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Abstract: The micromechanics theory, generalized method of cells (GMC), was
employed to simulate the debonding of fiber/matrix interfaces, within a repeating
unit cell subjected to global, cyclic loading, utilizing a cyclic crack growth law.
Cycle dependent, interfacial debonding was implemented as a new module to the
available GMC formulation. The degradation of interfacial stresses with applied
load cycles was achieved via progressive evolution of the interfacial compliance A
periodic repeating unit cell, representing the fiber/matrix architecture of a compos-
ite, was subjected to combined normal and shear loadings, and degradation of the
global transverse stress in successive cycles was monitored. The obtained results
were compared to values from a corresponding finite element model. Reasonable
agreement was achieved for combined normal and shear loading conditions, with
minimal variation for pure loading cases. The higher variation in mixed loading
cases was attributed to the uncoupled normal/shear formulation of GMC, and can
be further improved by using available high fidelity options.

1 Introduction

Failure analysis using micromechanics model representing repeating unit cells (RUCs)
or representative volume elements (RVEs) is considered as a promising tool to
study the mechanical behavior of complex, heterogeneous materials. The defor-
mation and failure of a unit cell representing the microstructure, provides the op-
portunity to capture local phenomena more accurately under a globally applied
loading. Furthermore, the microscale analyses can be linked to larger scales to pro-
vide robust, multiscale prediction tools. Numerous studies in literature have used
micromechanics as a tool to predict homogenized material properties, or model
localized failure behavior.

Following very early studies by Eshelby [Eshelby (1957)] to predict the larger scale
macro-mechanical effective properties of composites using microscale analytical
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models, Christensen and Lo [Christensen and Lo (1979)] developed an analytical
model, consisting of a micro-mechanical 3-dimensional spherical/2-dimensional
cylindrical composite sphere/cylinder model, to predict effective shear properties of
a three-phase composite successfully. Similarly, Dvorak [Dvorak (1992)] proposed
a novel method, derived from the representation of local stress and strain fields by
novel transformation influence functions and concentration factor tensors, to eval-
uate local fields and overall inelastic properties of a composite. Later, Michel and
Suquet [Michel and Suquet (2003)] expanded the aforementioned uniform trans-
formation field analysis of Dvorak [Dvorak (1992)] to non-uniform transformation
fields. The accuracy of the proposed model in predicting effective mechanical be-
havior of composites was verified via comparison to numerical simulations. Simi-
larly, McCartney and Kelly [McCartney and Kelly (2007)] applied sets of explicit,
analytical formulae (based on the concentric cylinder model of fiber and matrix
[Hashin (1983)]) to predict the effective elastic and thermal properties for angle-
ply composite laminates with various ply angles.

Furthermore, in the context of semi-analytical micromechanics, Bednarcyk, Aboudi,
and Arnold (2010) implemented a multiaxial continuum damage model into the
high-fidelity generalized method of cells (HFGMC) [Aboudi J, Pindera M-J, Arnold
S.M. (2001)] micromechanics theory to predict the response of a glass/epoxy com-
posite under combined loading. Pineda, E.J., Bednarcyk, Waas, and Arnold (2013)
incorporated a crack band model by Bazant and Oh (1983) into the generalized
method of cells (GMC) [Paley and Aboudi (1992)] and HFGMC to capture lo-
cal failure in a manner that is insensitive to refinements in the discretization of the
RUC, and verified the response of an RUC under combined loading against an anal-
ogous, fully numerical, finite element method (FEM) model. Expanding upon pre-
vious works of Aboudi (1987), Sankurathri, A., Baxter S, Pindera M-J (1996) and
Achenbach, and Zhu (1989), Bednarcyk and Arnold (2000) developed an evolving
compliant interface (ECI) model within GMC to predict fiber/matrix debonding in
metal matrix composites. Kurnatowski and Matzenmiller (2012) utilized traction
separation laws to govern the behavior of the fiber/matrix interface within a GMC
RUC.

