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A New Quasi-Boundary Scheme for Three-Dimensional
Backward Heat Conduction Problems

Chih-Wen Chang'

Abstract: In this study, we employ a semi-analytical scheme to resolve the three-
dimensional backward heat conduction problem (BHCP) by utilizing a quasi-bound-
ary concept. First, the Fourier series expansion method is used to estimate the
temperature field u(x, y, z, t) at any time ¢ < T. Second, we ponder a direct regular-
ization by adding an extra term &/(x, y, z, 0) to transform a second-kind Fredholm
integral equation for u(x, y, z, 0). The termwise separable property of the kernel
function allows us to acquire a closed-form regularized solution. In addition, a
tactic to determine the regularization parameter is recommended. We find that the
proposed method is robust and applicable to the three-dimensional BHCP when
several numerical experiments are examined.

Keywords: Backward heat conduction problem, Ill-posed problem, Regularized
solution, Fourier series, Fredholm integral equation

1 Introduction

General speaking, the direct problem means an effect from a cause. On the con-
trary, the inverse problem denotes a cause from an effect. In many engineering
application domains such as archeology and heat destruction of materials, it re-
quires to reveal the temperature history from the given final data. This is the com-
monly named backward heat conduction problem (BHCP), which is a seriously
ill-posed problem because the solution is unstable for the known final data. For the
two-dimensional (2-D) and three-dimensional (3-D) homogeneous BHCPs, many
schemes have been studied. Liu (2002) proposed the regularized successive over-
relaxation (SOR) inversion approach and the direct SOR inversion method to solve
the ill-posed BHCPs. He remarked that the regularized SOR approach is stable even
under the influence of high noise level, but its retrieved time is merely 5 x 1073. On
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the contrary, the direct SOR inversion approach is unstable for small disturbances.
Iijima (2004) constructed a high order lattice-free finite difference approach by em-
ploying the Taylor expansion and the Fourier transform; however, this study did not
discuss its robustness when the final time data were disturbed with noises. Apart
from this, Mera (2005) commented that the method of fundamental solutions is
an accurate and efficient approach for tackling the BHCP in one-dimensional and
2-D domains; however, the standard Tikhonov regularization technique with the
L-curve method are still needed for the numerical stability problem. Later, Liu
(2004) and Liu, Chang and Chang (2006) have employed the group preserving
scheme (GPS) and the backward group preserving scheme to resolve the BHCP,
respectively. Without a priori regularization in use makes these two schemes more
appealing for ill-posed problems with a final value problem. Another useful algo-
rism, on the basis of the GPS [Liu (2001)], so-called the Lie-group shooting method
(LGSM), was further proposed to deal with boundary-value problems (BVPs). Be-
cause adding a quasi-boundary regularization at the final time condition, the BHCP,
originally a final value problem, can be converted into a BVP; therefore, the LGSM
[Chang, Liu and Chang (2007, 2008)] is utilized to solve the BHCP and acquires a
good result. Recently, Tsai, Young and Kolibal proposed the time evolution method
of fundamental solutions to resolve 3-D BHCPs with good results; however, their
recovery time is small.

Through this article, a direct regularization technique is adopted to transform the
3-D BHCP into a second-kind Fredholm integral equation by utilizing the quasi-
boundary method. By using the separating kernel function and eigenfunctions ex-
pansion tactics, we can derive a closed-form solution of the second-kind Fredholm
integral equation, which is a major contribution of this paper. Another one is the
application of the Fredholm integral equation to develop an effective numerical
algorism, whose accuracy is much better than that of other numerical schemes.

This sort approach of second-kind Fredholm integral equation regularization was
first employed by Liu (2007a) to tackle a direct problem of elastic torsion in an ar-
bitrary plane domain, where it was called a meshless regularized integral equation
method. Then, Liu (2007b, 2007¢) extended it to resolve the Laplace direct prob-
lem in arbitrary plane domains. A similar second-kind Fredholm integral equation
regularization method was utilized to address the inverse problems; Liu, Chang
and Chiang (2008) have applied the new scheme to select the geometrical shape
of a constant temperature curve, Liu (2009a) has used this new algorism to resolve
the Robin problem in the Laplace equation, and Liu (2009b) has employed it to
tackle the backward heat conduction problem. Furthermore, we have utilized this
approach to solve the backward in time advection-dispersion equation [Liu, Chang
and Chang (2009)]. Especially, the proposed method is easy to implement and time
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saving.

