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ABSTRACT: Molecular dynamics (MD) is a powerful method widely used in materials science and solid-state physics.
The accuracy of MD simulations depends on the quality of the interatomic potentials. In this work, a special class of
exact solutions to the equations of motion of atoms in a body-centered cubic (bcc) lattice is analyzed. These solutions
take the form of delocalized nonlinear vibrational modes (DNVMs) and can serve as an excellent test of the accuracy
of the interatomic potentials used in MD modeling for bcc crystals. The accuracy of the potentials can be checked by
comparing the frequency response of DNVMs calculated using this or that interatomic potential with that calculated
using the more accurate ab initio approach. DNVMs can also be used to train new, more accurate machine learning
potentials for bcc metals. To address the above issues, it is important to analyze the properties of DNVMs, which is
the main goal of this work. Considering only the point symmetry groups of the bcc lattice, 34 DNVMs are found.
Since interatomic potentials are not used in finding DNV Ms, they are exact solutions for any type of potential. Here,
the simplest interatomic potentials with cubic anharmonicity are used to simplify the analysis and to obtain some
analytical results. For example, the dispersion relations for small-amplitude phonon modes are derived, taking into
account interactions between up to the fourth nearest neighbor. The frequency response of the DNVM:s is calculated
numerically, and for some DNVMs examples of analytical analysis are given. The energy stored by the interatomic
bonds of different lengths is calculated, which is important for testing interatomic potentials. The pros and cons of using
DNVMs to test and improve interatomic potentials for metals are discussed. Since DNV Ms are the natural vibrational
modes of bee crystals, any reliable interatomic potential must reproduce their properties with reasonable accuracy.

KEYWORDS: Interatomic potentials; molecular dynamics; bec lattice; long-range interactions; dispersion relation;
nonlinear dynamics; exact solution; delocalized nonlinear vibrational mode

1 Introduction

Molecular dynamics (MD) method is a powerful tool for the analysis of crystal lattice defects, phase
transitions, and mechanical properties of solids. The success of the method is related to advances in the
development of accurate interatomic potentials, as reflected in the following reviews [1-4], including reactive
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potentials [5] and those for modeling ceramics, glass, and electrolytes [6]. Recently, machine learning
techniques have been used to improve the accuracy of interatomic potentials, typically by training on
first-principles results for random atomic configurations [7,8].

Since in this work the bcc lattice is analyzed, it is important to describe the works devoted to metals
with this lattice symmetry. MD method has been successfully used for modeling bec metals, in particular,
the dislocations and Peierls barrier [9-13], diffusion properties [14-17], cleavage [13,18], properties of bcc
iron [19], vanadium [20], tungsten [21-23], tantalum [24], zirconium and uranium [25], phase transitions
in iron [26], scandium [27], lithium [28] and magnesium [29], crack propagation [30], mechanical behavior
of nanowires [31], vacancy clusters [32], structure of twin boundary [33], radiation damage [34,35], surface
energy [36], atomistic fracture [37], grain boundary structure and mobility [38,39], melting [40], and mag-
netic properties [41-43]. The accuracy of interatomic potentials has been analyzed for carbon polymorphs
and metal-graphene composites [44-47].

Work on the further improvement of interatomic potentials for metals continues [48-51], with one of
the main problems being the finding of the data set for potential training. In this paper, the properties of the
exact solutions of the equations of atomic motion in the bcc lattice are analyzed and offered for testing and
improving the interatomic potentials, as described in the works [52,53].

Crystal lattices admit exact dynamical solutions in the form of delocalized nonlinear vibrational modes
(DNVMs). Such solutions can be derived considering only the space symmetry group of the lattice [54-57]
and thus exist for any type of interatomic interactions even at large amplitudes.

Let us describe some important literature where DNVMs have been constructed and analyzed for
different lattices. An n-component DNVM represents a vibrational mode with »n degrees of freedom; one-
component DNVMs are actually the Rosenberg modes [58]. DNV Ms are the short wavelength vibrational
modes, they can have wave vectors at the boundary of the first Brillouin zone or inside it. In this study, only
the former are analyzed. One- and two-component DNVMs of triangular lattice have been studied in [59]
and one-component DNVMs of square lattice in [60]. More recently, DNVMs in three-dimensional lattices
have been studied, including the simple cubic [61], fcc [62], and bec [63] lattices. In most cases, DNVMs
are studied in lattices with nearest neighbor interactions, or considering the first and second neighbors, e.g.,
for the square lattice, since this lattice is unstable if the second neighbor bonds are not involved. There is a
close relationship between DNV Ms in two-dimensional [64-66] and three-dimensional [67-70] lattices and
spatially localized nonlinear vibrational modes called discrete breathers or intrinsic localized modes.

DNVMs can be used efficiently to check the quality of interatomic potentials [52,71], and to solve this
problem for metals, long-range interactions should be taken into account. This follows from the nature of
the metallic bonds, since the outermost electron shell of the metal atoms overlaps with a large number of
neighboring atoms.

An important feature of this work is that the interactions are considered up to the fourth neighbor, and
it is relevant to describe some works where the effect of long-range interactions has been studied. The long-
range interactions have been included in many papers analyzing nonlinear lattice dynamics. In particular,
long-range interactions have been taken into account in the study of discrete breathers in DNA [72-76], in
chains with Coulomb forces [77,78] and dispersive interactions [79]. The effect of long-range interactions on
heat transport in chains has been addressed in the works [80,81]. The mobility of discrete breathers increases
in the lattices with long-range interactions [82,83].

Phonon dispersion curves are very informative in characterizing crystal lattice dynamics and many
studies have been done for bcc metals, let us mention some of them. The dispersion curves are often used
to test and fit interatomic potentials, see for example the work [84,85] dealing with the bcc alkali metals Li,
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Na, K, Rb, and Cs as well as the work [86] devoted to the bcc transition metals Cr, Fe, Mo, Nb, Ta, V, and W.
Elastic anisotropy and temperature-dependent phonon dispersion for bcc Fe and W have been studied by
molecular dynamics simulations [87]. The first-principles study of the phonon spectra for highly compressed
Sb has shown that the stability of the bcc structure increases with pressure [88]. The choice of interatomic
potentials to model the metastable bce polymorph of Mg, taking into account the phonon dispersion curves
and other properties, has been discussed in [89]. Molecular dynamics simulations with machine learning
potential have been performed for the high-temperature bcc phase of zirconium [90]. The ab initio study of
the dispersion curves of bec transition metals (vanadium and niobium) has demonstrated the importance of
considering the supercell of sufficiently large size [91].

