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Maximization of Fundamental Frequencies of Axially
Compressed Laminated Curved Panels against Fiber
Orientation

Hsuan-Teh Hu' and Jun-Ming Chen?

Abstract: Free vibration analyses of laminated curved panels subjected to axial
compressive forces are carried out by employing the Abaqus finite element pro-
gram. The fundamental frequencies of these composite laminated curved panels
with a given material system are then maximized with respect to fiber orientations
by using the golden section method. Through a parametric study, the significant
influences of the end conditions, the panel aspect ratio, the panel curvature and the
compressive force on the maximum fundamental frequencies and the associated
optimal fiber orientations are demonstrated and discussed.

Keywords: Maximization, fundamental frequencies, axially compressed lami-
nated curved panels.

1 Introduction

The applications of fiber-composite laminate materials to aerospace industrial such
as spacecraft, high-speed aircraft and satellite have increased rapidly in recent
years. The most major components of the aerospace structures are frequently made
of curved panels and subjected to various kinds of compressive forces. Therefore,
knowledge of the dynamic characteristics of composite laminated curved panels in
compression, such as their fundamental natural frequency, is essential.

The fundamental natural frequency of composite laminated curved panels highly
depends on the ply orientations (Crawley, 1979; Chandrashekhara, 1989; Qatu and
Leissa, 1991; Raouf, 1994; Chun and Lam, 1995; Hu and Juang, 1997; Hu and Tsali,
1999; Hu and Ou, 2001; Hu and Tsai, 2009), end conditions (Sharma and Darvizeh,
1987; Chandrashekhara, 1989; Chun and Lam, 1995; Hu and Juang, 1997; Hu
and Tsai, 1999), geometries (Chandrashekhara, 1989; Qatu and Leissa, 1991; Hu
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and Juang, 1997; Hu and Tsai, 1999; Hu and Ou, 2001; Hu and Tsai, 2009), and
compressive forces (Dhanaraj and Palanininathan, 1990; Chen, Cheng, Chien and
Doong, 2002; Nayak, Moy and Shenoi, 2005; Chakrabarti, Topdar and Sheikh,
2006; Hu and Tsai, 2009). Therefore, proper selection of appropriate lamination
to maximize the fundamental frequency of composite laminated curved panels in
compression becomes a crucial problem (Bert, 1991; Abrate, 1994; Raouf, 1994;
Topal and Uzman, 2006).

Research on the subject of structural optimization has been reported by many in-
vestigators (Schmit, 1981) and has been widely employed to study the dynamic
behavior of composite structures (Abrate, 1994; Hu, and Ho, 1996; Hu and Juang,
1997; Hu and Tsai, 1999; Hu and Ou, 2001; Narita, 2003; Topal and Uzman, 2006;
Hu and Wang, 2007; Hu and Tsai, 2009). Among various optimization schemes,
the golden section method is a simple technique and can be easily programmed for
solution on the computer (Vanderplaats, 1984; Haftka, Giirdal and Kamat, 1990).
In this investigation, maximization of the fundamental natural frequency of com-
posite laminated curved panels in compression with respect to fiber orientations is
performed by using the golden section method. The fundamental frequencies of
composite laminated curved panels are calculated by using the Abaqus finite el-
ement program (Abaqus, Inc., 2010). In the paper, the constitutive equations for
fiber-composite lamina, vibration analysis and golden section method are briefly re-
viewed. The influences of the end conditions, the panel aspect ratio, the panel cur-
vature and the compressive force on the maximum fundamental natural frequency
and the associated optimal fiber orientations of the laminated curved panels are
presented and important conclusions obtained from the study are given.

2 Constitutive matrix for fiber-composite laminae

In the finite element analysis, the laminated cylindrical shells are modeled by eight-
node isoparametric shell elements with six degrees of freedom per node (three
displacements and three rotations). The reduced integration rule together with
hourglass stiffness control is employed to formulate the element stiffness matrix
(Abaqus, Inc., 2010).

