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Surface/interface Energy Effect on Electromechanical
Responses Around a Nanosized Elliptical Inclusion under

Far-field Loading at an Arbitrary Angle
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Jin-Xi Liu1

Abstract: Electro-elastic surface/interface around nano-sized piezoelectric in-
clusions shows great effect on the response of piezoelectric nano-structures. In
this paper, a theoretical model is proposed to examine the surface/interface effect
on the electromechanical responses around a nano-sized elliptical piezoelectric in-
clusion embedded in an infinite piezoelectric matrix under far-field loading with
an arbitrary angle, and the effect of loading angle is considered Combining the
conformal mapping technique and electro-elastic surface/interface theory, a closed
form solution of this problem is obtained and the interactive effect between the
surface/interface and the aspect ratio of the elliptical inclusion is examined.

Keywords: Surface/interface energy electromechanical response elliptical inclu-
sion, mapping method.

1 Introduction

Due to the excellent characters of miniaturization and harvesting the wasted ener-
gy such as sound vibration in the environment to produce electric power, piezo-
electric nanostructures are attracting more and more interests in recent years In
addition, they possess the outstanding nanosized piezoelectric and semiconducting
properties. So, they are finding more and more applications for powering nano
devices and sensors in the fields of medical science, defense technology, and en-
vironment/infrastructure monitoring. In the past decades, piezoelectric nanostruc-
tures have received considerable attention, and lots of theoretical [Nan and Wang
(2013); Mohsen, Michael and Mitra (2013)] and experimental works [Kim et al.
(2008); Beach et al. (2005)] have been done.
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Compared with singlephase materials piezoelectric composites show higher sensi-
tivity and lower mechanical losses. To enhance the serving behavior of piezoelec-
tric composites, it is very requisite to investigate their responses on exterior load-
ings In engineering applications, piezoelectric materials are often used for trans-
ducers or actuators, and they will be subjected to combined mechanical and elec-
trical loads. Characterizing the responses of piezoelectric nano-composites under
an electromechanical load is fundamental for the optimum design of new piezo-
electric nano-structures. To this end, lots of theoretical [Huang and Dai (2001);
Iyer and Venkatesh (2014); Elata (2012)] and experimental [Jayendiran and Arock-
iarajan (2013); Li, Fang and Liu (2013)] investigations on the electromechanical
response of piezoelectric composites have been dealt with. For anisotropic materi-
al as well as nonlinear problems, ‘Computational Grains’ method was proposed for
the direct numerical simulation on the micromechanics of a large number of inclu-
sions (for mechanical or electro-mechanical problems) without FEM meshing of
inclusions/matrix [Dong and Atluri (2012); Dong and Atluri (2013); Bishay, Dong
and Atluri (2014)]. When subjected to electrical and mechanical loads in service,
the presence of inclusions and cracks can result in the premature failure. Since
piezoelectric nano-composites made of ceramics are very popular in practical en-
gineering, they are susceptible to a brittle fracture that can lead to a catastrophic
failure. Hence, it is essential to precisely predict the behavior of defects embedded
in piezoelectric nanocomposites under the influence of coupled electromechanical
fields so that the integrity and reliability of piezoelectric components can be prop-
erly addressed.

For nano-sized piezoelectric composites, the electromechanical behavior is highly
dependent on the interfacial properties between the nano-inclusion and the matrix
due to the high surface-to-volume ratios When piezoelectric nano-structures are
subjected to electrical and mechanical loads, the stress and electric displacement
show significant variation with surface/interface. Therefore, it is important for us
to understand the behavior resulting from the surface/interface around the nano-
inclusions in piezoelectric nano-structures under the influence of coupled elec-
tromechanical fields. In recent year, the electro-elastic surface/interface model was
proposed and widely used in predicting the behavior of nano-sized piezoelectric
structures [Fang et al. (2013a); Nan and Wang (2013); Li, Chen, and Zeng (2013)].

To control the local elastic fields and minimize stress concentration caused by the
surface/interface around an inclusion, the distribution of stress concentration under
different loadings should be addressed. In the course of designing piezoelectric
nanocomposites, elliptical nano-inclusions are often introduced to gain perfect per-
formance of piezoelectric devices. A further optimization of the shape and interface
of nano-inclusions can lead to a better overall performance of composites. The
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interface effect of these elliptical inclusions on the electro-mechanical behavior,
however, has rarely been addressed.

