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Investigation on a Two-dimensional Generalized Thermal
Shock Problem with Temperature-dependent Properties

Tianhu He1,2,3, Yongbin Ma2,3 and Shuanhu Shi3

Abstract: The dynamic response of a two-dimensional generalized thermoelas-
tic problem with temperature-dependent properties is investigated in the context of
generalized thermoelasticity proposed by Lord and Shulman. The governing equa-
tions are formulated, and due to the nonlinearity and complexity of the governing
equations resulted from the temperature-dependent properties, a numerical method,
i.e., finite element method is adopted to solve such problem. By means of vir-
tual displacement principle, the nonlinear finite element equations are derived. To
demonstrate the solution process, a thermoelastic half-space subjected to a thermal
shock on its bounding surface is considered in detail. The nonlinear finite element
equations for this problem are solved directly in time domain. The variations of
the considered variables are obtained and illustrated graphically. The results show
that the effect of the temperature-dependent properties on the considered variables
is to reduce their magnitudes, and taking the temperature-dependence of material
properties into consideration in the investigation of generalized thermoelastic prob-
lem has practical meaning in predicting the thermoelastic behaviors accurately. It
can also be deduced that directly solving the nonlinear finite element equations in
time domain is a powerful method to deal with the thermoelastic problems with
temperature-dependent properties.

Keywords: generalized thermoelasticity, thermal shock, finite element method,
thermal relaxation, temperature-dependent properties.

1 Introduction

In the classical coupled thermoelasticity proposed by [Biot (1956)], due to the dif-
fusive heat conduction equation, it predicts an infinite speed for heat propagat-
ing in elastic medium, which is physically unrealistic. To eliminate such inherent
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paradox, the generalized thermoelastic theories have been introduced by [Lord and
Shulman (1967)] and [Green and Lindsay (1972)] since 1960’s, which are abbre-
viated as L-S theory and G-L theory respectively. In L-S theory, a new wave-type
heat conduction law was postulated to replace the classical Fourier’s law. This new
law is the same as that suggested by [Cattaneo (1958)] and [Vernotte (1961)], which
contains the heat flux vector as well as its time derivative and also contains a new
constant that acts as a relaxation time. The L-S theory was later extended by [Dhali-
wal and Sherief (1980)] to the case of anisotropic media. The G-L theory modified
both the energy equation and the Duhamel-Neumann relation by introducing two
relaxation times, and also modified the heat conduction equation by introducing
the temperature-rate term, which doesn’t violate the Fourier’s heat conduction law
when the considered body has a center of symmetry. In both theories, the gov-
erning equations are of hyperbolic type, which can describe the so-called second
sound effect, i.e., heat propagates in medium with a finite speed.

Based on the generalized theories, a great deal of attention has been paid to inves-
tigate generalized dynamic problems. [Sherief and Dhaliwal (1981)] concerned a
one-dimensional thermal shock problem by the Laplace transform technique and
its inverse transform. [Sherief and Anwar (1994)] studied the thermoelastic prob-
lem of a homogeneous isotropic thick plate of infinite extent with heating on a part
of the surface by state space approach together with Laplace and Fourier integral
transforms and their inverse counterparts. [Dhaliwal and Rokne (1989)] solved a
thermal shock problem of a half-space with its plane boundary either held rigidly
fixed or stress-free and an approximate small-time solution was obtained by us-
ing the Laplace transform method. Chen and Weng proposed a hybrid Laplace
transform-finite element method to investigate the coupled transient behavior of
generalized thermoelastic problems, and they used this method to study the gen-
eralized thermoelastic response of a square cylinder with an elliptical hole [Chen
and Weng(1988)] and an axisymmetric circular cylinder[Chen and Weng(1989)]
respectively. Later, [He,Tian and Shen (2002)] and [Aouadi (2007)] developed this
method to deal with a two-dimensional problem of a thick piezoelectric plate with
infinite extent and a two-dimensional problem of a half-space in electromagneto-
thermoelasticity respectively.

