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Interfaces Between two Dissimilar Elastic Materials

Chyanbin Hwu1, T.L. Kuo and Y.C. Chen

Abstract: In this paper the near tip solutions for interface corners written in
terms of the stress intensity factors are presented in a unified expression. This sin-
gle expression is applicable for any kinds of interface corners including corners
and cracks in homogeneous materials as well as interface corners and interface
cracks lying between two dissimilar materials, in which the materials can be any
kinds of linear elastic anisotropic materials or piezoelectric materials. Through this
unified expression of near tip solutions, the singular orders of stresses and their
associated stress/electric intensity factors for different kinds of interface problems
can be determined through the same formulae and solution techniques. This uni-
fied feature of solving interface problems is then implemented numerically through
several different interface problems. Moreover, in order to improve the accuracy
and efficiency of numerical computation, a special boundary element based upon
the Green’s function of bimaterials is introduced in this paper.

Keywords: interface cracks, interface corners, singular orders of stresses, stress
intensity factors, anisotropic materials, piezoelectric materials, finite element method,
boundary element method

1 Introduction

Due to the mismatch of elastic properties, stress singularity usually occurs near
the tips of interface corners/cracks between two dissimilar materials, which may
initiate failure of materials and structures. The singular order of stresses near the
interface corners/cracks is a good index for the understanding of failure initiation.
However, in engineering applications one usually feels only the knowledge of sin-
gular orders is not enough for the prediction of failure initiation since it only reflects
the local combination and is nothing to do with the far-field environment and the
external loading condition. These global influential factors are reflected through
another important parameter – stress intensity factor. Therefore, for interface prob-
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lems it is important to know the singular orders as well as their associated stress
intensity factors. However, due to the complexity of stresses near the tip of interface
corners/cracks, most of the existing calculation methods will encounter the problem
of accuracy and convergency. To solve this problem, several different approaches
have been proposed in the literature, such as (Raju and Newmann, 1977; Li, et al.,
1998; Labossiere and Dunn, 1999; Sukumar, et al., 2000; Ou et al., 2003; Shah, et
al., 2006; Sanz et al., 2007; Hwu and Ikeda, 2008; Attaporn and Koguchi, 2009).
In this paper, two approaches introduced recently will be discussed. One is the
improvement of the computational method for stress intensity factors by establish-
ing a path independent H-integral for general interface problems (Hwu and Kuo,
2007), and the other is the improvement of boundary element method by including
the fundamental solution of bimaterials.

In addition to the improvement of computational method for interface problems, in
this paper we like to emphasize the unified characteristics of the method introduced
here for the interface corners/cracks. In other words, the formulae and solution
techniques introduced in this paper are applicable for any kinds of anisotropic ma-
terials and piezoelectric materials, as well as any kinds of corners including cracks,
interface cracks, corners and interface corners. Moreover, through the modification
of H-integral, they are valid not only for two dimensional problems but also for
three dimensional problems (Kuo and Hwu, 2009).

2 Near tip solutions for interface cracks and corners

By employing Stroh formalism for anisotropic elasticity, the near tip solution for
interface cracks and corners can be written in terms of the stress intensity factors
as (Hwu, et al., 2003; Hwu and Kuo, 2007; Hwu and Ikeda, 2008)

u(r,θ) =
1√
2π

r1−δRV(θ) < (1−δR + iεα)−1(r/`)iεα > ΛΛΛ
−1k,

φφφ(r,θ) =
1√
2π

r1−δRΛΛΛ(θ) < (1−δR + iεα)−1(r/`)iεα > ΛΛΛ
−1k,

(1)

in which u and φφφ are, respectively, the displacement vector and stress function
vector; k is a vector containing different modes of stress intensity factors; (r,θ)
is the polar coordinate with origin located on the tip of cracks/corners (Figure 1);
the angular bracket <> stands for a diagonal matrix in which each component is
varied according to the subscript α , and the range of the subscript is 1 to 3 for
general anisotropic materials and is 1 to 4 for piezoelectric materials; δR and εα

are, respectively, the real and imaginary part of the most critical singular order
δc which is located in the range of 0 < δR < 1, and sometimes εα is also called
oscillatory index; ` is a length parameter which may be chosen arbitrarily as long



Interfaces Between two Dissimilar Elastic Materials 167

as it is held fixed when specimens of a given material pair are compared; V(θ) and
ΛΛΛ(θ) are eigenfunction matrices of displacement and stress function, and ΛΛΛ = ΛΛΛ(0)
whose detailed expressions can be found in (Hwu and Kuo, 2007; Hwu and Ikeda,
2008).
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Figure 1: A center interface corner between two dissimilar materials.