The purpose of the current paper is to provide a theoretical treatment for the nano-
scale elliptical inclusion in piezoelectric materials under far-field loading at an ar-
bitrary angle by combining the electro-elastic surface/interface model and complex
variable method. To analyze the effect of interfacial properties on the stress and
electric field within the nano-scale inclusion, the surface/interface theory in piezo-
electric composites is introduced. Special attention is paid to the case of electrome-
chanical loading at an arbitrary angle Numerical examples are given to illustrate the
interactive effect of surface/interface and the aspect ratio of the elliptical inclusion
on the stress and electric field

2 Problem formulation

An unbounded piezoelectric matrix with an elliptical piezoelectric inclusion of
nano size is considered, as shown in Fig.1. The major and minor semi-axes of
elliptical nano-inclusion area and b, respectively. It is assumed that both the nano-
inclusion and matrix phases are transversely isotropic, with the symmetry along the
z axis It is supposed that the piezoelectric matrix is subjected to far-field anti-plane
shear loading τ0 and in-plane electric field E0 with an arbitrary angle β (see Fig. 1).
The elastic stiffness, piezoelectric constant, dielectric constant, and mass density of
elliptical nano-inclusion are denoted by cI

44, eI
15, χ I

11 and ρ I . Those of the matrix
are cM

44, eM
15, χM

11 and ρM.

  

 

 

 
 

 

       
 

Fig. 1. An elliptical nano-inclusion subjected to far-field loading at an arbitrary angle 
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Figure 1: An elliptical nano-inclusion subjected to far-field loading at an arbitrary
angle.
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For the nano-size property, the surface/interface shows great effect on the strength
and electric field around the nano-inclusion. According to the electro-elastic sur-
face/interface theory in the previous literatures [Fang et al. (2013b); Li, Fang, and
Liu (2013)], the interface region, which has its own electro-elastic properties, is re-
garded as a negligibly thin layer adhered to the nano-inclusion and matrix material.
At the interface, the effect of interface stress and electric displacement should be
considered. The material properties of interface are different from the matrix and
nano-inclusion, and denoted by cS

44, eS
15, χS

11 and ρS.

Due to the character of far-field loading, only the out-of-plane displacement w and
the in-plane electric fields ϕ need to be considered. In the following, the general-
ized displacements f, the generalized strains F j, and the generalized stresses ΘΘΘ j are
introduced, i.e.,

f = [w,ϕ]T , (1)

F j = [γ jz,E j]
T , ( j = r,θ or j = x,y) , (2)

ΘΘΘ j = [τ jz,D j]
T , ( j = r,θ or j = x,y) . (3)

where γ jz and E j are the components of shear strain and electric field, respective-
ly. τ jz and D j denote the components of shear stress and electric displacement,
respectively.

The governing equations for piezoelectric materials under far field anti-plane load-
ing and in-plane electrical field can be expressed as

∇
2f = 0, (4)

ΘΘΘr− iΘΘΘθ = L(Fr− iFθ ) = L
(

∂ f
∂ r
− i

∂ f
r∂θ

)
, (5)

where L =

[
c44 e15
e15 −χ11

]
.

3 Mapping method for the elliptical nano-inclusion

To apply the non-classical boundary conditions, the conformal mapping method is
introduced. Then, the problem of elliptical nano-inclusions in the z = x+ iy plane
can be transformed into the problem of circular nano-inclusions in the ζ = ξ + iη
plane, as shown in Fig. 2. The transform function is expressed as

z = g(ζ ) =
c
2

(
Rζ +

1
Rζ

)
, ζ (r̄,θ) = r̄eiθ , (6)
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Fig. 2. Mapping method of elliptical nano-inclusion with electro-elastic surface/interface effect 

 

Figure 2: Mapping method of elliptical nano-inclusion with electro-elastic sur-
face/interface effect.

where c =
√

a2−b2and R =
√
(a+b)/(a−b). This transformation can map the

exterior of the elliptical nano-inclusion in the z-plane into the exterior of the unit
circle in the ζ -plane, and interior into the annulus region between 1/R< r̄ < 1. The
circle of r̄ = 1/R represents a cut from -c to +c on the z-plane.

The solution of Laplace equation (4) can be obtained by letting f be the real part of
some analytic functions such that

f = ReU(z) = ReU[g(ζ )], (7)

where Re denotes the real part.