The above investigations were carried out under the assumption that the material
properties are temperature-independent, which limit the applicability of the ob-
tained solutions to certain ranges of temperature. In general, material properties
such as the modulus of elasticity, Poisson’s ratio, the coefficient of thermal ex-
pansion and the thermal conductivity etc. would vary with temperature, which
in turn influence the thermoelastic coupling behaviors. To explore the effect of
temperature-dependent properties on generalized dynamic problems, [Ezzat, El-
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Karamany and Samaan (2004)] investigated thermoelastic problems with the mod-
ulus of elasticity dependent with temperature. [Aouadi (2006)] studied the effect
of temperature dependence of the modulus of elasticity on the solutions in gen-
eralized thermo-piezoelectricity. [Othman and Song (2008); Othman and Kumar
(2009)] worked on the reflection of magneto-thermoelasticity waves under the ef-
fect of temperature-dependent properties in generalized thermoelasticity. [Othman
and Lotfy (2009)] dealt with a two-dimensional problem of generalized magneto-
thermoelasticity with temperature-dependent elastic moduli for different theories.
In their works, the properties were assumed as a linear function of reference tem-
perature instead of real-time temperature.

In present work, a two-dimensional generalized thermoelastic problem with tempe-
rature-dependent properties is investigated in the context of L-S theory. The prop-
erties are assumed to be dependent with the real-time temperature instead of the ref-
erence temperature, which result in a system of nonlinear governing equations. To
solve such nonlinear generalized thermoelastic problem, finite element method is
adopted, and the nonlinear finite element equations are derived by means of virtual
displacement principle. To set an example, a thermoelastic half-space subjected to
a thermal shock is concerned in detail. It should be noted that the derived nonlinear
finite element equations are solved directly in time domain.

2 Basic Equations

In the absence of body force and inner heat source, the L-S type generalized ther-
moelastic governing equations are

σi j, j = ρ üi (1)

σi j = ci jklεkl−ai jθ (2)

η = aklεkl +νθ (3)

εi j =
1
2
(ui, j +u j,i) (4)

qi,i =−T0η̇ (5)

qi + τ q̇i =−κi jθ, j (6)

From Eqs. (3), (5) and (6), we can arrive at

κi jθ,i j = T0

(
1+ τ

∂

∂ t

)(
νθ̇ +akl ε̇kl

)
(7)

In the above equations, a superimposed dot denotes the derivative with respect to
time, a comma followed by a suffix denotes material derivative and the summation
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convention is used. σi j are the components of the stress tensor, εi j the components
of the strain tensor, ui the components of displacement vector, ci jkl the elastic con-
stants, ai j the thermal moduli, κi j the coefficients of thermal conductivity, η the
entropy density, qi the components of heat flux vector, τ the thermal relaxation
time, θ = T − T0 the temperature increment, T the absolute temperature, T0 the
initial reference temperature, ν = ρCE

/
T0, ρ the mass density, CE the specific heat

at constant strain. Once τ = 0, the L-S theory reduces to the classical coupled
thermoelasticity.

For the isotropic case, Eqs. (2) and (7) reduce to

σi j = 2µεi j +(λe− γθ)δi j (8)

κθ,ii = T0

(
1+ τ

∂

∂ t

)(
νθ̇ + γ ė

)
(9)

where λ , µ are Lame’s constants, e = εkk is the cubical dilatation, γ = (3λ +2µ)αt

and αt is the coefficient of linear thermal expansion.

For the temperature-dependent material properties, we assume

λ = λ0 f1 (θ) , µ = µ0 f2 (θ) , κ = κ0 f3 (θ) (10)

where λ0, µ0 and κ0 are constants, fi (θ)(i = 1,2,3) are given non-dimensional
functions of temperature. In case of temperature-independent properties, fi (θ)≡ 1
and λ = λ0, µ = µ0 as well as κ = κ0. Except the properties in (10), the other
material properties are assumed to be independent of temperature.

[Rishin, Lyashenko, Akinin and Nadezhdin (1973)] investigated the relationship
between modulus of elasticity of several sprayed coatings and temperature, and
they reported the modulus of elasticity decreases monotonically with the increasing
of temperature. For simplicity and without loss of generality, we assume

fi (θ) = f (θ) = 1−αθ (i = 1,2,3) (11)

where α is an empirical material constant.