In the following, Section 2 delineates the BHCP with a quasi-boundary regular-
ization of its final time condition, and then we derive the second-kind Fredholm
integral equation by a direct regularization in Section 3. In Section 4, we derive
a closed-form solution of the second-kind Fredholm integral equation. Section 5
offers a choice principle of the regularization parameter. Numerical experiments
are also utilized to validate the new scheme. A summary with some conclusions is
presented in Section 6.

2 Backward heat conduction problems

We contemplate a homogeneous body of length a, width b and height ¢. In many
practical engineering applications we would like to recover all the past temperature
distribution u(x, y, z, t), for t < T, when the temperature is presumed to be known at
a given final time 7. Here, we set the following problem:

du d*u J*u  d%u

R I A T 0 b, 0 0<t<T, 1
5 ax2+8y2+8z2’ <x<a,0<y<b,0<z<c 0<t< o)

u©,y, z,t)=u(a, y, z, t) =u(x, 0, z, t) = u(x, b, z, t) = u(x, y, z, 0)
=u(x,y,¢1)=00<r<T, (2)

ulx,y,z2, T)=f(x,95,2),0<x<a,0<y<b,0<z<ec. (3)

This is the so-called a three-dimensional BHCP, which is known to be highly ill-
posed, that is, the solution does not count continuously on the input data u(x, y, z,
T). In fact, the rapid decay of temperature with time results in fast fading memory
of initial conditions. Hence, the numerical recovery of initial temperature from the
data measured at time 7 is a rather difficult issue owing to the influence of the noise
and computational error.

One way to tackle an ill-posed problem is by a disturbance of it into a well-posed
one. Many perturbing techniques have been proposed, including a biharmonic regu-
larization developed by Lattés and Lions (1969), a pseudo-parabolic regularization
proposed by Showalter and Ting (1970), a stabilized quasi-reversibility proposed
by Miller (1973), the method of quasi-reversibility proposed by Mel’nikova (1997),
a hyperbolic regularization proposed by Ames and Cobb (1997), the Gajewski
and Zacharias quasi-reversibility proposed by Huang and Zheng (2005), a quasi-
boundary value method by Denche and Bessila (2005), and an optimal regulariza-
tion proposed by Boussetila and Rebbani (2006). We extend the regularization of
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the one-dimensional BHCP of Showalter (1983) by pondering a quasi-boundary-
value approximation to the final value problem, that is, to supplant Eq. (3) by

au(x’ y7 Z? 0)+M(‘x7 y’ Z7 T):f(x’ y7 Z)' (4)
The problems (1), (2) and (4) can be tendered to be well-posed for each o> 0.

3 The Fredholm integral equation

By employing the technique for separation of variables, we can easily write a series
expansion of u(x, y, z, t) satisfying Egs. (1) and (2):

jry . kmz

):
iii (2)a® + 20+ 12 )2\ imx . jmy . kmz
dijrexp|—(i*/a”+ j°/b”+k° [c*)m"t]sin - sin == sin——, (5)
k=1j=1i=1

where d;j; are coefficients to be chosen. By imposing the two-point boundary con-
dition (4) on the above equation, we acquire

M(X, ¥z T) =

e i T km
ZZZ i jk €Xp[— (% )a* + j*/b* + K2 ) D) 7T ]sm—xsmusm—Z

= == a c

=[x, y, 2) —au(x, y, z, 0). (©6)

Fixing any # < T and applying the eigenfunctions expansion to Eq. (5), we have

8exp|[—(i?/a® + j*/b* + Kk /)]

abc
/// smmésmﬂz(psmu(é o, p,t)dédpdp. (7)

Substituting Eq. (7) for d;j; into Eq. (6) and assuming that the order of summation
and integral can be interchanged, it follows that

(KJZC;ZI (7 y '71)) (X, Y, Z) =

dijk =

c b a
/0 /0 /0 K(x, 6y, 95 2, p;T =1)u(§, 9, p,1)dsdodp

:f(x7 Y Z)—(XM()C, yazao)a (8)
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where
K(x, &y, 952, p51) = ZZ:

j /4 V3 /4 T km
><sm£sm£smusmﬂsm an—p 9
a b b c c

(2/a* + j? /b + /) m*]

