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Buckling Analysis of Plates Stiffened by Parallel Beams

E.J. Sapountzakis' and V.G. Mokos'

Abstract:  In this paper a general solution for the elastic buckling analysis of
plates stiffened by arbitrarily placed parallel beams of arbitrary doubly symmetric
cross section subjected to an arbitrary inplane loading is presented. According to
the proposed model, the stiffening beams are isolated from the plate by sections
in the lower outer surface of the plate, taking into account the arising tractions in
all directions at the fictitious interfaces. These tractions are integrated with respect
to each half of the interface width resulting two interface lines, along which the
loading of the beams as well as the additional loading of the plate is defined. The
unknown distribution of the aforementioned integrated tractions is established by
applying continuity conditions in all directions at the two interface lines, while the
analysis of both the plate and the beams is accomplished on their deformed shape.
The method of analysis is based on the capability to establish the elastic and the
corresponding geometric stiffness matrices of the stiffened plate with respect to a
set of nodal points. Thus, the original eigenvalue problem for the differential equa-
tion of buckling is converted into a typical linear eigenvalue problem, from which
the buckling loads are established numerically. For the calculation of the elastic
and geometric stiffness matrices six boundary value problems are formulated and
solved using the Analog Equation Method (AEM), a BEM-based method. Numer-
ical examples with practical interest are presented. The accuracy of the results of
the proposed model compared with those obtained from a 3—-D FEM solution is
remarkable.

Keywords: Stiffened plate, ribbed plate, slab-and-beam structure, buckling, nonuni-
form torsion, warping, boundary element method.

1 Introduction

Structural plate systems stiffened by beams in one direction are widely used in
buildings, bridges, ships, aircrafts and machines resulting an economical, light
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weight design of the structure. While the stiffening elements add negligible weight
to the overall structure, their influence on strength and stability is enormous. Stiff-
ened plates can be subjected to high axial forces, high bending moments or com-
bination of both. Due to the presence of the compressive axial forces and bending
moments, stiffened panels are susceptible to failure by instability. A reliable and
safe design of such plate structures necessitates a rigorous buckling analysis.

The problem of buckling of stiffened plates has been widely studied from both the
analytical and the numerical point of view with pioneer the work of Bryan (1891)
who applied energy criteria to the study of the stability of plates under uniform
compression, while Timoshenko in (1936) and Timoshenko and Gere in (1951)
presented numerical tables for buckling loads of rectangular plates stiffened by
longitudinal and transverse ribs. The effect of eccentricity of the stiffener was in-
troduced as the effective moment of inertia of the stiffener by Seide (1953), while
Troitsky (1976) discussed the earlier developments in this field. However, due
to the mathematical complexity of the problem, the existing analytical solutions
are limited to stiffened plates of simple geometry, loading and boundary condi-
tions. Thus, numerical methods have been used for the analysis of the aforemen-
tioned stability problem. Among these methods the majority of researchers have
employed the finite element method (FEM). The first attempt to apply the finite ele-
ment method to the stability analysis of unstiffened plates is due to Kapur and Hartz
(1966) and to stiffened plates is due to Dawe (1969). Later, several finite element
solutions (Shastry, Venkateswara, Rao, and Reddy, 1976; Shen , Huang and Wang,
1987; Madhujit and Abhijit, 1990; Meiwen and Issam, 1992; Sabir and Djoudi,
1995; . Grondin, Elwi and Cheng, 1999; Sheikh, Elwi, and Grondin, 2003; Vo6ros,
2007; Voros, 2007) have been developed for stability problems of slab-and-beam
structures, while the finite strip method has also been used for the aforementioned
problem (Lau and Hancock, 1986; Kakol, 1990).

The boundary element method (BEM) (Sapountzakis and Mokos, 2009; Tan et. al.,
2009; Liu, 2007; Sapountzakis and Tsiatas, 2007; Dziatkiewicz and Fedelinski,
2007; Wang et. al., 2006; Koziara, and Davies, 2006; Sanz et. al., 2006; Zhou
et. al. (2006); Fernandes and Venturini, 2005; Botta and Venturini, 2005; Divo
and Kassab, 2005; Shiah et. al., 2005; Sun, et. al., 2004; Mansur et. al, 2004;
Miers and Telles, 2004; Rashed, 2004; Zhang and Savaidis, 2003; Hatzigeorgiou
and Beskos, 2002; Lie et. al., 2001; Mandolini et. al., 2001; Muller-Karger et.
al., 2001; Ochiai, 2001; Providakis, 2000; Shiah, and Tan, 2000; de Paiva, 1996;
Katsikadelis and Sapountzakis, 1991; Katsikadelis et. al., 1990; Katsikadelis and
Sapountzakis, 1985) on the other hand seems to be an alternative powerful tool for
the solution of the aforementioned buckling problem. It is worth here noting that
the BEM allows the evaluation of the solution and its derivatives at any point of
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the plate, using the integral representation of the solution as a continuous math-
ematical expression, which can be differentiated and utilized as a mathematical
formula. In recent years the boundary element method has been successfully ap-
plied to the solution of stability problems of unstiffened plate structures. Thus, the
boundary element procedure was employed for the buckling analysis of plates with
constant (Costa and Brebbia, 1985; Bezine, Cimetiere and Gelbert, 1985; Tanaka,
1986; Manolis, Beskos, and Pineros, 1986; Syngellakis and Kang, 1987; Jauhorng,
Roger and Hui-Ru 1999; Purbolaksono and Aliabadi, 2005) or variable thickness
(Nerantzaki and Katsikadelis, 1996) and for the post-buckling behavior of plates
(Kamiya, Sawaki and Nakamura, 1984; Qinghua and Yuying, 1990; Wen, Aliabadi
and Young, 2006; Katsikadelis and Babouskos, 2007). Nevertheless, to the authors’
knowledge, the boundary element method has not yet been used for the buckling
analysis of stiffened plates.

