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On the Some Particularities of the Torsional Wave
Dispersion in a Finitely Pre-Deformed Hollow Sandwich

Cylinder
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Abstract: This paper develops the investigations started in a work by Akbarov,
Kepceler and Mert Egilmez (2011) and studies the some particularities of the tor-
sional wave dispersion in a finitely pre-deformed sandwich hollow cylinder. The
mentioned particularities relate to the influence of the stiffness ratio of the core and
face layers’ materials and the influence of the thickness ratio of these layers on
the dispersion character of the wave under consideration. Moreover, the mentioned
influences are studied for the various values of the parameter which characterizes
the initial strains in the cylinder’s layers. The mechanical relations of the materials
of the cylinders are described through the harmonic potential. The analytical ex-
pression is presented for the low wave number limit values of the torsional wave
propagation velocity. The numerical results on the foregoing influences are pre-
sented and discussed.

Keywords: finite initial strains, wave dispersion, three-layered hollow cylinder,
high elastic material, torsional wave.

1 Introduction

The review of the related investigation was made in the paper by Akbarov, Kepceler
and Mert Egilmez (2011) in which the study by Özturk and Akbarov (2008, 2009a,
2009b), Kepceler (2010) and Cilli and Öztürk (2010) is continued for the three-
layered sandwich hollow cylinder made from the high elastic materials. However,
in the paper by Akbarov, Kepceler and Mert Egilmez (2011) concrete numerical
results were presented and discussed for the case where the material of the core
layer is stiffer than the materials of the face layers. At the same time, there are also
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many real cases where the materials of the face layers are stiffer than the material
of the core layer. Therefore in the present paper the investigations in Akbarov,
Kepceler and Mert Egilmez (2011) is developed namely for the noted above case.

Investigations carried out by utilizing the Three-dimensional Theory of Elastic
Waves in Initially Stressed Bodies (TLTEWISB within the scope of the piecewise
homogeneous body model. It is assumed that in each component of the sandwich
hollow cylinder there exists only the homogenous normal stress acting on the areas
which are perpendicular to the lying direction of the cylinders. The mechanical
relations of the materials of the cylinders are described through the harmonic po-
tential.

Note that the related problem for the bi-layered hollow cylinder was investigated in
a paper by Akbarov, Kepceler, Mert Egilmez and Dikmen (2011).

2 Formulation of the problem

We consider the sandwich hollow circular cylinder shown in Fig. 1 and assume that
in the natural state the radius of the internal circle of the inner hollow cylinder is
R and the thickness of the inner, middle and outer cylinders are h(1), h(2) and h(3),
respectively. In the natural state we determine the position of the points of the cylin-
ders by the Lagrangian coordinates in the cylindrical system of coordinatesOrθz.
The values related to the inner, middle and external hollow cylinders will be de-
noted by the upper indices (1), (2) and (3), respectively. Furthermore, we denote
the values related to the initial state by an additional upper index 0.

It is assumed that the cylinders have infinite length in the direction of the Oz axis
and the initial strain-stress state in each component of the considered body is ax-
isymmetric with respect to this axis and is also homogeneous. Moreover, it is as-
sumed that the mentioned initial strain-stress states in the inner, middle and external
hollow cylinders are determined through the following displacement fields:

u(k),0
r = (λ (k)

1 −1)r, u(k),0
θ

= 0, u(k),0
z = (λ (k)

3 −1)z, λ
(k)
1 6= λ

(k)
3 , k = 1,2,3,

(1)

where u(k),0
r (u(k),0

z ) is the displacement along the radial direction (along the direc-
tion of the Oz axis) and λ

(k)
1 (λ (k)

3 ) are the elongation parameters.

Such an initial stress field may be present with stretching or compression of the
considered body along the Oz axis. The stretching or compression may be con-
ducted for the inner, middle and the external hollow cylinders separately before
they are compounded. However, the results, which will be discussed below, can
also be related to the case where the inner, middle and external hollow cylinders
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Figure 1: The geometry of the three-layered hollow cylinder.

are stretched or compressed together after the compounding. In this case, as a re-
sult of the difference of the radial and circumferential deformations of the inner,
middle and external cylinders’ materials (similar to the deformations in the classi-
cal linear theory of elasticity which are determined through Poisson’s coefficient),
inhomogeneous initial stresses acting on the areas which are parallel to the Oz axis
may arise. Nevertheless, according to the well known mechanical consideration,
the aforementioned inhomogeneous initial stresses can be neglected under corre-
sponding investigations, in the cases where these stresses are less significant than
those acting on the areas which are perpendicular to the Oz axis. Otherwise, it is
necessary to take the mentioned inhomogeneous stresses into account, which may
be a subject of other investigations. Consequently, in the present investigation we
assume that only the normal stress (denoted by s(k),0

zz ) acting on the areas which are
perpendicular to the Ozaxis, is different from zero.

