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Modeling Intergranular Crack Propagation in
Polycrystalline Materials

M.A. Arafin1 and J.A. Szpunar2

Abstract: A novel microstructure, texture and grain boundary character based
model has been proposed to simulate the intergranular crack propagation behav-
ior in textured polycrystalline materials. The model utilizes the Voronoi algorithm
and Monte Carlo simulations to construct the microstructure with desired grain
shape factor, takes the texture description of the materials to assign the orientations
of the grains, evaluates the grain boundary character based on the misorientation
angle - axis calculated from the orientations of the neighboring grains, and takes
into account the inclination of grain boundaries with respect to the external stress
direction. Markov Chain theory has been applied to ensure the crack-path conti-
nuity and Monte Carlo simulation technique was employed to obtain the various
possible orientation distribution of grains for any given texture description and to
vary the spatial distributions of different grain orientations in the microstructure.
Crack propagation behavior is simulated for both different types of fiber textures
commonly found in Molybdenum polycrystals as well as the random polycrystals.
The texture intensities and grain shapes were varied, for fiber and random textured
samples, respectively, and resulting crack propagation lengths and percolation fre-
quencies were compared.

Keywords: Intergranular Cracking; Texture; Grain Boundary Character; Voronoi
Algorithm; Markov Chain, Monte Carlo Simulations.

1 Introduction

Intergranular cracking has always been recognized as one of the major obstacles
in producing materials with superior mechanical properties [Lim and Watanabe
(1990), Gertsman and Tangri (1997), Watanabe and Tsurekawa (1999)]. It is well-
known that the grain boundary character governs such crack propagation process
and the solution to this problem lies in applying certain manufacturing techniques
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to obtain materials that contain a large fraction of low-energy boundaries which are
crack-resistant. However, it is practically not possible to produce materials with
grain boundaries that are entirely of low-energy types. In fact, such ideal material is
not also required to avoid intergranular fracture because if the low-energy boundary
fraction reaches a threshold value, virtually all the cracks can be arrested without
having percolation or before the cracks can reach the critical length beyond which
fracture is inevitable.

Numerous studies in the literature clearly prove that not all the grain boundaries are
alike [see, e.g., Watanabe (1984), Crawford and Was (1992), Lin and Pope (1993,
1995), Pan, Adams, Olson and Panayotou (1996), Tsurekawa, Kokubun and Watan-
abe (1999), Gertsman and Bruemmer (2001), Arafin and Szpunar (2009a)]. Low
angle boundaries (LAB) and low-Σ coincidence site lattice (CSL) boundaries usu-
ally have high fracture strengths, while the random high angle boundaries (HAB)
are known to be weakest. Even a transgranular crack can become intergranular
when the crack-tip meets a HAB due to strong dislocation pile-ups [Shi and Zikri
(2009)]. However, there is remarkable dispute on the misorientation angle limit
of LAB and the limit of maximum Σ value up to which they can be considered
as truly fracture resistant. Although the common trend is to consider 15˚ as the
maximum limit of misorientation angle for the LAB according to the Brandon’s
criterion, and 29 as the highest Σ value for this purpose, the answer is not really
simple and experimental investigations are required to resolve this issue for any
given material. Often the fracture strength decreases significantly with the increase
of misorientation angle for the LABs and, only very few low-Σ boundaries have
the low-energy characteristic. To make the matters worse, sometimes a higher Σ

value CSL boundary can be of fracture resistant type compared to its low-Σ value
counter-part [Tsurekawa, Tanaka and Youshinaga (1994)]. Therefore, assuming
systematically decreasing fracture strength with the increase of Σ value of up to 29
have very little physical meaning unless the experimental values show such behav-
ior.

The most noticeable difficulty, however, is to use realistic microstructure for the
crack-propagation studies because, in order to simulate the intergranular crack
propagation process, each of the triple junctions (TJs) needs to be considered and
the spatial locations of the TJs and the grain boundaries associated with these TJs
never show definite symmetry to put them under a common modeling framework.
The conventional modeling approach [see, e.g., Wells, Stewart, Herbert, Scott and
Williams (1989), Gertsman and Tangri (1997), Palumbo, King, Aust, Erb and
Lichtenberger (1991), Jivkov, Stevens and Marrow (2006), Pan, Olson and Adams
(1995), Wang, Zou, and Esling (2002)] is to use hexagonal microstructure as the
input grain boundary network to avoid the above problem but such microstructure
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does not exist in reality and the results obtained from this type of model is rather
over-simplified.