In this paper a general solution for the elastic buckling analysis of plates stiffened
by arbitrarily placed parallel beams of arbitrary doubly symmetric cross section
subjected to an arbitrary inplane loading is presented, by improving the employed
structural model of Sapountzakis and Mokos (Sapountzakis and Mokos, 2007),
so that a nonuniform distribution of the interface transverse shear force and the
nonuniform torsional response of the beams are taken into account. According to
the improved model, the stiffening beams are isolated from the plate by sections
in the lower outer surface of the plate, taking into account the arising tractions in
all directions at the fictitious interfaces. These tractions are integrated with respect
to each half of the interface width resulting two interface lines, along which the
loading of the beams as well as the additional loading of the plate is defined. The
utilization of two interface lines for each beam enables the nonuniform torsional
response of the beams to be taken into account as the angle of twist is indirectly
equated with the corresponding plate slope. The unknown distribution of the afore-
mentioned integrated tractions is established by applying continuity conditions in
all directions at the two interface lines, while the analysis of both the plate and the
beams is accomplished on their deformed shape. The method of analysis is based
on the capability to establish the elastic and the corresponding geometric stiffness
matrices of the stiffened plate with respect to a set of nodal points. Thus, the orig-
inal eigenvalue problem for the differential equation of buckling is converted into
a typical linear eigenvalue problem, from which the buckling loads are established
numerically. For the calculation of the elastic and geometric stiffness matrices six
boundary value problems are formulated and solved using the Analog Equation
Method (AEM) (Katsikadelis, 2002), a BEM-based method. Numerical examples
with practical interest are presented. The adopted model permits the evaluation of
the shear forces at the interfaces in both directions, the knowledge of which is very
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important in the design of prefabricated ribbed plates. The accuracy of the results
of the proposed model compared with those obtained from a 3-D FEM solution
(MSC/NASTRAN for Windows, 1999) is remarkable.

2 Statement of the problem

Consider a thin plate of homogeneous, isotropic and linearly elastic material with
modulus of elasticity E and Poisson ratio i, having constant thickness /4, and occu-
pying the two dimensional multiply connected region  of the x,y plane bounded
by the piecewise smooth K + 1curves I'o,1y,...,I'x_1,1T'k, as shown in Fig.1. The
plate is stiffened by a set of i = 1,2,...,1 arbitrarily placed parallel beams of arbi-
trary doubly symmetric cross section and of homogeneous, isotropic and linearly
elastic material with modulus of elasticity E l’; and Poisson ratio ,u;;, which may have
either internal or boundary point supports. For the sake of convenience the x axis
is taken parallel to the beams. The stiffened plate is subjected to the lateral load
g = g(x,y) and to the inplane external boundary loading N, N’ For the analy-
sis of the aforementioned problem a global coordinate system Oxy for the analysis
of the plate and local coordinate ones O'x’y’ corresponding to the centroid axes of
each beam are employed as shown in Fig.1.

The solution of the problem at hand is approached by an improved model of that
proposed by Sapountzakis and Mokos (2007). According to this model, the stiffen-
ing beams are isolated again from the plate by sections in its lower outer surface,
taking into account the arising tractions at the fictitious interfaces (Fig.2). Inte-
gration of these tractions along each half of the width of the i-th beam results in
line forces per unit length in all directions in two interface lines, which are denoted
by ¢.;» ¢}; and ¢}; (j = 1,2) encountering in this way the nonuniform distribu-
tion of the interface transverse shear forces q;, which in the aforementioned model
(Sapountzakis and Mokos, 2007) was ignored. The aforementioned integrated trac-
tions result in the loading of the i-th beam as well as the additional loading of the
plate. Their distribution is unknown and can be established by imposing displace-
ment continuity conditions in all directions along the two interface lines, enabling
in this way the nonuniform torsional response of the beams to be taken into ac-
count, which in the aforementioned model (Sapountzakis and Mokos, 2007) was
also ignored.

The arising additional loading at the middle surface of the plate and the loading
along the centroid and the shear center axes of each beam can be summarized as
follows

a. In the plate (at the traces of the two interface lines j=1,2 of the i-th plate-beam
interface)
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Figure 1: Two dimensional region £ occupied by the plate

i. A lateral line load qé -

161

ii. A lateral line load 8m;y j / dx due to the eccentricity of the component ¢ ; from

i

the middle surface of the plate. m), ;

=4’ ihp / 2 is the bending moment.

iii. A lateral line load dm’ / dx due to the eccentricity of the component q; ; from

pXj
i

the middle surface of the plate. m;,,;

= q§ ihp / 2 is the bending moment.
iv. An inplane line body force ¢’ ; at the middle surface of the plate.
v. An inplane line body force q; ; at the middle surface of the plate.

b. In each (i-th) beam (O'X'y'z' system of axes)

i. A perpendicularly distributed line load qé ; along the beam centroid axis Ox'.

ii. A transversely distributed line load q; ; along the beam centroid axis Oix'.
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Figure 2: Thin elastic plate stiffened by beams (a) and isolation of the beams from
the plate (b)
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iii. An axially distributed line load ¢ ; along the beam centroid axis O'x'.

iv. A distributed bending moment mj, ; = g el; along O'y' local beam centroid
axis due to the eccentricities e ; of the components q. ; from the beam centroid
axis. e}, = e!, = —hj /2 are the eccentricities.

v. A distributed bending moment mbz ; —q. Je} i along O'z' local beam centroid
axis due to the eccentricities e ; of the components q.; ; from the beam centroid
axis. e}, = —b /4, e}y = / 4 are the eccentricities.

vi. A distributed twisting moment mzx j along O'x' local beam

il

- qzjey} qyj Z]
shear center axis due to the eccentricities e’ 2 of the components qy ], qZ j
from the beam shear center axis, respec‘uvely e, =€, =—h,/2and e =

bf /4, ey2 =0 '+/4 are the eccentricities.