In view of the aforementioned interest in the phonon dispersion of the bcc lattice in metals, here we
derive analytically the phonon dispersion relation for the bcc lattice taking into account the interactions up
to the fourth neighbor. Then the 34 DNV Ms are introduced, their wavevectors are given, and the frequency
in the small amplitude limit is calculated analytically. The frequency response of the DNVMs is calculated
numerically, assuming that the atoms interact via the -Fermi-Past-Ulam-Tsingu (FPUT) potential.

The main goal of this work is to describe the properties of the DNVMs, which are the family of exact
large-amplitude vibrational solutions for the bcc lattice. These solutions can be used to test the accuracy
of the interatomic potentials of crystals with this lattice. The accuracy of the potentials can be checked by
comparing the frequency response of DNVMs calculated with this or that interatomic potential with that
calculated using the more accurate ab initio approach. The choice of the f-FPUT potential is not essential
in our work, since the DNVMs exist as exact solutions for any kind of interatomic interactions, since they
are found considering only the symmetry of the lattice. Importantly for the problem of testing and fitting
interatomic potentials, the fraction of potential energy stored by bonds of different lengths is calculated for
each DNVM in the small-amplitude and large-amplitude regimes. Some examples of the derivation of the
frequency response of DNVMs using the cubic approximation are presented.

The bcc lattice and the computational model are described in Section 2, then the DNVMs with the
wavevectors at the boundary of the first Brillouin zone are presented in Section 3, the phonon dispersion
relation for the lattice is derived and analyzed in Section 4, the distribution of the potential energy over
the bonds of different length is discussed in Section 5, the frequency response of some DNVMs in cubic
approximation is derived in Section 6. The results are discussed and summarized in Section 7.

2 Body-Centered Cubic Lattice

A three-dimensional body-centered cubic (bcc) lattice with up to the fourth nearest neighbor interac-
tions is analyzed, see Fig. 1. The lattice parameter is /; the vectors specifying the primitive translational cell
of the lattice are e; = (h,0,0), e, = (0,4,0), and e3 = (h/2, h/2, h/2). Then the radius vectors of the lattice
points are

Ei,j,k =ie, + je, + kes, 1)

where i, j, and k are integers.

The displacement of the particle i, j, k from its equilibrium position is defined by the vector §; ;i =
(i,j k> Vi jk> Wi j.k )- The position of this particle at time ¢ is defined by the radius vector r; ; x(£) = &; ; i +
o k(t).

> )>
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Figure 1: Body-centered cubic lattice with lattice parameter 4. The primitive translational cell of the lattice is specified
by the vectors e, e; and e; (shown in magenta). The radius vectors of the first, second, third and fourth neighbors of
the particle at the origin are depicted in red

Each particle interacts with four nearest neighbors via the B-Fermi-Past-Ulam-Tsingou (S-FPUT)
potential

q)l(r):%(r— a))? + ﬁl(r a)t, I=1,...,4, @)

where r is the distance between two particles; the distances between the first four neighbors are a; = V3h /2,
a,=nh, as = V/2h, and ay = \/ﬁh/2; c; and B; define the linear and nonlinear stiffness of the I-th nearest
bond, respectively. Using the lattice parameter as the length unit, / = 1is set. By choosing the unit of energy,
1 = lis set. In crystals the bond stiffness decreases with its length; therefore, it is assumed:

ca=1>c,>c3>cy>0. (3)

In the simulations, the following values of the linear stifftness parameters are assumed to satisfy Eq. (3):
= 1, C) = 0.9, C3 = 0.8, Cq = 0.7. (4)

In crystals, anharmonicity plays a prominent role when the displacements of the atoms are about 10%
of the interparticle distance. With this in mind, the following values are used for the nonlinear stiffness
coeflicients:

ﬁl = 100, ﬂz = 90, ﬁ3 = 80, /34 =7.0. (5)

The particle mass is m = 1, which can always be obtained by choosing a time unit.

There are I x ] x K particles in the computational cell. To mitigate the impact of free surfaces, periodic
boundary conditions are implemented r; j x = *i.1,j,k = Ti jsjk = i jk+K-

The Hamiltonian of the considered lattice is the sum of the kinetic energy of the particles and the
potential energies of the bonds up to the fourth neighbors:

I 8

J K 14
Z > [ Y o1(IRijks)) + D 02(IRi k)
j=1 k=1 s=9

LLEm 1
H:K+P1+P2+P3+P4:ZZZEMH +5

+ Z @3(|R; jk.s]) + Z §04(|Ri,j,k,s|):|a (6)
s=15

§=27
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where derivative with respect to time is denoted by the overdot and the vectors R; ; x ; connecting the atom
i, j, k with its neighbors are given by Eqs. (Al)-(A4) in Appendix A.

The following equations of motion can be derived from the Hamiltonian Eq. (6):

8 14 26 50
mi; j g = Z DiR; jksx + Z DoR; jksix + Z D3R; jksx + Z DyR; j k. s.x
=1 s=9 s=15 §=27

8 14 26 50
mvi ik =) DiRijksy+ ) DiRijksy+ ), D3Rijksyt ), DaRijks,y
J ] y J Y J y J y
s=1

s=9 s=15 §=27
8 14 26 50
mwi k=Y DiRijksz+ > DaRijksz+ 2, D3Rijksz+ >, DaRijkse (7)
s=1 s=9 s=15 s=27
where
1A
@1 ([R; j k.s])
D=2 bPRR oy 4. (8)
|Ri,j,k,s|

The size of the computational cell to study the zone-boundary DNVMs is equal to 2/ x 2h x 2h. The
coordinates of 16 atoms in the cell are given in Fig. 2.