The stresses are related to the stress functions by (Hwu and Ikeda, 2008)

σσσ = ΩΩΩ(θ)φφφ ,r(r,θ) =
1√
2π

r−δRΩΩΩ(θ)ΛΛΛ(θ) < (r/`)iεα > ΛΛΛ
−1k, (2)

where the subscript comma stands for differentiation, and σσσ and ΩΩΩ(θ) denote, re-



168 Copyright © 2009 Tech Science Press CMC, vol.11, no.3, pp.165-183, 2009

spectively, the stress vector and transformation matrix, and

σσσ =


σrθ

σθθ

σθ3

 , k =


KII

KI

KIII

 ,

ΩΩΩ(θ) =

 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

 , for anisotropic materials,

σσσ =


σrθ

σθθ

σθ3
Dθ

 , k =


KII

KI

KIII

KIV

 ,

ΩΩΩ(θ) =


cosθ sinθ 0 0
−sinθ cosθ 0 0

0 0 1 0
0 0 0 1

 , for piezoelectric materials.

(3)

In the above, (σrθ ,σθθ ,σθ3) and Dθ are the components of stresses and electric
displacements in polar coordinate, and KI,KII,KIII and KIV are the stress intensity
factors of opening mode, shearing mode, tearing mode and electric mode.

3 Singular orders of stresses

The near tip solutions shown in eqn.(1) are the solutions associated with the singu-
lar order δ = δR + iεα , in which the singular order should be determined through
the satisfaction of boundary conditions for interface corners/cracks. By employing
Stroh formalism for the general multi-bonded wedges, the orders of stress singu-
larity can be determined by the following eigen-relation (Hwu, et al., 2003; Hwu
and Lee, 2004; Hwu and Ikeda, 2008), which is valid for cracks, interface cracks,
corners and interface corners, and the materials can be any kinds of linear elastic
anisotropic materials or piezoelectric materials.

bonded: ‖Ke− I‖= 0,

free - free:
∥∥∥K(3)

e

∥∥∥= 0, fixed - fixed:
∥∥∥K(2)

e

∥∥∥= 0,

free - fixed:
∥∥∥K(1)

e

∥∥∥= 0, fixed - free:
∥∥∥K(4)

e

∥∥∥= 0,

(4)

where K(i)
e , i = 1,2,3,4 are the submatrices of Ke defined by

Ke =

[
K(1)

e K(2)
e

K(3)
e K(4)

e

]
, Ke =

n

∏
k=1

En−k+1 = EnEn−1 . . .E1, (5a)
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and

Ek = N̂1−δ

k (θk,θk−1), k = 1,2,3, ....,n. (5b)

θk,θk−1 are the angular location of the two sides of the kth wedge, and N̂ is the key
matrix defined by

N̂(θ ,α) = cos(θ −α)I+ sin(θ −α)N(α), (6)

where I is a unit matrix and N(α) is the generalized fundamental elasticity matrix
of N (Ting, 1996). The δ appeared in the power of key matrix N̂ in (5b) is the
singular order to be determined, which may be positive or negative or zero, real or
complex, repeated or distinct. If the stress singularity is concerned and the strain
energy should be bounded, only the region 0 < Re(δ ) < 1 is considered. Note that
the generalized fundamental elasticity matrix N(α) is a 6×6 matrix for anisotropic
materials and is a 8×8 matrix for piezoelectric materials.