HMg

is a kernel function, « is a regularization parameter, and Kfygt is an integral operator
generated from K (x, &; y, o; z, p; T —1). Corresponding to the kernel K (x, &3y, ¢;z,p;t),

the operator is indicated by K xyz

To recover the initial temperature u(x, y, z, 0), we have to resolve the three-dimensional
second-kind Fredholm integral equation:

ou(x, y, 2, 0)+/OL /Ob/OaK(x, &y @2, p;T)u(S, @, p, 0)dSdedp
=f(x 5, 2), (10)
which is obtained from Eq. (8) by taking ¢t = 0. Takingx =7, y= w and z = 7T in
Eq. (10), we can acquire
ou(n, o, T, 0)+/OC/Ob/OaK(n, & 0, ¢; 7, p;T)u(S, @, p, 0)dSdodp
=f(n, o, 7), (1D
and applying the operator K, on the above equation and noting that
(Kl 5 - 0)) (x, 3, 2) =
/ / /aK(x,n; Y, 0; z,T;Hu(n, o, T, 0)dndwdt = u(x, y, z,t),
(K KD peu(, -, -, 0)) (x5, 3. 2) = (KE K e, - - 0)) (x, . 2),
we have
eyt [T [ K &y, 02 05 TIE, 0. p, 11dEdoap

=F(x,y, z,t)

c b a
= [T [ K &5, 912 03 01(E 0, p)aEdgp. (12)
0 0 0

This equation was extended from Ames, Clark, Epperson and Oppenheimer (1998)
to the three-dimensional case, and the numerical implementation has been carried
out merely for the one-dimensional case.
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4 A closed-form solution

However, we start from Eq. (10) by a different approach, rather than Eq. (12),
because Eq. (10) is simpler than Eq. (12). We presume that the kernel function in
Eq. (10) can be approximated by ¢, n and m terms with

Klx 650 022 i) = o 30 35 Yl (P /0 /)T

T MQ

13)

ITx i T krz . km
X sin — sin —’é s1n — sm M sin — sin xrp
a a b b c c

owing to 7" > 0. The above kernel is termwise separable, which is also called the
degenerate kernel or the Pincherle-Goursat kernel [Tricomi (1985)].

By inspection of Eq. (13), we can get

K(x, &y, 052, p;T)=P(x, 5,2 T)-Q(&, 0,p), (14)
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where P and Q are mng-vectors given by

exp(— pmirzT)sm sin 7 sin £
exp(—p3,, w°T) sin 22 sin 7 sm

exp(—p, 2 2T sin = sin 72 sin %
exp(— p1217t2T)sm sin 22 sin %=

2 2my
exp(—pH 7 T)sm *sin = s1n7

exp(—ps21 2T sin "2 sin 2zry sin

2 2 nwy
exp(—pi, ®°T)sin 2 o sin %% sin 7= ;.
exp(—p3,,w°T) sin 22 sin 7 sin %

P:=— | exp(— pqnlnzT)sm s1n"Zy sin® |, 15)

exp(—pi w2 T) sin 2 sin 7 ] 7 sin 2%

exp(— p2127r2T)s1n sin 7 sin Z”Z

2
2

exp(—pglzﬂzT) sin 27 sin 7 sin 2%
exp(—p%,7°T) sin = sin ZZy sin #&

c
exp(—p3,m°T) sin 22 2 X sin 2Zy sin 2%
exp(—pq2227I2T) sin £7* sin 22’)} sin 2%
2 2my
exp(— p12m T)sin 7% sin = sin "7
Wlﬂz

3
exp(—p3,,,M*T) sin 2Z* sin 22 sin

exp(—Pg, 2T sin L= sin "7 sin 272




216 Copyright © 2011 Tech Science Press CMC, vol.24, no.3, pp.209-237, 2011

sin ”é sin % sin ?

2 ST
sin Lé sin n’b(p sin ?p

mw

sin sin 7 sin Q
sin ”é sin Z(” sin 22

271:5 2n¢ p

717
sm—sm b sin

sin qné sin 27;‘” sin p

sin ésm 7;“’ sin p
p

2715

sin sin & b s1n”

Q:=| sin%Ein "7;(‘) sin ”p )
sinZ 5 sin ana sin 2”’)

sin 2m§ SlIl b sin an

sin ng sin ”b(p sin
& .

a
sin 2m é sin Zb(p sin

27p
270 G 2 7
C
2p
C

sin 9z sin 272 gin 27
a b c

sin ”5 sin 27;(” sin p
Zna‘j 277:(p mn:p

sin sin sin

sin qé sin 7;"’ sin m”p

where
P =i/a+ /PR i=12,...q. =12, nk=12,..m

and the dot between P and Q denotes the inner product, which is sometimes written
as PTQ, where the superscript T denotes the transpose. With the aid of Eq. (14),
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Eq. (10) can be written as

c b a
aut, 7200+ [ [ [T P (x5 QU 0Pl 0. p. 0)dEdpdp
= f(x, »,2), (16)

where we abridge the parameter T in P for clarity. Let us define

c =/ / / Q(&, ¢, p)u(S, ¢, p,0)dEdedp (17)

to be an unknown vector with dimensions gnm.