During the analysis, the constitutive matrices of composite materials at element
integration points must be calculated before the stiffness matrices are assembled
from element level to global level. For fiber-composite laminate materials, each
lamina can be considered as an orthotropic layer. The stress-strain relations for a
lamina in the material coordinate (1,2,3) (Fig. 1) at an element integration point
can be written as

{o'} =10\ {e'}, {}=[@l{Y} (1)
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Figure 1: Material, element and structure coordinates of fiber-composite laminated
curved panel
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where {0'} = {01,00,T12} T, {7} = {13,723} ", {&/} = {er.e2, 72} " {V} = {113, 13} "
The a; and oy in Eq. (2) are shear correction factors, which are calculated in
Abaqus by assuming that the transverse shear energy through the thickness of lam-
inate is equal to that in unidirectional bending (Whitney, 1973; Abaqus, Inc., 2010).

The constitutive equations for the lamina in the element coordinate (x,y,z) then
become

{o} = [@il{e}, (0] = [n]"[Q)][T1] 3)

{t} = [0{7}, (2] = [BB]"[Q))[T] ©))
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where {G} = {GXaGy’Txy}T’ {T} = {TXZ’TyZ}T’ {8} = {gx’gya%cy}T’ {7} = {sz,?’yz}T’
and the fiber orientation 0 is measured counterclockwise from the element local
x-axis to the material 1-axis.

Let {€}, = {€x0, &0, Exyo}’ be the in-plane strains at the mid-surface of the lami-
nate section, {k} = {ky, Ky, Ky }! the curvatures, and h the total thickness of the
section. If there are n layers in the laminate section, the stress resultants,{N} =
{Ng, Ny, Noy } 1, {M} = {My, My, M, }T and {V} = {V,V;}, can be defined as

{N} w2 [ {o}
o = / {o} Saz=
{v} 2 {e

o [ @ie—zp)lQn] (2 —23,)[01] (0] {e,}
Y 3@ -] iz -] [0] {x} ¢ (©
=1 07 0]" (zjr —zj)[Q2]] {7}

The zj; and zj;, are the distance from the mid-surface of the section to the top and
the bottom of the j-th layer respectively. The [0] is a 3 by 2 matrix with all the
coefficients equal to zero.

3 Vibration analysis

For the free vibration analysis of an undamped structure, the equation of motion of
the structure can be written in the following form (Cook, Malkus, Plesha and Witt,
2002):

[M]{D} + [KI{D} = {0} 7
where {D} is a vector for the unrestrained nodal degrees of freedoms, {D} an
acceleration vector, [M] the mass matrix of the structure, [K] the stiffness matrix

of the structure, and {0} a zero vector. Since {D} undergoes harmonic motion, we
can express

{D} = {D}sinwt; {D} = — w*{D}sinwt 8)
where {D} vector contains the amplitudes of {D} vector. Then Eq. (7) can be
written in an eigenvalue expression as

(K] — 0*[M)){D} = {0} 9)
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When a laminated curved panel is subjected to compressive force, initial stresses
are generated in the panel. Consequently, the stiffness matrix [K] in Eq. (9) can be
separated into two matrices as

[K] = [Kp] + [Kq] (10)

The [Ky] is the traditional linear stiffness matrix and [Ks] is a geometric stress
stiffness matrix due to the initial stresses. Then Eq. (9) becomes

([Kz]+ [Ks] — @*[M]){D} = {0} (11)

The preceding equation is an eigenvalue expression. If {D} is not a zero vector, we
must have

K1)+ [Ks] — @*[M]| = 0 (12)

In Abaqus, a subspace iteration procedure (Abaqus, Inc., 2010) is used to solve
for the natural frequency @, and the eigenvectors (or vibration modes) {D}. The
obtained smallest natural frequency (fundamental frequency) is then the objective
function for maximization.

