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An Equation for Stress Concentration Factor in Countersunk Holes

Kunigal N. Shivakumar', Anil Bhargava' and Sameer Hamoush”

Abstract: A detailed three-dimensional finite element
stress analysis was conducted on straight-shank and
countersunk rivet holes in a plate subjected to tension
loading. The study included a wide range of plate width
to radius, thickness to radius, countersunk depth to thick-
ness ratios and countersunk angles(6.). The stress con-
centration is maximum at or near the countersunk edge.
The stress concentration depends on countersunk depth,
plate thickness and width and it is nearly independent of
the countersunk angle for 80° < 6, < 120°. Using the
finite element results and limiting conditions, an equation
for stress concentration factor is developed and verified.

1 Introduction

Riveting is a common method of joining structural com-
ponents. Joining introduces discontinuities (stress risers)
in the form of holes, change in load path, and additional
secondary loads such as rivet bearing and bending. Be-
cause of these, local stresses at the joint are elevated com-
pared to structural nominal stresses. Furthermore, wher-
ever, aero/hydro dynamic surfaces are required counter-
sunk rivets are often used. Countersinking further com-
plicates the stress flow and further elevates the stress
concentration. These problems require a three dimen-
sional (3-D) analysis. Accurate estimations of these local
stresses are essential to predict joint strength and fatigue
life.

Exhaustive studies on stress-concentration factor (SCF)
in holes and notches for two-dimensional (2-D) bodies
subjected to a wide variety of loadings have been re-
ported in the literature and these results are available in
handbooks. Three-dimensional (3-D) studies have also
been made for plates with circular (straight-shank) holes
subjected to remote tension . Folias and Wang provided a
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detailed review of previous analytical solutions and pre-
sented their series solution. The Folias and Wang solu-
tion covers a wide range of ratios of hole radius to plate
thickness. A detailed 3-D Finite Element Analysis (FEA)
of plain (straight-shank) and countersunk hole specimens
were made by Shivakumar and Newman. All these solu-
tions were for wide plates and no width effect was in-
cluded.

These studies resulted in the following conclusions for
straight-shank holes.

1. Stress concentration is due to hoop stress along the
bore of the hole.

2. Stress concentration depends on the dimensionless
parameters (¢ /r) and (z/t), where z is the thickness
co-ordinate direction and ¢ is the plate thickness.

3. Stress concentration is highest in the mid-thickness
of the plate for thin to moderately thick plates, but
for thick plates, the stress concentration peaks near
the free surface, (at about ¢/10)

4. The state-of-stress is plane strain in the central re-
gion, is plane stress at the free surface and is in-
termediate in the transition region. Thus, the stress
flows into the central region of the plate causing
higher stress concentration than at the surface.

5. The stress concentration is about 4 to 7% higher
than plane stress value (K; = 3) and it increases with
plate thickness. Plane stress value is recovered for
very thin plates. The stress concentration is about
10% lower than plane stress value at the free sur-
face.

Only few papers have been published for countersunk
rivet holes that directly relate to stress concentration. The
first was by Wharely in 1965 using birefringent coating
on aluminum plates to measure the stresses on the sur-
face of the plate with countersunk holes. Unfortunately,
his experiment did not measure the stress concentrations
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at the edge of the countersink, where the concentration
is highest. The other experimental work was by Cheng
in 1978 using stress freezing technique to obtain stress
through the thickness of plate with a countersunk hole.
He investigated a total of 13 configurations with differ-
ent countersink angles and depths; seven specimens for
tension loading and six for bending loading. Cheng’s re-
sults showed conclusively that the highest stress concen-
tration in the tension loading is at the edge of the counter-
sink. In the early 1990’s Shivakumar and Newman con-
ducted a detailed 3-D FE analysis of countersunk holes in
a wide plate subjected tension, bending and wedge load-
ings. Their study included a wide range of countersink
depth, ¢/r, and a countersink angle, 6,. Numerical results
were presented in the form of charts, tables and a sim-
ple FORTRAN program with an interpolation scheme.
Their equation did not include finite width effects and
lacked physical meaning of the geometric parameters of
the hole. In 1993, Young and Lee conducted an indepen-
dent 3-D FE analysis of plates with countersunk holes
subjected to tension load. Their study included practical
range of thickness, width, and countersunk depth. Using
their finite element results, Young and Lee came up with
a design equation for stress concentration in countersunk
holes. A main difficulty in accepting Young and Lee’s
results is that their FE model was very coarse and the
equation given does not agree with Heywood’s equation
for 2-D finite plate. Therefore, this study is undertaken to
establish accurate SCF for countersunk holes and then to
develop a more accurate physically based equation. An
exhaustive 3-D FE study with very fine modeling will be
conducted. The parametric study includes thickness to
radius (¢/r) ratio, countersink depth to thickness (Cy/1)
ratio, plate width to radius (w/r) ratio and countersunk
angles. Based on these results and limiting solutions for
straight-shank hole and thin plates, an equation for SCF
in countersunk hole is presented.