Multiplying Eq. (16) by Q(x, y, z), and integrating it, we can acquire

c b a
O‘/ / / Q(x, y, 2)u(x, y, z, 0)dxdydz
0 0 0
c b a
+/ / / Q(x, y, 2)PT (x, y, 2)dxdydz

/// Q(&, ¢.p)u(&, @,p,0)dEdodp

:/0 /0 /0 f(x ¥, 2)Qx, y, z)dxdydz.

By definition (17) we therefore have

(18)

(O‘Imnq+/oc/0b/0aQ(§v @,p)P" (€, q),p)déd(pdp>c
:/Oc/ob/oaf(é 0,p)Q(&, @.p)dEdedp, (19)

where I,,,,, denotes an identity matrix of order gnm. Solving Eq. (19) one has

-1

c= <almnq+.A)C/()bAaQ(§7(P,p)PT(§7(P7p)d§d(Pdp>
/OC/Oh/Oaf(i,wap)Q(é,w,p)déwpdp. (20)

On the other hand, from Eq. (16) we get

au(x, y, z, 0) = f(x, y, 2) =P(x, y, z) - c. (21
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Inserting Eq. (20) into the above equation, we obtain
ou(x, y, z, 0) =

[y 2) =Plx, y, 2)- (almnﬁ/oc/ob/oaQ(é, ®,p)P" (&, <p,p)d€d<pdp>

—1

X/()C/Ob/;f(& ?.p)Q(S, ¢.p)dSdedp.

(22)

Owing to the orthogonality of

/ / / sin ﬁ sm i sin kms sin ane sin mrg sin nre

a a b b b
sin 2P sin P in 7P 4 Edodp
c c c
abc
= ?aijkarswa (23)

where 8;jk, Oymn and Sy, are the Kronecker delta, the gnm x gnm matrix can be
written as

/ / / Q(&, @,p)P" (&, @,p)dEdodp =

diaglexp(—piy 7°T),exp(—p3;, w°T), ... .exp(—pgy 7°T),
exp(—pin T ),exp(—pyy 7°T), 7eXP(—Pq217T2T), <
exp(—pL T ), exp(— PRy 72T, .. exp(—pl B°T), &4
exp(—pi1n®T),exp(—p3127°T), ..., exp(—Pg1o 7 T),
exp(—pin®T),exp(—P3n @’ T),...,exp(— Py’ T), ...,
exp(—P 12T ), exp(—P3, T ), exp(—p2, 7T )],

where diag means that the matrix is a diagonal matrix. Inserting Eq. (24) into Eq.
(22), we thus acquire

1 1
u(x, % O) = af(x7 Vs Z) - EPT(xv Y Z)

1 1
diag , e
a-+exp(—p?m2T) o +exp(—p3,,72T)




A New Quasi-Boundary Scheme for Three-Dimensional Backward Heat Conduction Problems219

1 1 1
o +exp(—pm°T) o +exp(—piy w*T) " o +exp(—pzy w°T)’

1 1 1
o +exp(—pg, m°T) " a+exp(—pf, 7°T) " o +exp(—p3, 7°T)’

1 1 1
a+exp(—pg, WT) " o +exp(—pipmPT) " o +exp(—p3,w°T)’

1 1 1
gy ey S — e
o +exp(—pg,7°T) 0 +exp(—Pinm°T) o +exp(—p3,7°T)

1 1 1
o +exp(—ppmT) " o+exp(—phy, *T) " o +exp(—p3,, w°T)’

o +exp( pqnmjz;ZT]/ // f(&, 0,p)Q(E, @,p)dEdepdp. (25)

Using Eq. (15) for P and Q, we can attain

u('x7 y? Z? 0) =

S S i i Sl i

1
—flx y 2 :
o k=1 j=1i= * o +exp[—(i2/a® + j2/b* + k? [c?)m>T]

" wabc

/ / / smxsmésmﬂ;ysmw sin %smk—p (&, 9,p)dEdedp,

a b
(26)

where the summation upper bound g, n and m can be superseded by o because
our argument is independent of ¢, n and m. For a given f(x, y, z), through some
integrals one may use the above equation to calculate u(x, y, z, 0).