4 Golden section method

We begin by presenting the golden section method (Vanderplaats, 1984; Haftka,
Giirdal and Kamat, 1990) for determining the minimum of the unimodal function
F, which is a function of the independent variable X. It is assumed that lower bound
X, and upper bound X;; on X are known and the minimum can be bracketed (Fig.
2). In addition, we assume that the function has been evaluated at both bounds and
the corresponding values are F;, and Fy;. Now we can pick up two intermediate
points X and X, such that X; < X, and evaluate the function at these two points to
provide F; and F,. Because Fj is greater than F,, now X; forms a new lower bound
and we have a new set of bounds, X; and X;;. We can now select an additional
point, X5, for which we evaluate F3. It is clear that F3 is greater than F>, so X3
replace X;; as the new upper bound. Repeating this process, we can narrow the
bounds to whatever tolerance is desired.

To determine the method for choosing the interior points X |, X, X3, ..., we pick the
values of X; and X, to be symmetric about the center of the interval and satisfying
the following expressions:

XU—X2:X1—XL (13)
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Figure 2: The golden section method

X, -X, X,—X,

= (14)
Xy—X;, Xy—X,

Let 7 be a number between 0 and 1. We can define the interior points X | and X, to
be

X, =(1-19X,+tXy (15a)
X, =1X,+(1-1)Xy (15b)
Substituting Egs. (15a) and (15b) into Eq. (14), we obtain

?2-37+1=0 (16)

Solving the above equation, we obtain T = 0.38197. The ratio (1 —7)/7 = 1.61803
is the famous “golden section” number. For a problem involving the estimation of
the maximum of a one-variable function F, we need only minimize the negative of
the function, that is, minimize -F.



Maximization of Fundamental Frequencies 187

5 Numerical analysis

The accuracy of the eight-node shell element in Abaqus program for frequency
analysis has been verified by the authors (Hu and Tsai, 2009; Chen, 2009) and good
agreements are obtained between the numerical results and the analytical solution
or experimental data. Hence, it is confirmed that the accuracy of the shell element
in Abaqus program is good enough to analyze the vibration behavior of laminated
curved panels.

5.1 Simply supported laminated curved panels with various curvatures and ax-
ial compressive forces

In this section laminated curved panels subjected to axial compressive force N are
considered (Fig. 3a). The curved panels are simply supported (denoted by S as
shown in Fig. 3b) at the four edges. The simply supported boundary condition
prevents out of plane displacement w, but allows in-plane movements u and v.

The width b of the curved panel is equal to 10 cm and the circular angle ¢ of the
curved panel varies from 5° to 150°. The laminate layup of the curved panel is
[£6/90/0],5 and the thickness of each ply is 0.125 mm. To study the influence
of axial compressive force on the results of optimization, N = 0, 0.2N,,, 0.4N,,,
0.6N,,, and 0.8N,,, are selected for analysis, where N, is the linearized critical
buckling load of the laminated curved panel. The lamina consists of Graphite/Epoxy
and material constitutive properties are taken from Crawley (1979), which are
E11 =128 GPa,Ey; =11 GPa, G23 = 1.53 GPa, G1p = G13 = 4.48 GPa, vi; = 0.25,
and p = 1500 kg/m>. In the analysis, no symmetry simplifications are made for
those laminated curved panels.

To find the optimal fiber angle 8 and the associated optimal fundamental frequency
@, we can express the optimization problem as:

Maximize: ®(0) (17a)
Subjected to: 0° < 0 < 90° (17b)

Before the golden section method is carried out, the fundamental frequency @ of
the laminated curved panel is calculated by employing the Abaqus finite element
program for every 10° increment in 6 angle to locate the maximum point approxi-
mately. Then proper upper and lower bounds are selected so that the fundamental
frequency is a unimodal function within the search region. Finally, the golden
section method is carried out to find the maximum. The optimization process is ter-
minated when an absolute tolerance (the difference of the two intermediate points
between the upper bound and the lower bound) A8 < 0.5° is reached.
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(c) laminated curved panel with fixed edges