Nomenclature

b depth of straight-shank portion of hole

C countersink depth (t — b)

E Young’s modulus

finite element analysis

h one-half height of plate

K; maximum stress-concentration factor along bore
of hole under tension

K;(z) stress concentration factor along bore of hole
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under tension

r radius of straight-shank portion of hole
S applied remote tension stress
SCF stress concentration factor

straight-shank

t plate thickness

w plate half-width

Cartesian coordinate system
v Poisson’s ratio

0. countersink angle

2 Rivet Hole Configurations

Figure 1 shows the configuration and nomenclature of
countersunk hole in a plate of height and width 24 and
2w, respectively, subjected to a remote tensile stress S.
The hole radius is r and the straight-shank, countersink
and the total depths are b, C; and ¢ respectively. The
three depths are related by the equation t = b + C;.The
countersink angle is 6.. The parameters C;, ¢, 6, can
simulate all cases of hole configurations from straight-
shank (C;/t=0) to knife edge (C,/r = 1).
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Figure 1 : Nomenclature, configuration and loading of a
countersunk rivet hole

Thickness to radius (t/r) ratio: Plate thicknesses chosen
are 0.5r, 1r, 2r and 4r for all hole configurations and an
additional 0.4r and 10r are included for straight-shank
holes. Thickness cases 0.5r to 2r represent aircraft struc-
tural joints and 4r and higher represent marine structures.

Countersunk angle (6.): Commonly used countersink
angle is 100 °. However a range of 6. from 60° to 120 °

were included to evaluate the effect of countersink angle.
Countersink depth (C;): Countersink depth is expressed

as a ratio of countersink depth to plate thickness. The
C, values chosen are 0 (straight-shank hole), 0.25¢,
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(c) hr=15; wh=6
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Figure 2 : Finite element models of three countersunk rivet hole configuration

0.5¢,0.75¢ and 1.0¢. The case C; = t represents the knife
edge, which can occur due to poor control of drilling
holes.

Plate width to radius ratio: First, a wide plate case
is studied with half-width to radius ratio (w/r) of 15
and then w =2r,3r,4r,5r and 6r are chosen to evaluate
the width effect. The later cases represent the practi-
cal cases in structural applications. In addition, some
specific cases are considered to verify the finite element
model; those specific cases will be listed as and when
they appear.

3 Definition of Stress-Concentration Factor

Although the definition of the stress-concentration fac-
tor is given in many classical books on theory of elastic-
ity and in stress-concentration handbooks, many of these
solutions are for 2-D configurations. For 3-D configu-
rations, the stress concentration varies along the bore of
the hole. The stress-concentration factor is defined as a
function of z coordinate along the line formed by the in-
tersection of y= 0 plane and the hole. The line connecting
the points A, B,C in Figure 1(c) defines the path of inter-
est. Thus, K;(z) is the ratio of hoop stress G,, along the
line A-B-C and the remote stress S, K; (z) = Gyy(z)/S. The
stress concentration factor K; is the maximum of K;(z).

