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Guided Waves in Functionally Graded Rods with
Rectangular Cross-Section under Initial Stress

Xiaoming Zhang1, Jiangong Yu1,2, Min Zhang1, Dengpan Zhang1

Abstract: The characteristics of the guided waves propagation in functionally
graded rods with rectangular cross-section (finite width and height) under initial
stress are investigated in this paper based on Biot’s theory of incremental defor-
mation. An extended orthogonal polynomial approach is present to solve the cou-
pled wave equations with variable coefficients. By comparisons with the available
results of a rectangular aluminum rod, the validity of the present approach is il-
lustrated. The dispersion curves and displacement profiles of various rectangular
functionally graded rods are calculated to reveal the wave characteristics, and the
effects of different width to height ratios and initial stress and gradient functions on
the guided waves are discussed in detail.

Keywords: Guided waves; Initial stress; Rectangular rod; Functionally graded
materials; Orthogonal polynomial approach; Dispersion curves.

1 Introduction

Functionally graded materials (FGM) are advanced composites consisting of two or
more material phases whose mechanical properties vary continuously throughout
the volume depending on spatial coordinates. Owing to their great advantages,
Functionally graded materials have been known to have extensive applications in
many fields, such as electronics, aerospace, protection industries and so on. For the
purpose of the guided ultrasonic non-destructive testing and evaluation (NDTE),
the guided wave propagation in FGM structures has received considerable research
efforts. As early as more than twenty years ago, wave propagation in FGM plates
was investigated [Liu, Tani, and Ohyoshi (1991)]. Later on, guided wave in FGM
structures was investigated by various methods, such as the linearly inhomogeneous
elements and quadratic layer elements methods [Han, Liu, and Lam (2000); Han
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and Liu (2003)], spectral finite element method [Chakraborty and Gopalakrishnan
(2004); Bishay, Sladek, Sladek, and Atluri (2012)], Galerkin finite element and
Newmark methods [Hosseini (2009)], reverberation matrix method [Chen, Wang,
and Bao (2007); Zhu, Yang, and Kitipornchai (2013)], and so on.

All the above-mentioned methods were to separate FGM structures into some ho-
mogeneous or inhomogeneous layers. Many other research works treated FG-
M structures as continuously graded media [Sun and Luo (2011); Xue and Pan
(2013), Moussavinezhad, Shahabian, and Hosseini (2013)]. Lefebvre et al. de-
veloped a Legendre polynomial series method to investigate wave propagation in
various FGM structures [Lefebvre, Zhang, Gazalet, Gryba, and Sadaune (2001);
Elmaimouni, Lefebvre, Zhang, and Gryba (2005)]. The specificity of the polyno-
mial series method resides on how the boundary conditions are incorporated into
the motion equations and are automatically accounted for the deviece by assuming
position-dependent material parameters. Then the motion equations are converted
into a matrix eigenvalue problem through the expansion of the independent me-
chanical variables into appropriate series of orthonormal functions. By using the
polynomial series method, Yu et al. investigated the guided wave characteristic-
s in FGM spherical plates and viscoelastic FGM plates [Yu, Wu, and He (2007);
Yu, Ratolojanahary, and Lefebvre (2011)]. Recently, Liu et al. studied the elastic
wave in FGM bars by the Rayleigh-Ritz method based on two dimensional Leg-
endre polynomial [Liu, Han, Huang, Li, Liu, and Wu (2015)]. However, in all the
above-mentioned researches, the initial stress induced during the processing was
not taken into account.

Due to the limitation of the manufacturing technology, the presence of initial stress
in FGM is unavoidable. It is well known that initial stress can affect mechanical be-
haviors of the structures significantly. So it is meaningful to study the effect of the
stress on the wave propagation in functionally graded materials and structures, and
some investigations have been done by Abd-Alla and Ahmed (1999); Qian, Jin, Lu,
Kishimoto, and Hirose (2010); Saroj, Sahu, Chaudhary, and Chattopadhyay (2015)
and many others. But most studies focused on Love-waves in FGM half-space. Re-
cently, taking into account the effect of the initial stress, Yu et al. investigated the
guided waves in some one-dimensional structures, i.e., structures having the finite
dimension in only one direction, such as axially infinite hollow cylinders [Yu and
Zhang (2013)] and horizontally infinite flat plates [Yu and Zhang (2014)]. How-
ever, few investigations on the effect of the initial stress on the wave propagation
in two-dimensional structures having the finite dimension in two directions,such as
square rods, rings and so on, have been reported.