4 Stress intensity factors

A unified definition of stress intensity factors which correspond to the most critical
singular order δc and are valid for cracks, interface cracks, corners and interface
corners, and anisotropic and piezoelectric materials was proposed as (Hwu and
Kuo, 2007; Hwu and Ikeda, 2008)

k = lim
r→0

√
2πrδRΛΛΛ < (r/`)−iεα > ΛΛΛ

−1
φφφ ,r(r,0). (7)

To provide a stable and efficient computing approach for the general mixed-mode
stress intensity factors, the path-independent H-integral based on reciprocal theo-
rem of Betti and Rayleigh was established in (Hwu and Kuo, 2007) for 2D problems
and in (Kuo and Hwu, 2009) for 3D problems, i.e.,

2D : H =
∫
Γ

(uT t̂− ûT t)dΓ,

3D : H =
∫

Γ

(uT t̂− ûT t)dΓ+
∫

SΓ

(σ̂i3,3ui + σ̂i3ui,3−σi3,3ûi−σi3ûi,3)dS,

(8)

in which u and t are the displacement and traction vectors of the actual system that
can be obtained from any appropriate method such as finite element or boundary
element or experimental testing, and û and t̂ are those of the complementary system
which is the near tip solution with singular order δ replaced by 2− δ ; the path Γ

emanates from the lower corner flank and terminates on the upper corner flank
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in counterclockwise direction. For piezoelectric materials, the fourth component
of traction vector t is surface electric displacement and the fourth component of
displacement vector u is the electric potential.

By using the near tip solutions obtained in the literature (Hwu and Kuo, 2007), it
has been proved that the stress intensity factor k is related to the path-independent
H-integral by

k =
√

2πΛΛΛ < (1−δR + iεα)`iεα > H∗−1h, (9)

where

H∗ =
∫

θn

θ0

[Λ̂ΛΛ
′T (θ)V(θ)− V̂T (θ)ΛΛΛ′(θ)]dθ , (10)

and h is a vector consisting the value of H-integral calculated with certain specified
complementary solutions.

5 Corner types – cracks, corners, interface cracks or interface corners

To show that the above formulae are valid for several different kinds of cracks and
corners, four examples are illustrated in this section. They are: a center crack in a
homogeneous anisotropic material, a center corner in a homogeneous anisotropic
material, an interface crack between two dissimilar anisotropic materials, an inter-
face corner between two dissimilar anisotropic materials. Although some typical
problems of interface cracks/corners have been presented in our previous paper
(Hwu and Kuo, 2007), for the purpose of comparison most of the examples illus-
trated in that paper are calculated for isotropic materials. To show that the formulae
and their associated solution techniques are valid for any kinds of anisotropic ma-
terials, here we like to extend the examples to the general anisotropic materials.
Moreover, to study the connection between cracks, corners, interface cracks and
interface corners, a particular problem is designed in Figure 1. From this Figure,
we see that when β = 0 the corner problems will be reduced to crack problems,
and when material 1 and material 2 are chosen to be the same material the interface
corners/cracks will be reduced to the corners/cracks in homogeneous materials.
Without loss of generality, in all examples the calculation of singular orders and
stress intensity factors is focused on the right tip of crack/corner.

Example 1: a center crack in a homogeneous anisotropic material

A center crack with size 2a in an infinite anisotropic plate subjected to remote
tension σ is a classical problem in fracture mechanics, which is usually used as
the first check for the advanced studies. It is well known that both of the singular
order and stress intensity factor of this problem are independent of the material
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properties, and are obtained analytically as δ = 0.5, KI = σ
√

πa and KII = KIII = 0.
To check our results by this classical problem, in Figure 1 the crack is simulated by
letting β = 00, the infinite plate is approximated by setting h = 30a and w = 31a,
the homogeneous material is made by selecting two identical materials, and the
anisotropic material is made by rotating the principal direction of an orthotropic
material γ degree. The numerical data used for our testing is then given by a =
0.01m, σ0 = 1MPa, γ = 30◦ and

E11 = 134.45GPa, E22 = E33 = 11.03GPa,
G12 = G13 = 5.84GPa, G23 = 2.98GPa,
ν12 = ν13 = 0.301, ν23 = 0.49.

With the above numerical data, the singular order calculated from (4) is obtained
as δ = 0.5 which is a triple root, and the stress intensity factors calculated from
H-integral, i.e., from (8)1 and (9), are obtained as

KI = 0.178MPa
√

m, KII = 0.000107MPa
√

m, KIII = 0.

