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Optimal Analysis for Shakedown of Functionally Graded
(FG) Bree Plate with Genetic Algorithm

H. Zheng1,2, X. Peng1,2,3,4 and N. Hu1,3,5

Abstract: The Shakedown of a functionally graded (FG) Bree plate subjected
to coupled constant mechanical loading and cyclically varying temperature is an-
alyzed with more accurate approaches and optimized with the genetic algorithm
method. The shakedown theorem takes into account material hardening. The vari-
ation of the material properties in the thickness of a FG Bree plate is characterized
with a piecewise exponential distribution, which can replicate the actual distribu-
tion with sufficient accuracy. In order to obtain the best distribution of the mechan-
ical properties in the FG plate, the distribution of the reinforcement particle volume
fraction is optimized with the genetic algorithm (GA). Two numerical examples are
presented, which demonstrate the validity of the developed method in the analysis
of the shakedown of the FG Bree plate.

Keywords: Functionally graded Bree plate, Coupled thermal-mechanical load-
ing, Shakedown, Optimization, Genetic algorithm.

1 Introduction

The rapid development of aircraft and space technologies requires materials to work
in more and more severe environments, such as high and varying temperature with
large temperature gradients. With the distributions of the thermal and mechanical
properties properly designed according to the requirements in practical application-
s, functionally graded materials (FGMs) play an irreplaceable role in improving the
performance of the composite materials. The gradient distribution of the thermal
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and mechanical properties in composites, induced by the change in the distribu-
tion of the reinforcement phase, endues FGMs with excellent adaptability to severe
loading and environment conditions [Lee (1994)].

The development achieved in recent years implies the great potential of FGMs in a
wide range of thermal, biomedical and structural applications [Suresh et al. (1998);
Watari et al. (2004); Reddy (2011); Qiu et al. (1999); Tani et al. (2001)], and the
plate structures made of FGMs have also been widely used in practical engineer-
ing. Great progress has been made in the research in the mechanical properties of
Functionally graded plates (FGPs), such as buckling, bending and vibration [Fel-
doman et al. (1997); Na and Kim (2006); Aghabaei and Reddy (2009); Altenbach
and Eremeyev (2009); Wu and Huang (2009)], crack and thermal fracture [Wang
et al (2000); Guo et al. (2005)], transient thermal stress [Cheng et al. (2000); Vel
et al. (2002, 2003); Andrew et al. (2010)], static and dynamic responses [Zhong et
al. (2003); Elishakoff et al. (2005); Gilhooley et al. (2007)], shakedown analysis
[Peng et al. (2009a, b)], etc.

On the other hand, the concept of FGMs also provides possibilities for optimizing
the microstructure parameters of composites to achieve high performance and bet-
ter utilization of materials [Noda (1990)]. The design of the distributions of the
thermal and mechanical properties in FGMs has always been an important topic of
research since the concept of FGMs was proposed. It is largely due to the excellent
and unique advantages of FGMs, for instance, the combination of the advantages
of different materials, the compatibilities between different materials and the good
adaptability to various environments [Parashkevova (2004)]. In the past decade,
considerable attention has been devoted to FGM representations (Computer-Aided
Design), design validation (Computer-Aided Engineering), fabrication (Computer-
Aided Manufacturing) and material heterogeneity optimization [Kou (2012)].

In the development of modern structures, optimization is one of the most essen-
tial topics in the development of FGMs. Markworth and Saunders (1995) opti-
mized the ceramic/metal composition with certain constraints to maximize or min-
imize the heat flux through the materials, where the normal thermal stress profiles
were calculated and some unusual behavior was found. Ootao et al. (1999) op-
timized the composition in an inhomogeneous hollow sphere with arbitrarily dis-
tributed and continuously varying material properties with a neural network ap-
proach. Cho and Ha (2002)optimized the volume fraction of Al2O3 particles in a
Ni/Al2O3composite to minimize the steady state thermal stress, in which the interi-
or penalty-function method and the golden section method were employed, together
with finite differential method for the sensitivity analysis and an appropriate ma-
terial property estimation for calculating the thermo-mechanical properties in the
graded layer. Chen and Tong(2005) presented a systematic numerical technique
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to perform sensitivity analysis of coupled thermo-mechanical problems. General
formulations were presented based on finite element model by making use of the
direct and the adjoint methods.

The initial progress in the analysis of the shakedown of the FG Bree plate, which is
subjected to the coupled constant mechanical loading and cyclically varying tem-
perature loading, has been reported in the authors’ previous papers [Peng et al.
(2009a,b); Zheng et al. (2012)]. Different from our previous work, in this paper we
focus on the optimal distribution of the reinforcement particles in the FG Bree plate,
for the purpose to enhance the capability of the FG plate to bear cyclic thermal load-
ing. In order to achieve a more accurate result, we characterize the distribution of
the material properties in the thickness of a FG Bree plate with a piecewise ex-
ponential distribution [Guo et al. (2007)], and the effective mechanical property
of a material element of the FG plate is evaluated with a double-inclusion mean
field approach [Ju et al. (1994)]. Recent developments of "Computational Grains"
also enable a direct simulation of a large number of inclusions for composite or
FGM, without FEM meshing of inclusions/matrix [Dong, et al. (2012a,b; 2013)].
In order to achieve the best shakedown capability of the FG plate, the distribution
of reinforcement particles is optimized with the Genetic Algorithm (GA) [Caval-
canti et al. (1997); Chen et al. (2000); Cho et al, (2004); Huang et al. (2002);
Khalil et al. (2004); Kou et al. (2006, 2009); Praveen et al. (1998); Wadley et al.
(2003); Williams et al. (2005)]. The optimization model for the shakedown of the
FG plate is programmed in MATLAB. Two numerical examples are presented to
demonstrate the validity of the proposed approach.