For the initial state of the cylinders, we associate the Lagrangian cylindrical system
of coordinates O′r′θ ′z′ and introduce the following notation:

r′ = λ
(k)
1 r, z′ = λ

(k)
3 z, R′ = λ

(1)
1 R, (2)

k = 1 for R ≤ r ≤ R + h(1), k = 2 for R + h(1) < r ≤ R + h(1) + h(2), k = 3for R +
h(1) +h(2) < r ≤ R+h(1) +h(2) +h(3).

The values related to the system of coordinates associated with the initial state
below, i.e. with O′r′θ ′z′ , will be denoted by an upper prime.
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Within this framework, let us investigate the axisymmetric torsional wave propaga-
tion along the O′z′ axis in the considered body. We do this investigation by using
the coordinates r′ and z′ in the framework of the TLTEWISB. We will follow the
style and notation used in the paper Akbarov, Kepceler and Mert Egilmez (2011)
and in the monograph by Guz (2004). According to this paper, the mentioned in-
vestigation is reduced to the following eigen-value problem.

The equations of motion are:

∂

∂ r′
Q′ (k)r′θ +

∂

∂ z′
Q′ (k)

θz +
1
r′

(
Q′ (k)r′θ +Q′ (k)

θr′

)
= ρ

′(k) ∂ 2

∂ t2 u′ (k)
θ

. (3)

The elasticity relations are:

Q′(k)z′θ ′ = ω
′(k)
1331

∂u′(k)
θ

∂ z′
, Q′(k)r′θ = ω

′(k)
1221

∂u′(k)
θ

∂ r′
−ω

′(k)
1212

u′(k)
θ

r′
,

Q′(k)
θr′ = ω

′(k)
2121

∂u′(k)
θ

∂ r′
−ω

′(k)
2112

u′(k)
θ

r′
. (4)

In (3) and (4) through Q′(k)
θr′ , Q′(k)r′θ , and Q′(k)z′θ , perturbation of the components of the

non symmetric Kirchhoff stress tensor are denoted. The notation u′(k)
θ

shows the
perturbations of the components of the displacement vector. ρ ′(k) is the density of
the k-th material.The constants ω ′

(k)
2121, ω ′

(k)
1221, ω ′

(k)
2112, ω ′

(k)
1212 and ω ′

(k)
1331 in (4) are

determined through the following expressions.

ω
′(k)
2121 = ω

′(k)
1221 = ω

′(k)
2112 = ω

′(k)
1212 =

µ(k)

λ
(k)
3

ω
′(k)
1331 =

λ
(k)
1

λ
(k)
1 +λ

(k)
3

2µ
(k)

λ
(k)
1 +

1

λ
(k)
3

S(k),0
33 .

s(k),0
zz =

[
λ

(k)
(

2λ
(k)
1 +λ

(k)
3 −3

)
+2µ

(k)
(

λ
(k)
3 −1

)](
λ

(k)
3

)−1
. (5)

Thus, torsional wave propagation in the sandwich hollow cylinder will be investi-
gated by the use of the equations (3), (4) and (5). In this case we will assume that
the following complete contact and boundary conditions are satisfied:

Q′(1)
rθ

∣∣∣
r′=λ

(1)
1 R

= 0, u′(1)
θ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)

= u′(2)
θ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)

Q′(1)
rθ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)

= Q′(2)
rθ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)

,

Q′(2)
rθ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)+λ

(2)
1 h(2)

= Q′(3)
rθ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)+λ

(2)
1 h(2)

,
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u′(2)
θ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)+λ

(2)
1 h(2)

= u′(3)
θ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)+λ

(2)
1 h(2)

,

Q′(3)
rθ

∣∣∣
r′=λ

(1)
1 R(1+h(1)/R)+λ

(2)
1 h(2)+λ

(3)
1 h(3)

= 0. (6)

Note that in the case where the initial strains are absent in the constituents in the
cylinder, i.e. in the case where λ

(k)
1 = λ

(k)
3 = 1.0, the foregoing formulation coin-

cides with the corresponding one proposed within the scope of the classical linear
theory of elastodynamics.