The structural models and the aforementioned additional loading of the plate and
the beams are shown in Fig.3.

On the base of the above considerations the response of the plate and of the beams
may be described by the following initial boundary value problems.

a. For the plate.

The plate undergoes transverse deflection and inplane deformation. Thus, for the

transverse deflection the equation of equilibrium employing the linearized second
order theory can be written as

02 92 92
DV*w, — <wa”+2N Pr 4N, W”) -

dx? Voxdy 7 9y?
I (2 . omi . omi . Bwi 8’
(£ (-5 a5 o) o
i=1 \j=

and the corresponding boundary conditions as

apwp+ Oszan = 0p3 (2a)
5171 + Bp2Mpn = Bpz on I’ (2b)
NkWp + Vo [ TW [, = 1, ok # 0 3)

where w, = w), (x,y) is the transverse deflection of the plate; D = Eh’ 5/12(1 —
p?) is its flexural rigidity; Ny = Ny (x,¥), Ny = Ny (x,¥), Ney = Ny (x,y) are the
membrane forces per unit length of the plate cross section arising from the inplane
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Figure 3: Structural model and directions of the additional loading of the plate and
the i-the beam

interface forces qi 7> q; j (i=1,2,...1), (j = 1,2) and the inplane external boundary
loading N2, N%; 8(y — y;) is the Dirac’s delta function in the y direction; M,,, R,

ni
and Tw,, are the bending moment normal to the boundary, the effective reaction
and the twisting moment along it, respectively, which using intrinsic coordinates

n,s (Katsikadelis, 1982) are given as

2
°w,

ow
My, =—D {V2w[,+ (u—1) ( 52 + KB:)] (4a)

B o _, d (d*w,  dw, ow, ow,
R == |5, 03 (G x G0 )| e G e

9%w ow
Twp:D(,u—l)<asaZ—K‘asp> (4c)
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in which k¥ = Kk (s) is the curvature of the boundary; d/ds and d/dn denote differ-
entiation with respect to the arc length s of the boundary and the outward normal n
to it, respectively; N,, Ny, are the boundary membrane forces in the normal and tan-
gential directions to the boundary, respectively, arising from the inplane interface
forces qi > q; ; (i=1,2,...1), (j = 1,2) and the inplane external boundary loading
N?, Nb. Finally, | Tw,||, is the jump of discontinuity of the twisting moment at
the corner point k and ap;, By, Y (I =1,2,3, i = 1,2,3) are functions specified
on the boundary I". The boundary conditions (2a,b) are the most general boundary
conditions for the plate problem including also the elastic support, while the cor-
ner condition (3) holds for free or transversely elastically restrained edges k. It is
apparent that all types of the conventional boundary conditions (clamped, simply
supported, free or guided edge) can be derived form these equations by specifying
appropriately the functions a,; and B,; (e.g. for a clamped edge itis a,; = B,1 =1,
apy = ap = Pp2 = PBp3 =0)

Since linearized plate bending theory is considered, the components of the mem-
brane forces Ny, Ny, N,, are given as

B 8up 8vp

Nx—c<ax+“ay> (52)
B 8up av,
_ A—u (du, Iv,

Ny =C5 < oy T ox G

where C=Eh,/ (1 — u?); up =u, (x,y), v = v, (x,y) are the displacement compo-
nents of the middle surface of the plate arising from the inplane interface forces ¢ ;,
q; j (i=1,2,...1),(j=1,2) and the inplane external boundary loading N,’l’ , N,’,’,. These
displacement components are established by solving independently the plane stress
problem, which is described by the following boundary value problem (Navier’s
equations of equilibrium)

2 l4+u d [du, % _LI -

Viup +1—u8x ax+8y Ghy 5\ 4 Z‘bcj (y—=yi) | =0 (62)
2 l4+u d [du, % _LI 2

Vv, +1_uay 8x+3y hpl:Zl ;qy, (y=v) ] =0inQ (6b)

Yo1tpn + Yp2Nu = ¥p3 (7a)
6p1up[ + 6p2Nm = 6[73 onI’ (7b)
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in which G = E/2(1+ ) is the shear modulus of the plate; up,, u, are the dis-
placements in the normal and tangential directions to the boundary, respectively;
Ypi> Op1 (I = 1,2,3) are functions specified on the boundary T".

b. For each (i-th) beam.

Each beam undergoes transverse deflection with respect to z' and y' axes, axial
deformation along x' axis and nonuniform angle of twist along x’ axis. Thus, for the
transverse deflection with respect to z' axis the equation of equilibrium employing
the linearized second order theory can be written as

Iwy, & owh 9wy dmy
Ejl, ——2 =4 = Zl q’zj—qxj?—FNb,W— p inL',i=12,..,1 (8
j:
ajw), + a3 Ry, = a3 (%)
: Gby + BZZiM,’;}, = B§' at the beam ends x' = 0, L’ (9b)

where wZ = wZ (xi) is the transverse deflection of the i-th beam with respect to z’
axis; I}, is its bending moment of inertia with respect to y' axis; Nj; = Nj; (x')
are the axial forces at the x' centroid axis arising from the line body forces g, ;;
aj', B/ (I =1,2,3) are coefficients specified at the boundary of the i-th beam; Qéy,
R’bz, Ml’w are the slope, the reaction and the bending moment at the i-th beam ends,
respectively given as

; owt
6;, = —a—xl’? (10)
83 2 ow!
Eblby 57 b4 Z b5 b (11)
Mi = _Eip O (12)
by =™ Fbiby iz

It is apparent that all types of the conventional boundary conditions (clamped, sim-
ply supported, free or guided edge) can be derived from eqns (9a,b) by specify-
ing appropriately the coefficients afi, fi (e.g. for a simply supported end it is
aﬁi:ﬂ 1a2—a3— i — 3Zi:0).

