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Analytical Full-field Solutions of a Piezoelectric Layered
Half-plane Subjected to Generalized Loadings

Chien-Ching Ma'> and Wen-Cha Wu?

Abstract: The two-dimensional problem of a planar transversely isotropic piezo-
electric layered half-plane subjected to generalized line forces and edge disloca-
tions in the layer is analyzed by using the Fourier-transform method and the series
expansion technique. The full-field solutions for displacements, stresses, electrical
displacements and electric fields are expressed in explicit closed forms. The com-
plete solutions consist only of the simplest solutions for an infinite piezoelectric
medium with applied loadings. It is shown in this study that the physical mean-
ing of this solution is the image method. The explicit solutions include Green’s
function for originally applied loadings in an infinite piezoelectric medium and the
remaining terms are image singularities which are induced to satisfy free surface
and interface continuity conditions. The mathematical method used in this study
provides an automatic determination for the locations and magnitudes of all image
singularities. The locations and magnitudes of image singularities are dependent
on the piezoelectric material constants of the layered half-plane and the location of
the applied loading. With the aid of the generalized Peach-Koehler formula, the
image forces acting on dislocations are derived from the full-field solutions of the
generalized stresses. Numerical results for the full-field distributions of stresses
and electric fields in the piezoelectric layered half-plane and image forces for edge
dislocations are presented based on the available analytical solutions.

Keywords: Piezoelectric material; Layered half-plane; Fourier transformation;
Image method; Edge dislocation; Image force

1 Introduction

For a two-dimensional planar problem, the applied loadings are usually considered
in two different types, concentrated forces and edge dislocations. In many appli-
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cations, the elastic field due to loadings applied in the interior of the material is
dislocations, the defect in the material. In order to understand the motion of a dis-
location in an elastic material, one needs to calculate the stress distribution induced
by the dislocation. For homogeneous elastic material in an unbounded medium, the
elastic field around dislocations or concentrated loadings is generally well known.
In most engineering applications, the geometrical configurations are all with finite
boundary. Thus, the analysis of elastic field for material with finite boundary is
necessary. Because of the complexity for the problem with finite boundary, there
are few analytical results available in the literature. On the other hand, the layered
half-plane subjected to surface tractions or body forces has very wide applications
in a number of engineering fields. For example, the coating of a thin layer to protect
soft matrices under contact and friction is a particular case of the problem. Further-
more, a wide range of electronic components are now manufactured by depositing
semiconducting layers on supporting substrates.

Piezoelectric materials, which are coupled among the elastic and electric fields,
have drawn considerable attentions in recent years. These materials can exchange
energy from one form to the other and have been drawn considerable attentions
for their promise potential in various applications such as transducer and sensors
due to the coupling effect between mechanical and electric fields. In most of the
applications, the laminated structures are widely used because of geometrical con-
figurations all have finite boundaries. Thus, the analysis of piezoelectric material
with a finite boundary is necessary. Furthermore, this material is generally brittle
and defects (such as dislocations and cracks) may occur either during manufac-
turing processes or during service by the mechanical or electrical loadings. In
other words, dislocations are the important defects that can adversely influence the
performance of electronic devices. Therefore, to develop our understanding of the
characteristics of these devices, a detailed knowledge of the behavior for piezoelec-
tric materials subjected to loadings and dislocations is needed. It is also important
to investigate the force exerted on dislocations due to the free surface, interface, the
applied loadings and other defects. Solutions for the stresses induced by applied
loadings and dislocations can be used to provide a direct means of determining the
generalized Peach-Koehler (or image) force, which is of direct relevance in under-
standing the characteristics of the behavior for real dislocations.

The image method is a technique that uses a simple fundamental solution in an
infinite plane to construct the solution for other more complicated boundary value
problems. The use of the image method in solving two-dimensional isotropic prob-
lems dealing with screw dislocations for isotropic elastic material is well known
and has been used successfully for simple cases of multilayered structures. The
concept of semireflection and semitransmission mirrors was used to determine
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the magnitudes and locations of the image screw dislocations without solving the
boundary value problem. The multiple image problem for screw dislocations then
becomes a combinatorial problem of counting reflections and transmissions for a
given image path length. It was found that an infinite number of image screw dis-
locations were required. Basically, one can extend this methodology to include
any number of layers, but as the number of layers increases, obtaining an explicit
solution becomes extremely laborious and time consuming. By using the Fourier
transform technique and a series expansion, an effective analytical methodology
was developed by Lin and Ma (2000) to construct explicit analytical solutions for
an anisotropic multilayered medium with n layers (the thickness in each layer is
different) due to a screw dislocation in an arbitrary layer. The mathematical ap-
proach proposed by Lin and Ma (2000) is indeed the image method which provids
an automatic determination for the magnitudes and locations of all the image screw
dislocations.