It can easily be seen that all these values agree very well with the analytical solu-
tions provided in the literature.

Example 2: a center corner in a homogeneous anisotropic material

In this example, the center corner is represented by letting β = 300 in Figure 1 and
all the other geometrical and material properties are the same as Example 1. By
using the same formulae and solution techniques as center cracks stated in Example
1, the singular orders and stress intensity factors of this problem are calculated as

δ = 0.478,

KI = 0.254MPa×m0.478, KII = 0.104MPa×m0.478, KIII = 0.

Through this result, we see that both of KI and KII increase due to the change from
crack to corner when they are compared under different units.

Example 3: an interface crack between two dissimilar materials

In this example, material 2 has the same properties as the orthotropic material men-
tioned in example 1 with γ = 300, while material 1 is chosen to be an isotropic one
which possess Young’s modulus E = 10GPa and Poisson’s ratio ν = 0.2. All the
other geometrical and material properties are the same as example 1. The refer-
ence length used in the definition (7) is selected to be half of the crack length, i.e.,
` = 0.01m.
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Again through the same solution techniques, the singular orders and stress intensity
factors of this problem are calculated as

δ = 0.5±0.063i,

KI = 0.180MPa
√

m, KII = 0.024MPa
√

m, KIII = 0.

which agree with the analytical solutions provided in (Hwu, 1993). Through the
comparison with example 1, we see that both KI and KII increase due to the differ-
ence of mechanical properties between material 1 and material 2.

Example 4: an interface corner between two dissimilar materials

Same as example 3 except that β = 30◦ for interface corner. The singular orders
and stress intensity factors of this problem are calculated as

δ = 0.473,

KI = 0.227MPa×m0.473, KII =−0.048MPa×m0.473, KIII = 0.

Again, like the crack/corner in homogeneous materials, by comparison with exam-
ple 3, we see that both of KI and KII increase due to the change from crack to corner
when they are compared under different units. However, unlike cracks in homoge-
neous materials or on the interface of bimaterials compared in examples 1 and 3,
through the comparison with example 2, we see that both the magnitudes of KI

and KII decrease instead of increase due to the difference of mechanical properties
between material 1 and material 2.

6 Material types – anisotropic or piezoelectric

To show that the formulae and solution techniques presented in this paper can also
be extended to the piezoelectric materials, the interface crack/corner between two
dissimilar piezoelectric materials will be discussed in this section through example
5. To see the piezo effects, examples 3 and 4 will be reconsidered by letting the
anisotropic material be the one of piezoelectric materials excluding the piezoelec-
tric constants.

Example 5: an interface crack/corner between two dissimilar piezoelectric materi-
als

Examples 3 and 4 are reconsidered here by replacing the anisotropic materials
with the piezoelectric materials PZT-7A and PZT-5H whose material properties
are listed in Table 1. For both cases, PZT-7A and PZT-5H with γ = 0◦ are em-
ployed to constitute material 1 and material 2 (see Figure 1), respectively. All the
other geometrical dimensions are the same as examples 3 and 4. A uniform remote
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tension σ0 = 1MPa is applied on the two horizontal edges, while a uniform electric
flux density D0 =−0.001C/m2 and an electric constraint u4 = 0 are, respectively,
specified on the bottom edge and top edge. The singular orders calculated from (4)
and the stress/electric intensity factors calculated from H-integral, i.e., from (8)1
and (9), are obtained as follows.

Table 1: Material constants of PZT-5H and PZT-7A.
PZT-5H PZT-7A

C11,C33[GPa] 126 148
C12,C23[GPa] 53 74.2

C13[GPa] 55 76.2
C22[GPa] 117 131

C44,C66[GPa] 35.3 25.4
C55[GPa] 35.5 55.9
e21[C/m2] -6.5 -2.1
e22[C/m2] 23.3 9.5
e23[C/m2] -6.5 -2.1

e16,e34[C/m2] 17 9.7
ω11,ω33[10−9 C/(V m)] 15.1 8.11

ω22[10−9 C/(V m)) 13 7.35

Interface crack:

δ = 0.5±0.007i, 0.5, 0.5,

KI = 0.177MPa
√

m, KII =−0.016MPa
√

m,

KIII = 0, KIV = 0.177×10−3(C/m2)
√

m,

which agree very well with the analytical solutions provided in the literature (Hwu
and Ikeda, 2008).