In addition to analytical and semi-analytical methods, several authors have stud-
ied micro-mechanics of damage and failure of composites, utilizing FEM. Sun
and Vaidya (1996) introduced a mechanics approach using an RVE to predict the
mechanical properties of unidirectional fiber composites, wherein the local, non-
homogeneous stress and strain fields of the RVE were related to the average stresses
and strains using Gauss theorem and strain energy equivalence principle (within the
FE context). Belytschko, Loehnert, and Song (2008) used perforated unit cells (ex-
cluding subdomains that are unstable in atomistic or discrete finer scales) within an
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extended finite element (XFEM) framework to compute an equivalent discontinu-
ity/jump at the coarser scale, including both the direction and magnitude of the dis-
continuity. Their method has been successfully employed to simulate the growth of
fatigue cracks in a unit cell and the corresponding coarse-grain discontinuities. Al-
faro, Suiker, and De Borst (2010) studied the transverse failure response of a single-
fiber unidirectional fiber-epoxy RUC by means of interface damage models placed
at the fiber/matrix boundary. The simulated fracture patterns, shown to be in good
agreement with experimental observations, demonstrated the influence of the local,
fiber/matrix interfacial strength on the global, transverse failure response. Gonza-
lez and Llorca (2006) simulated the fracture behavior of a fiber-reinforced notched
composite beam by means of an embedded-cell musltiscale approach, where the
region surrounding the notch tip (stress concentration point) was composed of the
actual fiber/matrix topology in the composite, while the rest of the beam was rep-
resented by a homogeneous transversally isotropic solid. The simulation results
were in good agreement with the experimental data at both the microscopic and
the macroscopic level, showing the predictive capability of this approach in simu-
lating quasi-static fracture mechanisms Later Mishnaevsky and Brondsted (2007)
used an automated generation of 3D FEM micromechanical models of composites
with predefined parameters for the microstructure (fiber/matrix) and analyzed the
fiber fracture and interfacial damage evolution (with pre-introduced matrix cracks)
based on maximum principal stress predefined fracture planes. Using a similar ap-
proach as Gonzalez and Llorca (2006), Totry, Molina, González, and Llorca (2010)
studied the effect of constituent properties (fibers, matrix and interface), on the in-
plane shear behavior and strength of carbon-fiber reinforced composites through
a combination of experiments and numerical simulation. Fiber and matrix spa-
tial distribution within the lamina were taken in to account explicitly through the
representative microstructure. In addition, the actual failure mechanisms (plastic
deformation of the matrix and interface decohesion) were included in the simu-
lations. Very good agreement was observed between experiments and numerical
simulation. Later Totry, González, and Llorca (2008) successfully analyzed the
failure locus of a composite lamina subjected to transverse compression and out-
of-plane shear, and the further influence of the loading path on the failure locus,
using a similar representative microstructure methodology. Gamstedt and Sjorgen
(1999) designated the adverse effect of compressive load excursions under low cy-
cle fatigue for a single fiber glass-epoxy specimen by counting transverse cracks
experimentally, and verifying their results through FEM. However, the FEM model
did not take the crack tip energy release rates and the ongoing fracture/damage
mechanisms in to account. The crack opening zone, compared to the experimental
results, was based on a stress-based failure analysis.
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The mentioned works have presented successful predictions of effective composite
properties or quasi-static failure behavior of composites using micromechanics-
based approaches. Nevertheless, none of them has directly addressed numerical
modeling of fiber/matrix debonding due to fatigue in detail, taking the microme-
chanics of the ongoing interfacial damage in to account (a significant damage evo-
lution scenario in composites). Moreover, the methods utilizing FEM are com-
putationally expensive, especially if a large number of elements is required for a
numerically converged FEM analysis of the unit cell.

The main novelty of this work was employing the micromechanics model (GMC)
to simulate of the cyclic cracking of the fiber/matrix interface utilizing a Paris-type
[Paris and Erdogan (1963)], cyclic crack/debonding growth law. Within GMC, the
microstructure of a periodic material is represented by a rectangular repeating unit
cell consisting of an arbitrary number of rectangular subcells, each of which may be
a distinct material obeying any constitutive law. As presented in detail in previous
literature [Aboudi (1987); Bednarcyk and Arnold (2000)], this method is semi-
analytical in nature and its formulation involves application of several continuity
conditions in an average sense. Because of this averaging, and due to a decoupling
of normal and shear field components, the model can be less accurate than tradi-
tional finite element analysis (FEA), if shear-normal coupling is significant, but it
is incredibly computationally efficient, offering solution times that are appreciably
faster . Moreover, GMC provides a distribution of the local fields in composite
materials (an advantage over traditional, mean field, micromechanics theories) al-
lowing incorporation of arbitrary inelastic constitutive models for the composite
phases, as well as other microscale effects such as fatigue damage and debonding.
Furthermore, the GMC solution is completely insensitive to refinements in the sub-
cell mesh if the geometry is fixed. During cyclic debonding, a distinction needs to
be made between the loading and unloading paths allowing for hysteresis. Within
the context of GMC, this physical phenomenon is represented mathematically by
governing the evolution of the interfacial compliance with the number of global
load cycles (with the help of Paris-type cyclic crack/debonding growth law). The
Paris-type fatigue fracture law has been successfully implemented and experimen-
tally validated by Naghipour, Bartsch, and Voggenreiter (2011) within the context
of FE cohesive zone formulation to simulate the interfacial damage of composites,
and is used as a numerical validation tool for this study.