2 Constitutive model, static and kinematic shakedown theorems

Assuming small deformation, for initially isotropic and plastically incompressible
materials, the constitutive model adopted can be expressed as

εi j = ε
e
i j + ep

i j + ε
θ
i j, (1)

where εi j is strain, εe
i j,e

p
i j and εθ

i j are its elastic, plastic and thermal components,
respectively, which are determined with

ε
e
i j =

1
E
[(1+ v)σi j− vσkkδi j] , ε

θ
i j = α(θ −θ0)δi j, dep

i j = dλ si j (2)

where E, ν and α are the Young’s modulus, the Poisson’s ratio and the coefficient of
linear expansion, respectively, σi j and si j are stress and its deviatoric component, θ

andθ0 are temperature and reference temperature, respectively, δi j is the Kronecker
delta, and [Peng et al., (1996)]

dλ = dζ
/[

f (λ )s0
y
]

with dζ =
√

dep
i jdep

i j (3)
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s0
y is a material constant related to initial yield and f (λ )> 0 is a function describing

the hardening of material. It can be seen that dλ is non-negative in any plastic
deformation process. The following hardening function is adopted in analysis,

f (λ ) = d− (d−1)e−βλ , with f (0) = 1 and d ≥ 1 (4)

It can be seen in Eqs.(3) and (4) that f (λ ) increases with the development of plas-
tic deformation and tends to an asymptotic value d corresponding to the ultimate
strength σy = d ·σ0

y as plastic deformation fully develops when λ →∞, indicating a
saturated state of hardening. Substituting Eq. (3) into Eq. (2)3 yields the following
Mises-type yield condition

si jsi j =
[

f (λ )s0
y
]2
. (5)

Introducing the following loading function

F (si j, k) =
√

si jsi j− ks0
y , with 1≤ k ≤ d (6)

It can be seen that any state of stress should satisfy F (si j,k)≤ 0, and F (si j,k) = 0
defines a loading surface.

Given a set of actual stress and hardening states, si j and k, and a set of allowable
stress and hardening states, s∗i j,k

∗, which satisfy

F (si j, k) = 0, 1 ≤ k ≤ d,

F
(

s∗i j, k∗
)
≤ 0, 1 ≤ k∗ ≤ d

(7)

And making use of the following inequality

(si j− s∗i j)dep
i j ≥ 0, (8)

One can prove that [Peng et al. (1993)]

(s∗i j− si j)dep
i j ≤ s0

y(k
∗− k)dζ . (9)

2.1 Static Shakedown Theorem [Peng et al. (2009a)]

If there exist a time-independent residual stress field ρ̄i j and a time-independent
field k∗ such that for all the load variations within a given load domain Ω, the
following condition holds

F
(
sE

i j + ρ̄i j,k∗
)
≤ 0 (10)

then the total energy dissipated in any allowable load path is bounded.

In Ineq.(10), sE
i j is the purely elastic solution of the deviatoric stress determined by

external loads and 1≤ k∗ ≤ d.
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2.2 Kinematic Shakedown Theorem [Peng et al. (2009a)]

If there exist over a certain time interval (t1, t2), a history of load resulting in a his-
tory of purely elastic stress sE

i j(x, t), and a history of plastic strain ēi j(x, t) resulting
in a kinematically admissible increment such that

∆ēi j(x) = ēi j(x, t2)− ēi j(x, t1) =
1
2
(∆ūi, j +∆ū j,i) (11)

with ∆ūi = 0 on Su (the boundary where displacement is prescribed), and if shake-
down occurs in the given structure, the condition as Ineq. (12) should be satisfied
for all kinematically admissible plastic strain cycles.∫ t2

t1

∫
V

sE
i j(x, t) ˙̄ei j(x, t)dV dt ≤

∫ t2

t1

∫
V

D( ˙̄ei j(x, t))dV dt (12)

In Ineq.(12),

D( ˙̄ei j(x, t)) = s̄i j(x, t) ˙̄ei j(x, t) (13)

is a dissipation function.

The following relationship can be obtained for practical application by substituting
Eq.(2)3 and Eq.(3) into Ineq. (12) by following the definition by König (1987),∫

V
d · s0

y∆ζ̄ dV −
m

∑
k=1

∫
V

αk(x)Jk(x)dV ≥ 0 (14)

where

∆ζ̄ =
∥∥∆ēi j

∥∥ , Jk(x) = sE
i j(x)∆ēi j(x), αk =

{
β
+
k

β
−
k

if Jk(x)> 0
if Jk(x)< 0

(15)

and a set of inequalities β
−
k ≤ βk ≤ β

+
k (k=1,2,. . . ,m) defines the domain Ω of loads.

3 Optimal model

3.1 The Bree plate

A plate (Figure 1) of thickness h is subjected to loads (Px, Py) per unit length in two
mutually orthogonal directions. The surfaces of the plate are subjected to temper-
atures θ2 and θ1 which vary cyclically, as shown in Figure 1. The cycle time ∆t is
assumed large compared with characteristic heat conduction time, and the change,
between θ0 (a reference temperature) and θ0 +∆θ̄ , is assumed to take place suf-
ficiently slowly for steady state conditions of prevail. The strain εx and εy are
assumed to be uniform throughout the thickness of the plate. This problem is a
simulation of the behavior of a thin walled tube, in the context of a nuclear fuel can
design problem by Bree (1967) for homogeneous material and perfect plasticity.
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Figure 1: The Bree plate.
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Figure 2: Piecewise-exponential distribution model for FG plate with arbitrarily
distributed properties.
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3.2 PWED model and material properties

The piece-wise exponential distribution model (PWED model) [Guo et al. (2007)]
is adopted for the distribution of the material properties in an FG plate, as shown in
Figure 2. The plate is assumed to be divided into L parallel layers in the direction of
thickness, in each of which the thermal-mechanical properties vary exponentially in
the direction of thickness. By this way, the actual thermal-material properties of the
plate can be approximated with a set of exponential functions. At both surfaces of
a layer the properties are identical with the actual properties of the material. There-
fore, the properties of an FG plate can be approximated with sufficient accuracy if
the thickness of each layer is sufficiently small.