Interface corner:

δ = 0.486,

KI = 0.218MPa×m0.486, KII = 0.025MPa×m0.486,

KIII = 0, KIV = 0.043×10−3(C/m2)×m0.486.

Example 6: an interface crack/corner between two dissimilar anisotropic materi-
als

To see the piezo effects, two similar cases as example 5 will be reconsidered by let-
ting the anisotropic materials be the ones of PZT-7A and PZT-5H excluding their
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piezoelectric constants. By using the same formulae and solution techniques as
example 1, the singular orders and stress intensity factors of this problem are cal-
culated as follows.

Interface crack:

δ = 0.5±0.008i, 0.5,

KI = 0.177MPa
√

m, KII =−0.003MPa
√

m, KIII = 0,

which agree very well with the analytical solutions provided in the literature (Hwu,
1993).

Interface corner:

δ = 0.487,

KI = 0.210MPa×m0.487, KII = 0.012MPa×m0.487, KIII = 0.

Once again, like the crack/corner in homogeneous materials or lying between two
dissimilar anisotropic materials, the results of examples 5 and 6 show that both of
KI and KII will also increase due to the change from crack to corner when the plates
are made by the piezoelectric materials. Whereas the piezoelectric constants influ-
ence mostly on the appearance of the electric intensity factor, and have insignificant
effect on the magnitude of singular orders and intensity factors of stresses.

7 Problem types – 2D or 3D

Although the near tip solutions and the complementary solutions needed for the
H-integral (8) are derived based upon the assumptions of two-dimensional defor-
mation, it has been proved (Kuo and Hwu, 2009) that through the modification of
H-integral all the solution techniques can be further applied to the associated three-
dimensional problems. The reasons for this successful application are: (1) along the
3D crack/corner front each point can be treated as a tip of 2D crack/corner which
can be considered to be in generalized plane stress condition for crack/corner in the
outer portion and in generalized plane strain condition for crack/corner in the inner
portion; (2) besides the typical 2D stress/strain components, the additional third
directional stress/strain components such as σ13,σ23 and ε13,ε23 are all available in
the near tip solutions obtained by employing Stroh formalism for two-dimensional
anisotropic elasticity (Hwu, et al, 2003; Hwu and Lee, 2004).

Followings are two examples about the edge cracks in isotropic materials. One is
under plane strain condition, and the other is under three-dimensional condition.
To know the difference induced by the consideration of three-dimensional defor-
mation, same geometry and material properties are used in these two examples.
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Figure 2: (a) An edge crack in a homogeneous isotropic material (2D); (b) a through
thickness edge crack in a homogeneous isotropic material (3D).

Example 7: an edge crack in a homogeneous isotropic material (2D)

An edge crack embedded in an isotropic plate under plane strain assumption is
discussed in this example. The geometry of this plate is plotted in Figure 2(a) in
which a = 1mm, a/w = 1 and h/w = 1.75. The uniform tension applied at the
ends of the plate is σ0 = 1MPa. The Young’s modulus and Poisson’s ratio of this
isotropic plate are 210GPa and 1/3. It is worthy to note that the local environments
of the edge crack and center crack are the same and the difference of these two
geometries comes from the external environments which will be reflected through
the vector h containing the values of H-integral. As the statement in example 1, the
most critical singular order of stress generated in this example is a triple root 0.5
because the crack is within a homogeneous elastic material. Similarly, using eq.
(8)1 and eq. (9) the stress intensity factors can be calculated as

KI = 0.158MPa
√

m, KII =−0.169×10−5MPa
√

m.

Normalization of KI leads to KI/σ0
√

πa = 2.817 which is close to the stress in-
tensity factors of the inner part of the through thickness edge crack for the three
dimensional case discussed in the next example (see Figure 2(b)).