Similarly, the vj, = vi (x') transverse deflection with respect to y* axis must satisfy
the following boundary value problem

cooh 2 o 9t dmy N\
Eilie s = L\ b= 9y tVhgm — 5 | nEh =120l ()
J:
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a{lv;, +a Rb) = ag (14a)
o)+ By'M), = B} at the beam ends x' = 0, L’ (14b)

where I[’;Z is the bending moment of inertia of the i-th beam with respect to y' axis;
af’, " (1=1,2,3) are coefficients specified at its boundary; 6] , R} by M;_ are the
slope, the reaction and the bending moment at the i-th beam ends, respectively

given as

R
O = 57 (15)
83 2o
—Eply =5 Z b (16)
i i 7i 82"2
MbZ:EbIbZW (17)

Since linearized beam bending theory is considered the axial deformation u;; of the
beam arising from the arbitrarily distributed axial forces ¢’ ;(=12,...D,(j=12)
is described by solving independently the boundary value problem

82ui
EbAba = qu] inL,i=1,2,..,1I (18)
ﬁiuz + }/E’N}; = 74" at the beam ends x' =0, L’ (19)

where Né is the axial reaction at the i-th beam ends given as

i z i i ,-3u2
Nb - ZN})] =5 EhAb ax- (20)
j=1 i

Finally, the nonuniform angle of twist with respect to x' shear center axis has to
satisfy the following boundary value problem (Ramm und Hofmann, 1995)

26} o 92 9,; Il',, 2 ae,;
Eblbw oxi 4x_ Gézlll)x Al Nh = Aiz axlx
2
=Y mj,;inL, i=12,.1 (21)
j=1

al'e, +asM), = a§ (22a)
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HaOA
U oxi
where 6} = 6] (x') is the variable angle of twist of the i-th beam along the x' shear
center axis; G, = E; /2(1+ ) is its shear modulus; Il’;p = Il’;y +1;, is the polar

+ B3'M;,, = B3 at the beam ends x; = 0, L; (22b)

moment of inertia of the i-th beam; Iéw, Iéx are the warping and torsion constants of
the i-th beam cross section, respectively given as

= [, (9§)a4; (23a)

i
b

I = ' ! = — 7= |dA; 23b
e [ (074 @ ey =T Ja 230)
with (pg (yi,zi) the primary warping function with respect to the shear center S
of the AZ beam cross section (Sapountzakis and Mokos, 2001; Sapountzakis and
Mokos, 2003); a}', B (I = 1,2,3) are coefficients specified at the boundary of
the i-th beam; aaib'f denotes the rate of change of the angle of twist and it can be
regarded as the torsional curvature; M[’;x is the twisting moment and M;;W is the
warping moment due to the torsional curvature at the boundary of the i-th beam
given as

b = My + M, (24a)
) o 829i
= —EI axigx (24b)

In eqn (24a) M is the primary twisting moment resulting from primary shear stress

distribution and Ml’;i is the secondary twisting moment resulting from secondary

shear stress distribution due to warping given as (Sapountzakis and Mokos, 2003)
i

. .. 00
Mpy = Gyl 5 (25a)

2%0;) .
8xB

The boundary conditions (22a,b) are the most general linear torsional boundary
conditions for the beam problem including also the elastic support. It is apparent
that all types of the conventional torsional boundary conditions (clamped, simply
supported, free or guided edge) can be derived form these equations by specifying
appropriately the coefficients a}, i (I = 1,2,3) (e.g. for a clamped edge it is
@il = Bi' =1, a5 = ay = By’ = By’ = 0)

My, = —EjL},, (25b)
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Eqns. (1), (6a), (6b), (8), (13), (18), (21) constitute a set of seven coupled partial
differential equations including thirteen unknowns, namely wp, u,, vp, W, Vi, i},
0} 91> q’yl, 9215 Gos q;z, qi,- Six additional equations are required, which result
from the displacement continuity conditions in the direction of 7' local axes and
linear relationships between interface slip and corresponding tractions in the direc-
tions of x' and y local axes along the two interface lines of each (i-th) plate — beam
interface. These conditions can be expressed as

In the direction of 7' local axis:

i

—wh = —%Géx along interface line 1 ( f}zl) (26a)

i
p2

b .
—w, ZJGZ’,X along interface line 2 ( f;zz) (26b)
In the direction of x' local axis:

Iy IV hi&w;; by v, iy 965

ufnl —up, = > o T2 ok T4 oax (0) 13y along interface line 1 ( ]’::1)
(27a)
, h, 0w, K Jw! bjf v , 006} . . ~
Uy — W)y = ?p 8)157 EbTxf -7 8x1’? +( §P)f2 a;ix along interface line 2 (fj_,)
(27b)
In the direction of y' local axis:
. h. Ow' ho .
Vil = Vhp = ?pTypl + ?b%x along interface line 1 (fj_;) (28a)
. h. Ow' W .
Vip =V = Ep 5 ;: 2 + ?b%x along interface line 2 (fj_,) (28b)

where ( gP ) . is the value of the primary warping function with respect to the
shear center Sof the beam cross section at the point of the j-th interface line of
the i-th plate — beam interface fjl In all the aforementioned equations the values
of the primary warping function (p_éP (¥',7') should be set having the appropriate
algebraic sign corresponding to the local beam axes. It is worth here noting that the
coupling of the aforementioned equations is nonlinear due to the terms including
the unknown ¢’ ;and q; ; interface forces.
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For the buckling problem we assume that the lateral load g = 0 and the inplane ex-
ternal boundary loading is expressed in terms of a parameter A. Thus, the buckling
problem is reduced to the following eigenvalue problem