The generalized strains and stresses can be written as

Fr− iFθ = eiθ U′, (8)

ΘΘΘr− iΘΘΘθ = eiθ L
dU(z)

dz
. (9)

4 Field solutions around the elliptical nano-inclusion under the generalized
loading

To obtain the closed form solutions of the loadings with an arbitrary angle, the
angle is generalized by superposing two different far-field loadings [Mishra et al.
(2013)]. The first kind of loading is a horizontal far-field loading (β = 0), and the
second kind is a vertical far-field loading (β = π

2 ). Then, the terms of cosβ and
sinβ in the expressions of displacement and electric field are superposed to obtain
a generalized solution in terms of far-field loading angle β .
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In the ζ -plane, the polynomial solutions for the piezoelectric matrix and the nano-
inclusion under horizontal loading are expressed as

UM
h =−

[{
A1
A3

}
ζ −

{
A2
A4

}
1
ζ

]
, (10)

UI
h =−

[{
B1
B3

}
ζ −

{
B2
B4

}
1
ζ

]
. (11)

The polynomial solutions under vertical loading are expressed as

UM
v =−i

[{
Ā1
Ā3

}
ζ −

{
Ā2
Ā4

}
1
ζ

]
, (12)

UI
v =−i

[{
B̄1
B̄3

}
ζ −

{
B̄2
B̄4

}
1
ζ

]
. (13)

It is noted that A j, Ā j, B j and B̄ j( j = 1−4) are the real constant to be determined by
satisfying the boundary conditions of far-field and surface/interface. The relations
between A j, B j and Ā j, B̄ j are Ā j =−A j and B̄ j =−B j.

The closed form solutions in the regions of matrix and nano-inclusion are expressed
as

In the matrix,

UM
z =

[{
A1
A3

}
r̄+
{

A2
A4

}
1
r̄

]
cos(θ −β ), (14)

FM
r̄ =

2
cRh

[{
A1
−A3

}
r̄2 +

{
−A2
A4

}]
cos(θ −β ), (15)

FM
θ =

2
cRh

[{
−A1
A3

}
r̄2 +

{
−A2
A4

}]
sin(θ −β ), (16)

ΘΘΘ
M
r̄ =

2
cRh

[{
cM

44
eM

15

}
(A1r̄2−A2)+

{
eM

15
−εM

11

}
(A3r̄2−A4)

]
cos(θ −β ), (17)

ΘΘΘ
M
θ =− 2

cRh

[{
cM

44
eM

15

}
(A1r̄2 +A2)+

{
eM

15
−χM

11

}
(A3r̄2 +A4)

]
sin(θ −β ). (18)

Inside the nano-inclusion,

UI
z =

[{
B1
B3

}
r̄+
{

B2
B4

}
1
r̄

]
cos(θ −β ), (19)
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FI
r̄ =

2
cRh

[{
B1
−B3

}
r̄2 +

{
−B2
B4

}]
cos(θ −β ), (20)

FI
θ =

2
cRh

[{
−B1
B3

}
r̄2 +

{
−B2
B4

}]
sin(θ −β ), (21)

ΘΘΘ
I
r̄ =

2
cRh

[{
cI

44
eI

15

}
(B1r̄2−B2)+

{
eI

15
−χ I

11

}
(B3r̄2−B4)

]
cos(θ −β ), (22)

ΘΘΘ
I
θ =− 2

cRh

[{
cI

44
eI

15

}
(B1r̄2 +B2)+

{
eI

15
−χ I

11

}
(B3r̄2 +B4)

]
sin(θ −β ), (23)

where h =
√

r̄4− cRr̄2 cos2θ +(1/R4).

The far field conditions for both loading cases can be expressed as

τ
M
rz |r̄→∞ = τ

M
θz|r̄→∞ = τ0, (24)

EM
r |r̄→∞ = EM

θ |r̄→∞ = E0. (25)

Two additional equations can be obtained by letting

fI
z(e

iθ/R) = fI
z(e
−iθ/R). (26)

With consideration of interface effects, the boundary conditions along the elliptical
nano-inclusion under the far-field loading at an arbitrary angle can be described by

fM|r̄=1 = fI|r̄=1, (27)

ΘΘΘ
M
r̄ |r̄=1−ΘΘΘ

I
r̄|r̄=1 =

1
r̄

∂ΘΘΘ
S
θ

∂θ
|r̄=1, (28)

where the surface stress tensor and electric displacement can be expressed as

ΘΘΘ
S
θ = LSFS

θ , (29)

Here LS =

[
cS

44 eS
15

eS
15 −εS

11

]
are the material properties of surface/interface, which

can be calculated from atomistic simulations.