If u(x, y, z, 0) is given, we can calculate u(x, y, z, t) at any time t < T by

)=
(<] oo oo k
Z Z ngkexp (i )a* + j*/b* +k* | *) 7t sm—sm% 1n£, (27)
k=1 j=1i=1 a Cc

o
~

u®(x, y,

—_
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where

8 c b a ; ; k
dl-"?k:—/ // sin TS sin % in KPP g o . 0)dEdodp.  (28)
J abc Jo Jo Jo a b c

Inserting Eq. (26) into the above equation and using the orthogonality equation
(23), one obtains

o
ijk —

abclo+exp[— 2/ + 202 + .2/ 2T]} Jo Sin == sin = = sin =2
xf(&, ¢.p)dEdodp. (29)

Egs. (27) and (29) compose an analytical solution of the three-dimensional BHCP.
To discriminate it from the exact solution u(x, y, z, t),we have utilized the symbol
u®(x, y, z, t) to denote that it is a regularization solution.

5 Selection of the regularization parameter o and numerical examples

Up to this point, we have not yet specified how to determine the regularization
parameter ¢¢. Presume that f has the following Fourier sine series expansion:

SEak o T kmz
x y’ Z szl]ksnl SInJTy ln c (30)
k=1 j=1li=1
where
dij = abc/ / / sm—sm%smi (&, @,p)dEdodp 3D

Substituting Eq. (30) into Eq. (26), we attain

2 o exp[—(i*/a’+ j* /b + K /) nT
v 0= 22 TR o s it MO
exp[(i®/a® + j* /b* + K /) m*T] x sm%sm% sin kZZ
where we indicate that
exp[—(i?/a*+ j* /B> +K* /)@ T] 1

a+exp[—(2/a2+ j2/p2 +k2/ct)m2T] 1+ aexp|(i2/a? + j2/b* + k2 /) m2T]
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For a better numerical solution, we require to set
aexp|(i®/a* + 2 [b7 + K /) m’T] = o << 1.

On the other hand, the term exp[—(i?/a® + j2/b* +k* /?) 7 T] / (a+exp[— (i /a* +
j2/b* +k*/c?)m>T)) in Eq. (32) will be very small when i, j, k, and/or T are large,
which may result in a large numerical error. Therefore, we obtain an approximation

exp[—(i2/a® + j* /B> + K /)7 T) 1
a+exp[—(i2/a®+ j2 /b2 + k2 /A)m2T] 1+

=l-ayt+of—ag+....

When the terms with order higher than one are truncated, we acquire a good ap-
proximation of u(x, y, z, 0) by

g T kirz
(x,5,2,0 Z;;(l—a{) ksm p sm% sin — ; (33)

The regularization parameter o is a small number, and i, j and k represent a num-
ber of the finite terms in the numerical experiments. In doing so, we can filter out
the noise induced by the higher-modes in Eq. (32).

We will apply the quasi-boundary approach on the calculations of BHCP through
numerical examples. We are interested in the stability of our approach when the
input final measured data are contaminated by random noise. We can evaluate the
stability by increasing the different levels of random noise on the terminal data:

f(xiayjazk):f(xiayjazk)+SR(iaj’k)v (34)

where f(x;,y;,zx) is the exact data. We employ the function RANDOM_NUMBER
given in Fortran to generate the noisy data R(i, j, k), which are random numbers in
[-1, 1], and s denotes the level of noise. Then, the noisy data f (xi,yj,2k) are used
in the calculations.

5.1 Example 1

Let us deliberate the first numerical experiment of three-dimensional BHCP:
Up = Uy +Uyy + Uz, 0<x<1,0<y<1,0<2<1,0<2<T, (35)
with the boundary conditions

u(()?y?Z’t) = u(l’y?z7t) = u(x707z7t) = u(x7 17Z7t) = M(x7y707t)
=u(x,y,1,t) =0, (36)
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and the final time condition

3n2T

u(x,y, z, T) = e " " sin(nx)sin(my)sin(nz). 37)

The exact solution is given by
u(x,y, z, t) = e_3”2’sin(nx)sin(iry)sin(nz). (38)

In Fig. 1, we display the errors of numerical solutions acquired from the quasi-
boundary semi-analytical scheme for the case of T = 25 in this comparison and the
final data are very small in the order of O(10732?), where the grid lengths Ax =
Ay = Az = 1/40 are used. At the point x = 0.1 the error is drawn with respect to y
and z by a solid line, at the point y = 0.8 the error is plotted with respect to x and z
by a circle symbol, and at the point z = 0.9 the error is plotted with respect to x and
y by a cross symbol. This example is a very hard problem of BHCP to examine the
numerical performance of novel numerical approaches. Nevertheless, the errors are
much smaller than that calculated by Chang, Liu and Chang (2009) as displayed
in Figure 9, Chang and Liu (2010) as shown in Figure 22(b) and Tsai, Young and
Kolibal (2011) as illustrated in Figures 3 and 4 therein.