In this paper, based on Biot’s theory of incremental deformation [Biot (1965)], we
study the guided wave characteristics in rectangular FGM rods under initial stress
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by an extended polynomial approach. Through numerical comparisons with the
available results, the validation of the present polynomial approach is illustrated.
The dispersion curves and displacement profiles of various rectangular FGM rods
are obtained, and the effects of different width to height ratios and initial stress and
gradient functions on the guided wave charateristics are illustrated.

2 Mathematical formulation of the problem

Considering an orthotropic FGM rectangular rod with initial stress, as shown in
Fig. 1. The material properties vary continuously across z direction. The rod is
infinite in the wave propagating direction (x-axis) and the compressive stress is
Sxx = −P and width is d and height h. The origin of the Cartesian coordinate
system is located at the corner of the rectangular cross section and the rod lies in
the positive y-z region, where the cross-section is defined by the region 0 ≤ z ≤ h
and 0≤ y≤ d.
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Figure 1: Schematic of a rod with a rectangular cross section.

According to “Mechanics of Incremental Deformations”, the dynamic equation for
the unidirectional composite rod under gravity and initial stress is governed by
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and ρ are respectively the stress and the displacement components and the mass
density of the material.

The strain-displacement relationships are:
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where εi j are the strain components.

The constitutive equation can be written in the following form:
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C11−Sxx C12−Sxx C13−Sxx 0 0 0
C12 C22 C23 0 0 0
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0 0 0 C44 0 0
0 0 0 0 C55 0
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where Ci j are the elastic coefficients, and I(y,z) is the rectangular window function,
which is introduced so as to meet the stress-free boundary conditions (Tzz = Txz =
Tyz = Tyy = Txy = 0 at the four boundaries) and defined as

I(y,z) =

{
1, 0≤ y≤ d and 0≤ z≤ h
0, elsewhere

(4)

Since the material properties vary in the z-direction, the elastic parameters of the
rod are functions of z, which can expressed as
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With implicit summation over repeated indices, Ci j(z) can be written compactly as

Ci j(z) =C(l)
i j

( z
h

)l
, l = 0,1,2 . . . ,L. (5a)

Similarly, the mass density can be represented by

ρ (z) = ρ
(l)
( z

h

)l
, l = 0,1,2 . . . ,L. (5b)
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For plane time-harmonic wave propagating in the x-direction of a rectangular rod,
we assume the displacement components having the following form:

ux(x,y,z, t) = exp(ikx− iωt)U(y,z) (6a)

uy(x,y,z, t) = exp(ikx− iωt)V (y,z) (6b)

uz(x,y,z, t) = exp(ikx− iωt)W (y,z) (6c)

where U(y,z), V (y,z) and W (y,z) represent the wave amplitudes in the x-, y- and
z-directions respectively. k is the magnitude of the wave vector in the propagation
direction and ω is the angular frequency.

Substituting Eqs. (2), (4), (5) and (6) into Eq. (1), we can obtain the governing
differential equations in terms of the displacement components:
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where subscript comma indicates partial derivative.

In order to solve the coupled wave equations (7), we expand U(y,z), V (y,z) and
W (y,z) into products of two Legendre orthogonal polynomial series as
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where pi
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with Pm and Pj being the mth and the jth Legendre polynomial. Theoretically, m
and j run from 0 to ∞. However, in practice the summation over the polynomials
in Eq. (8) can be truncated at some finite values m = M and j = J, when the effects
of higher order terms become negligible.

Multiplying Eq. (7) by Q∗n(z) ·Q∗s (y) with n and s running respectively from 0 to
M and from 0 to J, and integrating over z from 0 to h and over y from 0 to d, and
taking advantage of the orthonormality of the polynomials, we can convert Eq. (7)
into the forms:
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where lA j,m
αβ

(α,β = 1,2,3) and lMm, j are the elements of the non-symmetric matri-
ces A and M, which can be obtained by using Eq. (7).
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So, Eq. (11) forms the eigenvalue problem to be solved. The eigenvalue ω2 gives
the angular frequency of the guided wave, and the eigenvectors pi

m, j(i = 1,2,3)
allow the displacement components to be calculated. By using the relation V ph =
ω/k, the phase velocity can be obtained.