O O
h3hh 3h 3h h h3h 3h &%3{1
c\222(\222 C'\zzzf'\z
080  Thh0 y 0,h,h Thhh
e |&:| o | @
h,?,h shhh | *7 % | mh3h | 3 b3k
o227 L 272 o2z L 2a
0,0,0 ~1,0,0 0,0,k “h0,h

Figure 2: The coordinates of the atoms within the cubic translational cell, which has dimensions of 2k x 2h x 2h. The
cell includes 16 atoms

The symplectic Stormer method of sixth order [92] is employed in this study to solve numerically the
equations of motion Eq. (7). It is sufficient to take the integration step of 0.001 time units, as found in the test
numerical runs.

3 Zone-Boundary DNVMs of bcc Lattice

A class of lattice symmetry dictated exact solutions to the nonlinear equations of motion of the bcc
lattice is presented here. In the pioneering works such solutions were called bushes of nonlinear normal modes
(BNNMs) [93], but in the context of crystal lattices the term DNVMs is often used.

The zone-boundary DNVMs are excited by giving the particles initial displacements according to
certain patterns shown in Figs. 3 through 9. The initial velocities of the particles are zero. Trajectories of
vibrating particles are shown in black. For particles represented by empty circles, the w-component of the
initial displacement is zero, and it is positive (negative) if the particle is marked with a dot (cross).

All DNVMs are single degree of freedom vibrational modes. This means that the length of the initial

displacement vector is either zero or A, the latter being the DNVM amplitude. The particles with zero initial
displacement remain at rest while other particles oscillate.
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s s

Figure 3: Three DNVMs of group GI. The coordinates of the lattice positions of the atoms are presented in Fig. 2

A A

Figure 4: Three DNVMs of group G2

G3d

Figure 5: Four DNVMs of group G3

S

Figure 6: Four DNVM:s of group G4

G5a G5d
@ e T > @0 L AN
a» [_e]
G5e

Figure 7: Five DNVMs of group G5

s R

Figure 8: Five DNVMs of group G6
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Figure 9: Ten DNVMs of group G7

All DNVMs are divided into seven groups, designated Gl through G7. Numerically determined
frequency responses for the DNVM:s are shown in Fig. 10 (groups Gl, G2, and G3), Fig. 11 (groups G4 and
G5), and Fig. 12 (groups G6 and G7) for the model parameters given by Eqs. (4) and (5). As can be seen in
Figs. 10-12, DNVMs belonging to the same group have the same vibration frequency in the small amplitude
limit. For large amplitudes, the frequency of modes in the same group is different. Different DNVMs of
the same group have the same small amplitude vibration frequencies because more complex DNVMs are
superpositions of a simple DNVM. For example, DNVM Glb in Fig. 3 is a superposition of DNVM Gla and
its rotation by 77/2 around the z axis; DNVM Glc is the sum of G1b and Gla rotated by 7/2 around the y axis.
All of the DNVMs demonstrate a hard-type anharmonicity, meaning that their vibration frequency increases
with amplitude.

w/2r

1 1 1 1 1
0.00 0.05 0.10 0.15 0.20 0.25 0.30
A

Figure 10: Frequency response of DNVMs of groups G1, G2, and G3
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A

Figure 11: Frequency response of DNVM:s of groups G4 and G5
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Figure 12: Frequency response of DNVM:s of groups G6 and G7

4 Phonon Dispersion Relation

To obtain the analytical expressions for the DNVM frequencies in the small amplitude limit, the phonon
dispersion relation is derived from the linearized equations of motion. Such equations of motion can be
derived from Eq. (7) under the assumption |§; j x| << /& and are listed in Appendix A, Eqs. (A6)-(A8). The
solution of these equations is given in the standard form

ui ik = Uexp[i(qi +sj+ pk — wt)],
vijk = Vexp[i(qi +sj+ pk - wt)],
Wijk = W exp[i(qi + sj+ pk — wt)], ©)

where (U, V, W) is the eigenvector, (g,s, p) is the wavevector, and i denotes the imaginary unit. By
substituting Eq. (9) into Eqs. (A6)-(A8), one obtains the following set of linear algebraic equations:

(mw*+P)U+ZV +SW =0,

ZU + (mw* + P,)V + QW =0,
SU + QV + (mw* + P3)W = 0, (10)
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where

P1:—)/1—)’2—)/3—)’4—51—(/’1—(/)2—?55—¢6
—961-98;, =903 —964 — 65 — 8 — 67 — 85 — 89 — 819 — 611 — 0125
Pr=—y1—y2-y3—pa—&— 1 — o — 3 — Pa
—01—60,-03—-084— 05— 086 — 07— 83 — 989 — 9619 — 9611 — 9012,
Py=—y1—yr—y3—Ya—& — 3~ ds—¢s — ¢
—01—68,-03—084—-985—-985 — 907 — 983 — 89 — 010 — 611 — 012,
Z==y1+y2—Y3+Ys— 1+ ¢ — 38 +38, +385 — 384 — I5 + J6 + 67 — 8 — 389 + 3810 — 361 + 3012,
S=—p1+9y2+9Y3—Va— 5+ s —36; =36, + 303 + 304 — 305 + 306 — 307 + 305 — 09 + O30 + 611 — 012,
Q=—y1—y2+Y3+ys—P3+¢s— 01+ — 83+ 04 — 385 — 306 + 387 + 305 — 389 — 3610 + 3611 + 3012,

and
& . ,pP . 29-p € . 24+s—-p & . 28—p
=4—sin” =, =4—sin , =4—sin" ——, =4—sin" ——,
=ty 2y TR 2 ys 2 ya= a3 2
s +s—-2
& = 4¢, sin® %, &, = 4c¢, sin’ 2 & = 4c, sin’ %,
+s c3 . -2
¢ = —51 qu, ¢ = Esmzq2 , (/>3:4E351n2 %,
+2s-2p €3 . ,S—2p 3 2g+s—2p
—4— zq—, =4—sin =4— ,
& 2 2 $s=47 2 be 2
+ -5+ 2g —
6 =4— ! sin? 24 p, 0, =4— sin2 u, 03 = 42 sin’ 1 p,
11 2 1 2 11 2
2 c +s5-3 c 2g+s-3
11 2 1 2 11 2
+2s—3 2g+2s-3 +
5 _4_ zu’ 68 :42 Sinz u, 89 :4C_4 sinz u,
11 2 1 2 1 2
+s+ c +2s — 2s —
810 =4 Sl q—p, 811 = 4—4 Sil’l2 u, 512 = 4— 2 —p
11 2 1 2 1 2