The numerical results were calculated by Tsai, Young and Kolibal (2011), of which
the final time was 0.01 and the maximum error was about 0.1, under a noise of s
=0.1. In Fig. 2, we compare the numerical errors with 7 = 25 for two cases: one
without the random noise and another one with two different levels of random noise
s =0.01 and 0.1. In Figs. 3(a)-(c), we represent the exact solution and numerical
solutions sequentially. Even under the large noise s = 0.1, the numerical solution
shown in Fig. 3(c) is a good estimation to the exact initial data as displayed in Fig.
3(a). Besides, we should emphasize that in all the calculations, we can use ¢ = 0
without any difficulty because Eq. (33) is still applicable. To the author’s best
knowledge, there has been no open report that the numerical methods can calculate
this ill-posed BHCP very well as the quasi-boundary semi-analytical approach.

5.2 Example 2

Let us contemplate another instance of three-dimensional BHCP:

Up = Uy + Uy, 0<x<1,0<y<1,0<2z<1,0<2<T, (39)
with the boundary conditions

u(()?y?Z’t) = u(]"y7z7t) = M(X,O,Z,t) = u(x7 17Z7t) = M(‘x7y70’t) = u(x’y7 17t) = 07
(40)
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Figure 1: The errors of semi-analytical solutions for Example 1 with T = 25.

and the initial condition

u(x, y, z, 0) =
8xyz, for0 <x<0.5,0<y<0.5,0<z2<L0.5,
8yz(1 —x), for0.5<x<1,0<y<0.5,0<z<0.5,
8x(1—y)(1—2), for0<x<05,05<y<105<z<]I,
8xz(1—y), for0<x<0.5,05<y<1,0<z<0.5, @1
8z(1—x)(1—y), for0.5<x<1,05<y<1,0<z<0.5,
8xy(1 —z), for0<x<0.50<y<05,05<z<1,
8y(1 —x)(1—2z), for0.5<x<1,0<y<05,05<z<1,
8(1—x)(1—y)(1—2z), for0.5<x<1,05<y<1,05<z<I1.

The exact solution is given by

u(x, y, z,t) =
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Figure 2: The numerical errors of semi-analytical solutions with and without ran-

dom noise effect

for Example 1 are plotted in (a) with respect to x at fixed y = 0.8

and z = 0.9, in (b) with respect to y at fixed x = 0.1 and z = 0.9, and in (c) with
respect to z at fixed x =0.1 and y = 0.8.
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—~
=
=

(o' dx)m

o < - o
o = = o
oz dxn

(c)

(0‘z°Ax)n

in (a), in (b) the semi-analytical solution without random noise effect, and in (c) the

Figure 3: The exact solution for Example 1 of three-dimensional BHCP are shown
semi-analytical solution with random noise.
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S 512(=1) (=1)/ (= 1)*
Z Z'Z’abcnf’ (2i4+1)2(2j+1)2(2k+1)?

k=0 j=0i=0

sexp[—(i*/a” + j /b* + K | ) m*]

X sin {(2’21)7”} sin [(2]:1)”} sin [(Zktl)m} . 42)

The backward numerical solution is subjected to the final condition at time 7':

flx, y, 2)=ulx,y, z,T)=

SRR S12(=1)'(=1)/ (=)
LYY s (2i+ 1)2(2j+ 1)2(2k +1)2

k=0 j=0i=0

exp[—(iz/a2 + 2 /b? + K2 /)T

x sin {(z’zl)m} sin [(zj ;1)@} sin [thl)’ﬂ . 43)

The difficulty of this problem is emanated from that we utilize a smooth final data
to recover a non-smooth initial data.