Figure 3: Geometry and boundary conditions of laminated curved panels

Figure 4 shows the optimal fiber angle 6 and the associated optimal fundamental
frequency @ versus the circular angle ¢ for [+6/90/0],, laminated curved panel
with aspect ratio a/b = 1 and with simply supported edge conditions. From Fig. 4a
we can see that the axial compressive force N has little influence on the optimal
fiber angle 6 of the laminated curved panels except the case ¢ = 150° and N =
0.8N,,. The optimal fiber angle 6 of those panels usually varies between 40° and
70° and increases with the increasing of the circular angle ¢. When ¢ = 5°, the
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Figure 4: Effect of curvature and in-plane compressive force on optimal fiber angle
and optimal fundamental frequency of [+6/90/0],, laminated curved panels with
four simply supported edges (b =10 cm, a/b=1)
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Figure 5: Fundamental vibration modes of [+6/90/0],, laminated curved panels

with four simply supported edges and under optimal fiber angles (b = 10 cm, a/b =
1)
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optimal fiber angle 6 of the laminated curved panels are all equal to 46° and seem
to be independent on the axial compressive forces. Figure 4b shows that the optimal
fundamental frequency @ increases with the increasing of the circular angle ¢.
However, it decreases with the increasing of the axial compressive force. Figure
5 shows that the fundamental vibration modes of those curved panels with a/b =
1 under optimal fiber angle 6. It can be seen that those modes are very similar
and all of them have a half sine wave in both axial direction (x-axis in Fig. 3) and
circumferential direction (y-axis in Fig. 3).

Figure 6 shows the optimal fiber angle 6 and the associated optimal fundamental
frequency @ versus the circular angle ¢ for [+6/90/0],, laminated curved panel
with aspect ratio a/b = 2 and with simply supported edge conditions. From Fig. 6a
we can see that when the axial force N < 0.6N,, and 8 < 60° (especially 8 < 30°),
the axial force has significant influence on the optimal fiber angle. For the panels
with N < 0.6N,,, when the circular angle ¢ is large, the optimal fiber angle tends
to approach 70°. However, for the panels with N = 0.8N,, and ¢ > 30 the optimal
fiber angle tends to approach 90° (the exception is the panel with ¢ = 60° where
the optimal fiber angle is 72.5°).

Figure 6b again shows that the optimal fundamental frequency @ increases with
the increasing of the circular angle ¢ and decreases with the increasing of the axial
compressive force N. Comparing Fig. 6a with Fig. 4a, we can see that the aspect
ratio a/b has significant influence on the optimal fiber angle of the laminated curved
panel. Comparing Fig. 6b with Fig. 4b, we can see that the optimal fundamental
frequencies of the curved panels with small aspect ratio are greater than those with
large aspect ratio.

Figure 7 shows the fundamental vibration modes of those curved panels with a/b
= 2 under optimal fiber angle 6. Comparing Fig. 7 with Fig. 5, it is observed
when the curved panel has large aspect ratio (say a/b = 2), small circular angle (say
¢ = 5%) and subjected to large compressive force (say N = 0.8N,,), its vibration
mode under optimal fiber angle may have more half sine wave numbers in the axial
direction.

5.2 Fixed laminated curved panels with various curvatures and axial compres-
sive forces

In this section, laminated curved panels subjected to axial compressive force and
similar to those in previous section are analyzed except that the panels are fixed
(denoted by F as shown in Fig. 3c) at the four edges. The fixed boundary condition
also prevents out of plane displacement w, but allows in-plane movements u and v.
The laminate layup of the laminated curved panel is still [£6/90/0]ys.
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Figure 6: Effect of curvature and in-plane compressive force on optimal fiber angle
and optimal fundamental frequency of [+6/90/0],, laminated curved panels with
four simply supported edges (b = 10 cm, a/b =2)
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Figure 8: Effect of curvature and in-plane compressive force on optimal fiber angle
and optimal fundamental frequency of [+6/90/0],, laminated curved panels with
four fixed edges (b =10 cm, a/b = 1)
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Figure 10: Effect of curvature and in-plane compressive force on optimal fiber
angle and optimal fundamental frequency of [£6 /90/0],, laminated curved panels
with four fixed edges (b = 10 cm, a/b =2)
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Figure 8 shows the optimal fiber angle 6 and the associated optimal fundamental
frequency @ versus the circular angle ¢ for [+6/90/0],, laminated curved panel
with aspect ratio a/b = 1 and with fixed edge conditions. From Fig. 8a we can
see that the axial compressive force N does have some influence on the optimal
fiber angle 6 of the laminated curved panels when the circular angle is large (say
¢ > 30°). The optimal fiber angle increases with the increasing of the compressive
force and usually varies between 60° and 90°. Similar to the panels with four
simply supported edges (Fig. 4a), when ¢ = 5°, the optimal fiber angle 6 of the
laminated curved panels are all equal to 90° and seem to be independent on the
axial compressive forces. Figure 8b shows that the optimal fundamental frequency
 increases with the increasing of the circular angle ¢. However, it decreases with
the increasing of the axial compressive force. Figure 9 shows the fundamental
vibration modes of those curved panels with a/b = 1 and under optimal fiber angle
6. It can be seen that those modes are very similar.