3 Solution procedure and obtaining the dispersion relation

For solution of the equations (3) and (4) we use the following presentation:

u′(m)
θ

(r′,z′, t) =− ∂

∂ r′
Ψ

(m)(r′,z′, t) (7)

where the function Ψ(m) in (7) satisfies the equation written below:[
∆
′+
(

ξ
′(m)
)2 ∂ 2

∂ z′2
− ρ ′

ω ′1221

∂ 2

∂ t2

]
Ψ = 0, (8)

where

∆
′ =

d2

dr′2
+

1
r′

d
dr′

,
(

ξ
′(m)
)2

=
2
(

λ
(m)
3

)3

(
λ

(m)
1

)2(
λ

(m)
1 +λ

(m)
3

) . (9)

It follows from the problem statement that the presentation:

Ψ
(m)(r′,z′, t) = ψ

(m) (r′)exp(i(kz′−ωt)) (10)

holds. Thus, we obtain from (8) and (10) the following equation for the unknown
function, ψ(m) (r′):[

d2

dr′2
+

1
r′

d
dr′
−

(
k2
(

ξ
′(m)
1

)2
− ρ ′(m)ω2

ω ′
(m)
1221

)]
ψ

(m) (r′)= 0. (11)

Introducing the notation:

(
s(m)
)2

=

(
k2
(

ξ
′(m)
1

)2
− ρ ′(m)ω2

ω ′
(m)
1221

)
. (12)
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The solution to the equation (11) can be written as follows:

ψ
′(m)(r′) = A(m)J0

(
s(m)kr′

)
+B(m)Y0

(
s(m)kr′

)
if
(

s(m)
)2

> 0 m = 1,2,3

ψ
′(m)(r′) = A(m)I0

(
s(m)kr′

)
+B(m)K0

(
s(m)kr′

)
, if

(
s(m)
)2

< 0 (13)

Using the equations (11), (13), (10), (5) and (4) we obtain the following dispersion
equation for the condition (6):

det
∥∥αi j

∥∥= 0, i; j = 1,2,3,4,5,6, (14)

The expressions of αi jare given in the paper by Akbarov, Kepceler and Mert Egilmez
(2011).

4 Numerical Results and Discussions

It follows from the expressions (2) and (5) that the initial stress-strain state in each
constituent of the sandwich cylinder is determined through the parameters λ

(k)
3 and

λ (k)/µ(k). Consequently, if we assume that the foregoing initial stress-strain state
in the sandwich plate appears after compounding of the inner, middle and outer
cylinders and the condition:

λ
(1)
3 = λ

(2)
3 = λ

(3)
3 , λ

(1)/µ
(1) = λ

(2)/µ
(2) = λ

(3)/µ
(3) = 1.5 (15)

takes place, then it is obtained that λ
(1)
1 = λ

(2)
1 = λ

(3)
1 . In other words, for the case

where relation (15) takes place, then the initial stress-strain state determined by
equations (2) and (5) is satisfied exactly. This statement verifies the reality of the
considered initial stress-strain state in the sandwich hollow cylinder.

Consider the dispersion relation c = c(kR) where c(= ω/k) is the wave propaga-
tion velocity, k is the wave number, ω is the frequency and R is the inner radius
of the inner cylinder (Fig. 1) obtained from a numerical solution of the disper-
sion equation (14). For simplification of the discussions below we introduce the
following notation:

c(m)
20 =

√
µ(m)

ρ(m) , c(m)
2 = c(m)

2

(
λ

(m)
3

)
= c(m)

20

 2λ
(m)
3

(λ m
2 )3

λ
(m)
1

(
λ

(m)
3 +λ

(m)
2

)
 1

2

(16)

Note that the expression for c(m)
2

(
λ

(m)
3

)
in (16) is obtained from the following

relation:

c(m)
2

(
λ

(m)
3

)
=

[(
ξ ′(m)

)2
ω ′

(m)
1221

ρ ′(m)

] 1
2

, (17)
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where ω ′
(m)
1221 and

(
ξ ′(m)

)2
are determined through the equations (5) and (9) respec-

tively.

Now we consider the limit values of the torsional wave propagation velocity.