Let a = b = c =1 and insert Eq. (42) for f(x, y, z) into Eq. (29) to attain

1
d% =
ik Lo+ exp[—(i2 + 2+ K2)w2T]}

i i i 512(— 1)”(—1)m5,-,(2q+1)5j,(2n+1)5k7(2m+1)
m=0n=04=0 2q+1> (2n+172(2m+1)?
xexp{~[(2q+1)?+ (2n+1)2 + (2m+1)?]2°T}. (44)

Inserting it into Eq. (27), we have

0 oo oo 1
Tyt = Z’;; {o+exp[—(i2+ j> +k2)n2T]}
(— )

5§ g e s
70(2g+ 1)2(2n+1)2(2m+ 1)2

m=0n=0¢=0
xexp{—[(2¢+1)>+ (2n+1)> + 2m+1)*|n*T}
exp[—(i® 4 j* + k*) 1] sin(imx) sin( jwy) sin(kmz). (45)
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Interchanging the order of summation and employing the & property, we acquire

i S12(—-1)4(—-1)"(—1)"
rnnz) = Z’ Z;;m 2q+(1) ()2;(a+1))§(2n2+1)2
exp{—[(2g+1)>+ (2m+1)>+ (2n+ 1)?|n°T}
{a+exp{—[2¢+1)*+ (2m+1)*+ (2n+1)’|2°T}}
xexp{—[(2g+ 1)+ (2m+1)*+ (2n+1)*|7%}
sin[(2g + 1)zx|sin[(2n + 1)my]sin[(2m+ 1)7z].  (46)

It gives

= 512(=1)4(=1)"(—=1)"

%(x,,z,0)
o ,;quz%)nﬁ 2+ 1)22n+1)22m+1)?

exp{—[(2¢+1)>+ (2m+1)>+ (2n+1)*|x*T}
{o+exp{—[(2¢+ 12+ (2m+1)2+ (2n+1)?|x2T}}
x sin[(2g + 1)7mx]sin[(2n+ 1)my]sin[2m + 1)7z]. (47)

The term

exp{—[(2g+1)*+ 2m+1)*+ (2n+1)*|7°T}

(ot oxp{—[(2q+ 12+ m+ 12+ nt 1Ty

is already derived at the first of this section. Therefore, we obtain

B SRR N G Vi G D G
% (x,,2,0) = (1- 0‘0)’;0?;)‘;) m0(2g+1)2(2n+1)2(2m+1)?

sin[(2g + 1)zx] sin[(2n + 1)my]
x sin[(2m + 1)mz]. (48)

Therefore, we employ this solution to compare that in Eq. (41). In practice, the data
are attained by taking the sum of the first one hundred terms, which guarantees the
convergence of the series.

Tsai, Young and Kolibal (2011) calculated the initial data with a terminal time T
= 0.01 and the maximum error was about 0.125. In Fig. 4(a), we show the errors
of numerical solutions obtained from the quasi-boundary semi-analytical method
for the case. T = 10 is used in this comparison, where the grid lengths Ax = Ay =
Az = 0.02 are employed. At the point x = 0.1 the error is plotted with respect to
y and z by a solid line, at the point y = 0.7 the error is drawn with respect to x
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and z by a dashed line, and at the point z = 0.9 the error is plotted with respect
to x and y by a dotted line. Furthermore, the maximum error occurring at x = 0.5
is only 3 x 10~%. Then, we offer a more ill-posed instance than the above one by
employing the current scheme at T = 30. The errors of numerical solutions were
displayed in Fig. 4(b).

1E3 5@ 7=10

| \HHH‘ | \HHH‘
=
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Error of numerical solutions
f
(4]
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c ]
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Figure 4: The errors of semi-analytical solutions for Example 2 are shown in (a)
with 7' = 10, and in (b) with 7 = 30.

The numerical results were calculated by Tsai, Young and Kolibal (2011), of which
the final time was 0.01 and the maximum error was about 0.09, under a noise of s
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Figure 5: The numerical errors of semi-analytical solutions with and without ran-
dom noise effect for Example 2 are drawn in (a) with respect to x at fixed y = 0.7
and z = 0.9, in (b) with respect to y at fixed x = 0.1 and z = 0.9, and in (c) with
respect to z at fixedx=0.1 and y =0.7.
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Figure 6: The exact solution for Example 2 of three-dimensional BHCP are shown
in (a), in (b) the semi-analytical solution without random noise effect, and in (c) the
semi-analytical solution with random noise.
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=0.05. In Fig. 5, we compare the numerical errors with T = 30 for two cases: one
without the relative random noise and another one with the relative random noise
in the level of s = 0.05. In Figs. 6(a)-(c), we show the exact solution and numerical
solutions sequentially. Even under the noise the numerical solution shown in Fig.
6(c) is a good estimation to the exact initial data as represented in Fig. 6(a).

