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Elastic Vibration Behaviors Oof Carbon Nanotubes Based on Micropolar
Mechanics

G. Q. Xie1,2, S. Y. Long1,3

Abstract: The concept of the micropolar theory is em-
ployed to investigate vibration behaviors of carbon nan-
otubes. The constitutive relation has been deduced from
the two-dimensional analysis of the microstructure of the
carbon nanotube. Van der Waals interactions are sim-
ulated by a weak spring model. Hamilton’s principle
is employed to obtain dynamics equations of the multi-
walled carbon nanotube. Numerical examples for both
single-walled and double-walled carbon nanotubes are
presented and the significant difference in vibration be-
haviors between them has been distinguished. Numer-
ical results show that fundamental frequencies for the
cantilever single-walled carbon nanotube decreases with
increase of the aspect ratio of them, and the fundamen-
tal frequencies of the double-walled carbon nanotube
are lower than those of the single-walled carbon nan-
otube with the same inner diameter and length. The first
four natural frequencies for the double-walled carbon are
coaxial.

keyword: Vibration, Carbon nanotubes, Micropolar
mechanics, Hamilton’s principle

1 Introduction

Carbon nanotubes (CNTs) are regarded to be a poten-
tial nanostructured material. CNTs possess extraor-
dinary mechanical properties such as extremely high
strength, specific stiffness. Besides the promising me-
chanical properties associated with carbon nanotubes,
they also possess excellent thermal and electric proper-
ties. Many applications of CNTs have been reported,
such as atomic-force microscope (AFM), field emitters
(Fan et al. 1999), nano-fillers for composite materials,
micro-electronic devices (Yao et al. 1999; Rueckes et al.
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2000). Multi-walled carbon nanotubes can be adopted to
manufacture nano-devices for instance frictionless nano-
actuators, nano-motors, nano-bearings, and nano-springs
(Lau 2003).

However, it is necessary to have the fundamental under-
standing of the nanostructural materials to take advan-
tage of these potential mechanical properties of the car-
bon nanotube. Dominant methods of the theoretic study
on carbon nanotubes are atomistic simulation, contin-
uum model and multi-scale simulation methods. Atom-
istic simulating techniques are defective for simulation of
physical phenomena occurring on a vast range of length
scales. The continuum model has become a promising
tool for studying CNTs. So far, a few continuum me-
chanics methods have been adopted by Ru (2001); Li and
Chou (2003a); Wang et al. (2005); Qian et al. (2005);
Nasdala et al. (2005) to investigate properties of the car-
bon nanotube. Multi-scale simulation methods are used
by Kohlhoff et al. (1991); Gumbsch (1996); Hiroshi
Kadowaki and Wing Kam Liu (2005); Shengping Shen
and S. N. Atluri (2004) to study nano-mechanics.

Figure 1 : Schematic diagram of a regular hexagonal
graphene sheet (Thostenson et al., 2001).

Carbon nanotubes (CNTs) are composed of carbon atoms
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Figure 2 : Schematic diagram of (a) an armchair and (b)
a zigzag nanotube (Thostenson et al., 2001).

which lie on the corner of a regular hexagon (see Fig. 1).
A single-walled carbon nanotube (SWNT) is rolled the-
oretically up with a graphene sheet. Based on their he-
licity (Dresselhaus M.S. 1997), the fundamental config-
uration of CNTs can be classified into three categories:
armchair, zig-zag, and chiral. And the armchair (30o)
and the zig-zag (0o) are the two limit case. SWNT can
also be described by the hexagonal base vector (a1,a2).
To describe this structure, a chiral vector is defined as
OA = na1 + ma2. Its perimeter is L = a

√
n2 +m2 +nm,

where a is the length of the base vectors a1 and a2,
a = 0.246nm, its radius is d = L

π .

In this paper, constitutive equations of the carbon nan-
otube are obtained on the basis of the concept of the mi-
cropolar mechanics. Hamilton’s principle is employed
to derive dynamics equations for an element of the car-
bon nanotube. Governing differential equations are ob-
tained from the assembling of an element matrice by the
same way as the finite element method. The first five
modal shapes and natural frequencies of the single and
double-walled carbon nanotubes have been obtained, re-
spectively. Numerical results show that fundamental fre-
quencies of the double-walled carbon nanotube are lower
than those of the single-walled carbon nanotube with the
same inner diameter and length. The coaxial vibration
of the double-walled nanotube appears at the first four
natural frequencies.

2 Formulation

2.1 Micropolar elasticity theory

The micropolar elasticity theory was adopted by Bazant
and Christensen (1972) to analyze the stress field in a
cellular solid. In order to obtain the representative elastic
modulus for a lattice structure, they developed the finite-
difference equation for the struts surrounding a typical
node.