4 Finite-Element Analysis

A three-dimensional finite-element analysis (FEA) is
conducted using a commercial code ANSYS version 8.1
with the 8-noded hexahedron element SOLID45. The
material property used is E = 10E6 and v = 0.3. Note
that any finite value of E is acceptable because the SCF

does not depend on the material property for isotropic
plates. Because all configurations considered are sym-
metric about x = 0 and y = 0 planes, only one quarter of
the geometry is modeled by imposing symmetry condi-
tions and a node at (x=z=0 and y = r) restrained against z-
deformation. The FE idealization is made by using finer
mesh in the stress gradient region and courser mesh at the
low or no stress gradient regions. Typical mesh for con-
figurations A/r = w/r (Figs. 2a and 2b) and narrow width
(Fig. 2c) plates are shown in Figure 2. Stress analysis
is conducted for remote stress of S = 1, deformation and
stress field are examined, and the hoop stress along the
nodal line A-B-C are extracted. These stresses directly
give the stress concentration K (z).

An exhaustive comparison of present FE results and pub-
lished data and the mesh convergence study are made in
another paper and found that the present models and re-
sults are indeed accurate. In the interest of the length of
the paper those results are not presented here.

5 Finite-Element Results

Finite element analysis is conducted for a wide range of
0., Cs/t, t/r, and w/r values keeping the loading as far
as possible from the hole by selecting /r=15. These re-
sults are summarized. First, wide plate (w/r=15) results
are presented and then the results for finite width plate
are presented.

Effect of countersink angle (0.): Figure 3 shows varia-
tion of K;(z) along z/t for 6, values ranging from 60° to
120 including the results for 6,100 (typical counter-
sink angle in aircraft structures) for h/r = w/r = 15,1 /r =
1 and C;/t= 0.25. The stress concentration for 6,-100°
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h/r=w/r=15
tr=1,C/t=0.25

CMC, vol.3, no.2, pp.97-106, 2006

z/t

4
Ky(z)
& 0 0.00
3 2000000,
SR
2
h/r=w/r=15
" tr=1; 6.=100°
0 | 1 1 1 | 1 1 1 |

z/t

Figure 4 : Effect of countersunk depth on stress concentration distribution for a wide plate

is considered as the base line for all comparisons. K;(z)
is maximum at the countersink (B) and it drops off to-
wards the free surfaces. Furthermore, K;(z) at C is lower
than that at A. The maximum SCF (K;) increased with
0. and this trend continued beyond 120° . This trend
is in contradiction with Young and Lee’s FE results and
their hypothesis. The reason for monotonic increase in
K; with 0. is due to continued channeling of load path to
the countersink edge and around the hole. More details

of this study are presented in ref.12. However, 6, = 180°
is a special case and at this angle the stress distribution
is same as that of the straight-shank hole. The K, differ-
ence between 0, = 90° and 100° and between 6. = 100°
and 110° is about 1%, therefore the variation of K; for a
small deviation of 6, from 100° can be neglected. Fur-
thermore, K, for 6. =80°, 100 ° and 120 ° are 3.33,3.38
and 3.45 respectively. Variation of K; from 6. =100 ° for
these extreme angles is still less than 2%. The remaining
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Figure 5 : Effect of t/r on stress concentration distribution for a knife-edge countersink
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Figure 6 : Effect of t/r on stress concentration distribution for C;/t = 0.5

analyses are conducted for 6, =100, baseline condition.

Effect of countersink depth (C,/t): Figure 4 shows vari-
ation of K;(z) along z/¢ for different depths of counter-
sink for #/r = 1. Maximum SCF (K;) increased with
countersink depth but decreased for the knife edge case
(Cs/t = 1). This trend is similar to Shivakumar and New-
man and Young and Lee’s FE results. However, this trend
is also a function of 7/r. In general, maximum SCF oc-
curs at the countersunk edge, but for shallow counter-
sinks (see for C;/t =0.25) and thick plates (r/r > 1), it

occurs slightly away (5% of ¢) and towards the SS of the
hole.