2 2 2
DV*w, — <N‘18 " | ong OV +fo"9 W”)

02 5 oxdy Y 9y2

3 <Nb8 W) LNt 22 wp+Nb8 wp)

T oy T oy

1(2 . Om owl ow \ .
Z(Z@ “+ ] a;”)ﬁ;(y—m) in ©

i=1

(29)
satisfying the boundary conditions
0p1Wp + 02 Ry, =0 (30a)
ﬁpl &+ BpoMp, =Oon T (30b)
mwp+72kllTwp|\k=0 Yok # 0 31)

where (N{,N§,N{) and (Nb N5,,N!) are the membrane forces per unit length of
the plate cross section arising from the inplane interface forces qyj» qy; (=1,2,...1),
(j = 1,2) and the inplane external boundary loading N?, N, respectively; M,, and
Tw,, are the bending moment normal to the boundary and the twisting moment
along it given from the relations (4a) and (4c), respectively, while R, is the effec-

tive reaction given as

B 9 » d (d*w,  dw,
Rn=-D|3,V WP‘<“‘1>as<asan"‘asﬂ

+N‘fa— LAY i My 2 <Nbaw” +N? aw”) 32)

on ds 0 ds

The parameter A is the eigenvalue of the aforementioned eigenvalue problem, while
the minimum one is often described as “the buckling factor”. It is the scale factor
that must multiply the inplane external boundary loading N2, N” to cause buckling
in the given mode. It can also be viewed as a safety factor: if the buckling factor is
greater than one, the given loading must be increased to cause buckling; if it is less
than one, the loading must be decreased to prevent buckling. The buckling factor
can also be negative indicating that buckling will occur if the loading is reversed.
Since the first few buckling modes may often have very similar buckling factors, it
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is recommended that more than one buckling modes have to be taken into account.
It is also worth here noting that buckling modes depend upon the loading. There
is not one set of buckling modes for the structure in the same way that there is for
natural vibration modes. Buckling has to be explicitly evaluated for each set of
loading of concern.

3 Solution procedure

The solution of the buckling problem requires the integration of the set of eqns.
(6a,b), (8), (13), (18), (21) and (29) subjected to the prescribed boundary condi-
tions. An analytic solution of this problem is out of question. Therefore, the re-
course to a numerical solution is inevitable. The method presented by Katsikadelis
and Kandilas (1990) as this is applied in Sapountzakis and Mokos (2008) is em-
ployed in this investigation. According to this method, the domain Q occupied by
the plate is discretized by establishing a system of M domain nodal points on it,
corresponding to M domain cells. Special care is taken so that the nodal points at
the interfaces are placed on the traces of the two interface lines of the beams (Fig.
4). Subsequently, the elastic stiffness matrix and the corresponding geometric one
of the stiffened plate are established. This procedure leads to the following typical
eigenvalue problem (Ramm und Hofmann, 1995)

[+ 2 ke (N*) || {9} = {0} (33)

where [k] is the elastic stiffness matrix, [k¢] is the geometric one due to the inplane
external boundary loading N2, N® and {¢} is the column matrix of the correspond-
ing eigenvectors—buckling shapes. From eqn. (33) the A; (i = 1,2,...,M) eigenval-
ues and the corresponding modeshapes {¢ }, can be established numerically.

a. Elastic stiffness matrix.

For the formulation of the elastic stiffness matrix [k] with respect to the Mdomain
nodal points, the elastic flexibility matrix [f] is first established by solving the cor-
responding static problem working as follows. The typical flexibility coefficient f;;
is computed as the static deflection at point i due to a unit lateral load at point;.
It is apparent that M static solutions are required. The static problem results from
the same equations i.e. eqns. (6a,b), (8), (13), (18), (21), (29) under the prescribed
boundary conditions and assuming that the parameter A = 0. The solution of these
equations is achieved using the Analog Equation Method (Katsikadelis, 2002; Sa-
pountzakis and Katsikadelis, 2000).

According to this method, applying the biharmonic operator to the function w),
that is the sought solution of the corresponding boundary value problem described
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nodal points , domain cells

Figure 4: Discretization of the plate

by eqns (1), (30a,b) yields
Vi = ppe (x,) (34)

Eqn (34) indicates that the sought solution can be obtained as the deflection of
a plate with unit flexural rigidity subjected to a flexural fictitious load p,. (x,y)
under the same boundary conditions. The fictitious load is unknown. Following
the formulation developed in (Sapountzakis and Mokos 2007), application of eqn
(1) to the M plate nodal points inside Q and assuming that the stiffened plate is
subjected to the lateral load g = 1 at point j yields

D{ppe} = ([N Vg el +2 [{NG H o, IFp] + [{NI}] o [Fo]) Ly}
= (g}~ [ZH{a:} 2 %] {ay} — 21X {ae} + (121 {a g [Fod (e}
+[1Z{a g [Pl {ppe} G39)

where {p,.} is an M x 1 column matrix including the nodal values of the function
DPpzs {g} is an M x 1 column matrix including the unit load at point;; [{Nf? }] de’