In Section 2, the constitutive response of an interface exhibiting cyclic damage is
described concisely. In section 3, the constitutive response is used to formulate the
cyclic, damage evolution law for the interfacial compliance utilized implemented
in GMC. Construction of the RUC models, applied boundary conditions and results
obtained through GMC are compared to FEM and presented in Section 4. Finally
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a brief summary and conclusion is given in Section 5.

2 Constitutive response

Modeling cyclic debonding of fiber/matrix interface is accomplished through a
cyclic cohesive zone formulation developed by Naghipour, Bartsch, and Voggen-
reiter (2011) for capturing mixed mode interfacial fatigue damage of CFRPs. Co-
hesive zone theory, for prediction of crack initiation and propagation, was first
suggested by Dugdale (1960), and later Barenblatt (1962) and Hillerborg, Mod-
eer, Petersson (1976) added significant contributions. Since then, many authors
have been working actively on improving the approach or, within an FEM setting,
development of interface elements [Foulk, Allen, and Helms (2000); Ladeveze,
Guitard, Champaney, and Aubard (2000); Allix and Blanchard (2006); Borg, Nils-
son, and Simonsson (2002); Alfano and Crisfield (2001); Turon, Camanho, Costa,
and Davila (2006)]. When subjected to cyclic loading, the constitutive law of the
interface element (relating interfacial tractions τ , to interfacial displacement, δ )
must be reformulated to account for subcritical damage accumulation and stiffness
degradation within subsequent unloading–reloading steps (Fig. 1)

Figure 1: Cohesive law for mixed mode delamination with linear softening
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τm and δm are mixed mode interfacial tractions and displacement respectively. τm

is the corresponding interfacial strength and δm corresponds to damage initiation
(mixed mode opening displacement or the fictive crack tip). The initiated dam-
age then starts evolving based on an energy based propagation criterion, utilizing
normal and shear fracture energies (GI and Gshear) until the final failure point is
reached (Fig. 1). Normal and shear mode fracture energies shall be measured
through mixed mode fracture experiments for the required mode mixity. The de-
tailed formulation of the interfacial constitutive behavior is given in [Naghipour,
Bartsch, and Voggenreiter (2011)], and incorporated into an FEM element, and
will only be shortly reviewed here. The model is based on a cohesive law that links
fracture and damage mechanics to establish the evolution of the damage variable
in terms of the crack growth rate da/dN. The model relates damage accumulation
to the number of load cycles while taking into account the loading conditions. Ac-
cording to Naghipour et al. [Naghipour, Bartsch, and Voggenreiter (2011)] by im-
plementing a cyclic damage variable in the cohesive interface response, the cyclic
crack growth and stiffness/stress degradation can be captured properly. In order to
define the evolution of the damage variable within successive cycles (∂d/∂N), the
crack/ cracked area growth rate under fatigue loading, ∂A/∂N, which is a load and
material-dependent characteristic in the Paris law is embedded in the formulation
of the interfacial behavior as shown in Equation. (1).
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d stands for the damage variable, δ 0
m for initial displacement at delamination onset,

and final separation displacement is designated by δ
f
m (Fig. 1). C, m, and Gth are

Paris plot parameters that are obtained by plotting ∂A/∂N versus cyclic variation
in the energy release rate, ∆G, on log-log scale. Gc is the total mixed mode fracture
toughness, determined from fracture toughness experiments. ACZ stands for the
cohesive zone area, a constant averaging factor which might be calibrated back
from available experimental fracture data The maximum cyclic variation in the
energy release rate ∆G can be computed by the constitutive law of the cohesive zone
model as given in detail by Naghipour et. al [Naghipour, Bartsch, and Voggenreiter
(2011)]. Taking this in to the formulation of the cyclic evolution of the damage
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parameter, final form of Equation (1) can be rewritten as:
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This interfacial fatigue damage model was implemented as a User element (UEL)
in the FE code Abaqus, and provides promising results for cyclic degradation of
the interfacial stress [Naghipour, Bartsch, and Voggenreiter (2011)].