The plate of thickness h is assumed to be divided into L parallel layers, each of
which is marked with subscript i(i = 1,2, ...,L) counting from the bottom surface
of the plate, the i-th layer is located between z = hi−1 and z = hi and at the bottom
surface h0 = −h/2, while at the top surface hL = h/2. Suppose fM(z) is the real
distribution of a thermal/mechanical property in a layer, we can approximate fM(z)
with M(z), i.e.,

M(z)≈ fM(z). (16)

We further assume

Mi (z) = AMie
βMi z, i = 1,2, ...,L, hi−1 ≤ z≤ hi (17a)

where


Mi(hi−1) = fM(hi−1)

Mi(hi) = fM(hi)
i = 1,2, ...,L (17b)

Given a set of actual values of a thermal/mechanical property, fM(hi), i = 1,2, ...,L,
for each segment AMi and BMi can be solved from Eqs.(17a,b) as

AMi = fM (hi)

[
fM (hi)

fM (hi−1)

]− hi
hi−hi−1

, βMi =
1

hi−hi−1
In
[

fM (hi)

fM (hi−1)

]
(18)
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where M can be replaced respectively with the Young’s modulus E, the coefficient
of thermal expansion α , thermal conductivity λ , and yield stress σ0

y , etc., therefore,

Ei (z) = AEie
βEi z,

AEi = fE (hi−1)
[

fE (hi)
fE (hi−1)

] −hi−1
hi−hi−1 ,

βEi =
1

hi−hi−1
In
[

fE (hi)
fE (hi−1)

]
.

hi−1 ≤ z≤ hi, i = 1,2, . . .L

(19)

αi (z) = Aαie
βαi z,

Aαi = fα (hi−1)
[

fα (hi)
fα (hi−1)

] −hi−1
hi−hi−1 ,

βαi =
1

hi−hi−1
In
[

fα (hi)
fα (hi−1)

]
.

hi−1 ≤ z≤ hi, i = 1,2, ...,L

(20)

λi (z) = Aλie
βλi z,

Aλi = fλ (hi−1)
[

fλ (hi)
fλ (hi−1)

] −hi−1
hi−hi−1 ,

βλi =
1

hi−hi−1
In
[

fλ (hi)
fλ (hi−1)

]
.

hi−1 ≤ z≤ hi, i = 1,2, ...,L

(21)

σ
0
yi (z) = Ayie

βyi z,

Ayi = fy (hi−1)
[

fy(hi)
fy(hi−1)

] −hi−1
hi−hi−1 ,

βyi =
1

hi−hi−1
In
[

fy(hi)
fy(hi−1)

]
.

hi−1 ≤ z≤ hi, i = 1,2, ...,L

(22)

Considering that the variation of the Poisson’s ratio in each layer is insignificant
and in order to simplify the analysis, we assume the Poisson’s ratio in each layer is
a constant taking the mean of the Poisson’s ratio over the thickness, i.e.,

νi = [ν (hi−1)+ν (hi)]
/

2, i = 1,2, ...,L (23)

If the volume fraction of particles at hi is ξ (hi), then fE(hi), fα(hi) and fλ (hi) can
be obtained as [Ju et al. (1994); Shen (1998)]

fE(hi) =
9K(hi)µ(hi)

3K(hi)+µ(hi)
(24)

ν(hi) =
3K(hi)−2µ(hi)

6K(hi)+2µ(hi)
(25)
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fα (hi) = αm +

(
1
/

K (hi)−1/Km
)
(αc−αm)

1/Kc−1/Km
, (26)

fλ (hi) = λm

[
1+

3ξ (hi)
(
λc
/

λm−1
)

3− [1−ξ (hi)]
(
λc
/

λm−1
)] (27)

where

K(hi) = Km

{
1+

30ξ (hi)(1−νm) [3γ1(hi)+2γ2(hi)]

3α ′+2β −10ξ (hi)(1+νm) [3γ1(hi)+2γ2(hi)]

}
(28)

µ(hi) = µm

{
1+

30ξ (hi)(1−νm)γ2(hi)

β −4ξ (hi)(5−5νm)γ2(hi)

}
(29)

α
′ = 2(5νm−1)+10(1−νm)

(
Km

Kc−Km
− µm

µc−µm

)
,

β = 2(4−5νm)+15(1−νm)
µm

µc−µm
;

(30)

γ1(hi) =
5ξ (hi)

4β 2

[
−5ν

2
m +2νm−2− 4α ′ (1−2νm)(1+νM)

3α ′+2β

]
γ2(hi) =

1
2
+

5ξ (hi)

8β 2

[
5ν

2
m−11νm +11− 3α ′ (1−2νm)(1+νm)

3α ′+2β

] (31)

Here the subscript “m” and “c” denote matrix and inclusion, respectively; Km, Kc

and K are the bulk moduli of the matrix, the inclusion, and the composite, re-
spectively; µm, µc and µ are shear moduli of the matrix, the inclusion, and the
composite, respectively.

Combining the mean field scheme [Ju et al. (1994)] and the constitutive model
mentioned in section 2, one can obtain fy(hi).