[{N,?y}] g [{N;I }] 4. AT€ unknown diagonal M x M matrices including the mem-

brane values due to the inplane interface forces; {g,}’ = {{an} {an}} {qy}T =
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Figure 5: Plan view (a) and section a-a (b) of the stiffened plate of Example 1

{{gn} {a2}}and {g.}} = {{g21} {g=2}} are vectors with 2Lelements includ-
ing the unknown ¢/ ;, ¢}, ¢%; (j = 1,2) interface forces; 2L is the total number of

the nodal points at the interfaces; [Z] is a position M x 2L matrix which converts the
vectors {gx}, {gy}, {g.} into corresponding ones with length M; the symbol [|;,
indicates a diagonal M x M matrix with the elements of the included column matrix
and [Fp|, [Fpyl, [Fpxx), [Fpyyls [Fpxy) are known M x M coefficient flexibility matrices
(Sapountzakis and Mokos 2007). The matrices [X,], [X,] result after approximat-

ing the bending moment derivatives of mfpy j» My, j» Tespectively using appropriately
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central, backward, or forward differences. Their dimensions are 2L x 2L.
Similarly, differentiating the functions wZ, vfj, Bll;x which are the sought solutions
of the corresponding boundary value problems described by eqns (8)-(9a,b), (13)-
(14a,b) and (21)-(22a,b), respectively, yields

d*wi
?f = ppz (%) (36a)
d4

dx = Pry (Xi) (36b)
d*o!

T = Pl (36¢)

Eqns (36a,b,c) indicate that the sought solutions can be obtained as the transverse
displacements or the angle of twist of a beam with unit flexural or torsional rigidi-
ties subjected to flexural or torsional fictitious loads pp, = pp, (xi), Pby = Dby (xi),
Prx = Pix (X'), respectively, under the same boundary conditions. The fictitious
loads are unknown. Following the formulation developed in (Sapountzakis and
Mokos 2007), application of the eqn (8) to the 2L nodal points in the interior of the
beams yields

(E;;I,;'y 1= [{Np } g, [Frue] + Han} +{a}ge [ ;,ij) {pve} = {qu} +{a2}
+ [Xb] ({gx1 } +{gx2})  (37)

while similarly application of the eqn (13) gives

(EZ,IZ;Z 1] = [{N} gg. [Foe] + {1} + g2}y, [F ZQ]) {Poy} =g} +{gn}
— [Xp] (an}+{a2}) 38)
and for the angle of twist Gbix application of the eqn (21) yields

i

. I
(Ell?Illyw [ ] (Gblbx [{Nh}] > Fbxx ALg [{qﬂ } + {qu}]dg. [F};Yx]) {pbx}

= [eyl] {qa} +lea]{gn} — leal{gn } — [ea]{g} (39)

where [{N;a” dg. is an unknown diagonal L x L matrix including the values of the
axial forces; the symbol [] dg. indicates a diagonal L x L matrix with the elements

of the included column matrix. The matrices [Xp,], [be} result after approximat-
ing the derivatives of mzy i m,, y using appropriately central, backward, or forward
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differences. Their dimensions are also L x L. Moreover, {py.}, {ppy}. {pp:} are
L x 1 column matrices including the values of the fictitious flexural and torsional
loading, [F}fx], [Fbyxx] [thx], [szxx] [Flfx], [Flfxx] are L x L flexibility coefficient
matrices, while [ey1], [ey2], [ez1], [e2] are diagonal L x L matrices including the
values of the eccentricities ey ;, e e;; of the components q; 7 q; ; with respect to the
i-th beam shear center axis, respectively.

Moreover, using the same boundary discretization and solving the inplane plate
problem (6a,b)-(7a,b), by using the BEM (Katsikadelis, 2002), for each nodal in-
terface point separately for g’ ;=1.0and q; ;= 1.0 (j = 1,2), the descretized 2L
values of the nodal membrane forces for homogeneous boundary conditions (7a,b)
(Yp3 = = 0) are expressed as follows

(NI} = [Gad{ax} + [Go] {ay} (40a)
N4} = [Gin] {a} + [ Gl [ {ar} (40b)
{Ne} =[Gy, ) ek + Gy {ay) (400)

while the descretized L values of the nodal displacement components of the middle
surface of the plate are given as

{up1} = [Ffi1{gn} + [F] {a} (41a)
{up2} = [F{an} + [F5] {92} (41b)
(v} = [Fii [ {aa} + [F7)] {an) (41c)
{vi} = [F | {ae}+ [F3] {a2} (41d)
where [G3,], [G),]. |Gl |- |Gl |- (G2 [ Gy | are known matrices with dimen-

sions M 2L and (3] [F5). [FR). [F3). [F3). [F5). [F3). [F3) are known
flexibility matrices with dimensions L x L. Similarly, the descretized L values of
the nodal axial forces and the nodal displacements at the beam centroid axis for
homogeneous boundary conditions (19) (yg‘i = () can be expressed as

{N;} = 1G5] ({gm } +{ax}) (422)

{u,} = F;1({qu } +{ax}) (42b)
where [Gjﬁ] s [Fbx] are known L x L matrices.