Low wave number limit values as kR→ 0. As usual, to obtain this limit value,
each term of the corresponding dispersion equation is expanded into series form
for small values of kR→ 0 and only the limit values of the wave propagation ve-
locity are taken into account. For the considered problem, by using power series
expansions of the Bessel functions, retaining only the dominant term at kR→ 0
and doing the corresponding mathematical manipulations to calculate the determi-
nant in equation (14) we obtain the following limit value for the torsional wave
propagation velocity for the low wave number limit:

c

c(1)
20

=


µ(1)

λ
(1)
2

(
ξ ′

(1)
1

)2
+ µ(2)

λ
(2)
2

α

(
ξ ′

(2)
1

)2
+ µ(3)

λ
(3)
2

β

(
ξ ′

(3)
1

)2

µ(1) + µ(2)α

(
c(1)

2

c(2)
2

)2

+ µ(3)β

(
c(1)

2

c(3)
2

)2


1
2

, (18)

Where

α =

(
λ

(2)
2

)4 (
η(2)

)4−
(

λ
(1)
2

)4 (
η(1)

)4(
λ

(1)
2

)4((
η(1)

)4−1
) , β =

(
λ

(3)
2

)4 (
η(3)

)4−
(

λ
(2)
2

)4 (
η(2)

)4(
λ

(1)
2

)4((
η(1)

)4−1
) .

η
(1) = 1+

h(1)

R
,η(2) = 1+

h(1)

R
+

λ
(2)
1

λ
(1)
1

h(2)

R
, η

(3) = 1+
h(1)

R
+

λ
(2)
1

λ
(1)
1

h(2)

R
+

λ
(3)
1

λ
(1)
1

h(3)

R
.

(19)

In the case where µ(3) = 0the expression (19) transforms to the corresponding
asymptotic expression given below for the bi-layered finitely pre-strained hollow
cylinder:

c

c(1)
20

=


µ(1)

λ
(1)
2

(
ξ ′

(1)
1

)2
+ µ(2)

λ
(2)
2

α

(
ξ ′

(2)
1

)2

µ(1) + µ(2)α

(
c(1)

2

c(2)
2

)2


1
2

. (20)

In the case where λ
(k)
3 = λ

(k)
1 = 1.0 (k = 1,2), i.e. in the case where the initial

strains are absent in the bi-layered cylinder, the expression (20) transforms to the
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following one:

c

c(1)
20

=

 µ(1) + µ(2)α1

µ(1) + µ(2)α1

(
c(1)

2

c(2)
2

)2


1
2

(21)

where α1 = α|
λ

(2)
1 =λ

(1)
1 =1.0

.

Note that the expression (21) coincides with the corresponding one obtained in the
paper Armenakas (1971). Moreover, note that the asymptotic expression (18) is the
generalization for the finite initial strain state of the corresponding one obtained
in paper by Ozturk and Akbarov (2008). It needs to be remembered that in the
paper by Ozturk and Akbarov (2008) the aforementioned expression is obtained
for the case where the initial strains are small and determined within the scope of
the classical linear theory of elasticity.

At the same time, in the case where λ
(k)
3 = λ

(k)
1 = 1.0(k = 1,2,3), i.e. in the case

where the initial strains are absent in the layers of the considered three-layered
(sandwich) hollow cylinder, the asymptotic expression (18) transforms to the cor-
responding one obtained within the scope of the classical linear theory of elastody-
namics. Consequently, the expression (18) is also a new one for the classical linear
theory of elastodynamics.

High wave number limit values as kR→∞. Asymptotic analyses of the dispersion
equations (14) show that the high limit value of the torsional wave propagation
velocity, i.e. the limit velocity as kR→∞ is equal to min

{
c(1)

2

(
λ

(1)
3

)
; , c(2)

2

(
λ

(2)
3

)
;

c(3)
2

(
λ

(3)
3

)}
and in turn, the following relation holds:

c→min
{

c(1)
2

(
λ

(1)
3

)
;c(2)

2

(
λ

(2)
3

)
;c(3)

2

(
λ

(3)
3

)}
as kR→ ∞. (22)

The values of c(k)
2

(
λ

(k)
3

)
(k = 1,2,3)are determined by the expression (17). Note

that the relation (22) is also confirmed by well-known physical-mechanical consid-
erations.