In this study, a coherent interface is considered. At the boundary, the interfacial
strain and electric potential are equal to the associated tangential strain and electric
potential in the abutting bulk materials, respectively. They can be expressed as

FS
θ (Γ) = FI

θ (Γ) = FC
θ (Γ) . (30)

Substituting Eqs. (14)-(23) into Eqs. (24)-(28), the expressions of Ai and Bi(i =
1−4) which are shown in Appendix can be obtained.
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5 Numerical examples and analysis

For piezoelectric nanocomposites with nano-inclusion under static or dynamic load-
ing, the distribution of stress near the interface is primarily responsible for the s-
tiffness reduction, and the electric field is important for producing high electric
potential.

In the following, the material properties of matrix are cM
44 = 3.53× 1010N/m2,

eM
15 = 17C/m2, χM

11 = 1.51×10−8C2/Nm2, the far-field mechanical loading is σ0 =
100MPa, and the far-field electrical loading is E0 = 106V/m.

5.1 Stress distribution

The stress distribution pattern under different electro-elastic properties of surface/
interface around the nano-inclusion is illustrated. This can provide us information
on the points of stress concentrations and therefore the possible locations of failure
and fracture.

Fig. 3 shows the stress distribution along the x axis. It can be seen that the stress
inverts its sign due to the existence of surface/interface. At the boundary, the sur-
face/interface effect on the stress in the matrix is greater than that inside the nano-
inclusion. At the center, the effect is the maximum. It is noted that the numerical
results without surface/interface effect are consistent with those of Mishra et al.
(2013).

To illustrate the surface/interface effect on the stress in the case of soft nano-
inclusion, Fig. 4 is presented. It can be seen that the surface/interface shows greater
effect on the stress in the matrix than that inside the nano-inclusion. The absolute
value of stress decreases with the values of material properties of surface/interface.
At the boundary, the stress inside the nano-inclusion is smaller than that in the
matrix. The jump of stress at the boundary becomes significant if the values of ma-
terial properties of surface/interface decrease. When the surface/interface is stiffer
than the nano-inclusion and matrix, the stress decreases greatly and the jump of
stress becomes small.

In Fig. 5, the nano-inclusion is stiffer than the matrix. At the boundary, the stress in
the nano-inclusion is greater than that in the matrix. By comparing with the results
in Fig. 4, it is clear that the interface effect decreases due to the stiff nano-inclusion.
The jump of stress at the boundary also decreases. The surface/interface effect on
the stress inside the nano-inclusion is greater than that in the matrix. Therefore, a
stiff inclusion is proposed to reduce the jump of stress at the boundary because of
surface/interface effect.
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 Figure 3: Comparison of stress distribution along the xaxis with results obtained
from Mishra et al. (2013) in the case of soft nano-inclusion (b/a = 1/5, β = π/2).

0 1 2 3 4 5

-14

-12

-10

-8

-6

-4

-2

0

 C
I

44
:C

S

44
/a:C

M

44
=e

I

15
:e

S

15
/a:e

M

15
=

I

11
:

S

11
/a:

M

11
=1:2:5     

 C
I

44
:C

S

44
/a:C

M

44
=e

I

15
:e

S

15
/a:e

M

15
=

I

11
:

S

11
/a:

M

11
=1:8:5       

 C
I

44
:C

S

44
/a:C

M

44
=e

I

15
:e

S

15
/a:e

M

15
=

I

11
:

S

11
/a:

M

11
=1:10:5

Matrix

Inclusion

x/a


z
y
/



 Figure 4: Stress distribution along the xaxis with different interfaces in the case of
soft nano-inclusion (b/a = 1/5, β = π/2).

5.2 Electric field distribution

For piezoelectric composites, the producing electric power is an important charac-
ter. From the perspective of engineering applications for piezoelectric devices, it is
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 Figure 5: Stress distribution along the x axis in the case of stiff nano-inclusion
(b/a = 1/5, β = π/2).

very necessary to understand the nature of electric field distribution.