For anisotropic elastic solids, the two-dimensional plane problems can be solved
by a superposition of simple image singularities over the plane (Ting, 1996). The
solution for a line dislocation in an infinite anisotropic medium has been obtained
by Eshelby et al. (1953), Stroh (1958), and Willis (1970). Green’s function for
two-dimensional deformations of an anisotropic elastic half-space subjected to a
line force and/or a line dislocation inside the half-space has been considered by
Barnett and Lothe (1974), and Ting and Barnett (1993). The image singularities
for isotropic elastic half-plane and bimaterials were discussed in detail by Ma and
Lin (2001, 2002). Recently, theoretical analysis of screw dislocations and image
forces in anisotropic multilayered media were presented by Ma and Lu (2006). For
piezoelectric materials with electromechanical coupling, Green’s functions have
also been investigated by many authors. Pak (1990) considered a screw disloca-
tion in an unbounded piezoelectric medium and derived the generalized Peach-
Koehler forces acting on a screw dislocation subjected to external loads. The solu-
tion obtained was then used to derive the image fields for a half-space with traction
free boundary. Based on the extended Stroh formulism, Green’s functions were
presented for the problem of defects interacting with a line dislocation in two-
dimensional infinite anisotropic piezoelectric medium by Huang and Kuang (2001)
and Chen et al. (2004). The interaction of defects and screw dislocations under
antiplane mechanical and in-plane electrical loading in piezoelectric bimaterials
was studied by Wu et al. (2003), Liu and Wang (2004), and Wang and Sudak
(2007). The expressions for the image force acting on the screw dislocation due
to its interaction were also derived. By using the Fourier-transform method, the
full-field solution for the two-dimensional in-plane problem of piezoelectric bima-
terials subjected to generalized loadings was obtained by Ma et al. (2008). The
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number and distributed locations of image singularities were discussed in detail by
Maet al. (2008). Analytical solutions of a magnetoelectroelastic layered half-plane
subjected to generalized anti-plane concentrated forces and screw dislocations were
presented by Lee and Ma (2007). The solution obtained was then used to derive im-
age forces of screw dislocations by Ma and Lee (2007). Wu et al. (2008) presented
an overview of various three-dimensional analytical approaches for the analysis of
multilayered and functionally graded piezoelectric plates and shells. Chen et al.
(2009) solved antiplane piezoelectricity problems with multiple inclusions using
the regularized meshless method.

The two-dimensional in-plane problem of a transversely isotropic piezoelectric lay-
ered half-plane subjected to generalized line forces and edge dislocations applied in
the layer is analyzed in the present paper. By using the Fourier-transform method
and the series expansion technique, an effective analytical methodology is devel-
oped in this study to construct theoretical solutions for this problem. The full-field
analytical solutions for displacements, stresses, electrical displacements and elec-
tric fields are expressed in explicit closed-forms. The complete solutions consist
only of the simplest solutions for an infinite piezoelectric medium with line load-
ings and edge dislocations. Except Green’s functions for the originally applied
singularities in an infinite medium, the remaining terms are image singularities
which are induced to satisfy the free surface and interface continuity conditions.
The physical meaning of the solutions can be regarded as the image method for
the planar piezoelectric layered half-plane problem. The method of image is a
technique that uses the superposition of known solution to construct the solution
to other problems. However, only relatively simple problems, i.e., the half-plane
and bimaterial, are presented in the literature. This study provides a methodol-
ogy to construct the solution and it turns out to be the mathematical derivation of
the image method for more complicated problem with finite boundaries. The lo-
cations and magnitudes of image singularities are determined automatically from
this mathematic method. It is noted that the locations of image singularities are
dependent on the material constants, the thickness of the layer and the location of
the applied loadings. Base on the full-field solutions of the stresses and the gen-
eralized Peach-Koehler equation, the expressions of image forces exerted on edge
dislocations can be obtained. For numerical examples, the full-field distributions
of stresses, electric fields in the piezoelectric layered half-plane and image forces
on edge dislocations are presented.
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2 Basic Governing Equations and General Solutions in the Fourier-transform
Domain

2.1 Governing equations for piezoelectric materials

In the absence of body force and electric charge density, the equilibrium equations
for stresses and the Gauss’s laws for electrostatics are given as

0ij; =0, Dj;=0, (D

where 0;; and D; denote the stress tensor and electrical displacements, respectively.
Here, repeated indices imply summation and a subscript comma stands for differ-
entiation. For a linearly piezoelectric solid, the coupled constitutive relations are