Numerical results obtained by the numerical solution to the dispersion equation
(14). This solution is found by employing the “bi-section method” algorithm using
the PC. We attempt to verify the numerical algorithm used and the corresponding
programs. To the best knowledge of the authors, no suitable numerical results have
been obtained for torsional wave propagation (dispersion) in a three-layered hol-
low cylinder with which we can compare the numerical results obtained from the
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solution to the dispersion equation (14). In general, there are only a few investiga-
tions, such as in papers by Markus and Mead (1995) and Kudlicka (2004) in which
the torsional wave propagation in the three-layered composite cylinder is studied
within the scope of the classical linear theory of elastodynamics. Moreover, in
papers by Markus and Mead (1995) and Kudlicka (2004) it was assumed that the
materials of the skin layers are orthotropic and that the material of the core layer is
isotropic. We can not verify the algorithm used in the present paper with the results
given in the papers by Markus and Mead (1995) and Kudlicka (2004) because in
the present investigation we assume that the materials of the layers of the cylinder
are isotropic. Therefore, we verify the algorithm used in the present paper with
the results obtained in the paper by Armenakas (1971). Note that in the paper by
Armenakas (1971), the torsional wave propagation in a bi-layered hollow cylinder
was studied within the scope of the linear theory of elastodynamics.

At first, we suppose that µ(3) = µ(2)and attempt to compare the results obtained
from the solution to the dispersion equation (14) with the corresponding results
given in the paper by Armenakas (1971). As in the paper by Armenakas (1971) we
assume that µ(1)/µ(2) = 1, ρ(2)/ρ(1) = 0.5, h(1)/R = 0.2 and

(
h(2) +h(3)

)
/R = 0.2

and consider the dependence between ωh(2)/
(

πc(2)
20

)
and 2h(2)/Λ, where Λ is

the wavelength. Note that in the paper by Armenakas (1971) instead of the no-
tation

(
h(2) +h(3)

)
/R (= 0.2), the notation h(2)/R(= 0.2) is used. Thus, within

the framework of the foregoing assumptions we consider the dispersion curves ob-
tained from the solution to the dispersion equation (29) for various values of the
elongation parameter λ3

(
= λ

(1)
3 = λ

(2)
3 = λ

(3)
3

)
. The curves for the lowest three

modes are given in Fig. 2 from which it follows that the results obtained in the
case where λ3 = 1 (i.e. where the initial strains are absent in the constituents of the
cylinder) coincide with the corresponding ones given in the paper by Armenakas
(1971). At the same time, it can be seen from Fig. 2 that, in general, the initial
stretching (compression) of the compounded bi-material hollow cylinder causes an
increase (a decrease) in the torsional wave propagation velocity. This conclusion
holds strongly for the first mode. But for the second and third modes the foregoing
conclusion is violated for the cases where kR→ 0. Consequently, there exists such
values of kR before (after) which the initial stretching (compression) of the cylinder
causes a decrease (an increase) in the velocity of the torsional wave propagation in
the bi-layered hollow cylinder. This statement will also be discussed below for the
three-layered cylinder.

The results discussed above indicate that the analytical and numerical solution
methods used in the present investigation are correct. Now we consider the nu-
merical results regarding the dependence between c/c(2)

20 and kR obtained for the
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sandwich cylinder. We consider the case where h(1) = h(3), ρ(1) = ρ(3), ρ(2)/ρ(1) =
ρ(2)/ρ(3) = 1, µ(1) = µ(3)and µ(2) > µ(1)

(
= µ(3)

)
. Unless otherwise specified, we

will also assume that λ (1)/µ(1) = λ (2)/µ(2) = λ (3)/µ(3) = 1.5.

Consider graphs given in Fig. 3 which show dispersion curves constructed for
various µ(2)/µ(1) under λ3 = 1, h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4. In this figure
the graphs given under µ(2)/µ(1) ≤ 1 are also given in the paper Akbarov, Kepceler
and Mert Egilmez (2011). It follows from these graphs that the torsional wave
propagation velocity increase with the stiffness of the face layers of the cylinder.

Fig. 4 shows the dispersion curves obtained for the first lowest mode in the cases
where µ(2)/µ(1) = µ(2)/µ(3) =0.5 (solid lines) and 2 (dashed lines) for various
values of the parameter λ3 under h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4. Note that the
case where µ(2)/µ(1) = 2 was also considered in the paper by Akbarov, Kepceler
and Mert Egilmez (2011). It follows from these results that the initial stretching
(compression) of the layers of the cylinder causes an increase (a decrease) in the
torsional wave propagation velocity. Direct verification of the data shows that the
results given in Fig. 4 approach the corresponding values of c/c(2)

20 calculated by
the expression (18) as kR→ 0. At the same time, these results show that the values
of c/c(2)

20 approach c(1)
2 (λ3)

(
= c(3)

2 (λ3)
)

as determined by the expression (17) as
kR→ ∞.