3.3 Distribution of temperature

Assuming steady-state heat transfer, the distribution of the temperature in a struc-
ture can be described with the following equation of heat conduction, without con-
sidering source heat,

∇ · {λ (x)∇θ}= 0 (32)

For uniaxial heat transfer, as shown in Figure 3, Eq. (32) can be simplified as

d
dz

{
λ (z)

dθ

dz

}
= 0 (33)
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Figure 3: Heat transfer in Bree plate Figure 3: Heat transfer in Bree plate

Making the boundary condition shown in Figure 3, we obtain

θ(z) = θ2 +(θ1−θ2)

[∫ h/2

z

1
λ (z′)

dz′
/∫ h/2

−h/2

1
λ (z)

dz
]
. (34)

Letting ∆θ̃ = θ1−θ2, ∆θ(z) = θ(z)−θ2, Eq. (34) can rewritten as

∆θ(z) = ∆θ̃

[
1−

∫ z

−h/2

1
λ (z′)

dz
/∫ h/2

−h/2

1
λ (z)

dz
]

(35a)

For the distribution of the temperature in the Bree plate shown in Figure 1,

∆θ̃ =

{
∆θ̄ n∆t ≤ t ≤ (n+0.5)∆t
0 (n+0.5)∆t ≤ t ≤ (n+1)∆t

, n = 0,1,2, .... (35b)

Substituting Eq.(21) into Eq.(35a), there have been

∫ z

−h/2

1
λ (z′)

dz′ =
e−βλi hi−1− e−βλi z

Aλiβλi

+
i−1

∑
j=1

e−βλ j h j−1− e−βλ j h j

Aλ j βλ j

, i = 1,2, ...,L (36a)

∫ h/2

−h/2

1
λ (z)

dz =
L

∑
i=1

e−βλi hi−1− e−βλi hi

Aλiβλi

(36b)

And then ∆θi(z) can be obtained as

∆θi(z) = ∆θ̃

(
Aθi +Bθie

−βλi z
)

(37a)
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Here

Aθi = 1−

(
e−βλi hi−1

Aλiβλi

+
i−1

∑
j=1

e−βλ j h j−1− e−βλ j h j

Aλ j βλ j

)/(
L

∑
k=1

e−βλk
hk−1− e−βλk

hk

Aλk βλk

)
,

i = 1,2, ...,L
(37b)

Bθi =
1

Aλiβλi

/(
L

∑
k=1

e−βλk
hk−1− e−βλk

hk

Aλk βλk

)
, i = 1,2, ...,L (37c)

3.4 Purely elastic solution

For the FG Bree plate, we will be concerned with the solution when the displace-
ment in y-direction is fixed, i.e., εy = 0, for simplicity. In this case, we need not be
concerned with the yield condition in y-direction [Bree (1967)]. The components
of the strain in the plate subjected to stress σx,σy can be expressed as

εx−α(z)∆θ(z) = (σx−νσy)
/

E(z) (38a)

εy−α(z)∆θ(z) = (σy−νσx)
/

E(z) (38b)

where ∆θi(z) is the temperature change at z. Keeping in mind that εy = 0, it can be
solved from Eq. (38) that

σx = E(z) [εx−α(z)(1+ν)∆θ(z)]
/(

1−ν
2). (39)

(1) Purely elastic solution of the stress distribution σP caused by Px

When Px is applied individually, i.e., ∆θ(z) = 0, the equilibrium in x-direction gives∫ h/2

−h/2
σpdz =

∫ h/2

−h/2

[
E(z)

/(
1−ν

2)]
εxdz = Px. (40a)

Substituting Eq. (39) and ∆θ(z) = 0 into Eq. (40a), one obtains

εx = ε0 = Px

/∫ h/2

−h/2

[
E(z)

/(
1−ν

2)]dz. (40b)

Keeping in mind that ν is treated as a constant (Eq. (23)) and using Eq. (39), we
obtain the purely elastic solution of the stress distribution σp caused by Px as

σP(z) =
[

E(z)
/∫ h/2

−h/2
E(z)dz

]
Px (41a)
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Making use of the PWED model, the denominator on the RHS of Eq. (41a) can
further be expressed as

∫ h/2

−h/2
E(z)dz=

L

∑
i=1

∫ hi

hi−1

Ei(z)dz≈
L

∑
i=1

∫ hi

hi−1

AEie
βEi zdz =

L

∑
i=1

AEi

βEi

(
eβEi hi− eβEi hi−1

)
(41b)

Thus, Eq. (41a) can be expressed in the following discrete form

σpi(z) =

{
AEie

βEi z

/[
L

∑
k=1

AEk

βEk

(
eβEk hk − eβEk hk−1

)]}
Px, i = 1,2, ...,L (42)

(2) Purely elastic solution of the stress distribution σθ caused by ∆θ̄

When ∆θ̄ is applied individually, one has the following condition of equilibrium∫
A

σxdA = 0. (43)

Keeping in mind that

εx = ε0 (44)

And substituting Eq. (39) into Eq. (43) yields

εx = ε0 = (1+ν)
∫ h/2

−h/2
α (z)E (z)∆θ (z)dz

/∫ h/2

−h/2
E (z)dz (45)

Combining Eq. (45) with Eq. (39), the distribution of the thermal stress can be
determined as

σ(z,∆θ̄) = σx|Px=0 =
E(z)
1−ν

[∫ h/2

−h/2
α (z)E (z)∆θ (z)dz

/∫ h/2

−h/2
E (z)dz−α(z)∆θ(z)

]
(46a)

Making use of the PWED model, we obtain the following discrete form

σθ i(z,∆θ̄) =
Ei(z)
1−ν


L
∑

k=1

∫ hk
hk−1

αk (z)Ek (z)∆θk (z)dz

L
∑

k=1

∫ hk
hk−1

Ek (z)dz
−αi(z)∆θi(z)