In view of Eqs. (10) and (11), from Eqs. (1)-(6), we can obtain the partial differen-
tial governing equations for isotropic thermoelastic problems as{
[µ0 (ui, j +u j,i)+λ0eδi j− γ0θδi j] (1−αθ)

}
, j = ρui,tt (12)

T0 [γ0 (1−αθ)e+ vθ ],t +T0τ [γ0 (1−αθ)e+ vθ ],tt = κ0 [(1−αθ)θ,i],i (13)

where a comma followed by suffix t denotes the derivative with respect to time.
Once α = 0, the above equations reduce to the case of temperature-independence of
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material properties. If the initial conditions and the boundary conditions are given,
Eqs. (12)-(13) can be supplemented to solve concrete thermoelastic problems.

Though there are a variety of computational methods as presented by [Dong, Mo-
hiuddine and Atluri (2014)] may be used to solve problems in multidisciplinary
engineering and sciences, for the generalized dynamic thermoelastic problems,
generally speaking, the integral transform techniques are often adopted to solve
such problems. In case of one-dimensional problems, the Laplace transform to-
gether with its inverse transform can be used to get the solutions [Sherief and
Dhaliwal (1981)], while in case of two-dimensional problems, both Laplace and
Fourier transforms and their inverse counterparts have to be employed simulta-
neously to obtain the solutions [Sherief and Megahed (1999)]. Alternatively, the
hybrid Laplace transform-finite element method as presented in [Chen and Weng
(1988,1989)] can also be used to solve such problems. Unfortunately, as pointed
out by [Tian and Shen (2005); Tian, Shen, Chen and He (2006)], the above methods
encounter a defect, i.e., loss of the calculation precision. To overcome such defect,
[Tian and Shen (2005); Tian, Shen, Chen and He (2006)] suggested that the general-
ized dynamic thermoelastic problems could be solved by finite element method and
the corresponding finite element equations can be solved in time domain directly. In
their work, the obtained results show a higher calculation precision. Nevertheless,
for the generalized dynamic thermoelastic problems with temperature-dependent
properties, due to the nonlinearity and complexity of the governing equations, it
seems a big challenge to get the solutions of such problems by means of the inte-
gral transform techniques or the hybrid Laplace transform-finite element method.
Fortunately, encouraged by the works of [Tian, Shen, Chen and He (2006); Xiong
and Tian (2011a); Xiong and Tian (2011b)], we are about to formulate our prob-
lem by finite element method and directly solve the corresponding nonlinear finite
element equations in time domain.

3 Finite Element Formulations

To get the finite element equations, we rewrite Eqs. (2) and (3) in vector form as

{σ}= [c]{ε}−{a}θ

η = {a}T {ε}+ν θ
(14)

and the modified Fourier’s law in Eq. (6) as

{q}+ τ {q̇}=− [κ]
{

θ
′} (15)

where θ ′ = θ ,i.
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The considered object can be divided into elements and nodal points and any vari-
able in an element can be approximated by the values of the nodal points of the
element together with shape functions. To this end, we introduce two sets of shape
functions [Ne

1 ] and {Ne
2}, and the displacement {u} and the temperature θ on the

element level can be expressed respectively as

{u}= [Ne
1 ]{ue} , θ = {Ne

2}
T {θ e} (16)

In terms of εi j = (ui, j +u j,i)
/

2 as well as θ ′ = θ ,i, it yields

{ε}= [B1]{ue}
{

θ
′}= [B2]{θ e} (17)

where [B1] and [B2] relate respectively to the first order derivative of component
in [Ne

1 ] and {Ne
2} with respect to material coordinates, and they can be explicitly

specified once the components of [Ne
1 ] and {Ne

2} are given.

The variational form of Eq. (17) is

δ {ε}= [B1]δ {ue} δ
{

θ
′}= [B2]δ {θ e} (18)

In the absence of body force, the virtual displacement principle of the generalized
thermoelastic problems in the context of L-S theory can be formulated as∫

V
[σi jδεi j +(qi + τ q̇i)δθ,i−T0 (η̇ + τ η̈)δθ ]dV

=−
∫

V
ρ üiδuidV +

∫
Aσ

F̄iδuidA+
∫

Aq

q̄δθdA
(19)

where F̄i represents the components of traction vector, and q̄ the heat flux vector.
Substituting Eqs. (14)-(18) into Eq. (19), we arrive at[

