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Finite Element Modeling of Compressive Deformation of
Super-long Vertically Aligned Carbon Nanotubes
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Abstract: The super-long, vertically aligned carbon nanotubes (SL-VACNTs)
are novel carbon nanomaterial produced from template-free synthesis. The me-
chanical responses of such material have been investigated by continuum finite
element modeling and compared with experimental observations. The crushable
foam model has been adequate in modeling the stress-strain curve and deformation
of the SL-VACNTs under compression. SL-VACNTs are seen to exhibit transient
elastic deformation at small displacement and then plastic deformation at large dis-
placement. The deformation mostly occur at the position immediately beneath the
compression platen (indenter face) due to the high stress/strain concentrations.

Keywords: Vertically aligned carbon nanotubes, Stress-strain, Finite element mod-
eling, Compression.

1 Introduction

Vertically aligned carbon nanotubes (VACNTs) have been generally synthesized
with the aids of various templates. Terrones et al. have grown the first VACNTs
by depositing the carbon sources in linear tracks in a silica template [Terrones et
al. (1997)]. de Heer et al. have made the carbon nanotubes through the use of an
aluminum oxide micropore filter, a template used to align the nanotubes [de Heer
et al. (1995)]. Recently, template-free synthesis has been used to produce the VAC-
NTs [Ishigami et al. (2008); Bajpai et al. (2004); Chen et al. (2010)]. In a typical
template-free synthesis, hydrocarbon vapor is passed through a high temperature
reaction chamber in which a catalyst material has been introduced. Decomposi-
tion of hydrocarbon would take place, which leads to the formation /growth of
nanotubes. Compared the template synthesis, the template-free synthesis is more
effective in producing larger scale and taller nanotubes, so called super-long VAC-
NTs (SL-VACNTs).
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SL-VACNTs can have the size as large as several square centimeters and the height
as tall as several millimeters or centimeters, and have found a wide range of appli-
cations in areas such as the electrical interconnects [Kreupl et al. (2002)], thermal
interfaces [Cola et al. (2009)], energy dissipation devices [Liu et al. (2008)], and
microelectronic devices [Fan et al. (1999)]. SL-VACNTs can also be grown on
non-planar substrates, i.e., the rounded carbon fibers. SL-VACNTs on carbon fibers
have had significant potentials in aerospace and space applications. They have
added multi-functionality to traditional composites [Baur and Silverman (2007);
Ci et al. (2008); Zhang et al. (2009)], improved the fiber-matrix interface strength
[Sager et al. (2009); Patton et al. (2009)], and used as flow or pressure sensors on
micro air vehicles [Zhang et al. (2010)].

Compared to the template grown VACNTs that exhibit discrete structures [Li et
al. (1999); Joseph and Lu (2013)], the template-free grown SL-VACNTs are more
continuum type materials (Figure 1). The mechanical properties and deformation
behaviors of the super-long VACNTs have been investigated experimentally, mostly
through the various nanomechanical tests [Mesarovic et al. (2007); McCarter et al.
(2006); Pathak et al. (2009); Patton et al. (2009)]. To measure the elastic response
of the SL-VACNTs, an indenter of either three-face pyramidal shape (Berkovich
indenter) or parabolic shape (spherical indenter) has been used to compress the
specimen and then withdrawn from it. The indentation load-depth curves are ob-
tained and then analyzed following the standard Oliver-Pharr method [Oliver and
Pharr (1992)]. The modulus and hardness of the SL-VACNTs have been obtained.

In contrast with the extensive experimental work, little analytical or computational
effort has been given towards the study of such SL-VACNTs, partially due to their
complex microstructures. This paper presents the modeling of SL-VACNTs by
using continuum mechanics approach. The SL-VACNTs were treated as foam-like
materials and modeled using continuum solid finite elements.

2 Procedures

2.1 Experimental

The present SL-VACNTs were synthesized by low pressure chemical vapor deposi-
tion of acetylene on planar SiO2/Si wafers. The catalyst coated wafers were placed
inside the quartz tube furnace at 750◦C. The pressure in the furnace chamber was
maintained at 10 mTorr. The growths of the nanotube arrays were achieved by
flowing a mixture gases of 48% Ar, 28% H2, 24% C2H2 at 750◦C for 10-20 min.