From the condition of zero determinant, one finds the following cubic in w? equation:

m’>w® + (P, + Py + Py)m*w* + (PP, + P,Ps + PLP; — Q* - §* - Z*)mw*
+ PP,P; — Q*P, — §?P, — Z*P; + 2QSZ = 0.

3805

(11)

(12)

(13)

The cubic in w? equation, Eq. (13), has three roots, corresponding to the dispersion relations for the

three types of phonon modes of the bec lattice.

The dispersion relations along the high symmetry lines of the first Brillouin zone are plotted in Fig. 13.

The linear stiffness coefficients here and in the following are given by Eq. (4). Frequencies of different groups

of DNVMs in the small-amplitude limit are indicated in blue. The frequencies and the wavevectors of

DNVMs are listed in Table 1.

Substituting the wavevectors (g, s, p) given in Table into Eq. (12), one finds the relations Eq. (11), which
specify the set of equations Eq. (10) for finding the analytical expressions for the phonon frequencies. The

results are as follows:
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Figure 13: Dispersion curves along the high-symmetry lines of the first Brillouin zone: (a) s = p = 0, (b) ¢ = s = 0, and

(qg=mp=n/2

Table 1: Frequencies of DNV Ms of different groups in the small-amplitude limit (the multiplicity of the root is given in
parentheses) and the corresponding wavevectors in the first Brillouin zone. Results for the linear stiffness coeflicients

given by Eq. (4)

Group w/2n Wavevectors (g, s, p)
Gl 0.6802(1) (0,0,+7/2), (0, +m, +7/2),
(27,0, +7/2), point F
G2 0.6471(3) (0,0, +7), point P
G3  0.6203(1) (0, 27,0), (+7,0,0),
(0, £7, +m), (7,0, £7),
(7, £7,0), (27, £7, £71),
point N
G4 0.6153(1) same as G3
G5 0.6095(1) same as G3
G6 0.5483(3)  (xm, +m, +7/2), point H
G7 0.5389(2) same as Gl

The group G1 DNVMs in the small-amplitude limit have frequency

8
mw? = gcl +4c, + 8¢z + 8¢y.

Similar result for the group G2 DNVMs is

, 16
mw” = ?Cl +16¢4.

(14)

(15)
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For the group G3 DNVMs, one has
, 16 48
mw” = —c; +4cy +4c3 + —cy. (16)
3 11
For the group G4 DNVMs, the frequency of small-amplitude vibrations is
) 128
mw” =4cy +4c3 + TC4. (17)
The group G5 DNVMs in the small-amplitude limit have frequency
2 8
mw” = 561 +8¢3 + 8¢y, (18)
For the group G6 DNV Ms, the result is
2 8
me” = ECI +4c, + 8cy. (19)
Finally, the group G7 DNV Ms in the small-amplitude limit have frequency
2 8
me” = gcl + 4¢3 + 8cy. (20)
It is important to note that only DNVM:s from groups G1 and G3 exhibit frequencies that are contingent
on all four stiftnesses, ¢;, [ = 1,..., 4. The frequencies of group G2 DNVMs depend only on ¢; and c4; the
frequencies of group G4 DNVMs do not depend on ¢, the frequencies of groups G5 and G7 DNVM:s do not
depend on ¢, and the frequencies of group G6 DNVMs do not depend on cs.

5 Energy of Different Bonds

Asoutlined in Section 4, the small-amplitude vibration frequencies of certain groups of DNVMs depend
not on all stiffness coefficients. To further investigate the different contributions of different bonds to the
DNVM dynamics, the fraction of the total potential energy stored by the bonds of different lengths is
calculated for all DNVMs. This is done for the two values of the displacement of the atoms from the lattice
positions, A = 10~* and A = 0.3; the results are presented in Tables 2 and 3, respectively.

Table 2: The fraction of potential energy stored by the first-through fourth-nearest neighbor bonds due to the excitation
of DNVM:s of different groups with a small amplitude of A = 107%, calculated at the time of maximum deviation of the
atoms from their equilibrium positions

Group First Second Third Fourth
Gl 0.1460 01971 0.3504 0.3066

G2 0.3226 0.0 0.0 0.6774
G3 0.3512  0.2370  0.2107 0.2011
G4 0.0 0.2409 0.2141 0.5450

G5 0.1818 0.0 0.4364 0.3818
G6 0.2247 0.3034 0.0 0.4719
G7 0.2326 0.0 0.2791 0.4884
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Table 3: The fraction of potential energy stored by the first- through fourth-nearest neighbor bonds due to the excitation
of different DNV M:s with a large amplitude of A = 0.3, calculated at the time of maximum deviation of the atoms from
their equilibrium positions

DNVM First Second Third Fourth

Gla 0.0939 0.3150 0.3616  0.2295
Glb 0.1114 0.2210 0.4398  0.2278
Glc 0.1207 0.1877 0.4649 0.2267

G2a 0.3920 0.0 0.0 0.6080
G2b 0.2669 0.0 0.0 0.7331
G2c 0.3230 0.0 0.0 0.6770

G3a 0.2802 0.3710 0.2167  0.1321
G3b 0.4730 0.1994 0.1598  0.1677
G3c 0.4156 0.2378 0.1833  0.1633
G3d 0.3843 0.2435 0.1947  0.1775