Eqns (35), (37), (38), (39) after elimination of the quantities Ny, Nf, N,?y, Nl’; using
eqns (40a,b,c), (42a) together with continuity conditions (26a,b), (27a,b), (28a,b)
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which employing eqns. (30a,b,c,d), (42a) and after discretization at the L nodal
points at the interfaces are written as

i

b
Y [Fp){ppet — [F] {pee} = [Fb] {Pex} (43a)
V2] [Fp){pp:} — [F; }{pbz}—* [F}] {pox} (43b)

[Fiilaa} + [Fp] {ay } = (5] ({gn } + {g}) =

h,

b
X [ ] [ px} {sz} + = h [szx] {sz} +— [ bx] {Pby} + (q)S )fr [Fb] {Pbx} (44a)

[Fisl{ax} + [Fp] a2} = [F)] ({gn } + {gx}) =

bl
hEP [ } [ px] {ppz} + = h [szx] {sz} [ gx] {pby} + (¢§)ﬁ [Fb[] {pbx} (44b)

[F;ﬂ {gu}+ [F;Iy} {gy1} - [Fg] {p:} = h*[ "] [Fpy] {sz}+ "y [Fb] {puc} (452)

[Fis] {ae}+ [Fpl{an} - [F)] {pbz}:h V] [F, m]{ppz}+h [F}] {psx} (45b)

constitute a non-linear system of ten equations with respect to {gx1}. {gx2}, {gy1},
{g2}, {ga}, {92} (interface forces) and {p,c}, {puc} {Poy}> {Pp:} (fictitious
loading of plate and beams). This system is solved using iterative numerical meth-
ods. Note that [, [F5]. [Ff). [F5). (£ [ER]. [ES]. [E3). [E3). (). [F)).
[Fyxl, [Fpy), [F]. [F;.] are known flexibility coefficient matrices with dimensions
L x L, while and [Y}], [Y2] are position L x M matrices which convert the matri-
ces [Fp|, [Fpx], [Fpy) into corresponding ones with dimensions L x M, appropriately
referring to the nodal points of the two interface lines f }:1, f ]’::2, respectively.
Thus, after Mstatic solutions the elastic flexibility matrix [f] is formulated, while
the elastic stiffness matrix of the stiffened plate [k] is obtained by inverting the
elastic flexibility matrix [f]. It is worth here noting that the elastic stiffness matrix
[k] depends on the interface forces g’ s qfv ; and is independent of the inplane external
boundary loading N2, N, since the parameter A = 0.

b. Geometric stzﬁfness matrix.

For the formulation of the geometric stiffness matrix [kg], two additional elastic
stiffness matrices [ko], [kl] have to be established, for which the corresponding
flexibility matrices [ f 0] , [ f 1] are priorly formulated, by solving the corresponding
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static problems by working similarly with the presented method for the flexibility
matrix [f] in the previous section. The static problems result from the equations
(6a,b), (8), (13), (18), (21), (29) under the prescribed boundary conditions and ig-
noring the interface forces, that is ¢’ ;= q§ ; =0, where for the flexibility matrix
[ fo} the parameter A = 0 and for the flexibility matrix [ f 1] the parameter A = 1.
As soon as the flexibility matrices [ fo] , [ f 1] are established the two required addi-
tional elastic stiffness matrices [k°], [k!| are obtained by inverting the aforemen-
tioned flexibility matrices. Finally, the geometric stiffness matrix [kg]| is given as

ko) = [K'] ~ [K°] 6)

It is worth here noting that for the calculation of the flexibility matrices [ fo] , [ f 1]
the system of the equations is linear since the interface forces are ignored.

Finally, in the aforementioned presented model the case of deformable connection
between the plate and the beams can also be taken into account by adding at the
right hand side of the eqns (27a,b) and eqns (28a,b) the additional terms g’ jkfc ;and
qi, jk;', j» respectively, where

are the stiffnesses of the arbitrarily distributed shear connectors along x; and y;
directions, respectively.

4 Numerical examples

On the basis of the analytical and numerical procedures presented in the previous
sections, a FORTRAN program has been written and representative examples have
been studied to demonstrate the efficiency and the range of applications of the de-
veloped method. In all the examples treated E = 3.00 x 10’kN /m?, u = 0.20 and
E;; =2.10 x 103N /m?, ,Ltli = 0.30, while the numerical results have been obtained
using 180 constant boundary elements and 324 constant domain rectangular cells.

Example 1

A concrete rectangular plate with dimensions [/, X [,,, = 18.0 x 9.0 m stiffened by
a hollow rectangular steel beam (Fig.5) symmetrically placed has been studied.
The plate is clamped along its long edges, while the other two small edges are
free according to both its transverse and inplane boundary conditions. The steel
beam is also clamped at its edges according to its transverse, axial and torsional
boundary conditions. The plate is uniformly compressed in the x direction, that is
NP = —100kN and N’, =0 at x = Lpx/2, x = —1, /2 (Fig.5).

In Table 1 the computed buckling factor A; of the stiffened plate for various val-
ues of the plate thickness /), taking into account or ignoring the interface forces
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Figure 6: First buckling modeshape surface for plate thickness 4, = 8cm using the
proposed method (a) and a FEM solution (b) of the stiffened plate of Example 1

qij, q; ; are presented as compared with those obtained from a 3-D FEM solu-
tion (MSC/NASTRAN for Windows, 1999) using 5850 8-noded hexahedral solid
finite elements (parabolic elements). Moreover, in Fig.6 the first buckling mode-
shape surface for the plate thickness s, = 8cm using the proposed method and the
aforementioned solid FE solution are presented, while the contour lines of the first
buckling modeshape for the plate thickness /#, = Scm and hj, = 12cm are shown in
Fig.7. From Table 1 and Fig.6 the accuracy of the results and the validity of the
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Figure 7: Contour lines of the first buckling modeshape for plate thickness h, =
Scm (a) and h, = 12cm (b) of the stiffened plate of Example 1

proposed model are concluded, while form Table 1 and Fig.7 the increment of the
buckling factor with the increment of the plate thickness is easily verified.