Example 8: a through thickness edge crack in a homogeneous isotropic material
(3D)
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Consider a rectangular parallelepiped with a through thickness edge crack under
remote tension as shown in Figure 2(b) where the parameters a, t, h, and w are the
crack length, thickness, half height, and half width of this rectangular solid. The
remote tension σo is specified as 1MPa, while a is equal to 1mm. The other dimen-
sions of the specimen are a/w = 1, h/w = 1.75, and t/w = 3, where x3 =±t/2 are the
free surfaces. This rectangular specimen is composed of an isotropic material with
Young’s modulus E = 210GPa and Poisson’s ratio ν = 1/3. To have the same situ-
ation as the comparing published results presented by (Raju and Newmann, 1977;
Li, et al., 1998; Sukumar, et al., 2000), when performing the finite element analysis,
the boundary conditions are set to be u3 = 0 on the surface x3 = 0 due to symmetry,
while u1 = u2 = 0 on the line x1 = w & x2 = 0. Figure 3 is a plot of the normalized
stress intensity factor KI/σ0

√
πa versus the position of crack front x3/t. From this

plot we see that the present results well agree with the numerical results presented
in the literatures (Raju and Newmann, 1977; Li, et al., 1998; Sukumar, et al., 2000)
since all the deviations are below 4.03%.
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Figure 3: Normalized stress intensity factor KI/σ0

√
πa versus the crack front lo-

cation x3/t for a through thickness edge crack in a homogeneous isotropic material
subjected to remote tension.
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Figure 4: A concentrated force in bimaterials.

8 Green’s functions for interface problems

Consider a bimaterial that consists of two dissimilar anisotropic or piezoelectric
elastic half-spaces. Let the upper half-space x2 > 0 be occupied by material 1 and
the lower half-space x2 < 0 be occupied by material 2 (Figure 4). Assume these two
dissimilar materials are perfectly bonded along the interface x2 = 0. The Green’s
function for interface problems is the elasticity solution for a bimaterial subjected
to a concentrated force p̂ applied at point x̂ = (x̂1, x̂2) of material 1. Its solution has
been found by using Stroh formalism, that is (Ting, 1996)

u1 = 2Re{A1[f0(z(1))+ f1(z(1))]}, φφφ 1 = 2Re{B1[f0(z(1))+ f1(z(1))]},
u2 = 2Re{A2f2(z(2))}, φφφ 2 = 2Re{B2f2(z(2))},

(11)

in which Re denotes the real part of a complex number; (A1,B1) and (A2,B2) are
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material eigenvector matrices of material 1 and 2; and

f0(z(1)) =
1

2πi
< ln(z(1)

α − ẑ(1)
α ) > AT

1 p̂,

f1(z(1)) =
1

2πi

3

∑
j=1

< ln(z(1)
α − ¯̂z(1)

j ) > A−1
1 (M̄2 +M1)−1(M̄2−M̄1)Ā1I jĀT

1 p̂,

f2(z(2)) =− 1
2π

3

∑
j=1

< ln(z(2)
α − ẑ(1)

j ) > A−1
2 (M2 +M̄1)−1A−T

1 I jAT
1 p̂,

(12)

where

z(k)
α = x1 + µ

(k)
α x2, ẑ(k)

α = x̂1 + µ
(k)
α x̂2, k = 1,2,

α = 1,2,3 (anisotropic), α = 1,2,3,4 (piezoelectric).
(13)

The overbar denotes the complex conjugate; I j is a diagonal matrix with unit value
at the jj component and all the others are zero; µ

(1)
α and µ

(2)
α are material eigen-

values of material 1 and 2; and M1 and M2 are the impedance matrices defined
by

M1 =−iB1A−1
1 , M2 =−iB2A−1

2 . (14)

9 A special boundary element for interface problems

Based upon the Green’s functions shown in (10), a special boundary element for in-
terface problems can be designed by following the standard procedure of boundary
element formulation (Brebbia, et al., 1984). To show the improvement of this spe-
cial boundary element, one typical example about the interface corners is presented
in this section.