The mechanical behaviors of the SL-VACNTs were characterized in compression
mode, with an in-situ nanoindenter equipped inside the scanning electron micro-
scope (SEM). The indenter used was a 100 µm diameter flat-faced cylinder, with a
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Figure 1: (Left) Template grown vertically aligned carbon nanotubes and (Right)
template-free grown super-long vertically aligned carbon nanotubes.
(The image in the left was reprinted with permission from Appl. Phys. Lett. 75,
367, 1999. Copyright 1999 American Institute of Physics.)

polished contact face. The cylindrical indenter was attached to a strain-gage based
load cell, which was connected in series to a piezoelectric actuator. The piezoelec-
tric actuator provided displacement control with sub-nanometer resolution. Resul-
tant forces were measured through the load cell. Load and displacement data were
recorded and used to compute the stress and strain. During the test, high resolu-
tion SEM images were acquired between displacement intervals, which allowed for
observing the deformation of the SL-VACNTs under compression.

Finite element modeling

The mechanical responses and deformation process of the SL-VACNTs were sim-
ulated using the finite element method, in which the SL-VACNTs were treated as
continuum solids. The commercial nonlinear finite element (FE) code ABAQUS
was used (ABAQUS, 2012). The specimen was modeled with second order, 8-node
axisymmetric elements and the indenter modeled with rigid surface. The contact
between specimen and indenter was treated as frictionless. The base of the speci-
men was completely constrained while the nodes along the center line constrained
in the horizontal direction. A vertical described displacement was applied to the
rigid surface through a reference node and the reactant force was calculated.

The SL-VACNTs were treated as open-cell, foam-like materials and modeled with
the foam plasticity model developed by Deshpande and Fleck (Deshpande and
Fleck, 2000). This model has been implemented in ABAQUS as the crushable
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foam model, in which the yield function φ is defined by

Φ≡ σ −Y ≤ 0 (1)

where the equivalent stress σ is given by

σ = { 1
[1+(α/3)2]

[σ2
Mises +α

2P2]}1/2 (2)

where σMises is von Mises effective stress and P is the pressure stress. α is the
shape factor of the yield surface, which can be calibrated by using the experimental
stress-strain responses of the SL-VACNTs . In the limit α=0 in Equation (1), σ

reduces to σMises, the conventional von Mises yield criterion. The symbol Y in
Equation (1) refers to the uniaxial yield strength in tension or compression.

The Arbitrary Lagrangian-Eulerian (ALE) adaptive meshing technique was used to
deal with the severe distortion of elements which occurred in the large displacement
indentation. The ALE method was used to allow the mesh to move independently of
the underlying material during the simulated penetration, and thus prevent the anal-
ysis from terminating as a result of severe mesh distortion. These adaptive meshing
procedures have been used for simulating the superplastic forming of metals as
well as the explosive deformation of materials under blast loading, which involve
large amount of noncoverable deformation [Gakwaya et al. (2011); Voyiadjis and
Foroozesh (1991); Souli et al. (2012)].

For comparative purpose, the indentation process of a dense solid was also mod-
eled. The solid was treated as a power-law work-hardening, elastic-plastic solid, as
described in detail elsewhere [Lu and Shinozaki (2008)]. The constitutive behavior
of the power-law work-hardening, elastic-plastic solid were modeled as a piecewise
linear/power-law hardening relation

σ =

{
Eε for σ ≤ σy

Y ( ε

εy
)n for σ > σy

(3)

where “σ” and “ε” were the applied stress and strain; “Y” and “εy” the material
yield stress and strain; “E” the Young’s modulus; and “n” the strain hardening
exponent describing the post-yield material behavior as a power law relation. The
plasticity was modeled by a standard von Mises (J2) flow criterion.

3 Results and discussion

3.1 Stress-strain Responses of SL-VACNTs

Figure 2 shows the stress-strain response of the super-long, vertically aligned car-
bon nanotubes through compression test and finite element simulation. The calcu-
lated stress-strain curve is similar to the one measured in the experiment. Results
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reveal that the material initially deforms elastically with the applied load on the
compression platen (indenter), and yields at some point as the applied load is in-
creased. The plateau region indicates the plastic collapses of carbon nanotubes
beneath the indenter face. Such collapse allows the strain increase while the stress
stays approximately constant. A series of “load-drop” in the plateau regions is
observed, which corresponds to the folding of additional carbon nanotubes.

The uniaxial yield strength, or the critical bucking stress, Y, is determined by ex-
trapolating the stress-strain curve back to zero displacement (d=0). The magnitude
of Y so obtained for the present SL-VACNTs is approximately 6.2 MPa.

Figure 2: Compressive stress-strain response of the super-long SL-VACNTs (height
≈ 1100 µm) obtained from experiment and finite element simulation.

3.2 Deformation of Super-long SL-VACNTs

The deformation process of the SL-VACNTs can be analyzed by using the finite
element method. Figure 3 shows the contours of the 1st principle stress (σ1) for
foam-like SL-VACNTs and dense polymer, respectively. σ1 is defined by σ1 =

σr+σz
2 +

[(
σr−σz

2

)2
+ τ2

rz

]1/2
and σr, σz, and τrz are the radial, normal and shear

stresses in the cylindrical polar coordinates.