3 Numerical results and discussions

The Voigt-type model is used in this study to calculate the effective parameters of
the FGM rod, which can be expressed as

C(z) =C1V1(z)+C2V2(z), (12)
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where Ci and Vi(z) denote the ith material property and the corresponding volume
fraction, respectively, and ∑Vi(z) = 1. Then we can express the material properties
of the FGM as

C(z) =C2 +(C1−C2)V1(z). (13)

According to Eq. (5), we express the gradient profile of the material volume frac-
tion as a power series expansion. By the Mathematica function ‘Fit’, the coeffi-
cients of the power series can be determined.

3.1 Comparison with the reference solution

In order to validate the effectiveness of the present approach and our computer
program, we calculate a rectangular rod with h = 16 mm and d = 5 mm, The
material is aluminum and the elastic coefficients are C11 =C22 =C33 = 107.8 GPa,
C12 = C13 = C23 = 54.94 GPa, C44 = C55 = C66 = 26.45 GPa and the density is
ρ = 2700 kg/m3. Dispersion curves are given in Fig. 2, where lines are results
from Loveday (2006), and dotted lines are results from the present approach. It is
easily found that the results from the present approach agree well with the reference
data.
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Figure 2: Dispersion curves for a rectangular aluminum rod; lines: Philip W. Love-
day’s results, dotted lines: the authors’ results.

Table 1: The material properties of the FGM rod (Ci j (109 N/m2), ρ (kg/m3)).

Property C11 C22 C33 C12 C13 C23 C44 C55 C66 ρ

Steel 282 282 282 113 113 113 84 84 84 7932
Silicon Nitride 380 380 380 120 120 120 130 130 130 2370
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Figure 3: Phase velocity dispersion curves for linearly graded rectangular rods: (a)
d/h = 1, (b) d/h = 2.
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Figure 4: Phase velocity dispersion curves for graded rectangular rods with d/h =
2: (a) cubically graded rod, (b) sinusoidally graded rod.

3.2 Guided waves in FGM rectangular rods

In this section, we take the ceramic-metal FGM structure as an example to discuss
the guided wave characteristics. The FGM rod is composed of steel (bottom sur-
face) and silicon nitride, and the corresponding material parameters are given in
Table 1. Firstly, we discuss various FGM rods to illustrate the influences of the
width to height ratio and gradient functions on the guided wave charateristics. Four
FGM rectangular rods are considered: (a) linearly graded rod with V1(z) = z and
d/h = 1; (b) linearly graded rod with V1(z) = z and d/h = 2; (c) cubically graded
rod with V1(z) = z3 and d/h = 2; (d) sinusoidally graded rod with V1(z) = sin(z)
and d/h = 2. The corresponding phase velocity dispersion curves are shown in
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Figs. 3 and 4. It can be observed that the FGM rod has no cut-off frequencies for
the first four wave modes. which is different from the infinite graded plate where
the first three modes have no cut-off frequencies. The reason lies in that there are
two finite dimensions in the rod but only a finite dimension in the plate. Further-
more, both width to height ratio and gradient function have significant influences
on the dispersion curves. With increasing the width to height ratio, the difference
between the first mode dispersion curve for the linearly graded rectangular rods and
the second one becomes more significant at low frequency.

Next, a special structure, a sinusoidally graded square rod, is considered. From
both geometrically and material distributions, the problem is symmetric with re-
spect to both y- and z-axis. Fig. 5 presents its phase velocity dispersion curves.
We can see that the dispersion curves of the first two modes are coincident. The
displacement distributions are shown in Figs. 6 and 7 for the first two wave modes
at kd = 3. For the first mode, the displacement distribution in wave propagating di-
rection (the displacement u) is symmetric with respect to y-axis but anti-symmetric
to z-axis. The other two displacement components v and w are respectively anti-
symmetric and symmetric with respect to y- and z-axis. The displacement distribu-
tion of the second mode is in contrast to that of the first mode. Its displacement u
is anti-symmetric with respect toy-axis but symmetric to z-axis. The displacement
components v and w are respectively symmetric and anti-symmetric with respect to
y- and z-axis.
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Figure 5: Phase velocity dispersion curves for the sinusoidally graded square rod.