€j = SijuOw + &ijDr, Ei= —0j0n — BixDk ()

where €;; and E; denote the strain tensor and electric fields, respectively. The ma-
terial properties s;ji;, Bix and gy;; are the elastic compliance, dielectric imperme-
ability, and piezoelectric constants, respectively. The strains and electric fields can
be derived from the gradient of elastic displacements u; and electric potential ¢ as
follows

1
&= 5 uijtupi), Ei=—0; 3)

We consider a transversely isotropic piezoelectric material for the poling direction
along the z direction. In such case, constitutive equations (2) can be simplified and
are represented as the following matrix formulation:

Exx [s11 s12 s13 00 0 Ouxx 0 0 gsi]
Eyy s12 s11 si3 O 0 0 Oyy 0 0 431 D
€| _ |53 si3 s33 0 0 0 Oz | | 0 0 g3 Dx
2¢,. 0 0 0 s44 O 0 Oy 0 &5 O,
26, 0 0 0 0 su 0 ou| |e1s 0 0 )
_28@,_ L 0 0 0 0 0 2(.5‘11 — S12)_ Oxy 0 0 0
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For the two-dimensional in-plane problem of piezoelectric materials, the body is
assumed to be plane deformation and subjected to plane electric fields. In this case,
the isotropic plane is assumed to be perpendicular to the z-axis in the Cartesian
coordinate system. When the x-z plane is defined as the deformation plane, the
elastic displacements u, (x,z) and u,(x, z), and electric potential ¢ (x,z) are functions
of x and z only. Since the elastic displacement in the y direction is zero, i.e., uy, = 0,
the generalized plane strain conditions give €,, = E, = 0. The two-dimensional
constitutive equations for this planar problem can be simplified as

Exx an  ap 0 0 by| [Ox
&z aiz ann 0 0 by O,
2e;| =1 O 0 a3z bz 0 Oy |, (5
E, 0 0 —biz dn O D,
E; —byy —byp 0 0 dn] D,
where
_ 5%2 _ $12513 _ 5%3 _
ain =S8 ———, di2=39813— y A2 =833 — ——, 433 = S44,
S11 S11 S11

512 513
biz=g15, b= (1—> 831, bxn=g——gs3,
S11 S11

g3
dii =B, dn =ﬁ33+?11.

In the absence of body force and electric charge density, the equilibrium equations
can be expressed as

d0y  dOy doy, do,, dD, dD,

— =0, =0, —+—=—=0. 6
ox  9Jz ox 0z ax 9z ©

Furthermore, the compatibility relations for strains and electric fields are given by

ale;x n 325‘;1 _ d’%e,, o0, JE, JE; _ 7
dz ox dxdz dz dx

In order to satisfy the equilibrium equations, the stresses and electrical displace-
ments are represented by the stress function x (x,z) and the electrical displacement
function ¢(x,z), respectively, as follows

0%y °x %x
Gxx—TZz7 ze—*mv GZZ_Wa ®)
D — do ~  J¢

=97 Dz—_§~
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Substituting Eqs. (8) and (5) into the compatibility equation (7) leads to two cou-
pled homogeneous partial differential equations for ¥ (x,z) and ¢(x,z)

24 24 24
[022M+(2a12+a33) +ai ]X

0x2072 oz
d3 3
= [(bZI +b13) 92972 +bzza3] ¢ =0,
83 83 az az
[(b13+b21)a 3z 7 thnss 3]x+(d11822+dzzaxz>(p20. 9)

By eliminating ¢ in Eq. (9), we can obtain a homogeneous partial differential
equation of sixth order for the stress function x(x,z) as follow

9° 9° 9° 9°
( g e ox*9z? T ox*dz* * Klaz6> x=0, (10)
where
ki = aidy1, K =2apdi +axdi +andan + b3+ bis +2baibis,
K3 = axndi1 +2a12dxn + aszdan + 2bnba +2b13by, Ky = axndyn +b3,.

an

Fourier-transform with respect to the spatial coordinate x with parameter ® is ap-
plied to solve the partial differential equation (i.e., Eq. (10)). Take the Fourier-
transform pairs of the stress function y (x, Z) defines as

x(0,z) = [Zx(x,z)e_iw"dx, (x,2) =5 / ) d. (12)

Then, Eq. (10) is simplified to an ordinary differential equation forf(,z),

(Klj; o) 25444—1(3(0 (;962— w6>)2:0. (13)

The general solution of Eq. (13) is expressed as

7(0,7) = 26: Cre' P, (14)
k=1

where Cj are undetermined coefficients and p; (k = 1 ~ 6) are the roots of the
following characteristic equation (Rajapakse, 1997; Sosa, 1991) which depend on
the piezoelectric material constants

ki1 p®+ 1opt 4+ K3p? + K4 = 0. (15)

