additionally, sparse regularization is applied
to the non-diagonal blocks to reduce redundant computations, and a novel iterative algorithm using
ADMM is developed for optimization.

MPEFC: The proposed Multi-view Picture Fuzzy Clustering (MPFC) method integrates picture fuzzy
sets with dual-anchor graph fuzzy clustering to extract common and specific information from multiple
views. By employing the MV_DAGL algorithm and the ELMSC method, MPFC generates robust latent
representations and optimizes clustering iteratively. The fuzzy clustering process is performed iteratively
to refine the results at each step. The optimization minimizes the objective function using the Lagrangian
method, ensuring that Picture Fuzzy Sets constraints are satisfied at each iteration.

MPEFC algorithms were run 10 times, with the maximum number of iterations set to 100 in each

execution. Table 3 presents the experimental results evaluated according to the metrics. The bolded values
represent the best results for each dataset.

Table 3: Experimental results comparing three clustering algorithms

Datasets Methods ARI ACC NMI PUR
DAG_FC 0.1492 0.4497 0.3022 0.5680

3Sources ELMSC 0.2951 0.5077 0.4584 0.4497
MPEC 0.4060 0.6213 0.4812 0.6440

(Continued)
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Table 3 (continued)

Datasets Methods ARI ACC NMI PUR
DAG_FC 0.3502 0.5857 0.4807 0.5857

MSRC-v5 ELMSC 0.2019 0.3571 0.3774 0.3619
MPEC 0.3691 0.6045 0.4820 0.5911

DAG_FC 0.3965 0.5483 0.5077 0.6017

Wikipedia-test ELMSC 0.0771 0.1714 0.1882 0.2742
MPFC 0.2578 0.4711 0.3841 0.4822

DAG_FC -5.67E 0.2189 0.0068 0.2195

CiteSeer ELMSC 0.0983 0.2473 0.1497 0.3665
MPFC 0.1055 0.2578 0.1979 0.2711

Table 3 presents the experimental results of three clustering algorithms on four datasets: 3Sources,
MSRC-v5, Wikipedia-test, and CiteSeer. The experimental results show that the proposed method outper-
forms the two methods, DAG_FC and ELMSC, across most datasets and evaluation metrics. Specifically, on
the 3Sources dataset, the proposed method achieves ARI (0.4060), ACC (0.6213), NMI (0.4812), and PUR
(0.6440), outperforming both DAG_FC and ELMSC. This demonstrates that the proposed method can more
accurately cluster multi-view data, particularly in environments with complexity and heterogeneity across
views. This confirms that our method enhances clustering accuracy and ensures stability and scalability,
especially when handling multi-view data with complexity and heterogeneity across views. Similarly, on the
MSRC-v5 dataset, the proposed method also shows significant improvement in ARI (0.3691), ACC (0.6045),
NMI (0.4820) and PUR (0.5911) compared to DAG_FC and ELMSC, although the difference in NMI is
not as pronounced. This indicates that the proposed method optimizes clustering accuracy and improves
stability in grouping data points. On the Wikipedia-test dataset, the proposed method outperforms ELMSC
in ARI (0.2578 vs. 0.0771), ACC (0.4711 vs. 0.1714), NMI (0.3841 vs. 0.1882), and PUR (0.4822 vs. 0.2742),
but still performs worse than DAG_FC on all metrics. This result indicates that while the proposed method
improves consistency across views, further optimization is required for classification accuracy on some data
clusters. Finally, on the CiteSeer dataset, although all methods produced lower results, the proposed method
still achieved promising results, such as ACC (0.2578) and PUR (0.2711), demonstrating its ability to detect
similarities among clusters in multi-view data, even in the presence of noise.

2

The experimental results shown in Fig. 3 illustrate the clustering performance of MPFC compared
to DAG_FC and ELMEC across four evaluation metrics: ARI, ACC, NMI, and PUR on various datasets
(3Sources, MSRC-v5, Wikipedia-test, and CiteSeer). The bar charts show that MPFC consistently outper-
forms DAG_FC and ELMFC across most datasets and all evaluation metrics.

Overall, the experimental results demonstrate that the proposed method is effective for clustering multi-
view data, especially in preserving consistency across views and enhancing clustering accuracy. However,
there remain areas for improvement when dealing with datasets that have high noise levels and significant
heterogeneity between views.
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Figure 3: The experimental comparison of three methods on the metrics ARI, ACC, NMI, PUR

5 Conclusion and Future Work

This study introduces a novel method called Multi-view Picture Fuzzy Clustering (MPFC), which
integrates picture fuzzy sets with dual-anchor graph fuzzy clustering. The method utilizes the Multi-view
Dual Anchor Graph Learning (MV_DAGL) algorithm to extract both common and specific information
between views, combining hidden representations and anchor graph learning through matrix factorization.
Once the anchor graphs are constructed, a similarity matrix is created to measure the similarity between
objects, facilitating the clustering process. An augmented matrix is then generated to integrate information
from multiple views, improving the handling of data from different sources. This matrix captures key
features across views, resulting in a more comprehensive and robust data representation. To further enhance
clustering performance, the Enhanced Latent Multi-view Subspace Clustering (ELMSC) method is employed
to generate latent representations for the objects.