The displacement distributions of guided waves at high frequencies are also investi-
gated. Figs. 8 and 9 show the displacement distributions of the second mode for the
linearly graded rectangular rod with d/h = 2 and sinusoidally graded rectangular
rod with d/h = 2 at kd = 6000. It is easily discovered that the displacements are
mainly concentrated in the vicinity of the four rod outer surfaces. For the linearly
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Figure 6: Displacement profiles of the first mode for the sinusoidally graded square
rod at kd = 3.
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graded rod, the displacements are more localized near the bottom surface, while
for the sinusoidally graded rod, the displacements are more concentrated around
the bottom and top surfaces. This means that the guided waves at high frequencies
propagate predominantly near the side with more steel phase. The reason lies in the
fact that the wave speed of the steel is lower than that of the silicon nitride.
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Figure 10: Dispersion curves for the linearly graded square rods with initial stress:
(a) frequency spectra; (b) phase velocity spectra.
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Figure 11: Variation of the frequency with respect to initial stress for the linearly
graded square rods: (a) at kh = 3; (b) the forth order mode at kh = 3.

Fig. 10 shows the frequency spectra and phase velocity spectra of the first four
order modes for the linearly graded square rods with different homogeneous initial
stresses. The curves reveal that the initial stress has a pronounced effect on the
dispersion curves. The effects of the compressive stress are contrary to those of the
stretch stress, and the effects are different for different modes. For the first three
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modes, a compressive stress makes the wave speed lower and a stretch stress makes
the wave speed higher. But a compressive stress makes the wave speed higher at
low frequencies for the forth modes. The effects of the initial stress on the disper-
sion curves are significant and become strong with the wavenumber increasing.

Fig. 11 illustrates the variation of the frequency with respect to initial stress for
the linearly graded square rods. We can notice that the relations of frequency vs.
initial stress are nonlinear and the varying trends of each mode are different. The
effects of the compressive stress and stretch stress are not always contrary. Like the
forth order mode, as showed in Fig. 11(b), the biggest frequency is at about initial
stress P = 0, both the compressive stress and stretch stress make the wave speed
and frequency lower.
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Figure 12: u displacement distributions at y = 0 for the first four modes of the
linearly graded square rod with initial stress.

Figs. 12 and 13 show the effects of the initial stress on the one dimensional u
displacement distributions at z = 0 and y = 0 for the first four modes of the linearly
graded square rods, respectively. We can notice that the effects of initial stress on
the u displacement distribution of the different modes are different, and the effects
of compressive stress and the stretch stress are contrary. At y = 0, the effect is
very small on the second mode and big on other three modes, and the effect is very
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Figure 13: u displacement distributions at z = 0 for the first four modes of the
linearly graded square rod with initial stress.

significant for high modes. At z = 0, the effect is very small on the first and third
modes and strong on other two modes.

4 Conclusions

An extended orthogonal polynomial approach is used to investigate the guided
waves propagation in functionally graded rods with rectangular cross-section un-
der initial stress based on the “Mechanics of Incremental Deformations”. Numer-
ical comparison of the dispersion curves with reference solutions shows that the
present approach is appropriate to solve the guided wave propagation problems in
2-D FGM structures. The dispersion curves and displacement distributions of var-
ious FGM rectangular rods are illustrated. Numerical examples indicate that both
the width to height ratio and the gradient function have significant influences on
the guided wave charateristics, and guided waves at high frequencies propagate
predominantly around the side with the material having lower wave speed. The
effects of the initial stress on the phase velocity dispersion curves are significant
and become strong with the wavenumber increasing. The effects of the compres-
sive stress are usually contrary to those of the stretch stress. The variation of the
frequency with respect to initial stress is nonlinear and the varying trend of each
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mode is different.

All these results can give theoretical guidance for nondestructive evaluation using
the ultrasonic wave generation devices, and we believe that the present approach
would be of interest in nondestructive testing evaluation and can deal with multi-
field coupled 2D structures and 2D structures with more complex cross sections.
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