In addition, the same equation (15) can be applied for ¢, hence ¥ and ¢ have the
similar solution form.
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2.2 Properties of roots for the characteristic equation

For the particular material symmetry property of the piezoelectric material, the
characteristic equation (15) is expressed in terms of even powers of p and is a
polynomial of degree three for p?. If the three roots of p? are assumed to be m; (i =
1 ~ 3), the characteristic equation can be rewritten as

Kim’ + kom® + kiym+ ik = 0. (16)
Therefore, the roots m; can be expressed explicitly as (Ma et al., 2008)

1K
m=84+T—-—,

3 K1

1 1 K> i
=—8+7T)——=+ V3T 17

where

0= K3 K 2

_31(1 31(1 ’
ek (k)
6K'12 2K 3K ’

S=+\/R+\/O3+R2, T=+/R—+/O+R2 (18)

Since the cubic equation in Eq. (16) has different real coefficients, there have no
identical characteristic root in piezoelectric materials (i.e., discriminating factor
A(= @* +R?) = 0). Besides, the characteristic equation cannot have any real roots
if the generalized strain energy is positive. It can be shown that the six roots of
the characteristic equation consist of three distinct complex conjugate pairs. If
pr (k=1 ~ 6) are the roots, we let

pk:ak—'_iﬁku pk+3:p_k7 k=1 N37 (19)

where oy and f; are real, with B > 0. In general, there are two possible cases for p
and will be presented below. Case (1), if the discriminating factor is negative (i.e.,
A < 0), all of the three roots in p> must be negative real. We then have

pr=iPf1, p2=if2, p3=iPs, (20)

where Bi, B,, and B3 are real and positive, with 8; > B;;1, j =1 ~ 2. Case (2), only
one roots of p?, say p% is real, and the other two roots p% and p% must be complex
conjugates (i.e., A > 0). We have

p1=iB, pr=a+if, p3=-—a+if, (21)

in which o is real, and B;, and 3, are real and positive.
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2.3 The general solutions for field quantities

In this study, the piezoelectric layered half-plane is considered in which two piezo-
electric materials are involved. From Eq. (14), the general solutions of displace-
ments, stresses, electric potential, electrical displacements and electric fields in the
Fourier-transform domain can be obtained as follows (Ma et al., 2008)

=i Z <§k ) giony’z , =i Z nk ) gionyz

D (e 2y 0, () 2N ()0 opd)

6xx —o Z zcopk 3 6xzj (a),z) _— Zpk/ ij LOPK z7
=1 =1

& (o Z leor’s §0)(w,2) = iw Z gIceion’s, (22)
~)g Z ta)pk 3 E(J 2 Z ,},k pk ;a)pk> :
. W, ()

)(C ®,7) Z ) pk za)pk ’ D(J > Z 7L za)pk

601 =+ bRl = [+ 53] )
g,f-'):(—bﬁg) +d1<f]>;tk<./)) P, o = b (p)2 4D — g2,

R , . . A\ 2 . A\ 2 R
2 = [béé) + (B4 +64) (p) ]/[df‘{) (n) +d§9} - (23)

In Eqgs. (22) and (23), the superscripts () denote the quantities associated with
the material j (i.e.,j=1, 2). The undetermined coefficients C,EJ ) can be obtained
by applying the jump, boundary and continuity conditions for the piezoelectric

layered half-plane. According to the conjugate property for characteristic root p, it
is interesting to note that there exist conjugate relations for Eq. (23), i.e., 5/523 =

ék(j)’ 77/5{23 = ﬁlgj)’ gk({r)3 = glgj)’ 7’/823 = 7_’/9)’ Ak(-jé = Zk(j)
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3 Explicit Full-field Solutions for Piezoelectric Layered Half-plane

Consider a two-dimensional piezoelectroic layered half-plane with a straight per-
fectly bonded interface at z=0 as shown in Fig. 1. Let material 1 and material
2 be occupied by the thin layer (0 < z < h) with thickness 4 and the half-plane
(—o0 < z<0), respectively. A generalized line force f (i.e., line forces f; and f;, a
line electric charge Q) and a generalized line dislocation b (i.e., edge dislocations
by and b, an electric-potential dislocation by) are applied at (x, z) = (0, d) with
h > d > 0, which is in the thin layer (i.e., material 1). Without loss of generality,
we take the plane z = d, x < 0 as the slip plane of the generalized dislocations.
The jump conditions for applied generalized forces and dislocations at (0, d) are
expressed as