It is observed that the stress distribution of SL-VACNTSs under compression is
distinctly different from that of solid polymers. For a dense, solid polymer, the
distribution of the stress (σ1) under the flat indenter is in a hemi-spherical shape.
The size (elastic-plastic boundary) of the stress field approximates the diameter of
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the indenter (2a), as illustrated by the cavity model described Johnson (1985). In
contrast, the stress field (σ1) for the foam-like SL-VACNTSs under the flat indenter
is much smaller. The stress is primarily concentrated right beneath the indenter
face and does not get extended to far field.

 

 

 

 

 

 

 

 

 
  

 

 

Figure 3: Contours of 1st principle stress under compression: (left) a super-long,
vertically aligned carbon nanotubes and (right) a dense, solid material.

Figure 4 shows the compressive deformation of the SL-VACNTs under a flat in-
denter. The simulation is in close agreement with the experimental observation.
The early stage of penetration is dominated by the elastic deformation, as reveled
by larger slope in the stress-strain curve (Figure 2). Larger slope indicate that the
SL-VACNTs have greater stiffness initially. Further compression of the indenter
results in the plastic collapse of the carbon nanotubes beneath the indenter head
(Figure 4). The measured stiffness thus decreases with increasing depth of inden-
tation. Observations show that the plastic collapse of the nanotube arrays is limited
in extent to the zone directly underneath the indenter face where the principal stress
is large (Figure 3). The size of this collapsing zone is much smaller as compared to
the typical hemi-spherical shaped plastic zones occurred on dense, solid materials,
such as polycarbonate [Wright et al. (1992)] and polyethylene [Lu and Shinozaki
(1998)]. The nanotubes outside the collapsing zone are seen to exhibit no fracture
or tearing.
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Figure 4: Compressive deformation of SL-VACNTs under a flat indenter obtained
from experiment and finite element simulation.

Figure 5 show the resultant equivalent plastic strain (εeq) in the SL-VACNTs at

various compression depths. εeq is defined by εeq =
√

2
3(ε

2
1 + ε2

2 + ε2
3 ) and ε1,ε2,ε3,

are the principal strains. For εeq >0, the material has yielded. For SL-VACNTs or
foam-like materials, the highest strain is seen to occur right beneath the indenter
face. The shape of this strain concentration zone is much narrower, as opposed
to a large, hemispherical zone observed in the elastic materials [Lu and Shinozaki
(1998)]. All these suggest that the SL-VACNTs would deform/fold right before the
indenter face, consistent with the experimental observation (Figure 4).
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Figure 5: Distributions of equivalent plastic strain (εeq) in SL-VACNTs under var-
ious compression depths.
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3.3 Effect of Areal Density of CNT arrays

The effect of density on mechanical responses of the foam-like SL-VACNTs is
investigated. The SL-VACNT were again treated as open-cell foam materials. Ac-
cording to Gibson and Ashby (1997), the relevant elastic modulus (E) and plastic
yield strength (Y) scale with the density (ρ) for the open-cell foams:

E = α(
ρ

ρ0
) (4)

Y = β (
ρ

ρ0
) (5)

where ρ0 is the reference density and α and β are scaling coefficients.

In present study, the effect of density was examined by varying the elastic modulus
and yield strength of the SL-VACNTs as: E/ E0=1, 0.8, 0.6, 0.4 and Y/ Y0=1, 0.8,
0.6, 0.4, where E0 and Y0 are the elastic modulus and yield strength of the original
SL-VACNTs . The stress-strain responses of the SL-VACNTs at various density
ratios are shown in Figure 6. As the density decreases, the SL-VACNTs become
more compliance.

 

Figure 6: Compressive stress-strain responses of the super-long SL-VACNTs with
varying densities obtained from the finite element modeling.

4 Conclusions

The mechanical behaviors of the super-long, vertically aligned carbon nanotubes
(SL-VACNTs) have been characterized using compression test and finite element
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modeling. Both experimental and FE results show that the SL-VACNTs exhibit a
transient elastic deformation at small displacement and then steady sate plastic de-
formation at large displacement. Experiment results and finite element simulations
have shown that the sizes of stress/strain zones under the compression platens are
much smaller in foam-like SL-VACNTs, as opposed to much larger, hemispherical
stress/strain zones observed in the dense solids. Under compression, the nanotube
cells collapsed plastically immediately beneath the indenter, a region of the high-
est stress/strain. The stress-strain responses of the SL-VACNTs are sensitive to the
densities of the materials.
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