 , i = 1,2, ...,L

(46b)
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Substituting Eqs.(19) - (21) and Eq.(37a) into Eq.(46b), we can obtain

σθ i(z,∆θ̄) = ∆θ̄ fi (z) , i = 1,2, ...,L (47a)

where

fi (z) =
AEie

βEi z

1−ν

[ L
∑

k=1

∫ hk
hk−1

Aαk AEk e
(βEk+βαk)z

(
Aθk +Bθk e

−βλk
z
)

dz

L
∑

k=1

∫ hk
hk−1

AEk e
βEk zdz

−Aαie
βαi z
(

Aθi +Bθie
−βλi z

)] (47b)

Compared with Eq. (43), there is
L
∑

i=1

∫ hi
hi−1

fi (z)dz = 0. Here, the first term in the

square bracket on the right side of Eq. (47b) can be expressed as

L

∑
i=1

∫ hi

hi−1

AαiAEie
(βEi+βαi)z

(
Aθi +Bθie

−βλi z
)

dz

/
L

∑
i=1

∫ hi

hi−1

AEie
βEi zdz

=

L
∑

i=1
AαiAEi

[
Aθi

e(βEi
+βαi)hi−e(βEi

+βαi)hi−1

βEi+βαi
+Bθi

e(βEi
+βαi−β

λi)hi−e(βEi
+βαi−β

λi)hi−1

βEi+βαi−βλi

]
L
∑

i=1

AEi
βEi

(
eβEi hi− eβEi hi−1

)
(47c)

3.5 Static shakedown analysis

The analysis for the shakedown of the Bree plate includes the determination of the
boundary of initial yield, the boundary between the areas of shakedown and incre-
mental collapse, and the boundary between the areas of shakedown and reversed
plasticity.

The plate contains two parts, in one part fi (z) ≤ 0 and in the other part fi (z) ≥
0. For the thermal and mechanical loading shown in Figure 1, we can obtain the
following shakedown boundaries.

(1) Initial yield

No plastic deformation takes place on the condition that

σPi(z)+σθ i(z,∆θ̄)≤ σ
0
yi(z), for fi (z)≥ 0 (48a)

σPi(z)+σθ i(z,∆θ̄)≥−σ
0
yi(z) and σPi(z)≤ σ

0
yi(z).

for fi (z)≤ 0 i = 1,2, ...,L
(48b)
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(2) Static shakedown boundaries

Suppose there are a time-independent residual stress field ρ̄xi (z) and a time-independent
field k∗(1 ≤ k∗ ≤ d), the shakedown will occur to the plate if the following condi-
tion is satisfied in one temperature change cycle

σPi(z)+σθ i(z, ∆θ̄)+ ρ̄xi(z)≤ σyi(z), for fi (z)≥ 0 i = 1,2, ...,L (49a)

σPi(z)+σθ i(z, ∆θ̄)+ ρ̄xi(z)≥−σyi(z), for fi (z)≤ 0 i = 1,2, ...,L (49b)

σPi(z)+ ρ̄xi(z)≥−σyi(z), for fi (z)≥ 0 i = 1,2, ...,L (49c)

σPi(z)+ ρ̄xi(z)≤ σyi(z). for fi (z)≤ 0 i = 1,2, ...,L (49d)

where σ yi(z) = k*σ0
yi(z) and k*=d.

The shakedown boundaries of the plate contain two parts: the boundary between
the area of shakedown and that of incremental collapse, and the boundary between
the area of shakedown and that of reversed plasticity.

(a) Shakedown boundary corresponding to reversed plasticity

It can be obtained from Ineq. (49) that

σθ i(z, ∆θ̄)≤ 2σyi(z), for fi (z)≥ 0 i = 1,2, ...,L (50a)

σθ i(z, ∆θ̄)≥−2σyi(z). for fi (z)≤ 0 i = 1,2, ...,L (50b)

The equality of both sides of anyone in Ineq. (50) at any point in the cross section
implies the equality of both sides of Ineqs. (49a) and (49c), or the equality of Ineqs.
(49b) and (49d), indicating that reversed plasticity occurs at this point in the cross
section.

(b) Shakedown boundary corresponding to incremental collapse

Making use of the given time-independent residual stress field ρ̄xi (z) and notic-
ing that ∆θ̃ = ∆θ̄ as n∆t ≤ t ≤ (n+ 0.5)∆t, Ineqs.(49a,b) can be rewritten in this
duration as

σPi (z)+σθ i
(
z,∆θ̄

)
+ ρ̄xi (z) = σyi (z) , for fi (z)≥ 0 i = 1,2, ...,L (51a)

σPi(z)+σθ i(z, ∆θ̄)+ ρ̄xi(z)≥−σyi(z). for fi (z)≤ 0 i = 1,2, ...,L (51b)

Since ∆θ̃ = 0 as (n+ 0.5)∆t ≤ t ≤ (n+ 1)∆t, in this duration Ineqs. (49c, d) will
be reduced to

σPi(z)+ ρ̄xi (z)≥−σyi (z) , for fi (z)≥ 0 i = 1,2, ...,L (51c)

σPi(z)+ ρ̄xi(z) = σyi(z). for fi (z)≤ 0 i = 1,2, ...,L (51d)
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Ineq. (51) indicates that at each point in the region where fi(z) ≥ 0 of the cross
section, the stress σ+ = σPi(z)+σθ i(z,∆θ̄)+ ρ̄xi(z) reaches σyi(z); while at each
point in the region where fi(z) ≤ 0 of the cross section, the stress σ− = σPi(z)+
ρ̄xi (z) reaches σyi(z). That is, during n∆t ≤ t ≤ (n+0.5)∆t, σ+ in a part of the Bree
plate reaches σyi(z), and during (n+ 0.5)∆t ≤ t ≤ (n+ 1)∆t, σ− at the in the rest
part of the Bree plate reaches σyi(z).The two parts of the cross section may flow
forward alternatively.