In the micropolar elasticity (Eringen 1968; Nowacki
1986; Lakes 1991), the difference of the micropolar con-
tinuum from the classical elasticity is the introduction of
an additional deformation variable which is the microro-
tation field. For a planar problem of a microstructured
solid, at any point of the solid, a two rank displacement
and rotation vector are denoted by u and φ, respectively,
relative to a Cartesian coordinate system x.

2.2 Strain-displacement relations

Figure 3 : The coordinates of the carbon nanotube and
the component of stresses

Figure 4 : Displacement gradient ui, j, microrotation φ
and relative deformation γ̂i, j . The dashed lines represent
the deformed state

Figure 3 shows the coordinates of the carbon nanotube.
Figure 4 shows the deformation of a unit cell. Based on
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the micropolar elasticity, strain-displacement relations of
the carbon nanotube are given as

ε11 =
∂u1

∂x1
(1)

ε22 =
1
R

∂u2

∂β
− u3

R
(2)

ε12 = ε21 =
1
2

(
1
R
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+

∂u2

∂x1

)
(3)

ω =
1
2

(
∂u2

∂x1
− 1

R
∂u1

∂β

)
(4)

γ̂12 = ε12 +(ω−φ) (5)

γ̂21 = ε21 − (ω−φ) (6)

φ̂13 = φ,1 (7)

φ̂23 = φ,2 (8)

where a comma denotes partial differentiation with re-
spect to the subsequent spatial coordinate; γ̂12 and γ̂21 are
relative distortions; φ̂13 and φ̂23 are microrotation gra-
dients; ω is macrorotation; R is the inner radius of the
carbon nanotube.

2.3 Stresses and strains under the different coordinate
systems

Figure 5 : Geometry of a regular hexagonal graphene
sheet and itsith element

The bond between two carbon atoms in the carbon nan-
otube are regarded as a strut, The carbon nanotube is

composed of a regular distribution of similar hexagonal
cells. In order to obtain the constitutive relation for the
carbon tube, a representative element is shown in Figure
5 where the element is marked by the shaded area. The
center point of the element is denoted by 0, and the mid-
dle points of struts are denoted by small letters a, b, a′,
b′.
Length, thickness, inertia of each strut is assumed to be
invariable, and denoted l, h and Is, respectively. Young’s
modulus of the carbon nanotube is denoted Es.

For stress and strain analysis, it is necessary to define
the stress and strain under the different coordinate sys-
tem and to to derive their transformation relationships.
A system of the natural coordinate is arranged with axes
x′1, x′2 that are parallel to sides of the unit cell as shown
in figure 6. The tractions have tangent components σ′

12,
σ′

21 and normal component σ′
11. The reference Cartesian

coordinate is arranged with the axis X1 that has a angle
ψ = 60o. The global coordinate is arranged with the axis
x1 that is parallel to the axis of the carbon nanotube. The
transformation of the natural coordinates into the global
ones can be accomplished by

(
x′1,x′2

)T =
[

1 ctgψ
- 1 ctgψ

]
(X1,X2)

T

=

[
1

√
3

3

- 1
√

3
3

][
cosϑ sinϑ
−sinϑ cosϑ

]
(x1,x2)

T (9)

where ϑ is the angle of the direction X1 with respect to
the direction x1 (see Fig. 3).

Tractions on this unit cell can thus be expressed by the
stress tensors in the global coordinate reference frame as

σ′
i j = σi′ j′ = �i′iσi j� j j′ = �i′ieil1 τl1l2el2 j� j j′

m′
i3 = mi′3 = �i′imi3 = �i′ieil1 ml13

}
l1, l2, i′, j′, i, j = 1,2 (10)

where �kp = cos
(
x′k,Xp

)
, el1l2 = cos(Xl1 ,xl2).τl1l2 is the

stress tensor in the global coordinate, and ml13 is the cou-
ple stress tensor in the global coordinate.
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Figure 6 : Unit cell with natural coordinates x′1, x′2, global coordinates X1, X2 and tractions on the cell sides.

The distortion components of the unit cell are given as
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2.4 Stress-strain relationship of the carbon nanotube

Based on the symmetry of the cell, the problem can be
simplified. It is necessary for the derivation of the consti-
tutive relation to calculate the nodal displacements. This
is accomplished by the structural analysis described by
Wang and Stronge (1999).