Another common problem in modeling the crack-propagation process is to ensure
that the crack-path is continuous, that is, a boundary can crack only if the previous
boundary is already cracked. Markov Chain theory can overcome this problem
[Pan, Olson and Adams (1995), Gertsman and Tangri (1997), Arafin and Szpunar
(2009b)] but, again, each triple junction and grain boundary need to be tracked in
order to be able to construct Transition Matrix, will be described later, a necessary
pre-requisite to carry out the Markovian analysis. In addition, for the same texture
description, there are numerous possible orientation distributions of the grains, let
alone the spatial distributions of the grain orientations which may also change the
crack propagation behavior noticeably. Therefore, Monte Carlo simulations need
to be carried out to account for these variables.

In this study, we have overcome the abovementioned difficulties and proposed a
novel modeling approach to simulate the crack propagation behavior in polycrys-
talline materials. Both fiber textured, having a large fraction of low-energy crack-
resistant boundaries, and random textured, with predominantly random high angle
boundaries, samples were considered. The intensities of the fiber textured samples
were changed to obtain various grain boundary character distributions; multiple
crack nucleation sites were considered; and microstructures with different grain
shape factors were studied.

2 Modeling of Intergranular Cracking in Textured and Random Polycrystals

The model proposed is of integrated nature. It utilizes the Voronoi algorithm (for
microstructure construction), Markov Chain theory (to ensure the crack-path conti-
nuity), texture and grain boundary misorientation theories (to assign the crystallo-
graphic orientation of the grains and calculate the misorientation angle and rotation
axis and subsequently determine the character of the grain boundary), and Monte
Carlo simulation (to account for the various possible orientations and spatial distri-
bution of the grain orientations for the same texture description). The development
of such model is the result of the author’s continuous effort, as a part of a large scale
project, to construct a realistic microstructure-based intergranular crack propaga-
tion model and, therefore, should be viewed as a major advancement with regard
to the previously published ones [Arafin and Szpunar (2009b, 2009c, 2009d)]. De-
tails of the Voronoi algorithm, Markov Chain theory and Monte Carlo simulation,
along with an example case on how these techniques could be combined together to
simulate the intergranular crack propagation process based on a given GBCD, have
been described in [Arafin and Szpunar (2009c)]. The new model, however, is more
comprehensive in a way that it can take into account the crystallographic descrip-
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tions of the grains and evaluates the grain boundary character from the assigned
orientations of the neighboring grains. In addition, the individual grain boundary
fracture strength, and projected stress on the grain boundary plane are considered
while assessing the vulnerability of a grain boundary under a given loading condi-
tion.

In the present article, we have used different fiber textures commonly found with
Mo as well as the random Mo polycrystals. For the fiber textured samples, the
intensity of texture were varied using Gaussian spread defined by half-width. Mis-
orientation angle and axis were calculated based on the orientations of the neigh-
boring grains and, in estimating the misorientation angle, all the 24 crystallography
related solutions were considered, that is full solution sets were obtained by pre-
multiplying the rotation matrix with all the 24 symmetry matrices.

The grain boundaries were classified according to the misorientation angle-axis de-
scriptions and the coincident site lattice schemes [Mykura (1980)]. The maximum
orientation deviations of the CSL boundaries were taken from the Brandon Crite-
rion (see Eq. 1):

∆θ = 150
Σ
−1/2 (1)

The identifications of CSL boundaries were limited up to Σ29 type which is a
well-established criterion for such purpose because beyond Σ29, the boundaries
are usually considered to have the same property as those of the random high angle
boundaries.