3.6 Objective of optimization

To theorize objective function is the key in GA approach. In this paper the objec-
tive of the optimization is the maximization of ∆θ̄ in the FG Bree plate under the
condition of shakedown. The temperature ∆θ̄ can be solved from Ineqs. (50a,b)
and Eq. (47a) as

∆θ̄ ≤ 2σyi (z)
/
| fi (z)|, i = 1,2, ...L (52)

Eq.(52) can also be expressed as

∆θ̄max = min
(
2σyi (z)

/
| fi (z)|

)
, i = 1,2, ...L (53)

The objective of the optimization is to find ∆θ̄max.

3.7 Variables and constraint of optimization

The objective to be optimized is the distribution of volume fraction of the reinforce-
ment particles in a FG Bree plate. The distribution function is assumed as

Vc (z) =

{
a1
(
−2z

/
h
)P1 −h

/
2≤ z≤ 0

a2
(
2z
/

h
)P2 0≤ z≤ h

/
2

(54)

where h = 60mm is the thickness of the plate, and the variables to be optimized are
a1, a2, P1 and P2. The boundaries of these variables are assumed as

Opt_0.3: a1, a2 ∈ [0.0, 0.3] ; P1, P2 ∈ [0.0, 2]

Opt_0.4: a1, a2 ∈ [0.0, 0.4] ; P1, P2 ∈ [0.0, 3]

Opt_0.5: a1, a2 ∈ [0.0, 0.5] ; P1, P2 ∈ [0.0, 3]

The constraint to the optimization is that the gross volume fraction of the reinforce-
ment particles in the plate is 15%, i.e.,

1
h

∫ h/2

−h/2
Vc (z)dz = 0.15 (55)

The shakedown of the plate is determined with Ineqs.(48)-(51), and the best dis-
tribution of the volume fraction of the reinforcement particles is obtained by opti-
mization calculation.
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3.8 Computing process of GA approach

In this paper, the first important thing is to program subroutines in matlab language
about the constraint function and the fitting function which is related to the ob-
jective function. The computer process of the optimization is depicted in Figure
4.

The parameters in GA approach are given as follows. The population type is double
vector and the population size is 100. The numerical value of generations is 100.
The crossover fraction is 0.8 and mutation fraction is 0.01. The constraint function
is solved by penalty function method and the penalty factor is 100.

 

 
Figure 4: Computer process of the optimization 

 

Formulating objective function, variables 

and constraint function for optimization 

Programming fitting function (related to objective 

function) and constraint function with Matlab for subroutines 

Embedding the subroutines in GA optimization 

toolbox of Matlab and inputting the parameters 

Running solver 

Repeating running solver several times 

until attaining a steady result 

Outputting the results and Exit 

Figure 4: Computer process of the optimization.

4 Numerical examples

4.1 Optimal design of Al/SiC FG Bree plate

The first example is the optimization of an Al/SiC FG Bree plate. The reinforce-
ment phase is SiC, and the total volume fraction of the SiC particles keeps 15% in
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the optimization process. The material properties of Al and SiC [Shen (1998)] are
listed in Table 1.

Table 1: Material properties of Al and SiC.

E(GPa) ν G (GPa) α (K−1) λ (W/K.m) σ y(MPa) σu(MPa) d
Al 69. 0.33 25.94 23.1.×10−6 237 34 79 2.32

SiC 450. 0.17 192.31 4.7.×10−6 368 — — —

The optimal design results of the Al/SiC FG plate are

Opt_0.3 : Vc (z) =

{
0.2048

(
−2z

h

)2 −h
/

2≤ z≤ 0
0.3
(2z

h

)0.2946 0≤ z≤ h
/

2
(56)

Opt_0.4 : Vc (z) =

{
0.2343

(
−2z

h

)2.2271 −h
/

2≤ z≤ 0
0.4
(2z

h

)0.7591 0≤ z≤ h
/

2
(57)

Opt_0.5 : Vc (z) =

{
0.2932

(
−2z

h

)2.5931 −h
/

2≤ z≤ 0
0.5
(2z

h

)1.2892 0≤ z≤ h
/

2
(58)

The shakedown boundaries of Al/SiC FG Bree plates, with the volume fraction dis-
tribution functions of the SiC particles given above, are shown in Figure 4 with the
curves marked with curve Opt_0.3, curve Opt_0.4 and curve Opt_0.5, respectively.
For comparison, the shakedown boundaries of the Al/SiC FG plates with the vol-
ume fraction distribution functions given in Eqs. (59)-(61) are also shown in Figure
4, respectively, denoted as Linear 1, Linear 2 and Homo_0.15.

Vc (z) = 0.3
(

1
2
+

z
h

)
(59)

Vc (z) = 0.3
(

1
2
− z

h

)
(60)

Vc (z) = 0.15 (61)

The distributions of the stress in the plates corresponding to points E1 through E6
are shown in Figures 6-11, respectively, where ρ̄x denotes the residual stress, σθ the
thermal stress, σP the mechanical stress, σy the yield strength, σ+ the stress
σθ +σP + ρ̄x and σ−the stress σP + ρ̄x in the plates.