CA TR [—
o) o)) — 8 (x)
ul) CuY | bH(x
e WV ~ | b.H(x)
plV plV 06 (x)
o0 ]|, Lo, | boH (x)

The jump conditions in the Fourier transform domain are

C T T

A

(1 (1 1

Uy | Ux — be (24)
) ) wb:

ol |8
_¢( )_ at _¢( )_ g @ ¢

From the general solutions presented in Eq. (22) and substituting Eq. (22) into Eq.
(24), we have

[qj ] ’ (25)

where superscripts ‘=" and ‘+’ indicate the undetermined coefficients Ci(l) for 0 <



Analytical Full-Field Solutions of a Piezoelectric Layered Half-Plane

dl

A 1)
(0,d)
. Maei@ali | a)y [ X
Material 2 )

89

Figure 1: Configuration and coordinate system of a piezoelectric layered half-plane
subjected to generalized loadings.

z<d and d < z < h, respectively, and {Flil)} is a diagonal matrix,

al= o]

The boundary conditions on the top surface (i.e., z=h)
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of the thin layer can be
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written as
T O T
)l A e
D; —h Psi” Psy’ Ps3 Pss Pss’ Psg
(29)
The coefficients Cl-(H) are related as follows
C‘(‘IH e C§1+)
C§1+) — |:Qijelw(pj pi+3>:| C§1+) ’ (30)
Cé1+) C§1+)
where
—1

plei) p%) pf%) pf? pf? pf?
= lo e ol |e) e o) o

Pss Pss’ Pse Psi” Psy’ Ps3

The continuity conditions of the generalized stresses and displacements at the in-
terface z =0 are

G0 el
Bl |
. (1-
u u
X — X (32)
ﬁgz) ﬁglf)
DEZ) Dgl—)
5(2 51—
_¢( )_ o _¢( )_ o
We rewrite Eq. (32) in terms of Cl-“_) and Cl-(z) as
21,1 [~2) 2,0 [o09)]
o ) 7] ][] o
or
- 2
"] = =161 [c?]. (33)
where

Gl =—[o"] " [p2]. (34)
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For w > 0, the bounded conditions of all physical quantities at infinity for the half-

plane require that

Gis
Gy
G3a

Gus
Gs4
Gea

qie
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C[3€71wp~(3 )d

q4e—iwp4

Ges

—la)p1

gse1@rs

gee " ®Ps

l)d-
d
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Uy

(35

Gis
Gog
Gse

Gae
Gse
Ges |

(36)

By omitting the lengthy algebraic derivation, the undetermined coefficients can be

obtained as follows
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and
[6 6 DSOS OMSENORY
Z Z Z q Z4ljke ((pz +[7/ +pk ) Pi )
C4(12) i=1 j=1k=j+1 (( ) )
11 6 6 6 )0 Y,y
(2) —_— pl p] pk p,
c| = YY Y gizsike , 38
5(2) w? det|U| |i=1j=1k= ]+lq Y %)
6 6 6 6 W) 0 Y,y
YY Y gizeige ((p PP ) b )
i=1j=1k=j+1 i
where
6, S 6 i )y oDy 0
det|U‘ Z Z Z Almn (D([’[ +Pm’+pn ) , (39)

I=1m=Il+1n=m+1

Ajjk = — Z Z Zelmn (316G (+3mG k3, =1 j=2 k=3
=4dm=4n=

13 6 6 6 6 6 o
Aijk = 5 Z Z Z Z Z Ze;cxyeﬁmneijsg(kfﬁsGslmeGyn (_1) i >
dm=4n=4x=4y

s=11=4m=4n=4x=4y=4
i,j=1,23 k=4,56 (40)

3 3 3 36 6 6 6
A== Y Y Y Y Yy ¥ Ze;mne}kreipteiny(j%)xQ(k%)yGPlG”"Gm’
I=4

m=4n=4r=4
i=1,23 jk=4,5,6

3 3 3 3 3 3
Aijk = - Z Z Z Z Z ZelmnepquIIQmZQrBGp4Gq5Gr6’ i=4 j=5k=6,
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m=4 n=4x=4y=4
6 6 6
ik =— 3 Y Y €imliyGixGiyQu_3);, k=456 j=123
m:4x:4y:4
6 .
Lsijk = Z ZesxyG]kay )la i,j,k=4,56
x=4y=4
(41)
and €123 = €231 = €312 = 1, €321 = €213 = €132 = —1, Cijk = 0Oif two or more sub-
script are equal, €5 = epy5 = €5y = 1, €5y = €46 = €hos = —1, egjk =0 if two

or more subscript are equal. Because the denominator in Eqgs. (37) and (38) are so
complicated that it is not possible to obtain the inverse Fourier transform directly.
In order to obtain the explicit analytical full-field solutions from inverse Fourier
transform, the denominator det|U| in Egs. (37) and (38) should be reformulated.
By examining the structure of det|U]|, the term with magnitude Ajpzei@prp2tps)h
is taken out from det|U| so that

det|U| = Appze @PrHr4r)h (] _ det|«|), 42)
where
det|*| =1 26: 26: 26: At —ia(pr-+ put-p—pr—p2-pa)h (43)
= —_ e m n .
Ai23