Figure 10 shows the optimal fiber angle 6 and the associated optimal fundamental
frequency @ versus the circular angle ¢ for [£6/90/0],; laminated curved panel
with aspect ratio a/b = 2 and with fixed edge conditions. From Fig. 10a we can
see that the axial compressive force N does have some influence on the optimal
fiber angle 0 of the laminated curved panels. The optimal fiber angle 6 of those
panels usually varies between 60° and 90°. Figure 10b shows that the optimal
fundamental frequency w increases with the increasing of the circular angle ¢ and
decreases with the increasing of the axial compressive force. Comparing Fig. 10
with Fig. 8, we can see that the aspect ratio a/b has significant influence on the
optimal fiber angle and optimal fundamental frequency of the curved panel. Finally,
comparing Figs. 8 and 10 with Figs. 4 and 6, we can conclude that the boundary
condition has significant influence on the optimal fiber angle and the associated
optimal fundamental frequency of the laminated curved panels.

Figure 11 shows the fundamental vibration modes of those curved panels with a/b
= 2 and under optimal fiber angle 6. Comparing Fig. 11 with Fig. 9, it is observed
when the curved panel has large aspect ratio (say a/b = 2), small circular angle (say
¢ = 5%) and subjected to large compressive force (say N > 0.4N,,), its vibration
mode under optimal fiber angle may have more wave numbers in the axial direction.

5.3 Simply supported laminated curved panels with various aspect ratios and
axial compressive forces

In this section, laminated curved panels subjected to axial compressive force are
analyzed. The width b of the curved panel is equal to 10 cm and the length a of the
curved panel varies from 5 cm to 20 cm. The panels are simply supported at the
four edges. The laminate layup of the laminated curved panel is still [£68/90/0]ys.
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Figure 12 shows the optimal fiber angle 0 and the associated optimal fundamental
frequency @ versus aspect ratio a/b for [£6/90/0],, laminated curved panels with
¢ = 60° and with simply supported conditions. From Fig. 12a we can see that
the axial compressive force N does have some influence on the optimal fiber angle
0 of the laminated curved panels when the aspect ratio is large (say a/b > 0.8).
The optimal fiber angle increases with the increasing of the compressive force and
usually varies between 60° and 70°. When a/b = 0.5, the optimal fiber angle 6
of the laminated curved panels are all equal to 67° and seem to be independent
on the axial compressive forces. Figure 12b shows that the optimal fundamental
frequency w decreases with the increasing of the aspect ratio a/b and decreases with
the increasing of the axial compressive force. Figure 13 shows the fundamental
vibration modes of those curved panels with ¢ = 60° and under optimal fiber angle
0. Again, it can be seen that those modes are very similar.

Figure 14 shows the optimal fiber angle 0 and the associated optimal fundamental
frequency @ versus the circular angle ¢ for [0 /90/0],, laminated curved panel
with ¢ = 150° and with simply supported edge conditions. From Fig. 14a we can
see that the axial compressive force N has little influences on the optimal fiber angle
0 of the laminated curved panels when the aspect ratio is large (say a/b > 0.8). The
optimal fiber angle 6 of those panels usually varies between 70° and 90°. When
the aspect ratio is large, the optimal fiber angle tends to approach constant value.
Figure 14b shows again that the optimal fundamental frequency @ decreases with
the increasing of the aspect ratio a/b and decreases with the increasing of the axial
compressive force. Comparing Fig. 14a with Fig. 12a, we can see that the circular
angle ¢ has significant influence on the optimal fiber angle of the laminated curved
panel. Comparing Fig. 14b with Fig. 12b, we can see that the optimal fundamental
frequencies of the curved panels with small circular angle are smaller than those
with large circular angle. Figure 15 shows the fundamental vibration modes of
those curved panels with ¢ = 150° under optimal fiber angle 6. Again, it can be
seen that those modes are very similar.