The alignment of grain boundaries with respect to the stress direction is considered
while assessing their responses to the applied load. That is, for any given stress, the
projection of stress on to the grain boundary plane is calculated and if the resolved
stress exceeds the fracture strength of that grain boundary, the boundary is consid-
ered to be fractured. Let us illustrate the crack propagation decision strategy with a
simple schematic shown in Fig. 1. Assume that the crack-tip is at point 1, the stress
is along the y-direction and the crack is moving from left to right. The model will
apply the following sequence of checking algorithm to decide whether to crack the
boundary (1-8) or, (1-2) or, both or, arrest at the triple junction (point 1).

Step 1: What are the crystallographic orientations of C1, C9 and C2?

Step 2: What are the misorientation angles and axes between grains C1 and C9,
and C1and C2?

Step 3: Use Brandon criterion to determine the characters of the boundaries

Step 4: Find the inclination angles of the grain boundary planes with respect to the
direction perpendicular to the stress axis
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 Figure 1: Schematic Voronoi microstructure to illustrate the crack-propagation de-
cision strategy

Step 5: Calculate the projection of stress, σp (= σCosθ ), on to the grain boundary
plane (θ = angle between the grain boundary plane and perpendicular to the
stress-axis)

Step 6: If σp > σGB: crack the boundary (σGB=grain boundary fracture strength)

Steps (1-6) are repeated for all the triple junctions to construct the transition matrix
and, subsequently, carry out the Markovian analysis to determine the end-location
of the crack(s). Note that, a transition matrix (Tr) is a square matrix (mxm) where
m is the number of triple junctions/nodes in the microstructure. For every triple
junction, three Tr elements are obtained based on the above mentioned crack prop-
agation decision algorithm and the remaining elements are assigned to be zero.
These elements could be defined either as Tii or Ti j type, where, Tii = 0 indicates
that if the crack-tip arrives at node i, it will not get arrested here while Tii = 1means
the opposite, in other words, crack will be arrested at this node. On the other hand,
Ti j = 0 means, if the crack-tip is at node i, it will not go to node j from there, and
Ti j = 1 indicates the other way around. The initial crack locations are defined with a
row vector, p0, and the steady state position of the crack is determined by continue
to iterate Eq. 2.

pn = p0 ∗T n
r (2)
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Figure 2: Integrated model algorithm (N= number of Monte Carlo iterations for
each microstructure, n = number of different microstructures to be simulated, Lavg

= normalized average crack-length)
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Here, n = 1, 2, 3, ......s and, s is the iteration number for which steady state posi-
tion is achieved, that is, any further iteration does not lead to the change of crack
position.

For each texture description, the spatial distributions of the grain orientations are
varied using the Monte Carlo simulation technique. For each simulation, the max-
imum crack length is recorded and, finally, these lengths are averaged out for the
total number of Monte Carlo iterations. The number of times the crack reaches the
right hand side of the microstructure is also considered to determine the percolation
frequency. The flowchart of the developed integrated model is shown in Fig. 2.

3 Results and Discussions

Key bicrystal experiments were conducted in the literature [Kurishita, Oishi, Kubo,
and Yoshinaga (1983), Tanaka, Tsurekawa, Nakashima and Yoshinaga (1994), Ikeda,
Morita, Nakashima, and Abe (1999)] to assess the fracture strengths of different
types of grain boundaries in Mo at liquid nitrogen temperature to minimize the
effect of impurities such as C, O etc. which could significantly alter the desired
data. Some studies were also conducted to ascertain the fracture strengths at room
temperature [Brosse, Fillit, and Biscondi (1981), Watanabe (1994)] but such data
are very limited and do not cover the range of CSL boundaries that are of inter-
ests. Therefore, we chose to use this temperature for the model; that is fracture
strengths used in the simulations for different types of CSL boundaries, shown in
Table 1, are only valid for 77K. The other issue is that although fracture strengths
of most of the boundaries within the range of Σ(1-29) are available, CSL bound-
aries mainly associated with <111> misorientation axis could not be found in the
literature. However, these boundaries in Mo were never reported to possess spe-
cial characteristics and, we assume, in this study, to have the same strength as
that of the random boundaries. As pointed out earlier, the fracture strength of Σ1
(LABs) varies considerably within the Brandon limit of 0-15˚ and, rather than us-
ing one single value for Σ1, we used the fracture strengths (also at 77K) based on
specific misorientation angle, using data from Kurishita, Oishi, Kubo, and Yoshi-
naga (1983), Tanaka, Tsurekawa, Nakashima and Yoshinaga (1994), Ikeda, Morita,
Nakashima, and Abe (1999), whenever a LAB is identified.