Fig. 6 shows the electric field distribution along the x axis. It can be seen that
the electric field increases significantly due to the existence of surface/interface
around the elliptical nano-inclusion. At the boundary, the surface/interface effect
is the maximum. By comparing with the results in Fig. 3, it is clear that the
interface effect on the stress is greater than that on the electric field. In Fig. 7, the
electric field distribution with different piezoelectric properties of surface/interface
is presented. The electric field concentration decreases significantly with increasing
the piezoelectric properties of surface/interface, especially at the boundary of nano-
inclusion.

Fig. 8 shows the electric field distribution along the x axis in the case of nano-
inclusion with poor electric property. By comparing with the results in Fig. 7, it can
be seen that the surface/interface effect decreases if the nano-inclusion possesses
poor electric property.

5.3 Effect of loading angle under different surfaces/interfaces

To find the effect of loading angle under different properties of surface/interface,
Figs. 9-10 are given. In Fig. 9, the loading angle is β = 0. By comparing with
the results in Fig. 5, it can be seen that the stress field along the x axis inverts its
sign due to the variation of loading angle. In Fig. 10, the loading angle is β = π/4.
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 Figure 6: Comparison of electric field distribution along the x axis with results
obtained from Mishra et al. (2013) in the case of nano-inclusion with strong piezo-
electric property (b/a = 1/5, β = π/2).

0 1 2 3 4 5

0

2

4

6

8

10

12

14

x/a

E
y
/E

0

Matrix

Inclusion

 C
I

44
:C

S

44
/a:C

M

44
=e

I

15
:e

S

15
/a:e

M

15
=

I

11
:

S

11
/a:

M

11
=1:0.25:0.5     

 C
I

44
:C

S

44
/a:C

M

44
=e

I

15
:e

S

15
/a:e

M

15
=

I

11
:

S

11
/a:

M

11
=1:2:0.5       

 C
I

44
:C

S

44
/a:C

M

44
=e

I

15
:e

S

15
/a:e

M

15
=

I

11
:

S

11
/a:

M

11
=1:4:0.5

 Figure 7: Electric field distribution along the x axis in the case of nano-inclusion
with strong piezoelectric property (b/a = 1/5, β = π/2).
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 Figure 8: Electric field distribution along the x axis in the case of nano-inclusion
with poor piezoelectric property (b/a = 1/5, β = π/2).
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 Figure 9: Stress distribution along the x axis in the case of stiff nano-inclusion
(b/a = 1/5, β = 0).
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 Figure 10: Stress distribution along the x axis in the case of stiff nano-inclusion
(b/a = 1/5, β = π/4).
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 Figure 11: Stress distribution along the xaxis in the case of stiff nano-inclusion
(b/a = 1/2, β = π/2).
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 Figure 12: Stress distribution along the xaxis in the case of stiff nano-inclusion
(b/a = 1/10, β = π/2).

It can be seen that the surface/interface effect increases significantly due to the
variation of loading angle. The jump of stress at the boundary becomes smaller
when the values of material properties of surface/interface increase.

5.4 Effect of shape of elliptical nano-inclusion under different surfaces/interfaces

To find the shape effect of elliptical nano-inclusion on the stress distribution under
different surfaces/interfaces, Figs. 11 and 12 are presented. The value of b/a in
Fig. 11 is greater than that in Fig. 12. It is clear that the stress shows a significant
increase if the value of b/a becomes smaller. The surface/interface effect also
increases significantly because of a smaller value of b/a.

6 Conclusion

An analytical model has been developed to evaluate the electro-mechanical re-
sponse of piezoelectric nanocomposites with elliptical nano-inclusion under far-
field loading at an arbitrary angle. The explicit closedform solutions of stress and
electric fields are presented, and some significant findings are found.

a. The shape of the elliptical nano-inclusion shows significant effect on the stress
and electric field. The surface/interface effect increases greatly if the value of b/a
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becomes smaller.

b. Due to the existence of surface/interface, the stress and electric field around
the nano-inclusion show significant variation. The surface/interface shows greater
effect on the stress than that on the electric field.

c. If the nano-inclusion is stiff, the surface/interface effect on the stress inside the
nano-inclusion becomes significant; however, the jump of stress at the boundary is
small.

d. The surface/interface effect decreases if the nano-inclusion possesses poor elec-
tric property.
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