5.4 Fixed laminated curved panels with various aspect ratios and axial com-
pressive forces

In this section, laminated curved panels subjected to axial compressive force and
similar to those in previous section are analyzed except that the panels are fixed at
the four edges. The laminate layup of the laminated curved panel is still [0 /90/0];.

Figure 16 shows the optimal fiber angle 6 and the associated optimal fundamen-
tal frequency @ versus aspect ratio a/b for [£6/90/0],, laminated curved panels
with ¢ = 60° and with fixed conditions. From Fig. 16a we can see that the ax-
ial compressive force N does have some influence on the optimal fiber angle 6 of
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the laminated curved panels when the aspect ratio is large (say a/b > 0.6). The
optimal fiber angle increases with the increasing of the compressive force and usu-
ally varies between 0° and 80°. When the aspect ratio is large, the optimal fiber
angle tends to approach constant value. Similar to the panels with four simply sup-
ported edges (Fig. 12a), when a/b = 0.5, the optimal fiber angle 6 of the laminated
curved panels are all equal to 0° and seem to be independent on the axial compres-
sive forces. Figure 16b shows that the optimal fundamental frequency @ decreases
with the increasing of the aspect ratio a/b and decreases with the increasing of
the axial compressive force. Figure 17 shows the fundamental vibration modes of
those curved panels with ¢ = 60° and under optimal fiber angle 6. It can be seen
the fundamental vibration modes of the panels under optimal fiber angle are very
similar.

Figure 18 shows the optimal fiber angle 0 and the associated optimal fundamental
frequency @ versus the circular angle ¢ for [+6/90/0],; laminated curved panel
with ¢ = 150° and with fixed edge conditions. From Fig. 18a we can see that the
axial compressive force N has significant influences on the optimal fiber angle 0
of the laminated curved panels. The optimal fiber angle 6 of those panels usually
varies between 60° and 90°. Figure 18b shows again that the optimal fundamen-
tal frequency @ decreases with the increasing of the aspect ratio a/b and decreases
with the increasing of the axial compressive force. Comparing Fig. 18a with Fig.
16a, we can see that the circular angle ¢ has significant influence on the optimal
fiber angle of the laminated curved panel. Comparing Fig. 18b with Fig. 16b, we
can see that the optimal fundamental frequencies of the curved panels with small
circular angle are smaller than those with large circular angle. Finally, comparing
Figs. 16 and 18 with Figs. 12 and 14, we can conclude that the boundary condi-
tion has significant influence on the optimal fiber angle and the associated optimal
fundamental frequency of the laminated curved panels. Figure 19 shows the funda-
mental vibration modes of those curved panels with ¢ = 150° under optimal fiber
angle 0. Again, it can be seen the fundamental vibration modes of the panels under
optimal fiber angle are very similar.

6 Conclusions

Generally, the axial compressive force, curvature, aspect ratio and boundary con-
ditions have significant influence on the optimal fiber angle and the associated op-
timal fundamental frequency of laminated curved panels. Based on the numerical
results of this investigation, the following specific conclusions may be drawn:

1. The optimal fundamental frequency @ of the curved laminated panel increases
with the increasing of the circular angle ¢ and decreases with the increasing of the
axial compressive force.
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2. The optimal fundamental frequencies of the curved laminated panels with small
aspect ratios are greater than those with large aspect ratios. For the curved lam-
inated panels with fixed edges, their optimal fundamental frequencies are greater
than those with simply supported edges.

3. When the curved laminated panel has large aspect ratio, small circular angle and
subjected to large compressive force, its vibration mode under optimal fiber angle
may have more wave numbers in the axial direction.
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