The fuzzy clustering algorithm is performed iteratively to refine the clustering results at each step.
The optimization process minimizes the objective function using the Lagrangian method, ensuring that
Picture Fuzzy Sets constraints are satisfied at each iteration. After completing the iterative optimization, the
algorithm verifies the convergence of the objective function, ensuring that the updated membership values
comply with the PES constraints.
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The key contributions of the proposed method are as follows:

1. Integration of matrix factorization with anchor graph learning: This integration helps purify the original
data by removing noise and errors, leading to the construction of higher-quality anchor graphs.
As a result, the clustering performance is significantly improved, particularly in noisy or complex
data environments.

2. A novel dual-anchor graph extraction mechanism: The proposed method introduces an effective
strategy for extracting both common and view-specific anchor graphs, which enables the model to fully
exploit complementary and diverse information across multiple views, thereby enhancing the accuracy
and adaptability of the clustering process.

3. Application of Picture Fuzzy Sets theory in fuzzy clustering: By incorporating Picture Fuzzy Sets, the
method is able to represent and handle multiple types of uncertainty (positive, neutral, negative, and
refusal degrees) inherent in multi-view data. This leads to a more robust clustering framework capable
of dealing with ambiguous and inconsistent information.

We performed experiments to assess the effectiveness of the proposed method, utilizing four key
metrics ARI, ACC, NMI, and PUR across various datasets. The results show that the proposed method
outperforms the DAG_FC and ELMSC methods, particularly on the 3Sources dataset. However, on datasets
like Wikipedia-test and CiteSeer, the clustering performance is not as outstanding, particularly in terms of
ARI and ACC. This indicates that additional optimization is required to improve accuracy, especially in noisy
and complex data settings.

Overall, the experimental findings confirm the viability and efficiency of the proposed method,
highlighting its potential for clustering complex datasets. The combination of the Picture Fuzzy Sets theory
with multi-view fuzzy clustering using dual-anchor graphs notably enhances the method’s flexibility and
adaptability for real-world data. Nevertheless, further research and algorithm optimization are needed to
address challenges posed by high data variability and noise. One area for improvement is the computational
complexity, which escalates as the number of views increases in the data. This issue becomes more pro-
nounced when the data exhibits high variability or noise, potentially affecting model performance. Therefore,
optimizing the algorithm to reduce computational costs in such situations would be beneficial. Additionally,
when data is missing from one or more views, the model may face difficulties in maintaining clustering
accuracy. This underscores the importance of developing more effective strategies for handling missing data,
ensuring reliable results even in such cases. Future research will focus on extending the proposed MPFC
method to incorporate advanced learning paradigms and expand its applicability to real-world problems.
A primary direction involves the development of semi-supervised multi-view fuzzy clustering, where
limited labeled data can be leveraged to enhance clustering accuracy and robustness. Integrating labeled
information into the current unsupervised framework is expected to improve the model’s adaptability,
particularly in domains where annotated data is scarce but critical. Building upon this foundation, the
integration of deep learning techniques, such as autoencoders and graph neural networks (GNNs), will
be explored to better capture complex, non-linear relationships across different views. Autoencoders can
facilitate effective dimensionality reduction while preserving data structure, whereas GNNs are well-suited
to model topological dependencies among structured or graph-based inputs, further enhancing clustering
performance. In addition, efforts will be made to equip the model with the capability to handle incomplete
or missing data, thereby increasing its robustness and applicability to imperfect and high-noise datasets. The
method will also be evaluated in new domains, including pattern recognition and large-scale clustering tasks,
to demonstrate its scalability and versatility.

Building upon these methodological extensions, one particularly promising application domain is
satellite image segmentation. Satellite imagery presents unique challenges due to its high dimensionality
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and heterogeneous nature, typically comprising data from multiple sources such as spectral bands, spatial
textures, and geographic attributes—each of which can be treated as a distinct view. By leveraging the
multi-view learning capability of MPFC, it is possible to integrate this rich and diverse information to
improve the accuracy and consistency of land cover classification, including forests, urban areas, and
water bodies. These capabilities are especially vital for environmental monitoring, urban planning, and
agricultural management. To enable effective deployment in this domain, future work will focus on adapting
the algorithm to handle high-dimensional satellite data, exploring efficient integration strategies that balance
computational complexity and feature relevance. The method will also be extended to jointly exploit spatial
and spectral information, providing a more context-aware and robust segmentation approach. Empirical
evaluations on real-world datasets such as Landsat and Sentinel will be conducted to validate the model’s
practical utility. Moreover, MPFC’s capacity for temporal multi-view integration will be harnessed for change
detection tasks, enabling the identification of subtle transformations in land use and environmental patterns
over time.

Collectively, these research directions are expected to significantly enhance the MPFC framework,
establishing it as a powerful, scalable, and adaptable tool for complex clustering problems—particularly in
high-impact domains such as remote sensing, urban analytics, and environmental data science.
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