G4a 0.02379 0.2132 0.1709  0.5921
G4b 0.02200  0.2395 0.1846  0.5538
G4c 0.01492 0.3441 0.2010  0.4400
G4d 0.03023  0.2070 0.165  0.5973

G5a 0.1333 0.02789  0.5132  0.3257
G5b 0.1402 0.01908  0.5538  0.2869
G5c¢ 0.1670 0.02531 0.4657 0.3420
G5d 0.1462 0.01625  0.5630  0.2745
G5e 0.1558 0.02146  0.3946  0.4279

G6a 0.2220 0.3612 0.0 0.4168
G6b 0.2015 0.3864 0.0 0.4121
Géc 0.1797 0.3454 0.0 0.4749
Ged 0.1427 0.5085 0.0 0.3488
Go6e 0.1642 0.3850 0.0 0.4508

G7a 0.2062  0.005375 0.2843  0.5041
G7b 0.2457  0.006879 0.2861 0.4613
G7c 0.2239  0.005087 0.3131  0.4579
G7d 0.2175 0.01985  0.3177  0.4449
G7e 0.1796 0.01879  0.3628  0.4389
G7f 0.1924 0.01759  0.2816  0.5084
G7g 0.2181 0.01652  0.3190  0.4465
G7h 0.2181 0.01652  0.3190  0.4465
G7i 0.1732  0.007764 0.4646 0.3544
G7j 0.2225 0.009971 0.3125  0.4551

As can be seen from Table 2, different bonds contribute differently to the small-amplitude vibrations of
DNV Ms of different groups, and this contribution correlates with the coefficients in the analytical expressions
for DNVM frequencies, E£q. (14) through Eq. (20). The result for the DNVM:s belonging to the same group is
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identical, if the vibration amplitude is small. For the large amplitude vibrations, as can be seen from Table 3,
the result is different for different DNV Ms of the same group; this is the effect of anharmonicity. Nevertheless,
the second- and third-neighbor bonds are not deformed when the G2 group DNVMs are excited even at
large amplitudes. The same can be said about the third-neighbor bonds when G6 group DNVMs are excited.

6 Analytical Results for DNVMs

DNVM is an oscillatory mode with one degree of freedom. The displacement of any moving particle
from its equilibrium position, a(t), is taken as the time-dependent variable. Below, for some DNVMs,
a Hamiltonian H(a, a) is derived, keeping the quartic terms in a, then the cubic equation of motion is
obtained and an approximate relationship between frequency and amplitude is derived and compared with
the numerical results. The DNVMs chosen for the analysis will help to illustrate some important features of
this class of exact dynamical solutions.

6.1 DNVM Gla

Considering a translational cell of the considered DNVM, the kinetic and potential energies per atom
are calculated taking into account the displacement pattern of the particles, see Fig. 3, when the distance of
the moving particles from the lattice positions is equal to a. The potential energy is then expanded in Taylor
series up to the fourth order terms. The result is the following Hamiltonian:

mdz (261 ) 2 ( 861 363 104C4 ﬁl
a + |- — +

H=——+|—+c+2c+2 -
3 R TAm T 7R 2h2 B 9

. +2By + 2P + 836 4) at. (21)

121
Note that in DNVM Gla only half of the atoms are vibrating and the other half are at rest, so the effective
mass is equal to m/2. From the Hamiltonian Eq. (21) the following cubic equation of motion is derived:

8¢ 3¢3 N 104c4 ﬁl

27h*  2h? 13’)31}12 9

——4(%+c2+2c3+2c4)a—8(— +2B, + 2/33+8ﬁ4) . (22)

121
An approximate solution to Eq. (22) includes the third harmonic correction to the main harmonic,
a(t) = Asin(wt) + A; sin(3wt), where A; << A. Substitution of this solution into Eq. (22) yields the follow-
ing frequency response for DNVM Gla:
20

, 4
w'n — | — +cy+2c3+2¢4
m\ 3

27h?  2h? 1331h2 9

6 ( 8 3¢ 104 83
—<— a 3o Mda B g ops ﬁ4)A2. (23)

m 121

6.2 DNVM G2b
Similarly, the Hamiltonian for DNVM G2b is

72 8 104 83
H:ﬂ+8(ﬂ+C4)az+16(_i+_‘?4+&+£)a4. (24)
2 3 27h%  1331h% 9 121

Therefore, the cubic equation of motion is

8¢ 104c¢4 ﬁ] 83[34) 3
a=-16—+c4|a—-64|- + + — + a’, 25
( 3 4) ( 27h? 13312 9 121 (25)

and the frequency response for DNVM G2b is

16 48 8c 104c B 83B )
2 1 4 1 4 2
w r — | — + I + — |- + + =4+ ——]1A". 26
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6.3 DNVM G2c
Analogously, the Hamiltonian for DNVM G2c has the form
2 2 73 4B, 140
H:ﬂ+8(ﬂ+c4)a2+8(i—i+ﬁ+i)a4. (27)
2 3 27h% 1331k 9 121

The cubic equation of motion is

. C1 20 73¢4 4/31 140/34) 3
ma=-16— +c4)a—-32 — + — + a. 28
( 3 4) (27h2 1331h2 9 121 (28)

The frequency response for DNVM G2c is

16 24 ( 2 73 4 140
2 (S+C4)+ (C1 o4 +ﬁ+—/34)A2. (29)

W n — — == -
m m \27h> 1331h* 9 121
6.4 DNVM G6b
Finally, the Hamiltonian for DNVM Gé6b is
-2
ma 2C1 ) 2 861 2C2 104C4 ﬁl 83/34 4
H=—+—+c+2c4)a" +| - +— + +—+2B,+ a. 30
4 (3 2o ( e e e e TP 121) (30
The equation of motion for DNVM Gé6b is
. 2C1 ) 861 2C2 10464 ﬂ] 83/34 3
=—4|—+cy+2 -8( - +—+ +—=+2B+ . 31
na ( 5 rear2a)a=8(- e e g+ 2 s ()

The frequency response for DNVM G6b is

4 (2c 6 8¢ 2c; 104cs P 83
2 1 1 2 4 1 4\ 42
w'n —|—+cy+2¢4 | +—| -~ t—+ ———=+—+2B+ ——)A". 32
m( 3 2 4) m< 27h?  h? 1331k 9 27121 ) (32)

6.5 Discussion of the Analytical Results

A comparison of the analytical expressions for the frequency response with the numerical results is
given for the four DNVMs analyzed in Fig. 14. The result is quite good, as the difference between the cubic
approximation and the numerical result is only noticeable for A > 0.1.