It can be shown that det|*| < 1 for @ > 0. Hence, by expansion of detw‘ into a
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power series of det ||, we obtain

1 e @O(P1+p2tp3)h = Hi0(p1+patp3)h

= = ——— (det|x)"
det|U| A123(1—det|*|) =0 A3 ( | D

Z Z 12(3"“) A o= i0(P=(p1+pa+p3)(nt1))h
-0

)

3

where
n n—nyn—nyp—ny n—n|—ny---—npy

=YY XL - L .

n=0n=0 n3=0 n1p=0

n!

nm-+n+...+n3=n, v= WP ' T
ny-ny.-n3:.---nN1p: N13:

€y

and

i o(p1+p2t+p3)h i i i Z O(prpt )i
- _ Al _l 171 PmTDPn
n=0 A3 I=1 m=I+1n=m+1

(44)

represents factorial. As we have mentioned in the previous section that

there are two possible cases for the characteristic root p. The expressions for A and
P in Eq. (44) depend on the characteristic root p, and the results are presented as

follows.
case | p1 =i, po=iP, p3 =iP3, pa = p1, Ps = P2, P6 = P3

A

P=) pini+(p1+p2+pe)(n7—ni1)+ (p1 +p3+ps) (ng —nio)

e

i=1

+(p2+ p3+ pa) (ng — n12) + (pa + ps + ps) n1s,

A=(A12s+A136)" (A12a+A236)" (A13a+A235)" (Agas +Azse)™
(A1as +A3s6)"™ (Ajae+Anse)™
(A126)" (A135)" (A234)"™ (A246)""° (A345)"" (A156)"12 (Asse)".

case 2 py =ifi1, pp=a+ifr, p3=—a+ifr, pa= p1, ps = P2, Pe = P3

A

P:

e

pini + (p1+p2+ps) (n7 —n11) + (p1+ p3 + pe) (ng —n1o0)

i=1

+ (p2+ p3+ pa) (ng — n12) + (pa + ps + ps) n1s,

(45)

(46)

(47)
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A=(A126+A135)" (A12a +As)"™ (A13a+A26)" (Agas+Azss)™
(A1as +Azs6)" (A1ae +Ass6)" (48)
(A125)" (A136)" (A234)"™ (A245)"° (A346)™" (A156)"% (Asse)"".

By omitting the details of the derivation, the solutions for the unknown coefficients
in Egs. (37) and (38) can be expressed in explicit forms as follows

6 6

ToYEYEY Y Al g,

I=4i=1 j=1k=j+1

; _ M, W (1)), (1)
ezw(( P+(pi+patps)(nt1)+p; ' +p; ' +p; )h 2 d) (49)

)

oo 6 6 6
c? = 1YY X (=AY Agizi

- P M, M, MY, (1)
etw(( P+(p1+p2+p3)(n+1)+p; "+p; ' +p; )h bi d)- (50)

3
I
=}
Il
-
~
I
—_
~
Il
~
+
—

Now, the solutions are linear combinations of exponential functions, i.e., Mei®N.
each term represents the Green’s function in the transform domain for concentrated
loadings in an infinite homogeneous medium. The term with N in the exponential
functions indicates the location of the loading and M represents the magnitude of
the loading. The location of the loading depends on the thickness of the thin layer
h, the position of applied loadings d and eigenvalues p;. The magnitude of M
only depends on material constants. Since the solutions in the transformed domain
expressed in Eq. (22) are exponential functions of @, only the following inverse
Fourier transformation is required, which is

l/m eiw(pz+H)eia)xdw:lRe i
27 ) —w T |x+pz+H)|’

where H is an arbitrary constant. Therefore, the inverse Fourier transformation
for Eq. (22) can be easily obtained term by term. Finally, the exact closed-form
solutions of displacements, stresses, electrical displacements and electric fields for
the piezoelectric layered half-plane are presented in very compact forms as follows:
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D

(52)
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(—1)" ivA 3 qiz1ijkAGy

x+piz+ ((pgl) +p +p§1)) (n+1)+p +p§1) +pM —13) h—pVd

)

)