5.3 Example 3

Let us ponder the third example of three-dimensional BHCP:

Up = Uy + Uyt Uy, —T<X<A, —T<y<T, —T<z<70O<t<T, 49)
with the boundary conditions

M(—TC,%Z,Z‘) = M(TC,%Z,I‘) = u(x, —ﬂ,Z,t) = u(x, 7T,Z,l) = M(X,y, _ﬂvt)
= u(x7yv7r7t) = 07 (50)

and the final time condition

u(x, y, z, T) = e~ sin(Bx)sin(By)sin(Bz). (51)
The exact solution is given by

u(x, y, 2, 1) = & P lsin(B)sin(By)sin(B2), (52)

where B € N is a positive integer.

In Fig. 7(a), we exhibit the errors of numerical solutions attained from the quasi-
boundary semi-analytical scheme for the case of B = 1. T = 100 is employed in
this comparison and the final data are very small in the order of O(10787), where
the grid lengths Ax = Ay = Az = 2mt/40 are employed. At the point x = —7 +
607 /40 the error is plotted with respect to y and z by a solid line, at the point
y = —m+ 667 /40 the error is drawn with respect to x and z by a circle symbol, and
at the point z = —m 4 7271 /40 the error is plotted with respect to x and y by a cross
symbol. However, the errors are much smaller than that calculated by Tsai, Young
and Kolibal (2011) as presented in Figure 9 therein.

We will give a more ill-posed example than the above one by utilizing the quasi-
boundary semi-analytical scheme. Let 8 = 3, T = 40, and the final data are very
small in the order of O(1073!3). Nevertheless, we can use this approach to recover
the desired initial data sinfxsinfysinfiz, which is in the order of O(1). In Fig.
7(b), the errors of numerical solutions calculated by the proposed approach with
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Figure 7: The errors of semi-analytical solutions for Example 3 are shown in (a)
with 7 =100 and 8 = 1, and in (b) with T =40 and 8 = 3.
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Figure 8: The numerical errors of semi-analytical solutions with and without ran-
dom noise effect for Example 3 are plotted in (a) with respect to x at fixed y = 27/3
and z = 4x/5, in (b) with respect to y at fixed x = 7/2 and z = 47/5, and in (b) with
respect to z at fixed x = #/2 and y = 27/3.
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Figure 9: The exact solution for Example 3 of three-dimensional BHCP are shown
in (a), in (b) the semi-analytical solution without random noise effect, and in (c) the
semi-analytical solution with random noise.
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Ax = Ay = Az = 21 /40, and the result was much better that calculated by Tsai,
Young and Kolibal (2011), where they employed 7" = 0.5.

The numerical results were calculated by Tsai, Young and Kolibal (2011), of which
B =1, the final time was 0.75 and the maximum error was about 0.09, under a
noise of s = 0.1. In Fig. 8, we compare the numerical errors with 7 = 100 and f8 =
1 for two cases: one without the random noise and another one with two different
levels of random noise s = 0.01 and 0.1. In Figs. 9(a)-(c), we represent the exact
solution and numerical solutions sequentially. Even under the large noise s = 0.1,
the numerical solution presented in Fig. 9(c) is a good estimation to the exact
initial data as displayed in Fig. 9(a). In addition, we should emphasize that in all
the calculations, we can employ ¢ = O without any difficulty since Eq. (33) is
still applicable. To the author’s best knowledge, there has been no open literature
that the numerical approaches can calculate this ill-posed BHCP very well as the
quasi-boundary semi-analytical scheme.

6 Conclusions

In this article, we have transformed the three-dimensional BHCP into a second-
kind three-dimensional Fredholm integral equation through a direct regularization
tactic and a quasi-boundary idea. By employing the Fourier series expansion tech-
nique and a termwise separable property of kernel function, an analytical solution
of the regularized type for estimating the exact solution is displayed. Besides, we
explain that the effect of regularization parameter on the disturbed solution. Three
numerical examples have illustrated that the proposed algorism can recover all ini-
tial data very well, even though the final data are very small or noised by a large
perturbation, and the initial data to be retrieved are not smooth. Thus, the current
scheme is recommended to cope with the three-dimensional BHCPs.

Acknowledgement: The author would like to express his thanks to the National
Science Council, ROC for his financial support under Grant Numbers, NSC 99-
2218-E492-005.
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