As can be seen from Fig. 14, the vibrational frequency of DNVMs depends on the amplitude, and there
are two reasons for this. The first is the effect of the anharmonicity of the interparticle interactions, f3;
0, in Eq. (2). The second is the so-called geometric nonlinearity. The contributions of these two sources
of frequency variation can be seen from the analytical expressions Eqs. (23), (26), (29), and (32). It can be
seen that in the limit A — 0 the DNVM frequency is a constant depending on the particle mass m and the
linear stiffness coefficients ¢;. With increasing A different scenarios are possible and we discuss them for the
frequency of the DNVM Gla by analyzing Fq. (23). If the term before A? is positive (negative), the frequency
will increase (decrease) with increasing A. In the case of soft-type anharmonicity, when f; < 0, and for not
very large c4, the frequency w will decrease with increasing amplitude A. Interestingly, even for 3; =0, [ =
1,...,4, ie, for linear elastic bonds, the frequency can either increase or decrease with amplitude due to
geometric nonlinearity. The frequency increases when (104/1331)c4 > (8/27)c; + (3/2)c3 and decreases in
the opposite case.
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Figure 14: Frequency response for some DNVMs found numerically (solid lines) and analytically within the cubic
approximation (dashed lines)

The deviation of the analytical results from the numerically found frequency response observed
in Fig. 14 is due to the fact that in the Hamiltonians Eqs. (21), (24), (27), and (30) the terms higher than
quartic are omitted and therefore the analytical results are approximate and their accuracy is high only for
not very large vibration amplitudes.

Note that for each DNVM, the harmonic part of the frequency response matches the result of the linear
analysis. This can be seen by comparing the harmonic part of Eq. (23) with Eq. (14), the harmonic parts
of Egs. (26) and (29) with Eq. (15), as well as the harmonic part of Eq. (32) with Eq. (19). It can also be noticed
that the frequency responses of DNVM:s belonging to the same group coincide in the small amplitude limit,
but deviate as the vibration amplitude increases, compare Eqgs. (26) and (29) obtained for the two DNVMs
of group G2.

Notably, the frequency responses of the G2 group DNVMs do not depend on the parameters of the
second and third neighbor bonds even for large vibration amplitudes. Similarly, the frequency responses of
the G6 group DNVMs do not depend on c¢; and 35 even for large vibration amplitudes. This is consistent
with the numerical data presented in Table 3.

7 Conclusions

In short, for the first time, the linear and nonlinear dynamics of the bcc lattice have been analyzed
considering long-range interactions, which is important for metals. The phonon dispersion relation was
derived analytically. The properties of the exact nonlinear vibrational solutions, called DNVMs, have been
analyzed analytically and numerically and offered as a dataset for training the machine learning interatomic
potentials for bcc metals.

In more detail, the exact solutions of the equations of motion of the f-FPUT lattice in the form of
DNVMs have been analyzed considering long-range interactions. The patterns of initial displacements of
the atoms for the 34 DNVMs studied are shown in Figs. 3 to 9. Atoms with such initial displacements
and zero initial velocities will oscillate, maintaining the pattern regardless of the interatomic potential used
and for any amplitude A (for a large A, the DNVMs are modulationally unstable). However, the frequency
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response of a DNVM depends on the interatomic potential, and thus it can be used to test and develop
interatomic potentials.

The linear equations of motion of the bcc lattice have been obtained taking into account up to the
fourth-neighbor interactions, see Eqs. (A6) to (A8). The phonon dispersion relation for the bec lattice with
long-range interactions has been derived, see Eq. (13) with the coefficients defined by Eqs. (11) and (12). The
wavevectors of the DNVMs in the first Brillouin zone have been specified, see Table 1. The frequency response
of the DNVMs in a wide range of vibration amplitude has been calculated numerically and plotted in Figs. 10
to 12.

The frequencies of DNVMs in the small amplitude limit have been derived analytically, see Fq. (14)
through Eq. (20). DNVMs are classified into seven groups according to their frequency in the small-
amplitude limit. DNV Ms belonging to one group deform interatomic bonds of different lengths equally in the
harmonic approximation, see Table 2, but when anharmonicity comes into play, the potential energies stored
by bonds of different lengths become different for DNVMs of the same group, see Table 3. Very important
for testing and fitting the interatomic potentials is that different DNVMs test different types of bonds, as
other types of bonds are not deformed or weakly deformed during the oscillation, see Tables 2 and 3. Several
examples of analytical analysis of DNVMs are presented in Section 6. The frequency response of DNVMs
obtained in the framework of the cubic approximation agrees well with the numerical results, see Fig. 14.

Let us describe the advantages and disadvantages of using DNVMs for testing and training interatomic
potentials. The advantages are as follows:

1. Small-amplitude DNVMs are the phonon modes. The high symmetry of DNVMs ensures that they do
not interact with other phonon modes even at high vibration amplitudes so that the accuracy of the
interatomic potentials can be assessed taking into account the effect of anharmonicity.

2. DNVMs, as natural vibrational modes of the lattice, are recommended for testing and training
interatomic potentials, as opposed to the use of random atomic configurations. Some of the random
configurations may have a small probability of being realized, and therefore their contribution should be
considered with a small weight, which is difficult to set because these probabilities are hard to estimate.

3. DNVMs have a small translational cell, and their first-principles analysis using periodic boundary
conditions is a routine task.

The disadvantages of DNVMs in testing and training of potentials include the following:

1.  DNVMs have a short wavelength and they do not test the potentials with respect to the long waves.
To overcome this problem, homogeneous deformation of the crystal can be considered in addition
to DNVMs.