(—1)" ivA 3qizsi kA
x+pilz+ ((pp) +pM +p§1)) (n+1)+p" 4+ pV 4 ptV — 15) h—pd

6 6

ZZZZZ Z (=1 ’VA123CIzth/stlA

I=4i=1 j=1 k=1
In (i (x—l—pg Vot <<p](1) +p 4+ pl! )) (n+ 1)+pfl)+p_51) +p —P)h—pf”d)),

6 6 6
Z LYY Y ()" ivAgiind
n=0 i=1 j=lk=j+1

ln( (x+p§ 2 (04 p0 4 p0) (04 1) 4+ p0 4 p0 D = P) = p(Vd ) )

and Re| | denotes the real part. Thus, the first three terms in (51) are fundamental
solutions of piezoelectric infinite plane subjected to generalized concentrated forces
and edge dislocations. All the remaining terms in (51) and all terms in (52) are
image singularities that are induced to satisfy the boundary and interface continuity
conditions. Hence, this mathematical method provided in this study is referred to
as the generalization method of image.
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4 Image Forces Exerted on Edge Dislocations in Piezoelectric Layered Half-
plane

The study of dislocations in multilayered structures is important as a means of un-
derstanding the mechanical properties of composites and thin films. The motion
of a dislocation is related to the image force or the Peach-Koehler (1950) force
exerted on the dislocation. The image force that exerts on the dislocation is depen-
dent on the location of the dislocation. The force exerted on the dislocation is most
conveniently obtained from Peach-Koehler formula. The solutions of image forces
available in the literature have been obtained for relatively simple problems such as
isotropic screw or edge dislocations, most of which used multiple image analysis.
However, this method is not applicable for the problem of edge dislocations in a
multilayered piezoelectric medium.

In this section, our attention will focus on the image forces exerted on edge dislo-
cations in the piezoelectric layered half-plane. The image force can be used to un-
derstand the motion of dislocations due to the interaction with the interface bound-
aries, defects and other dislocations. According to the generalized Peach-Koehler
formula, the explicit form of the image force acting on the edge dislocation can be
obtained from the stress fields at the location of the edge dislocation minus the self-
stresses of the edge dislocation in an infinite medium. The image force exerted on
the edge dislocation can be calculated as the summation of force due to the stress
fields of all the image singularities in the solution which is provided in the previous
section. In Cartesian coordinate, relations between image forces and stress fields
are

FY =b6), IV = —b.6ll, (53)

where Fx(l> and Fz(l) denote image forces exerted on edge dislocation at the thin

layer along the horizontal and vertical directions, respectively, and 6)&1) = )Szl) —
Oyys :S)}) = )S)}) — 0} in which 6)&1 ) and GX(;) are the stresses given in Eq. (51), o,

and o}, are the self-stresses of the edge dislocation. The self-stresses of an edge
dislocation b, applied at (0,d) in an infinite piezoelectric medium, which is also
presented in the first three terms of Eq. (51), can be written as

3 (1) 3 iqk (p(l))2

s |1 iqrp 1 3
O = pRe Y~ o= R}, iy
=1x+p (2=d) |, =1x+p. (z—d)

by

(54)
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5 Numerical results

Computational programs for numerical calculations of full-field distributions for
field variables and image forces are constructed by using the explicit expression of
the solutions presented in previous sections. The material properties and character-
istic roots for material 1 (PZT-4) are indicated as follows (Rajapakse, 1997; Ding
et al., 1999):

s =109x1072mN"1), s =7.9x 107 2mN"1),

st =19.3% 1072m’N""), sl = —5.42 % 1072m?N ),
s =—2.1x107"2m’N"1),

gl =—394x103m2C), ) =—111x103m2C"),
g\l =26.1x 103 m?C ),

Bl =7.94 x 107 m2NC2), B =9.02 x 107 (m2NC2),

PV =12038i, piY =0.2004 + 1.0691i, p{" = —0.2004 + 1.0691i.
For material 2, the material properties and characteristic roots of PZT-7A (Li et al.,

2003) are given below:

s =97x1072m*NY),  s& =7.85% 107 2m*N "),

s =21.8x 1072 m2N1),

s =-42x10"2mN"Y), 5P =-23x10"2m>N""),

g\¥ =488 %103 m2C"), ¢V =-159x103m>C"),

g =393 x103m2C 1),

B = 1348 x 107m>NC2), B =26.50 x 107(m>NC2),
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Figure 2: Full-field distribution of normal stress o,, for the piezoelectric layered
half-plane subjected to a concentrated force f; in the layer for d = 0.5h.

P =16719, pP =1.1591i, p{¥ =0.8967i.