Me
mm 0

Me
θm Me

θθ

]{
üe

θ̈ e

}
+

[
0 0

Ce
θm Ce

θθ

]{
u̇e

θ̇ e

}
+

[
Ke

mm −Ke
mθ

0 Ke
θθ

]{
ue

θ e

}
=

{
T e

m
−T e

θ

}
(20)

where

[Ke
mm] =

∫
V
[B1]

T [c] [B1] dV [Ke
mθ ] =

∫
V
[B1]

T {a}{Ne
2}

T dV

[Ke
θθ ] =

∫
V
[B2]

T [κ] [B2] dV [Ce
θm] =

∫
V

T0 [Ne
2 ]{a}

T [B1] dV

[Ce
θθ ] =

∫
V

T0 [Ne
2 ] ν {Ne

2}
T dV [Me

θm] =
∫

V
T0 [Ne

2 ] τ {a}T [B1] dV

[Me
θθ ] =

∫
V

T0 [Ne
2 ] τ ν {Ne

2}
T dV [Me

mm] =
∫

V
[Ne

1 ]
T

ρ [Ne
1 ] dV

{T e
m}=

∫
Aσ

[Ne
1 ]

T {F̄} dA {T e
θ }=

∫
Aq

[Ne
2 ] q̄ dA
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Due to the temperature-dependent properties, the matrix of elastic constants [c], the
vector of thermal moduli {a} and the matrix of the coefficients of thermal conduc-
tivity [κ] are correspondingly temperature-dependent. Thus, the mass matrix, the
damping matrix and the stiffness matrix in Eq. (20) are also temperature-dependent,
which results in Eq. (20) a nonlinear finite element equation.

To get the solutions in time domain, one of the direct integration methods, the New-
mark’s method, labeled as implicit method, is applied to formulating the recursive
formula from Eq. (20) for solutions. The considered period S is sub-divided into
n intervals of length ∆t = S/n and solution for each timestep ∆t, 2∆t, 3∆t, . . . , S is
established. Due to the nonlinearity of the mass matrix, the damping matrix and the
stiffness matrix in Eq. (20), the set of equations included in the recursive formula
is nonlinear. In essence, the problem is materially nonlinear, thus, the modified
Newton-Raphson (mNR) iteration method is adopted to obtain the solutions of the
system of nonlinear equations at each timestep. In mNR method, the tangential
stiffness matrix is formed and decomposed at the beginning of each step and used
throughout the iterations, avoiding the formulation of the tangential stiffness matrix
as well as its inverse matrix in each iteration step.

4 Numerical Results and Discussions

To demonstrate the above process of solution, we consider a thermoelastic half-
space. The schematic of the considered half-space as well as the applied thermal
shock on its bounding surface is shown in Fig.1(a). The bounding surface is as-
sumed to be traction free, and the thermal shock has the following form

θ = θ0H (t)H (L−|y|) (21)

where H (·) is the Heaviside unit step function and θ0 is a constant.

Assume the half-space is initially at rest, so that, the initial conditions are

u = υ = θ = 0 at t=0, u̇ = υ̇ = θ̇ = 0 at t=0 (22)

Due to the symmetries of geometrical shape and thermal load, the problem can
be treated as a plane strain problem and only half of the half-space needs to be
considered. The model for simulation is shown in Fig.1(b), where OABC outlines
the region for implementing the simulation and OD represents the region within
which the thermal shock is applied. The boundary conditions of the problem are
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Figure 1: The schematic of the half-space.

assumed to be

x = 0, θ = θ0H (t)H (L−|y|) , σx = τxy = 0

y = 0, υ = 0,
∂σx

∂y
= 0,

∂θ

∂y
= 0

x = Lx, y = Ly, u = υ = θ = 0

(23)

In order to simplify the simulation, the following non-dimensional variables are
introduced in the calculation.

x∗i = c1η1xi, u∗i = c1η1ui, t∗ = c2
1η1t, τ

∗ = c2
1η1τ

θ
∗ =

θ

T0
, σ

∗
i j =

σi j

µ0
, η1 =

ρCE

κ0
, c2

1 =
λ0 +2µ0

ρ

To carry out the simulation, we take τ = 0.02, T0 = 293K, θ0 = 1, OD=0.2, Lx = 2.5
and Ly = 3.0. The half-space is taken as copper material and the temperature-
independent material parameters of copper material are given as follows