2. DNVMsdo not provide information on crystal lattice defects. The defect configurations should be added
to the training data set based on DNVMs.

The results obtained are important because they can be used to test the existing interatomic potentials
and to develop new potentials for bcc crystals. The frequency response of the DNVMs calculated by first-
principles modeling provides a rigorous test of the interatomic potentials. The DNVMs studied are the
natural nonlinear vibrational modes of the bcc lattice and therefore any reliable interatomic potential must
reproduce the frequency response of the DNVMs. The frequency response of the DNVM:s can also be used to
train the machine learning interatomic potentials. In the forthcoming work, DNVM:s of fcc and hcp lattices
will be studied, as there are many metals with these lattices.
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Appendix A Auxiliary Equations

The Hamiltonian Eq. (6) is the function of the following vectors connecting the atom i, j, k with its
neighbors. The eight vectors connecting the particle i, j, k with its nearest neighbors are

Rijki1=rijk-1-Tijk Rijrk2=rijke1—Tijk Rijrs=7Tirjk-1-Tijk
Ri,j,k,4 =¥i1jk1 ~ ¥ijk> Ri,j,k,S = Vit j+1,k-1 — Vi jko Ri,j,k,G =Tio1j-1Lk+1 ~— Vij k>

Rijk7="ijink-1—Tijk Rijrs="7ij1ke1—Tijk- (A1)
The six vectors connecting the particle i, j, k with its second neighbors are

Ri,j,k,9 =T¥i1,jk —Tijk> Ri,j,k,lO =itk —Vijk> Ri,j,k,ll =Tij-1.k — Tijk>

Rijki2="ijrik—Tijk Rijkiz =Tivnjrrk-2 —Tijk>  Rijkia =Tic1j-1.k+2 — Tijik- (A2)
The twelve vectors connecting the particle i, j, k with its third neighbors are

Rijkis="ic1j-1k—Tijk Rijrie =Tirnjrrk —Tijk  Rijk17 =Tivtj-1k —Tijk>
Ri,j,k,lS =Vij+1,k — Vijk> Ri,j,k,19 =Tit1,jk-2 — Vijk> Rz‘,j,k,zo =Tri1jk+2 — Vijk>
Ri,j,k,21 =Ttiy,j+2,k-2 — Fij k> Ri,j,k,22 =rtij-2,k+2 — Fijk> Ri,j,k,23 =rtij+1,k-2 — Vijk>

Rijkoa="ij1ke2—Tijk» Rijkas=riszjirk-—2—Tijk Rijkae =Ti-2j-1k+2—Tijk- (A3)
The twenty four vectors connecting the particle i, j, k with its fourth neighbors are

Ri k27 =Tisjks1 —Tijks Rijros=rictjk—1—Tijk> Rijk29="Tit1j-1,k+1 — i jko

J j j J j J j j j

Ri k30 ="i—tjsik-1—Tijk>s Rijks =t jk-1—Tijks Rijk3=7Ti2jke1—Vijks
j j j j j j j j j

R k33 ="Tis2 k-1~ Tijk» Rijrk3za=ricoj1ke1—Tijks Rijkss =Ticj—1,k+3~ Tijks
j j j j j j j j j

Rijk36 = Tierjrr k-3 = Tijh>  Rijks7 =iz jork+e3 = Tijko  Rijjk3s = Fiva,jerk-3 = Fijko
j j j j j j j j j

Ri,j,k,39 =¥io1,j-2,k+3 ~ ¥ijk> Ri,j,k,40 =TYit1,j+2,k-3 — ¥i,jk> Ri,j,k,41 =¥i2,j-2,k+3 ~ Vijk>
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Rijka2 =Tir2,jr2,k-3 ~ Tijks  Rijkas =Tijrrks ~Tijho  Rijkaa =Tij1k-1—Tijks
j j j j j j s - j
Rijkas=Ti-1jsrks1 —Tijk> Rijkas =Tiryj-1k-1—Tijk> Rijka7 =Tirjezk-1—Tijk>

Rijkas=Ti1j2k1—Tijk Rijrkao =Tiji2k-1—Tijk> Rijkso="ij-2ke1—Tijk- (A4)

Linearized equations of motion can be derived from Eq. (7) assuming that |u;j|, [vij|, [wi;| < h. The
following second-order finite difference operators are introduced to shorten the equations:

AoUiva,jrbkic = Wiva,jebkec = 2Uijk + Uima,j-bk—c>
AoViya,jrbkic = Viva,jebkic — 2Vi ik T Vica,j-bk—c>

AoWira,jrbkrc = Wita,jrbk+e — 2Wijk + Wi—a,jbk—c- (A5)
The linear equations of motion are

.. C C1 C1 (%] G (5]
mu; jk = gAzui,j,k—l + gszi,j,k—l + §A2Wi,j,k—1 + §A2Mi+1,j,k—1 = = AVis1 k-1 §A2Wi+1,j,k—1

3

1 €1 a1 1 a1
+ =AUy k-1 AoVinn jank-1 — S AaWin jrnk-1 + 5 Aol a1 k-1 — 5 A2Vi k-1
3 3 3 3 3
C1 C3 c3 C3 C3
+ EAZWi,jH,k—l +Mui gk + 5A2“i—1,j—1,k + EAZVi—l,j—l,k + EAzqu,j—l,k - EAZVHI,]‘—I,k

C3 C3 C3 3
+ _Azui,j+1,k—2 + _Azwi,j+1,k—2 + _Azui+2,j+l,k—2 - EAZWi+2,j+l,k—2

9C4 3 3C4 9C4 3C4

— Mtk t+ A2V1+1 gkl T BoWi jkan Aoty ke — ——A2Visn Lk

1 1 11 11 1
3C4 9C4 3C4 3C4 9C4
0 — MWk 0 —Dothia k-1 — 0 —AaVisg k-1 0 —MoWisa k1 + 0 ——Dolhiyg i1 k-1
364 364 Cyq Cyq 3c Cyq