A more comprehensive investigation of the piezoelectric layered half-plane can be
made by plotting full-field distribution contours of the field variables. In full-field
distribution contours, short dash lines and solid lines indicate negative and positive
values, respectively. Figs. 2, 3 and 4 show the contours of stresses 0,,, Oy, and Oy,
respectively, for the layered half-plane subjected to a line force f, with magnitude
—1 Nm~! applied at (x,z) = (0,0.5) in the thin layer (material 1). These figures
indicate that the full-field distributions of o, and o, are continuous at the interface
and are zero on the free surface. The symmetric contours for ¢, and Gy, with
respect to the z-axis is due to the transversely isotropic constitutive properties of
the materials. In addition, the contour of stress o, is zero along the z-axis due to
the anti-symmetric nature of the solutions. Figs. 5 and 6 represent the contours
of electric fields E, and E. for a line force f, with magnitude —1 Nm~' applied at
(x,z) = (0,0.5) in material 1, respectively.

In order to discuss the influence of the material constants on image forces of edge
dislocations, two more piezoelectric materials are used in the analysis, which in-
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Figure 3: Full-field distribution of shear stress o, for the piezoelectric layered
half-plane subjected to a concentrated force f; in the layer for d = 0.5h.

cludes PZT-5A and PZT-5H. The material properties for PZT-5A are indicated as
follows.

sip=14.4x1072mN), 533 =9.46 x 107 2(m?N~1),

s4q =252 x 107 2(m>N1),

s12 = =771 x 107 2m*N"1), 513 =—2.98 x 107 2(m*N~1),

215 =382x1073m’C™"), g3 =—11.4x10"3m?C}),

g33 =248 x 1073 (m?C7 1),

Bi1 = 6.54 x 107(m>NC~2), i3 = 6.66 x 10’(m>’NC~2).
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Figure 4: Full-field distribution of normal stress oy, for the piezoelectric layered
half-plane subjected to a concentrated force f; in the layer for d = 0.5h.

The material properties of PZT-5H are given below:

si1 = 14.x 1072m?N™1), 533 =9.05 x 107 2(m*N~1),

s4p = 23.7 x 107 2(m>N~1),

s1p=—7.27x 107 2m?N""), 513 =—-3.05x 10" 2(m?N1),

215 =268 x 1073(m?C7Y), g3 =—-9.11x 1073 (m*C ),

233 =19.7x 1073 (m?C™ ),

Bi1 =3.61 x 107(m?NC™2), 33 =3.32 x 10’(m>NC~2).
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Figure 5: Full-field distribution of electric field E, for the piezoelectric layered
half-plane subjected to a concentrated force f; in the layer for d = 0.5h.

The image forces exerted on an edge dislocation b, in the piezoelectric layered
half-plane for different material combinations are shown in Fig. 7. The locations
of equilibrium points depend on material constants. It is clearly observed from
Fig. 7 that the image force exerted on the edge dislocation is positive near the
free surface, and therefore the free surface always attracts the edge dislocation. In
addition, the image force near the interface in the layer for all the cases in Fig. 7
is negative; hence the interface always attracts the edge dislocation. Hence there
is an unstable equilibrium point (i.e.,Fz(l) = 0) in the layer for all the cases. It is
also indicated in Fig. 7 that the location of the equilibrium point is always near the
interface.

6 Conclusions

This study provides a complete investigation of the two-dimensional planar prob-
lem of elastic and electric fields induced by generalized line forces and edge dis-
locations applied in a transversely isotropic piezoelectric layered half-plane. By
using Fourier-transform method and the series expansion technique, the analyti-
cal full-field solutions for the displacements, stresses, electrical displacements, and
electric fields are presented in explicit forms. The complete solutions for this prob-
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Figure 6: Full-field distribution of magnetic field E, for the piezoelectric layered
half-plane subjected to a concentrated force f; in the layer for d = 0.5h.
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Figure 7: Distribution of the image forces F, exerted on an edge dislocation b, with
different material combinations.
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lem consist only the simplest solutions of an infinite piezoelectric medium with
applied loadings. Except the solution for the originally applied loading in an in-
finite medium, the other image singularities are induced to satisfy the free surface
and interface continuity conditions. Therefore, the physical meaning of the ana-
lytical solution is regarded as the generalized image method. The mathematical
approach used in this study provides an automatic determination of the locations
and magnitudes of all the image singularities. It is also shown that the locations
and magnitudes of image singularities are dependent on the characteristic roots of
the layered half-plane. The explicit full-field solutions are used to construct the
image forces for one edge dislocation. Computational programs for numerical cal-
culations of the full-field distribution of stresses, electric fields and image forces
exerted on an edge dislocation can be easily constructed by using the explicit for-
mulation of the analytical solutions.
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