3.1 Model microstructures

In the present study, we have chosen to simulate the crack propagation in a nearly
equiaxed microstructure, consists of 1000 grains, as shown in Fig. 3a. However,
in order to illustrate the role of grain shape on the resulting crack propagation and
percolation frequency, elongated microstructure with low grain shape factor is also
considered and discussed in section 3.2. It is worth mentioning here that one of
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Table 1: Fracture strengths of different CSL boundaries (up to Σ29) of Mo at 77K

Grain Boundary Fracture Reference
Type (Σ) Strength (MPa)

3 1750 [Kurisita, Oishi, Kubo, and Yoshinaga
(1983)]

5 1193 [Ikeda, Morita, Nakashima, and Abe
(1999)]

7 280 -
9 380 [Tanaka, Tsurekawa, Nakashima and

Yoshinaga (1994)]
11 480 [Kurisita, Oishi, Kubo, and Yoshinaga

(1983)]
13a 975 [Ikeda, Morita, Nakashima, and Abe

(1999)]
13b 280 -
15 280 -
17a 865 [Ikeda, Morita, Nakashima, and Abe

(1999)]
17b 1450 [Tanaka, Tsurekawa, Nakashima and

Yoshinaga (1994)]
19a 280 [Kurisita, Oishi, Kubo, and Yoshinaga

(1983)]
19b 280 -
21a 280 -
21b 280 -
23 280 -
25a 1100 [Ikeda, Morita, Nakashima, and Abe

(1999)]
25b 280 -
27a 280 -
27b 280 -
29a 1300 [Ikeda, Morita, Nakashima, and Abe

(1999)]
29b 280 -
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the major advantages of Voronoi algorithm is its ability to produce microstructure
with the desired grain shape factor which is not possible in the traditional hexag-
onal based model microstructure. The random Voronoi sites are varied continu-
ously, using the Monte Carlo simulations, until the desired grain shape factor is
obtained. In all the simulations, we have assumed that stress is acting only along
the y-directions and multiple crack nucleation sites are present on the left-hand side
of the microstructure.

3.2 Model predictions

Besides random texture, the fiber textures assigned in the equiaxed microstructure
were of three different types: <100>, <115>, and <023>, assuming ND as the
macroscopic fiber axis. The intensities of fiber textures were varied in order to
obtain different GBCDs and, in all cases, a stress magnitude (σ ) of 651 MPa was
applied. For each case, ten Monte Carlo iterations were carried out to account
for the various possible orientations and spatial distributions of grain orientations
for the same texture descriptions. During each simulation, the maximum crack
length and the GBCD were recorded. The predicted crack-length and percolation
frequency were taken as the average of the maximum crack length found in each
individual simulation and, the percentage of times crack had crossed through the
thickness of the sample, respectively.

Fig. 4 shows the comparisons of GBCDs, for 5˚ and 10˚ half-widths, in terms
of fractions of random and Σ(1-29) boundaries in the microstructure used in the
model, as well as the normalized average crack-lengths obtained from the simu-
lations. The detailed GBCDs for 10˚ half-width fiber textured samples are shown
in Fig. 5 to illustrate the specific grain boundary character evolution from a given
texture description. For comparison, the detailed GBCD evolved from the random
texture input is also shown.