—AoVirp jerk-1 — T DaWis jrr k-1 + Aol o1k F _AZVifl,j—l,k+3 +—— AWy 1k+3
1 1 1 1 11
LG 4 3¢y 4

— AU ke3— AVica i1 ke3 — - AoWig i1 k43 + Azu Lj-2.k+3 — = A2Vio1jo2 k43
HE Tl 1 11 2 T I A N TR
3C4 Cyq Cyq 3C4 Cyq

—Dowiyja k3t Do o ki3t T AW a3 T ——DaWia ka3 T AU ik
11 =L n oo n e 11 =2)- n
364 Cyq Cy4 364 Cy

— AoV ik A2Wi,j+1,k+1 + =AU g jinker — T AaVicnjrnker — T A2Wiitjit kel
1 11 11 1 11

3C Cyq Cyq

11 A2Mz+1 j+2,k-1 1 1 A21/;+1 Jj2,k-1 T 1 —AoWiy jr2 k-1 F ﬁAzui,ﬁz,k—l
364 Cyq
T — AoV a1t 1A2Wi,j+2,k—1’ (A6)

. C1 C1 C1 C1
mvijk = _A2”i,j,k—1 + _AZVi,j,k—l + —Dowi k-1 — o Motin ko1 T AoVivn k-1 S AoWis, k-1
3 3 3 3 3 3
a (] 1 C (1
+ =AUy k-1 + S AoVign k-1 — S AoWisjenk-1 — — Aol ik + — AoV ikt
3 3 3 3 3
1 C3 C3 C3
- §A2Wi,j+1,k—1 + 0V 1k + EAZMi—l,j—l,k + EAZVi—l,j—l,k - ?Azuiﬂ,j—l,k

C3 3 3 3 3
+ EAZVHI,]'—I,k + _AZVi+1,j,k—2 + —A2Wi+1,j,k—2 + _AZVi+1,j+2,k—2 - EAZWi+1,j+2,k—2

3C4 Cy4 3C4

A2u1+1,] k+1 7t 1_A2V1+1,] k+1+ — m —AoWiy kel — T — MUk A2V1+1,] Lk+1

11
3¢y C4 4 3¢y

C4
= =AW ke — ——Doligg k-1t T AVika k-1 T T AWk ko1 Aolino i1 k-1
) 11 el n - noce 11 e
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3C4

_Azwi—l,j—l,k+3

Cq C4 Cq C4
+ _AZVi+2,j+1,k—1 - —A2Wi+2,j+1,k—1 + _Azui—l,j—l,k+3 + _AZVi—l,j—l,k+3 + 1

1

C4 3¢y C4
Azu 2j-Lk+3 T AV i1 ke3 t ——AaWig i1 ki3 — Azu Lj-2.k+3 T —=A2Vio1j-2 k43
TR nre 11 2 T nooTe
364 Cyq Cyq 3C4 3C4
- AoWiyj2.k+3 F TTA2U2 j2 k+3 T T A2Vi2 j-2 k43 2Wi—2,j-2,k+3 2Ui j+1,k+1
Aw ]k+HAu Jk+1Av j-2.k HAW Jk+11Aqu
9C4 364 364 9C4 364
1 — AoV ke + 1 AoWi js1 k1 — 1 — MUy ikt 1 ApVi1 stk + —— 1 Aowi 1 ji1 ket
3c4 9¢y 3¢y 3¢y
— Aoty jra k1t T AoVignjea k-1 — —— AoWigt jea k-1 — —— Aol o k1
11 e no - 11 e 11 =
9C4 3C4
1 — Ay, Jj+2,k-1 M —Aow; ,j+2,k—1> (A7)

.. C1 1 &1 &1 &1 &1
mwi jk = EAZui,j,kfl + 3A2Vi,j,k71 + gAZWi,j,kfl - EA2ui+1,j,k71 + §A2vi+1,j,k—l + EAZWHI,]',k—l

1 1 C1 Cl 1

- _AZui+l,j+1,k—1 - —AzVi+1,j+1,k—1 + _AZWi+1,j+1,k—l + —Azui,j+1,k—1 - _AZVi,j+l,k—l
3 3 3 3 3
(5] C3 C3 C3

+ EAZWi,jH,k—l + Wity k-2 + EAZVHl,j,k—Z + 3A2wi+l,j,k—2 - ?szi+l,j+2,k—2

C3 c3 3 c3 C3
+ _AZWi+1,j+2,k—2 + —Azui,j+1,k—2 + 5A2Wi,j+1,k—2 - ?A2”i+2,j+1,k—2 + _AZWi+2,j+1,k—2

3C4 Cy4 Cy4

A2Uz+1,],k+1 + 1_A2V1+1] k+l t m — AWy ke t e AoUhigyj-1,ke1 — m A2V1+1] Lk+1
Cy4 3¢y Cy Cy4 3¢y

+ I_AZWi+1,j—1,k+1 - TAZuHZ,j,k—l + _AZVi+2,j,k—1 + EAZWHZ,j,k—l I —AoUiys ji1k-1
C4 3C 3C4 9C4

1 A2V1+2]+1k 1+ I A2Wi+2,j+1,k—1 +— I Az“: Lj-1k+3 T I — AV jrkes t TAzwi—l,j—l,ku
3C4 3C4 9C4 364 3C4
1 — AU ket I Axvigj1ke3 + 1 — MW gkt I —AoUi 12 kes — 1 —AoVi1j2k+3
9C4 3C4 3C4 9C4

— MWy o ke = ——AoUig o ke — T AoVig ja ks + T AoWia 2 k43 s A2141',;'+1,k+1
1 11 1 1 1
3 C4 3C4

Cq
_AZVi—l,j+1,k+1 + ﬁAzwi—1,j+1,k+1

—Doui ke t
R 11

+ _AZVi,j+1,k+1 + _AZWi,j+1,k+1 T

3C4 Cyq Cy4
BT Azum k1T —AVitnjra k-1t m —MoWis jr2 k-1 + ﬁAzui,ﬁz,kq
3C4 C4q
I — AV k-1t IAZWi,j+2,k—1- (A8)
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