Effect of thickness to radius ratio (t/r): Figures 5 and 6
show the effect of #/r on K;(z) for C;/t = 1 and 0.5. Val-
ues of #/r = 0.5, 1 and 2 represent the practical range of
hole configurations used in aircraft industries and ¢ /r >2
is for thick structures, for example marine industries. The
K, increased monotonically with #/r and it is consistent
for all cases of C,/t (other cases are not shown). The K;
values for different Cy/t and ¢ /r values withw/r =h/r=
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Figure 7 : Effect of w/r on stress concentration distribution
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Figure 8 : Effect of w/r on stress concentration K; for a straight-shank hole
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15 and 6, =100° are listed in Table 1. Effect of plate width to radius ratio (w/r): Plate width
to hole radius ratio effect is studied through analyzing
configurations of different Cy/t and w/r ratios. Chosen

Table 1 : Stress concentration K; (w/r =h/r=15)  values of G/t are 0, 0.25, 0.5, 0.75 and 1.0 and w/r are

7r values 3,4, 5, 6 and 15. For straight-shank hole, w/r of 1.5
Cq/t . .
0.00 0.50 1.00 2.00 4.00 and 2 are also chosen. In all cases K; increased with de-
0.00 3.00 3.083 3.134 3.183 3.160 | creased w/r values. Figure 7 shows K;(z) distribution
0.25 3.00 3.261 3.384 3.526 3711 | for straight-shank holes. K;(z) is maximum in the cen-
0-50 3.00 3.510 3.7671 4.036 4.368 | 141 region and drops off towards the free surfaces. The
075 | 300 | 3616 | 4026 | 4526 | 5095 g P OW urtaces.
0.85 3.00 - 4.056 - - free edge phenomenon which resulted due to finite value
0.90 3.00 - 4.040 - - of Poisson’sratio (v # 0) has been very well explained
1.00 3.00 3.580 3.952 4.533 5.530

by Sternberg and Sadowsky for holes and by Shivakumar
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Figure 9 : Comparison of 3-D stress concentration factor equation (thickness and countersink effect) with FEA
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Figure 10 : 3-D stress concentration factor for a straight-shank hole (wide plate)

and Raju for cracks in solids. The straight-shank hole K;
distribution as a function of w/r is shown in Figure 8
for h/r = 15 and t/r = 1. The K, rapidly increases for
smaller values of w/r and become infinite for w/r =1 as
explained by Heywood for 2-D problems. For large val-
ues of (w/r), K, asymptotically reaches the infinite plate
solution (K; = 3). Heywood’s equation was verified sep-
arately by 2-D FE analysis and the two solutions agreed

within 1% and these results are presented later.

6 Equation for Stress Concentration Factor (K,)

While discussing the FE results in the previous sections,
the K;(z) function was used, from now the focus will be
confined to the maximum of K;(z) that is the stress con-
centration factor K;. As explained, K; occurs at coun-
tersink or very near the countersink. List of K; for var-
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Figure 11 : Comparison of stress concentration factor for finite width plate from different analyses (2-D)

ious values of C/t and t/r in a wide plate (w/r = h/r
= 15) are listed in Table 1. The table includes the lim-
iting value of K;(=3) for #/r — 0. Graphical represen-
tation of this data is shown in Figure 9 by symbols (FE
values). To develop a K; equation, K; is represented as
a product of three functions, namely, ¢/r function de-
rived from straight-shank hole data, C; /¢ function derived
from countersunk data and w/r function derived from
w/r data. Because K; equation must reduce to 3 for z /r=
0 for any wide plate and any C/t, the parameters #/r and
C,/t may not be separable. Therefore, K, is written as:

t Cs t w
K=K () Kes (755 ) K ()

The three functions K,,;, K¢y and Ky, are established for
three different conditions and a combined equation is ver-
ified for finite width countersunk holes.

ey

First K,/ (t/r) equation fit is performed for C; /t = 0 by us-
ing data in Table 1 and normalized by 3 (2-D K;). Form
of the K, function is chosen such that it satisfies the lim-
iting conditions that K,; = 1 for r /r — 0 (plane-stress) as
well as 7 /r — oo (plane strain). This fit resulted in

t
K (7) =1+

This equation agreed with 3-D FE results of SS holes
within 0.5% and the correlation factor of the fit is bet-

0.5 (5)0.6

— 7% 2
0+(2)"°

ter than 0.98. Comparison of the equation with the FE
results is shown in Figure 10.