3 Development of cyclic compliant interface model

The micromechanics model employed to simulate the fatigue debonding of fiber/matrix
interfaces is the GMC, developed by Paley and Aboudi (1992). The geometry of
a doubly-periodic GMC RUC is shown in Fig. 2, wherein the microstructure of a
periodic material is represented by a rectangular repeating unit cell consisting of an
arbitrary number of rectangular subcells, each of which may be a distinct material.
The methodology of GMC is described thoroughly by Paley and Aboudi (1992)
and Arnold and Bednarcyk (2002).

The debonding methodology of GMC employs the concept of a flexible interface
wherein a discontinuity in the normal or tangential displacement component at an
interface, I, is permitted. These discontinuities are taken to be proportional to the
appropriate stress component at the interface such that,

[un]
I = Rnσn|I σn = σ

n
DB (3)

[ut ]
I = Rtσt |Iσt = σ

t
DB (4)

In Equations (3-4), [un]
Iand [ut ]

Iare the normal and tangential displacement dis-
continuities at the interface, with σn|Iand σ t |Ias corresponding interfacial stresses,
Rn and Rt are debonding parameters representing the effective compliance of the
interface, and σn

DB and σ t
DB are the normal and tangential strengths of the inter-

face. The flexible interface model was originally implemented into the method
of cells by Aboudi (1987) and GMC by Sankurathri, A., Baxter S, Pindera M-J
(1996). Debonding was restricted if the interface was subjected to compression
by Achenbach and Zhu (1989). The flexible interface model was further extended
by Bednarcyk and Arnold (2000, 2002)], Bednarcyk, Arnold, Aboudi, and Pindera
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Figure 2: Schematic showing the lamination theory geometry with GMC embed-
ded to represent the behavior of the composite material at the through-thickness
integration points

(2004) to the evolving compliant interface (ECI) model by incorporating time de-
pendent interfacial compliances (Rn(t) and Rt(t)). Pineda (2012) formulated an
interfacial compliance evolution law that was implicitly dependent on the traction
versus separation response of the interface. Kurnatowski and Matzenmiller (2012)
implemented a similar interfacial compliance model within GMC and used it to
predict fiber/matrix debonding in a composite using interfacial fracture toughness
parameters as inputs.

Here, a new interfacial compliance will be formulated using the previously de-
scribed fatigue damage model. Similar to the fatigue cohesive FE model developed
in Naghipour, Bartsch, and Voggenreiter (2011), the cyclically evolving interfacial
compliance is defined through the linking of damage and fracture mechanics. Em-
bedding a cyclic fracture law, such as Paris law [Paris and Erdogan (1963)], in to
the interfacial compliance formulation enables us to set up a physics-based, cyclic
debonding model. As a start point, the cyclic evolution equation can be written as:

∂R
∂N

=
∂R
∂A

∂A
∂N

(5)

A represents the debonding area, and dA/dN is the growth rate of the damaged
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(debonded) area. Using chain rule, Equation (4) can be rewritten as:

∂R
∂N

=
∂R
∂σ

∂σ

∂A
∂A
∂N

(6)

The first part of Equation (5) (rate of change of compliance with the debonded
area, dR/dA) can be calculated analytically if a linear descent is assumed for the
debonding stress versus displacement (see Fig. 3 below):

Figure 3: Linear descent of the interfacial debonding (interfacial stress versus dis-
placement)

A is the debonded area under Fig. 3 from the debond initiation up to a specified dis-
placement (u). It should be noted that since the interfacial debonding is based upon
the interfacial compliance, no initial, fictitious stiffness required for the interface
(as is needed for FEM cohesive elements), and the adjacent subcells are perfectly
bonded, automatically. The derivative of the compliance with respect to debonding
stress (dR/dσ) reads:

∂R
∂σ

=
−uc

σ2 (7)

Considering Fig. 3, the debonded area can be defined in terms of debonding stress:

A =
σ +σc

2
(σ −σc)

−uc

σc
(8)

Using Equation (7), the derivative of the debonding stress with respect to the debond-
ing area is

∂σ

∂A
=− σc

σuc
(9)



26 Copyright © 2013 Tech Science Press CMC, vol.35, no.1, pp.17-33, 2013

Substituting Equation (8) and (6) into the definition of dR/dA (Equation (4)), we
obtain:

∂R
∂A

=
σc

σ3 (10)

In analogy to the second part of Equation (4), dA/dN, represents a Paris-type equa-
tion relating the fatigue growth of the debonding area to strain energy release rate.
Under cyclic loading, the debonded area grows as the number of cycles increases.
It can be assumed that the increase in cracked area is equivalent to the increase in
the debonded area of all of the involved interfaces. Therefore, the crack growth rate
in Paris-type law can be assumed equal to sum of the debonded area growth rates
of all debonded subcells. Assuming a mean value for the debonded area growth
rate (Ãd) and assuming the mean area of the subcell interfaces does not change
significantly (can be assumed as constant) the second part of Equation (4) can be
rewritten as:

∂A
∂N

= ∑
∂Adebonded

∂N
= m

∼
∂Ad

∂N
(11)

mis an averaging coefficient analogous to Acz in Equation (2), which can be cal-
ibrated back from available experimental results. For simplicity, both mand Acz
are assumed to be 1 here. (dÃd /dN) is approximated using the Paris-type law, and
dA/dN can then be rewritten as:

∂A
∂N

= mCParis
(

∆G
Gc

)mParis

(12)

CParis, mParis, andGc are material parameters that depend on the failure mode (nor-
mal, shear or combination of both), and G is the strain energy release rate (dG=σdu).
Substituting u=Rσ from Equation (3), and using the chain rule derivative, Equation
(12) can be rewritten as:

∂A
∂N

= mCParis
(

dRσ +Rdσ

Gc

)mParis

(13)

The compliance increment (dR), current compliance (R), stress (σ ) and stress incre-
ment (dσ ) are updated throughout GMC. However, an initial non-zero value must
be assumed for the initial compliance increment. Accordingly, a threshold value
(Gth) is introduced, and debonding is precluded if the strain energy release rate is
smaller than the fatigue threshold of the strain energy release rate. In the GMC con-
text, this threshold value will be approximated from the micro-level matrix-matrix
damage sub-model.
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4 Results and Discussion

In order to numerically validate the predictive capability of the newly implemented
cyclic debonding module in GMC, a one to one comparison to analogous finite
element simulations was carried out. The successive degradation in the global
transverse stress, caused by interfacial fatigue debonding of the fiber/matrix, was
compared for corresponding GMC and FEM simulations. Pure normal, pure shear
and various mixed mode (normal plus shear) loadings were applied to verify the
accuracy of the model, under combined effects of normal and shear loads (0%
mode mixity corresponding to pure normal loading and 100% to pure shear). The
GMC model consisted of a doubly-periodic, square-packed RUC subjected to strain
driven, cyclic loading (Fig. 4a).

(a)

(b)

Figure 4: (a) A schematic representation of a fiber/matrix RUC subjected to com-
bined normal and shear loading; (b) A schematic representation of an undefomed
and deformed fiber/matrix RUC (separated interface).