2.4.1 Normal stresses

This case is shown as figure 7a, where only normal stress
σ11 and σ22 are applied. In view of Eq. (10), for com-
bined flexure and stretching under these forces the corre-
sponding nodal displacements are

u1a = (cosϑ) h̄1a +(sinϑ) h̄2a (17)

u1b = (cosϑ) h̄1b +(sinϑ) h̄2b (18)
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Figure 7 : Unit cell subjected to stress resultants that are: (a) symmetrical; (b) anti-symmetrical; (c) symmetrical.
(Wang X.L., Stronge W.J. 1999)

u2a = (−sinϑ) h̄1a +(cosϑ) h̄2a (19)

u2b = (−sinϑ) h̄1b +(cosϑ) h̄2b (20)

φ = 0 (21)

where

h̄1a =
3lη

16Es

[
η2 (cos2ϑ (τ11−τ22)+ sin2ϑ (τ12 +τ21))

+τ11 +τ22 +2λ1] (22)

h̄2a =
3
√

3lη
16Es

[−η2 (cos2ϑ (τ11−τ22)+ sin2ϑ (τ12 +τ21))

+τ11 +τ22 +2λ2] (23)

h̄1b = −h̄1a (24)

h̄2b = h̄2a (25)

where η denotes the slenderness ratio of the cell wall,
η = l/h

λ1 = cos2 ϑτ11 +cosϑ sinϑ (τ12 +τ21)+ sin2 ϑτ22

λ2 = sin2 ϑτ11−cosϑ sinϑ (τ12 +τ21)+cos2 ϑτ22

2.4.2 Shear stresses

This case is shown in figure 7b, where combined flexure
and stretching result in nodal displacements

u1a = (cosϑ)ℜ1a +(sinϑ)ℜ2a (26)

u1b = (cosϑ)ℜ1b +(sinϑ)ℜ2b (27)

u2a = (−sinϑ)ℜ1a +(cosϑ)ℜ2a (28)

u2b = (−sinϑ)ℜ1b +(cosϑ)ℜ2b (29)

φ =
√

3η3
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[sin2ϑ (τ22 −τ11)+τ12 −τ21

+2
(
τ12 cos2 ϑ−τ21 sin2 ϑ

)]
(30)

where

ℜ1a =
9
√
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(31)

ℜ2a =
3lη
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[(τ22 −τ11)sin2ϑ+(τ12 +τ21)cos2ϑ] (32)

ℜ1b = ℜ1a (33)

ℜ2b = −ℜ2a (34)
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2.4.3 Couple stresses

This case is illustrated in figure 7c, where only the couple
stress m13 is applied. The nodal microrotations are

φ1a =
9

lEs
η3 (m13 cosϑ+m23 sinϑ)

φ1b = − 9
lEs

η3 (m13 cosϑ+m23 sinϑ) (35)

Microrotations due to couple stress m23 are obtained as

φ1a =
9
√

3
lEs

η3 (−m13 sinϑ+m23 cosϑ)

φ1b = −9
√

3
lEs

η3 (−m13 sinϑ+m23 cosϑ) (36)

Combining the above expressions, the relationship be-
tween strains and stresses for an armchair carbon nan-
otube is obtained as
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where Es is Young’s modulus of the carbon nanotube.

The relationship between strains and stresses for a zigzag
carbon nanotube is also identical to Eq. (37). The rela-
tionship between strains and stresses for the other carbon
nanotube can be obtained by combining these equations
from Eqs. (17) to Eqs.(36).

2.5 Van der waals pressure

If van der Waals pressure at any point between adjacent
tubes is assumed to be a linear function of the jump in

deflection at that point. p(i+1)i denotes van der Waals
pressure on tube i + 1 due to tube i, which is positive
inward, is given by Ru (2001)

p(i+1)i = ci

(
u(i)

3 −u(i+1)
3

)
(38)

where u(i)
3 is the (inward) deflection of the ith tube, Ru

(2002) gives van der Waals interaction coefficient ci

ci =
320(2Ri)

0.16d2 erg/cm2 (39)

where d = 0.142nm, i = 1, 2, · · · ,N −1, Ri is the radius
of tube i.

Combination of Eq. (38) and Eq. (39) yields

p(i+1)i = − Ri

Ri+1
pi(i+1) (40)

3 Finite element formulations

The finite element method approximates the behavior of
a continuum by subdividing the body into a finite num-
ber of elements, the shaded part in figure 5 shows an ele-
ment. Each element is connected to its neighbors through
a set of points or nodes. The displacements and rotations
within each element are related to the nodal displace-
ments and rotation by quadratic interpolation functions,
that is,

u = Nd (41)

where u is a vector composed of displacement and ro-
tation field components, N is the interpolation function
matrix and d is a vector made up of displacements and
rotations of nodal points.

Eqs. (1)-(8) can be written as
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Once the carbon nanotube has been subdivided into el-
ements, the governing differential equation for each el-
ement can be obtained by Hamilton’s principle, which
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takes the formZ t1

t0
δ(P−T )dt = 0 (43)

where the time t0 and t1 are arbitrary, P and T are the po-
tential energy and kinetic energy of an element, respec-
tively.