Example 2

As a second example a concrete rectangular plate with dimensions [, X [, =
18.0 x 9.0 m stiffened by a hollow rectangular steel beam eccentrically placed with
respect to the centerline of the plate has been studied (Fig.8). The plate is clamped
along its one long edge, while the other three edges are free according to both its
transverse and inplane boundary conditions. The steel beam is also clamped at
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Table 1: Buckling factor A; of the stiffened plate of Example 1 for various plate thickness /,,.

AEM 3-D FEM

hp Without interface forces With interface forces Solid FE
qij» 44 =0 qk;» 4; 7 0 (Present study) | (MSC/NASTRAN for Windows, 1999)

5 7.2950 7.3005 7.8458
6 12.5913 12.6164 13.4949
7 19.9333 20.0049 21.3194
8 29.6202 29.7872 31.6443
9 41.9309 42.2707 44.7793
10 57.1215 57.7476 61.0183
11 75.4246 76.4914 80.6387
12 97.0479 98.7568 103.9009
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Figure 8: Plan view (a) and section a-a (b) of the stiffened plate of Example 2

its edges according to its transverse, axial and torsional boundary conditions. The
plate is uniformly compressed in the x direction, that is N° = —100kN and N2, = 0
atx =1, /2, x = —1,,/2 (Fig.8).

In Table 2 the obtained buckling factor A; of the stiffened plate for various val-
ues of the plate thickness &, taking into account or ignoring the interface forces
q. n q; ; are presented as compared with those obtained from a 3—-D FEM solution
(MSC/NASTRAN for Windows, 1999) using 5850 8-noded hexahedral solid finite
elements (parabolic elements). Furthermore, in Fig.9 the first buckling modeshape
surface for the plate thickness /, = 10cm using the proposed method and the afore-
mentioned FE solution are presented. From Table 2 and Fig.9 the accuracy of the
results and the validity of the proposed model are once more verified. Moreover,
in Fig.10 for the plate thickness i, = 8cm the total interface forces ¢y, gy, g; along
the axis of the beam of the stiffened plate are also presented.



CMC, vol.12, no.2, pp.157-195, 2009

Copyright © 2009 Tech Science Press

182

Table 2: Buckling factor A; of the stiffened plate of Example 2, for various values of the plate thickness /,,.

AEM 3-D FEM

hp Without interface forces With interface forces Solid FE
qij» 44 =0 qk;» 4; 7 0 (Present study) | (MSC/NASTRAN for Windows, 1999)

8 8.2280 8.2000 8.0620
9 11.6964 11.6390 11.4373
10 16.0128 15.9047 15.6262
11 21.2629 21.0715 20.7079
12 27.5290 27.2065 26.7590
13 34.8899 34.2770 33.8531
14 43.4200 42.1927 42.0522
15 53.1901 51.0244 51.4520
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Figure 9: First buckling modeshape surface for plate thickness s, = 10cm using

the proposed method (a) and a FEM solution (b) of the stiffened plate of Example
2

Example 3

As a final example, a concrete rectangular plate with dimensions /[, X [,,, = 18.0 x
9.0 m stiffened by two identical I-section steel beams, as this is presented in Fig.11
has been studied. The plate is clamped along its small two edges, while the other
two long edges are free according to both its transverse and inplane boundary con-
ditions. The steel beams are also clamped at its edges according to its transverse,
axial and torsional boundary conditions. The plate is uniformly compressed in the
y direction, that is N° = —100kN and N%, = 0 aty = 1,,,/2, y = —1,,/2 (Fig.11).

In Table 3 the obtained buckling factor A; of the stiffened plate for various val-
ues of the plate thickness /), taking into account or ignoring the interface forces
qi i1 q; ; are presented as compared with those obtained from a 3—D FEM solution
(MSC/NASTRAN for Windows, 1999) using 6750 8-noded hexahedral solid finite
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Figure 10: Total interface forces gy, gy, g, along the axis of the beam of the stiff-
ened plate of Example 2, for boundary loading N? = —100kN and plate thickness
h, =8cm

elements (parabolic elements). Moreover, in Fig.12 the first three buckling mode-
shape surfaces for the plate thickness s, = 12cm are presented using the proposed
method and the aforementioned solid FE solution. From this table and figure the
validity of the proposed model is once more concluded. Finally, for the boundary
loading N? = —100kN and plate thickness h, = 12cm, in Fig.13 the total interface
forces qx, gy, q., in Fig.14 the transverse deflection wZ, VZ’ in Fig.15 the twisting
Méx and warping M;;w moments and in Fig.16 the bending moments M,’;y and Mliz,
along the axes of the beams of the stiffened plate are presented, respectively.

5 Concluding remarks

A general solution for the buckling analysis of plates stiffened by arbitrarily placed
parallel beams of arbitrary doubly symmetric cross section subjected to an arbitrary
inplane loading using a BEM-based method is presented. The proposed model is
an improved one, which contrary to previous approaches, takes into account the
nonuniform distribution of the interface transverse shear force and the nonuniform
torsional response of the beams. The main conclusions that can be drawn from this
investigation are
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Figure 11: Plan view (a) and section a-a (b) of the stiffened plate of Example 3

a. The validity of the proposed model and the accuracy of the results compared
with those obtained from a 3—-D FEM solution are noteworthy.

b. The increment of the buckling factor with the increment of the plate thickness
is easily verified.

c. The influence of the inplane interface forces in the value of the buckling factor
is also concluded.

d. The adopted model permits the evaluation of the shear forces at the interfaces in
both directions for stiffened plates subjected to inplane loading, the knowledge
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Figure 13: Total interface forces g, gy, g, along the axis of the beams of the stiff-
ened plate of Example 3
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of which is very important in the design of prefabricated ribbed plates (estima-
tion of bondage, shear connectors or welding).
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