Example 9: an edge interface corner between two dissimilar materials

Since the development of this special boundary element is for the improvement of
the computational accuracy and efficiency of interface problems, the example con-
sidered here is an interface edge corner (Figure 5) treated in our previous study
(Hwu and Kuo, 2007). The material above the interface is isotropic whose proper-
ties are: E = 10GPa and v = 0.2, and the material below the interface is orthotropic
whose properties are the same as those given in Example 1. The reference length
used in the definition (7) is selected to be b = 5mm.

The difference between the present example and our previous study comes from
the source of the displacement and traction vectors u and t of the actual system
needed in the calculation of H-integral (8). In our previous study u and t are calcu-
lated by the commercial finite element code ANSYS, while in the present example



Interfaces Between two Dissimilar Elastic Materials 179

 
 

bαh

W

2
L

2
L

σ

1x

2x

Figure 5: An edge interface corner between two dissimilar materials. (b = 5mm,
b/W = 1/3, h/W = 1/15, b/L = 1/18, α = 30◦, σ = 10GPa)

they are calculated by the special boundary element introduced in this paper. In
ANSYS, PLANE42 element is selected for the present problem. Table 2 shows
the stresses at the interfacial point (2,0) versus the element number, from which
we see that the stresses above and below the interface calculated from ANSYS are
discontinuous, which is incorrect and will approach to the same values only when
very fine meshes are used near the interfaces. On the other hand, the solutions ob-
tained from the special boundary element will always provide continuous stresses
across the interface. Figure 6 shows the variation of the stresses along the interface
(0 ≤ x1 ≤ 5,x2 = 0) by using 22614 elements for ANSYS and 279 elements (no
element meshes are needed along the interface) for present BEM, from which we
see that the stresses have the tendency to approach infinity near the corner tip and
the stress discontinuity through ANSYS modeling becomes much more inevitable.
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Figure 6: The stresses along the interface calculated by ANSYS and present BEM.
(ANSYS: 22614 elements; BEM: 279 elements)

Due to this difference we believe the present results shown in Table 3 is more accu-
rate than the one shown in (Hwu and Kuo, 2007). Note that in Table 3, r stands for
the radius of the circular path originated at the corner tip for the H-integral. In addi-
tion to the theoretical proof provided in (Hwu and Kuo, 2007), the path independent
property of H-integral can also be confirmed through this numerical computation
in which several different paths are used.
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Table 2: Interfacial stresses at point (2,0) versus element number.

σyy (GPa)
ANSYS

element number 1361 5552 22614 75127
above interface: σ+

yy 22.929 23.775 24.113 24.290
below interface: σ−yy 23.582 23.949 24.197 24.329
difference: σ+

yy−σ−yy -0.653 -0.174 -0.084 -0.039
average: (σ+

yy +σ−yy)/2 23.256 23.862 24.155 24.310
present BEM

element number 76 101 129 279
σyy 23.710 23.780 24.210 24.210

σxy (GPa)
ANSYS

element number 1361 5552 22614 75127
above interface: σ+

xy 0.659 0.160 -0.356 -0.6797
below interface: σ−xy -2.734 -2.488 -2.220 -1.729
difference: σ+

xy−σ−xy 3.392 2.6483 1.865 1.049
average: (σ+

xy +σ−xy)/2 -1.037 -1.164 -1.288 -1.204
present BEM

element number 76 101 129 279
σxy -0.648 -0.668 -0.834 -0.836

Table 3: Comparison of the stress intensity factors calculated with the data provided
by ANSYS and present BEM.

r (mm) KI(MPa×mm0.467) KII(MPa×mm0.467)
Present (with BEM)

r =0.5 70.990 9.541
r =0.6 71.053 9.612
r =0.7 71.069 9.656
r =0.8 71.116 9.673

Hwu and Kuo (2007)
r =0.5625 72.772 9.154
r =0.6750 72.859 9.260
r =0.7875 72.935 9.347

10 Concluding remarks

In this paper several different kinds of interface problems are solved by using the
same formulae and solution techniques. Through the same definition, the stress
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intensity factors of interface corners and cracks which are usually defined inde-
pendently can now be discussed and compared under the same situation set by
the users. By numerical examples shown in this paper, the combination of special
boundary element and the path-independent H-integral is also proved to be a good
approach dealing with the interface problem.

Acknowledgement: The authors would like to thank the National Science Coun-
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