The potential energy of an element in the absence of body
force is given by
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1
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3
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1
2
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)
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3 (44)

where the domain eV denotes volume of the element, and
n = [0,0,1,0].
The kinetic energy of the element is expressed in terms
of the displacement vector as

Te =
1
2

Z

eV

ḋeT NTΛΛΛNḋ
e
dV (45)

where

ΛΛΛ =

⎡
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ρ 0 0 0
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0 0 ρ 0
0 0 0 ρJ

⎤
⎥⎥⎦ (46)

ρ the mass density of the carbon nanotube, J is micro-
inertia.

Substituting Eq.(34) and (35) in Eq. (33) and taking vari-
ation with respect to de leads to the following governing
differential equation of an element

Kede +Med̈e = qe (47)

where qe is the coupled term of the adjacent carbon nan-
otube wall due to van der Waals interaction, element stiff-
ness matrix is given as

Ke =
Z

eV

BT DBdV (48)

And the element mass matrix as

Me =
Z

eV

NTΛΛΛNdV (49)

Assembling the mass and stiffness matrix of all the el-
ements for the carbon nanotube, the governing equation
can be obtained as

Kd +Md̈ = 0 (50)

where K, M is the total stiffness and mass matrix, respec-
tively.

It is noted that the terms qe in Eq. (47) is incorporated
into K when the stiffness matrix of all the elements are
assembled.

4 Numerical examples and conclusions

In the subsequent numerical examples, assuming Es =
1TPa, ρ = 1300kg / m3 (Hernandez et al., 1998, Salvetat
et al., 1999), wall thickness of a single nanotube layer is
0.066nm.

The first five modal frequencies of the single-walled
and double-walled carbon nanotubes with different di-
ameters and lengths are obtained in table 1. It can be
found from table 1 that fundamental frequencies of both
single-walled and double-walled carbon nanotubes are
very high and are in the level of terahertz. The fun-
damental frequency rapidly decreases with the increase
of nanotube length. The fundamental frequency of the
double-walled carbon nanotube is lower than that of a
single-walled carbon nanotube with the same inner di-
ameter. In addition, frequencies for the first two vi-
brational modes are nearly equal for both single-walled
and double-walled nanotubes. We also found the phe-
nomenon which dispersion curve of wave in a carbon
nanotube for the first and second mode lap over when we
studied on the wave behaviors of carbon nanotube. These
results are in accordance with the reference (Li and Chou
2003b).

Fig. 8 shows the first five modal shapes of a single-walled
carbon nanotube, the first modal shape is similar to the
second one but the direction is opposite. This verifies the
above conclusion. The modal shape of a single-walled
carbon nanotube is varied with its length and diameter.

Fig. 9 denotes the first five modal shapes of a double-
walled carbon nanotube, the first four modal shapes are
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Table 1 : First five natural frequencies of these cantilever armchair carbon nanotubes

(m n)       L        Mode frequency (THz)                   

1        2          3          4         5 

           Single-walled 

9.84 9.84 10.31 10.32 14.95 

7.32    7.32    9.95    9.95    12.89    

4.17    4.17    8.85    8.85    8.95     

(6, 6)           4.9 

(7, 7)           5.2 

(11,11)         8.2 

(13,13)         9.8 
2.05    2.05    5.59    5.59    5.60     

             Double-walled                         

9.12 9.12 10.08 10.08 15.74 

7.25 7.25 9.86 9.86 14.68 

3.04 3.05 7.72 7.72 11.89 

(6, 6)/ (11,11)    4.9 

(7, 7)/ (12,12)    5.2 

(11, 11)/ (16,16)  8.2  

(13, 13)/ (18,18)  9.8 0.93 0.93 4.37 4.37 9.88 

(a)        (b)        (c)      (d)       (e) 

Figure 8 : First five vibration modal shapes of a cantilever single-walled carbon nanotube.

(a)       (b)       (c)       (d)        (e) 

Figure 9 : First five vibration modal shapes of a cantilever double-walled carbon nanotube.

almost coaxial. It can be found from table 1 that the fifth
modal frequency is much higher than the first four modal
frequencies, the fourth modal frequency is the critical
frequency. The result coincides with the reference (Yoon

et al. 2003).

These numerical results show that micropolar theory can
also be employed to analyze the mechanics behaviors of
nanostructure. The micropolar mechanics demand the
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fewer elements than the molecular structural mechanics,
and its computational time is shorter than the molecular
structural mechanics. The theory possesses the advan-
tages of the classical continuum mechanics, and takes
into account the micro-deformation.
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