Figures 6 and 7 show respectively the stress distributions in the Al/SiC FG plates
corresponding to the points E1 (with Vc determined by Eq. (59)) and E2 (with
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Figure 5: Shakedown area of different Al/SiC FG Bree plate after optimization.
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
                                (a) Residual stress field                                           (b) Stress distributions 

 

-200 -100 0 100 200
-0.50

-0.25

0.00

0.25

0.50

 

 

 

z/
h

Residual stress (MPa)
-200 -100 0 100 200

-0.50

-0.25

0.00

0.25

0.50

 

 

Stress (MPa)

z/
h


y
 

 
+


y
 



 

P
  

-

-200 -100 0 100 200
-0.50

-0.25

0.00

0.25

0.50

 

 

 

z/
h

Residual stress (MPa)
-200 -100 0 100 200

-0.50

-0.25

0.00

0.25

0.50

 

 

Stress (MPa)

z/
h


y
 

 
+


y
 



 

P
  

-

 

Figure 6: Stress distributions in Al/SiC FG plate corresponding to point E1.

Vc determined by Eq.(60)) in Figure 5. It can be seen in Figure 5 that the ∆θ̄

at E2 is larger than that at E1. The comparison between the stress distributions
shown in Figures 6 and 7 indicates that the difference in ∆θ̄ can be attributed to
the difference between the distributions of stress, and the difference between the
material properties, for example, the yield strength. One can find in Figure 6 that,
the weakest point where both σ+ and σ− reach the yield strength, is located at
the lower surface of the plate, where the yield strength of the material is the lowest.
While in Figure 7 the weakest point, where both σ+ and σ− reach the yield strength,
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Figure 7: Stress distributions in Al/SiC FG plate corresponding to point E2.

 
(a) Residual stress field                     (b) Stress distributions 

  
 

-150 -75 0 75 150
-0.50

-0.25

0.00

0.25

0.50

 

 

z/
h

Residual stress (MPa)

 

-300 -150 0 150 300
-0.50

-0.25

0.00

0.25

0.50

 

 

z/
h

Stress (MPa)

 
+


y
 

 
- 

P
 


y
 



 

-150 -75 0 75 150
-0.50

-0.25

0.00

0.25

0.50

 

 

z/
h

Residual stress (MPa)

 

-300 -150 0 150 300
-0.50

-0.25

0.00

0.25

0.50

 

 

z/
h

Stress (MPa)

 
+


y
 

 
- 

P
 


y
 



 

Figure 8: Stress distributions in Al/SiC effective homogeneous plate corresponding
to point E3.

is located at the upper surface of the plate, where the yield strength of the material
is the lowest.

The stress distributions in the plate, corresponding to the point E3 on the curve
marked with Homo_0.15 (Figure 5) are shown in Figure 8, in which the SiC par-
ticles distribute uniformly with Vc = 0.15 (Eq. (61)). It can be seen that for the
residual stress field shown in Figure 8(a), the obtained σ+ and σ− reach the yield
strength at both the upper and the lower surfaces. The corresponding ∆θ̄ (Figure 5)
is a little larger than that corresponding to E2. The comparison between the results
corresponding to points E1, E2 and E3 implies the possibility to achieve a better
shakedown boundary by optimizing the distribution of the material properties with
a proper distribution of particle volume fraction.
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The optimized shakedown boundary corresponding to the distribution of Eq.(56) is
given in Figure 5 with the curve marked with Opt_0.3. Given the residual stress
field shown in Figure 9(a), the stress distributions at point E4 are shown in Figure
9(b), where it can be seen that reversed plastic deformation takes place at both the
upper and the lower surfaces. Compared with the result at either E1, E2 or E3, the
∆θ̄ at E4 of Opt_0.3 increases to some extent.
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Figure 9: Stress distributions in Al/SiC FG plate corresponding to point E4.

The optimized shakedown boundary corresponding to the distribution of Eq. (57)
is given in Figure 5 with the curve marked with Opt_0.4. Given the residual stress
field shown in Figure 10(a), the stress distributions at point E5 are shown in Figure
10(b), where it can be seen that reversed plastic deformation takes place at both
the upper and the lower surfaces. Compared with the result at E4, the ∆θ̄ at E5
in the curve marked with Opt_0.4 increases, which could be attributed to that the
maximum particle volume fraction at the upper surface is increased from 0.3 to 0.4,
which enhances the capability of the plate to bear the thermal loading.

The optimized shakedown boundary corresponding to the distribution of the par-
ticle volume fraction of Eq. (58) is given in Figure 5 with the curve marked with
Opt_0.5. Given the residual stress field shown in Figure 11(a), the stress distri-
butions at point E6 are shown in Figure 11(b), where it can be seen that reversed
plastic deformation takes place at both two surface (one is the upper surface, the
other one is not the lower surface but a little higher than it). Compared with the
result at E5, the ∆θ̄ at E6 in the curve marked with Opt_0.5 further increases, which
could be attributed to that the maximum particle volume fraction at the upper sur-
face is increased from 0.4 to 0.5, which further enhances the capability of the plate
to bear the thermal loading.

The comparison between the ∆θ̄ at the points E1 through E6 in Figure 5 shows that
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the ∆θ̄ at E6, corresponding to the distribution of the particle volume fraction, Eq.
(58), is the largest. If the maximum particle volume fraction is limited to 0.5, this
∆θ̄ can be regarded as ∆θ̄max.
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Figure 10: Stress distributions in Al/SiC FG plate corresponding to point E5.
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Figure 11: Stress distributions in Al/SiC FG plate corresponding to point E6.

4.2 Optimal design of Ti/Si3N4 FG Bree plate

In order to further verify the optimal design model, the optimization for shakedown
capability of a Ti/Si3N4 FG Bree plate is performed, in which the Si3N4 particles
are the reinforcement phase. Material constants of Ti and Si3N4 [Cho et al. (2004)]
are listed in Table 2.