The RUC was composed of 14 subcells x 14 subcells. A convergence study was
conducted, and this architecture represented the least refined RUC that provided
a converged solution. The fiber volume fraction of the RUC was 60% for both
the FEM and GMC models. Since the debonding formulation uses energy release
rates, it is important to use realistic dimensions for the RUC. Therefore a typical
fiber radius of 5µm was chosen for both the FEM and GMC models. Similarly, the
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FEM model of the RUC, a 2-D model composed of 2-D generalized plane strain
elements with an elastic anisotropic fiber and isotropic matrix with user-defined
cohesive elements [Naghipour, Bartsch, and Voggenreiter (2011)] placed at the
fiber/matrix interface, was subjected to the same loading conditions. Exemplary
undeformed and deformed FE meshes are shown in Fig.4b. The fiber/matrix inter-
face separation continues growing until interfacial tractions reach a plateau state.
The degradation of the global transverse stress was monitored as number of cycles
grew. The total amplitude of the displacement/strain-controlled cyclic loading was
assumed to be 5e-4 mm. Convergence in the FEM simulation was achieved using a
75 element x 75 element mesh, which is computationally very costly, but necessary
for achieving accurate results. The repeating nature of the fiber/matrix geometry is
taken in to consideration via applying periodic boundary conditions in the FE and
GMC simulations (periodic boundary conditions are automatically assumed in the
GMC formulation). It is worth mentioning that the same parameters for the ma-
trix (epoxy 8552), fiber (carbon), and interface, obtained partially from available
sources in literature were used in GMC and the FEM simulation. Unfortunately
very few experimental studies are have addressed cyclic micro-level fiber/matrix
measurements [(Gamstedt and Sjorgen (1999)], and meanwhile the values are not
reported explicitly. Therefore, the interface parameters are assumed to be close to
the available measurements in macro level obtained from authors’s previous exper-
imental results [Naghipour, Bartsch, and Voggenreiter (2011)].

Table 1: Properties used in GMC and FEM simulations
Mechanical properties of epoxy 8552
E11 (MPa) ν 12 G12 (MPa)
3450 0.35 1270
Mechanical properties of fiber (Carbon AS4)
E11(GPa) E22(GPa) ν 12 G12 (GPa) G23 (GPa)
388.2 7.6 0.4 15 9
Properties of interface (UEL and GMC)
CParis =0.0616 mm/cycle mParis =1.15 Gth= 0.001 mJ/ mm2 Total Gc
= 0.8 mJ/mm2 ∆N=1 m=1

The user-developed cohesive element in FEM has been demonstrated the reliable
and predictive capability to capture the cyclic delamination growth according to
Naghipour et al. [Naghipour, Bartsch, and Voggenreiter (2011)], and therefore
was used as a validation tool. A comparison of the GMC and FEM results is pre-
sented in Fig. 5. Very good agreement of stress degradation in subsequent cycles
was achieved, when comparing the fiber/matrix debonding in GMC with the corre-
sponding FEM simulations (Fig. 5) for various normal/ shear combinations. The
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variation in results was higher for combined normal and shear loading cases, with a
mean relative error value of 12%, compared to pure normal or pure shear loadings
(mean relative error value of 5%). The interfacial debonding formulation incor-
porated a coupled, mixed-mode fracture energy evolution law. However, in GMC
the normal and shear stresses are uncoupled; i.e., when a purely normal stress state
is applied, only normal stresses will develop locally, and vice versa. Thus, under
combined applied normal-shear loading cases, the error introduced by the lack of
local normal-shear stress coupling is exacerbated when a mixed-mode fracture en-
ergy evolution law is utilized because the stresses that should arise due to coupling,
and would contribute significantly to the overall degradation of the interface, are
absent. Under pure normal or shear loading, the degradation due to the stresses
arising from coupling is a second order effect.

However, the relatively low computational cost of the cyclic debonding analysis in
GMC compensates for the mentioned modest error values. For the pure normal case
the FEM runtime was 16425 seconds, whereas, the GMC solution was obtained in
180 seconds. On average, the GMC solution was about 90 times faster than the FE
solution. If fidelity is valued over efficiency, HFGMC can be employed at an added
computational expense. The stress degradation calculated through GMC is higher
compared to FE results for all loading cases, which shows the consistency of both
solutions.

Figure 5: Degradation of the global transverse stress versus number of cycles for
different combinations of normal and shear modes (various mode mixities) com-
parison between FE and GMC results
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5 Conclusion

Simulation of debonding of the fiber/matrix interface due to cyclic loading, via im-
plementation a fatigue crack growth law in to the available formulation of GMC,
was accomplished, and the results were compared to a previously, experimentally
validated fatigue delamination FE model. The stress degradation in subsequent
cycles is captured with minimal error for pure cyclic normal/ shear loading cases
when comparing the fiber/matrix debonding in GMC with the corresponding FE
simulations. The higher variation in results for combined normal/ shear loading
cases is probably due to the uncoupled normal and shear stresses formulation in
GMC. However, the exceptionally higher computational efficiency achieved by us-
ing GMC compensates for the mentioned error values.
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