Consider the influence of the thickness of the core layer on the wave dispersion
curves. This influence is illustrated by the graphs given in Fig. 5 which are
constructed for various h(2)/R under µ(2)/µ(1) = 0.5 (solid lines) and 2 (dashed
lines), h(1)/R = h(3)/R = 0.1 and λ3 = 1.0. As can be expected, in the case where
µ(2)/µ(1) = 0.5 (µ(2)/µ(1) = 2) an increase in the values of h(2)/R causes to de-
crease (to increase) in the values of the torsional wave propagation velocity, i.e. in
the values of c/c(2)

20 .

Investigate also dispersion curves related to the second and third modes. These
curves are given in Fig 6 for various values of the parameterλ3 in the case where
µ(2)/µ(1) = 0.5, h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4.

Note that the corresponding dispersion diagrams are given in Fig. 7. It follows from
these graphs that the character of the influence of the initial strains of the layers of
the cylinder on the wave propagation velocity in the second and third approxima-
tions depends on the wave number parameter kR. In other words, there exists such
value of the kR(denoted by(kR)∗) before which, i.e. for kR < (kR)∗ the initial
stretching (compressing) causes to decrease (to increase) of the wave propagation
velocity. But in the cases where kR > (kR)∗, contrariwise, the initial stretching
(compressing) causes to increase (to decrease) of the wave propagation velocity in
the second and third modes. Consequently, in the case where kR = (kR)∗, the initial
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Figure 2: The comparison of the numerical results obtained by applying of the
algorithm used in the present paper with the corresponding results obtained in the
paper by Armenakas (1971).

 
 

Figure 3: The influence of the ratio µ(2)/µ(1) on the dispersion curves of the first
mode constructed in the cases where under h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4and
λ3 = 1.
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Figure 4: The influence of the initial strains of the layers on the dispersion curves
of the first mode constructed in the cases where µ(2)/µ(1) = 0.5 (solid lines) and
µ(2)/µ(1) = 2 (dashed lines) under h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4

 
 

Figure 5: The influence of the thickness of the core layer on the dispersion curves
of the first mode in the cases where µ(2)/µ(1) = 0.5 (solid lines) and µ(1)/µ(2) = 2
(dashed lines) under h(1)/R = h(3)/R = 0.1
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Figure 6: The influence of the initial strains on the dispersion curves of the second
and third modes constructed for the cases where µ(2)/µ(1) = µ(2)/µ(3) = 0.5under
h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4.

 
 

Figure 7: The influence of the initial strains on the dispersion diagrams
of the second and third modes constructed for the cases where
µ(2)/µ(1) = µ(2)/µ(3) = 0.5 under h(1)/R = h(3)/R = 0.1, h(2)/R = 0.4.



96 Copyright © 2012 Tech Science Press CMC, vol.30, no.1, pp.83-97, 2012

strains do not influence on the mentioned wave propagation velocity. However, as
follows from the graphs given in Fig. 4, the wave propagation velocity in the first
mode increase (decrease) with initial stretching (compressing) of the layers for all
considered values of kR.

5 Conclusions

In the present paper, the study started in the paper by Akbarov, Kepceler and Mert
Egilmez (2011) is developed for the case where the face layers of the sandwich
hollow cylinder is stiffer than that of the core layer. The investigations are made
within the scope of the piecewise homogeneous body model with the use of the
Three-dimensional Linearized Theory of Elastic Waves in Initially Stressed Bodies.

Concrete numerical results are presented basically for the case where the initial
strains in the cylinders are equal to each other. According to these results the fol-
lowing concrete conclusions are indicated.

in the first lowest mode the initial stretching (compression) of the layers of the
cylinder causes an increase (a decrease) in the torsional wave propagation velocity;

in the second and third modes the influence of the initial strains of the cylinder on
the torsional wave propagation velocity depends (in the qualitative sense) on the
values on the dimensionless wave-number kR. In this case there exists such a value
of kR(= (kR)∗) before (after) which the initial stretching causes a decrease (an
increase) but the initial compression causes an increase (a decrease) in the velocity
of the torsional wave propagation;

under λ3 < 1, i.e. under initial compression the values of the cut of frequency of
the second and third modes increase with decreasing λ3, but under λ3 > 1 the noted
values of the cut of frequency become less than those obtained in the case where
λ3 = 1, i.e. where the initial strains are absent in the considered sandwich cylinder;

in the case where the face layers’ materials are stiffer (core layer’s material is
stiffer) than that of the core layer (of the face layers) an increase of the thickness
of the core layer causes to decrease (to increase) in the values of the torsional wave
propagation velocity.
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