We also assume three classes of the Ti/Si3N4 FG Bree plates, of which the distribu-
tion of the Si3N4 particle volume function is described with Eq. (54), where a1, P1
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Table 2: Material constants of Ti and Si3N4.
E(GPa) ν G (GPa) α (K−1) λ (W/K.m) σ y(MPa) σu(MPa) d

Ti 117. 0.32 44.32 8.6.×10−6 21.9 175 175 1.
Si3N4 310. 0.27 122.05 3.3.×10−6 30. — — —

and a2, P2 are the parameters to be optimized. If the average particle volume is lim-
ited to 0.15, and the maximum local particle volume fractions of the three classes
are 0.3 (Class 1), 0.4 (Class 2) and 0.5 (Class 3), respectively, the corresponding
shakedown boundaries are shown in Figure 12 with the curves marked with Op-
t_0.3, o Opt_0.4 and Opt_0.5, respectively. With the optimized a1, P1 and a2, P2,
the three classes distribution functions can be expressed as

Opt_0.3 : Vc (z) =

{
0.2175

(
−2z

h

)1.9999 −h
/

2≤ z≤ 0
0.3
(2z

h

)0.3188 0≤ z≤ h
/

2
(62)

Opt_0.4 : Vc (z) =

{
0.2877

(
−2z

h

)2.4024 −h
/

2≤ z≤ 0
0.4
(2z

h

)0.8566 0≤ z≤ h
/

2
(63)

Opt_0.5 : Vc (z) =

{
0.3404

(
−2z

h

)2.1676 −h
/

2≤ z≤ 0
0.5
(2z

h

)1.5968 0≤ z≤ h
/

2
(64)

For comparison, the shakedown boundaries of Ti/Si3N4 FG plates with the particle
volume fraction distribution functions of Eqs.(59)-(61) are also given in Figure 12
with the curves marked with Linear 1, Linear 2 and Homo_0.15 respectively.

Figure 13 show the stress distributions in the FG plate corresponding to point E1 on
the curve marked as Linear 1 in Figure 13. Figure 14 shows the stress distributions
in the FG plate corresponding to point E2 on the curve marked as Linear 2 in Figure
11. The results shown in Figure 13 and Figure 14 are respectively similar to that in
Figure 6 and Figure 7.

Then, the shakedown of the equivalent homogenous plate is analyzed in the same
way as numerical example 1, and the boundary which is marked as Homo_0.15 is
shown in Figure 12. Stress distributions corresponding to point E3 are shown in
Figure 15.

Be similar to the numerical example of Al/SiC FG plate, the optimization of Ti/Si3N4
FG plate is given. The results of optimal volume fraction distribution functions of
Si3N4 have been given as Eqs. (62)-(64), and the shakedown boundaries of corre-
sponding FG plates have been shown as Opt_0.3, Opt_0.4 and Opt_0.5 in Figure
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Figure 12: Shakedown area of different Ti/Si3N4 FG Bree plate after optimization.
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Figure 13: Stress distributions in Ti/Si3N4 FG plate corresponding to point E1.
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Figure 14: Stress distributions in Ti/Si3N4 FG plate corresponding to point E2.
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Figure 15: Stress distributions in Ti/Si3N4 effective homogenous plate correspond-
ing to point E3.
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Figure 16: Stress distributions in Ti/Si3N4 FG plate corresponding to point E4.
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Figure 17: Stress distributions in Ti/Si3N4 FG plate corresponding to point E5.
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Figure 18: Stress distributions in Ti/Si3N4 FG plate corresponding to point E6.

12. As shown in Figure 12, the plate of which the reinforcement phase volume
fraction function is optimized can be endured larger ∆θ̄max, i.e., ∆θ̄max of whichev-
er Opt_0.3, Opt_0.4 and Opt_0.5 is larger than that of Homo_0.15.

The stress distributions corresponding to point E4 on Opt_0.3, point E5 on Op-
t_0.4 and point E6 on Opt_0.5 have been respectively shown in Figures 16-18. In
these figures the phenomena are similar with those in Figures 9-11, although the
constituents of the FG plates are different.

5 Conclusion and discussion

The optimization of the volume fraction distribution function of reinforcement par-
ticles in FG Bree plates was performed with the GA approach. The objective of
optimization was to gain the maximum of the ∆θ̄ applied to the plates under the
constraint that the average volume fraction of the reinforcement particles keeps
constant. An optimal model was proposed and two numerical examples were pre-
sented, from which the following conclusion may be drawn:

1. An approach was developed for the optimization of the distribution of the re-
inforcement particles in the plate for the purpose to enhance the shakedown
capability of the plate. The distribution of the material properties in the thick-
ness of the plate was characterized with a piecewise exponential distribution,
and the effective mechanical property of the material of the plate was eval-
uated with a double-inclusion mean field scheme, and the distribution of the
volume fraction of the reinforcement particles was optimized with the Ge-
netic Algorithm. The validity of the approach was demonstrated by the two
numerical examples.
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2. The shakedown capability of a FG plate is determined by both the applied
thermal-mechanical loading and the thermal-mechanical properties of the
plate. For a FG plate, the latter can be designed by properly distributing the
volume fraction of the reinforcement particles, which provides the possibili-
ty to achieve desired or optimal thermal-mechanical properties of the plate to
substantially enhance the shakedown capability of the plate. It was found in
this paper that the distribution of the particle volume fraction affects marked-
ly the shakedown capability of the FG plate, and a proper distribution of the
particle volume fraction can substantially enhance the shakedown capability
of the plate.

3. The concept of the piecewise distribution of the material properties is in ac-
cordance with that of the piecewise approach used in the shakedown analysis;
therefore, it is of particular advantage for the optimization of the shakedown
capability of the FG plate, because it may bring great convenience to the
optimization without introducing additional difficulties.
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