Next, the K; results for wide plate in Table 1 are normal-
izedby C;/t = 0 data. The resulting values are used to
perform multi-parameter fit (#/r and C;/t) to obtain the
K¢y equation. The resulting equation is:

Kcy (%é) 1+0'4<%> (;)0'6—0.1 <%>2<;>03

(3)

Correlation factor of this equation is better than 0.99.
Figure 9 compares the equation K; = 3*K,; * K¢, with the
FE data in Table 1 for different values of C,/f and t/r.
The broken lines represent the equation and the symbols
represent the FE data. The maximum difference between
the equation and the data is about 3%. Thus K¢, equation
is sufficiently accurate for design applications.

The last equation is the width correction, Ky (w/r). In
this case, the Heywood’s 2-D width correction equation
is used, the subscript H represents Heywood’s name.
This equation was verified separately by 2-D FE analysis
and the results are presented in Figure 11.

C2+(1-)°

K (%) (11

Figure 11 compares the 2-D FE results and Young and
Lee’s 2-D design equation (K; )y, with Heywood’s equa-

“)



Countersunk Holes

105

6
s - c/t=1
| / 0.75
i _ ____’_/449:5____3
K ! i S - .
t 0 S
3 -
L o Crt=0
, B O Cc/t=025
i A C/t=0.50
t/r=1; 6,=100° v Ch=075
1 - s
¢ Cn=10
0 I R I B
0 3 6 9 12 15

w/r

Figure 12 : Comparison of present equation with other countersink configuration FE results

tion (4). The Heywood’s Ky equation agreed within 1%
of the FE results. Young & Lee’s equation is not valid
outside 2 < w/r < 5 and it over estimates stress concen-
tration in excess of 10% for all values of w/r.

The resulting K; equation (1) with the associated func-
tions in equations 2, 3, and 4, is compared with the FE
results for finite width plate (C/r = 0.25, 0.5, 0.75, 1.0)
in Figure 12. Lines represent Eq. 1 and the symbol rep-
resents FE results generated separately and not used in
fitting the equation (except the data for w/r= 15). The
equation agreed with FE results very well for all (w/r).
The maximum error is about 7% for w/r=3,¢/r=1 and
C,/t=0.75, but less than 5% for all other cases.

In summary the stress concentration equation (1) is gen-
eral, accurate and satisfies all limiting cases. The equa-
tion is valid for straight-shank, countersunk including
knife edge holes and for a wide range of plate sizes.

7 Conclusions

A detailed three-dimensional finite element stress anal-
ysis was conducted on straight-shank and countersunk
rivet holes in a plate subjected to tension loading. The
study included a wide range of plate widths, thick-
nesses, countersunk depths and countersunk angles. Re-
sults confirmed the previous result that highest stress
concentration occurs at the countersink except for thick
plates. For thick plates, the highest stress concentra-
tion is near the countersink and on the straight-shank

part of the hole. The stress concentration depends
on countersunk depth, plate thickness and width to ra-
dius ratios. Stress concentration variation for prac-
tical range of countersunk angle (80° to 120°) is
small (less than 2%) and therefore its effect can be ne-
glected. Using the numerical results and limiting con-
ditions, developed a stress concentration equation, K; =
Ky *Kcy*Kp; where, K= 14{0.5(t /r)*%/[10+(t /) 1°]},
Kcg = 140.4(Cy /1) (t/7)?0-0.1(Cs /1) (t/7)°3, Ky = {2
+ [1-1/(w/r)1*}/{1-1/(w/r)}. This equation is accurate
within 5% of finite element data for a wide range of
widths, countersunk depths and plate thicknesses. The
maximum error is about 7% for w/r = 3, t/r = 1 and
Cs/t= 0.75, but less than 5% for all other cases. In
summary the stress concentration equation (1) is general,
accurate and satisfies all limiting cases. The equation
is valid for straight-shank, countersunk including knife
edge holes and for a wide range of plate sizes.
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