λ0 = 7.76×1010Nm−2, µ0 = 3.86×1010Nm−2

αt = 1.78×10−5K−1, η1 = 8886.73sm−2

CE = 383.1Jkg−1K−1, ρ = 8954kgm−3

In the calculation, we will reveal how the considered variables change with time
tand the temperature-dependent properties. To this end, two values of time (i.e.,
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t = 0.05 and 0.1) and two values of α (i.e., α = 0.0 and 0.002) are considered
and four different combinations of t and α are set. Comparisons are made between
the results obtained in case of α = 0 and those in case of α = 0.002. The non-
dimensional distributions of the considered variables are obtained and illustrated in
Figs. 2-8 respectively.
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Fig.2: Distributions of the non-dimensional temperature   along axis-x 

 

Figure 2: Distributions of the non-dimensional temperature θ along axis-x.

Fig. 2 shows the distributions of the non-dimensional temperature along axis-x. As
shown, for the same α , the temperature increases with the increase of time; for the
same time, the temperature decreases with the increase of α . At x=0, the value of
temperature is 1.0, which is consistent with the amplitude of the applied thermal
shock θ0.

Fig. 3 shows the distributions of the non-dimensional temperature along axis-y. As
seen, the values of temperature remain constant within y∈ [0, 0.2], which coincides
with the applied thermal shock. Outside y∈ [0, 0.2], the temperature increases with
the increase of time for the same α while decreases with the increase of α for the
same time.

Fig. 4 shows the distributions of the non-dimensional displacement u along axis-x.
Due to the applied thermal shock, the half-space undergoes thermal expansion de-
formation. As shown, the induced displacement varies continuously from negative
to positive till zero, and the negative-positive region transfers dynamically with the
passage of time. The magnitude of displacement decreases with the increase of α

for the same time while increases with the increase of time for the same α .
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Fig.5 shows the distributions of the non-dimensional displacement u along axis-y. 

As observed, the horizontal displacement along axis-y varies from negative to 

zero, and the magnitude of the displacement u increases with the increase of time 

for the same   while decreases with the increase of   for the same time. 

Fig.6 shows the distributions of the non-dimensional displacement  along axis-y. 

Figure 4: Distributions of the non-dimensional displacement u along axis-x.
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Fig.8: Distributions of the non-dimensional stress y along axis-y 
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Figure 8: Distributions of the non-dimensional stress σy along axis-y
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Fig. 5 shows the distributions of the non-dimensional displacement u along axis-y.
As observed, the horizontal displacement along axis-y varies from negative to zero,
and the magnitude of the displacement u increases with the increase of time for the
same α while decreases with the increase of α for the same time.

Fig. 6 shows the distributions of the non-dimensional displacement υ along axis-y.
As seen, the magnitude of the vertical displacement along axis-y increases with the
increase of time for the same α while decreases with the increase of α for the same
time.

Fig. 7 shows the distributions of the non-dimensional stress σx along axis-x. As
shown, the non-dimensional stress σx along axis-x is compressive. With the in-
crease of α , for the same time the magnitude of σx decreases.

Fig. 8 shows the distributions of the non-dimensional stress σy along axis-y. As
seen, the non-dimensional stress σy along axis-y is compressive. With the increase
of α , for the same time the magnitude of σy decreases.

From Figs. 2-8, it can be found that the non-zero values of all the considered
variables are only in a bounded region, which is dominated by the nature that heat
wave and thermoelastic wave propagate with finite speeds respectively.

5 Conclusions

The dynamic response of a two-dimensional generalized thermoelastic problem for
a half-space with temperature-dependent properties is investigated in the context of
L-S generalized thermoelastic theory. The obtained results show that

(1) Due to the finite speeds of heat wave and thermoelastic wave, the non-zero
values of all the considered variables are only in a bounded region.

(2) The temperature-dependent properties actually influence the variations of the
considered variables and their overall effects act to reduce the magnitudes of the
considered variables.

(3) Directly solving the nonlinear finite element equations in time domain is a pow-
erful method to investigate the thermoelastic problems with temperature-dependent
properties.

(4) In the investigation of thermoelastic problems, taking the temperature-dependent
properties into consideration has practical meaning in the accurate prediction of the
thermoelastic behaviors.
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