Clearly, unlike the <115> and <023> fiber textured cases, there is a significant
fraction of CSL boundaries in the <100> fiber textured samples and, this was not
unanticipated since many of the CSL boundaries, such as Σ5, Σ13a, Σ17a, Σ25a,
and Σ29a are defined with the <100> misorientation axis and the formation of such
boundaries are facilitated by the presence of <100> fiber texture. As also expected,
for <100> fiber textured samples, the fractions of LAB and CSL boundaries de-
crease with the decrease of texture intensity, in other words, with the increase of
half-width, and as a result the average crack length increases. The latter is also true
for other fiber textured samples although the fraction of CSL boundaries increased
with the increased deviation of grain orientations from the ideal fiber descriptions
of those samples. However, the increased fractions of CSL boundaries in those
samples did not match up with the LABs that decreased more rapidly and, as a
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Figure 3: Voronoi microstructures with (a) grain shape factor = 0.52 (near-
equiaxed), and (b) grain shape factor = 0.39 (vertically elongated)

result, the number of HABs increased. Also, not all the CSL boundaries within
Σ(3-29) have high fracture strengths. An interesting example of having certain Σ

boundaries on the overall fraction of Σ(3-29) boundaries could be seen by compar-
ing the crack length of <115> and <023> fiber textured samples and the detailed
GBCDs (averaged) shown in Fig. 5. In both samples, for 10˚ half-width, the over-
all percentage of CSL boundaries did not vary noticeably (6.23% vs. 6.24%) from
each other. However, there are slightly more Σ5 (1.68% vs. 1.7%), Σ13a (1.17%
vs. 1.19%), Σ17a (0.44% vs. 0.53%), Σ25a (0.3% vs. 0.33%), and Σ29a (0.27%
vs. 0.29%) boundaries generated in case of <023> textured Mo which have high
fracture strength values and, therefore, even though the percentage of LAB is lower
than that of its counterpart (21.18% vs. 20.9%), the crack-length was little less in
this sample (note that, the grain boundary percentage differences mentioned above
are the average values based on 10 Monte Carlo iterations). The overall GBCDs
should thus be used in caution when predicting the crack-lengths and here lies the
advantage of a texture based model which can reproduce the detailed GBCD accu-
rately.
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Figure 4: Grain boundary character distributions and the corresponding normal-
ized crack-propagation length for different fiber and random textured samples (PF:
percolation frequency)

None of the fiber textured samples showed percolation but, in contrast, in all the
random textured samples, percolation was predicted. This, however, was quite
predictable because, the overall and detailed GBCDs of random textured sample
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Figure 5: Detailed grain boundary character distribution for different fiber textured
samples with 10˚ half-width and random textured sample

showed very small fraction of crack-resistant boundaries as can be observed in
Fig. 5. Thus, it is obvious that the fiber textured samples with higher fraction
of low-energy grain boundaries are certainly preferable over the random textured
samples. However, random textured samples are of most common type since it
is extremely expensive to manufacture the fiber textured samples. One possible
remedy to this problem is the manipulation of grain shape because if larger fraction
of grain boundaries is unfavorably oriented with respect to the stress direction,
crack propagation might be arrested at a safe maximum length. In the current study,
we have therefore simulated the crack propagation in a random textured vertically
elongated microstructure, shown in Fig. 3b, with a grain shape factor of 0.39.
The normalized average crack length and percolation frequency are shown in Fig.
4 which clearly suggests that crack propagation length and percolation frequency
could be diminished for low grain shape factor random textured samples.

4 Summary and Conclusions

Intergranular crack propagation in textured polycrystalline materials has been sim-
ulated using a novel integrated modeling approach based on Voronoi algorithm,
Markov Chain theory, texture and grain boundary character, and Monte Carlo sim-
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ulations. The predicted crack propagation behavior is consistent with the well-
known understanding of the relationship between the low-energy boundary and
their resistance to cracking.

Fiber textured samples are, in general, highly resistant to intergranular damage
propagation while the random textured polycrystals are the most vulnerable. How-
ever, the fraction of crack-resistant boundaries present in the microstructure de-
pends on the type of fiber texture and decreases significantly with the increase of
half-width or, in other words, with the decrease of texture intensity.

It has been shown that the overall GBCD, often used as input to assess the crack-
propagation extent could be sometimes misleading and texture based model could
help overcome this limitation.

Study of the model microstructures with different grain shape factors suggests that
the crack propagation behavior can be effectively controlled in highly susceptible
random polycrystals by suitably manipulating the grain shapes when obtaining the
increased fraction of low-energy crack resistant boundaries is not feasible.
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