Copyright (©) 2006 Tech Science Press

CMC, vol.3, no.2, pp.65-75, 2006

Analysis of Solids with Numerous Microcracks Using the Fast Multipole DBEM

P.B. Wang!, Z. H. Yao'? and T. Lei!

Abstract: The fast multipole method (FMM) is applied
to the dual boundary element method (DBEM) for the
analysis of finite solids with large numbers of microc-
racks. The application of FMM significantly enhances
the run-time and memory storage efficiency. Combin-
ing multipole expansions with local expansions, compu-
tational complexity and memory requirement are both re-
duced to O(N), where N is the number of DOFs (degrees
of freedom). This numerical scheme is used to compute
the effective in-plane bulk modulus of 2D solids with
thousands of randomly distributed microcracks. The re-
sults prove that the IDD method, the differential method,
and the method proposed by Feng and Yu can give proper
estimates. The effect of microcrack non-uniform distri-
bution is evaluated, and the numerical results show that
non-uniform distribution of microcracks increases the ef-
fective in-plane bulk modulus of the whole microcracked
solid.

keyword: Fast multipole, Dual boundary element
method, Effective elastics modulus, Microcracks.

1 Introduction

Generally speaking, there are large numbers of mi-
crocracks existing in brittle or quasi-brittle materials.
The microcracks play an important role in the stiff-
ness, reliability and failure behaviors of the materials.
Some micromechanics methods (e.g., the dilute solution
(Kachanov, 1992), the self-consistent method (Budian-
sky and O’Connell, 1976), the differential method (Nor-
ris, 1985), the Mori—Tanaka method (Benveniste, 1987),
the generalized self-consistent method (Huang, Hu and
Chanadra, 1994) and the method proposed by Feng and
Yu (2000)) have been established to estimate the effective
properties of microcracked solids. All these microme-
chanics methods depend on the statistical average effects
of many microcracks and adopt the crack density as the
single parameter to characterize the microcracked solids.
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To investigate directly the interaction among multiple mi-
crocracks in consideration of their sizes, locations and
orientations, some numerical schemes have been de-
veloped. Kachanov (1987) developed a pseudotraction
method for 2D analysis. In this method the unknown
crack line tractions are approximated by their average.
Toi and Atluri (1990a, 1990b, 1990c) proposed a finite
element analysis of the static and dynamic fracture be-
havior in brittle microcraking solids. In their work, sta-
tionary and propagating cracks under static and dynamic
loading were simulated using a continuum constitutive
modeling, and the microcrack toughening effect was dis-
cussed. Huang, et al. (1996) gave a numerical hybrid
BEM method in conjunction with a unit cell model to
compute the effective moduli of 2D microcracked solids.
The results shows that the differential method provide
the most accurate estimation at low crack density and
the generalized self-consistent method is much more ac-
curate at relatively high crack density. Zhan, Wang and
Han (1999) presented a method based on a superposition
scheme and series expansions of the complex potentials
to directly account for the interactions of microcracks
and the effect of the outer boundary in a finite plate.

Because of the boundary-only discretization and semi-
analytical nature, the boundary element method (BEM)
is recognized as a powerful tool for fracture mechan-
ics analysis (Cruse, 1996). But the BEM formulation
for crack problems concerns the geometry including two
coincide surfaces, which cause the displacement bound-
ary integral equation to degenerate into a singular form.
The dual boundary element method (DBEM) (Portela
and Aliabadi, 1992; Portela, Aliabadi and Rooke, 1993)
overcomes this mathematical degeneration by using the
displacement boundary integral equation for collocation
on one crack surface and the traction boundary integral
equation on the other. Based on the DBEM, a single-
region formulation can be developed to solve general
crack problems.

The conventional BEM is not efficient for large-scale
problems because of its dense and asymmetric coefficient
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matrix. To achieve more run-time and memory storage
efficiency, the fast multipole method (FMM) (Barnes and
Hut, 1986; Greengard and Rokhlin, 1997) is applied to
BEM. The fast multipole BEM uses the same discretiza-
tion as the conventional BEM, while uses a quad-tree
(for 2D problems) or an octal-tree (for 3D problems)
for computation and storage. The matrix-vector product
is obtained by recursive operations on the tree structure
without explicitly forming the coefficient matrix. In re-
cent years, the fast multipole BEM and its applications
were investigated by many authors, including Peirce
and Napier (1995), Popov and Power (2001), Yoshida,
Nishimura and Kobayashi (2001), Aoki, Amaya, Urago
et al (2004), Liu, Nishimura and Otani (2005), Wang,
Yao and Wang (2005), and Wang and Yao (2005). A re-
cent literature review on the fast multipole BEM has been
given by Nishimura (2002).

A fast multipole DBEM is developed in this work for the
analysis of 2D microcracked solids. The use of multipole
and local expansions reduce both the computational com-
plexity and the memory requirement to O(N), where N is
the number of DOFs. This numerical scheme is used to
compute the effective in-plane bulk modulus of 2D solid
models with thousands of randomly distributed microc-
racks. The numerical results are compared with the cor-
responding solutions of various micromechanics meth-
ods. And the effect of microcrack non-uniform distribu-
tions on the effective elastic moduli of the whole solid is
evaluated by the fast multipole DBEM.

2 Dual boundary integral equations for crack anal-
ysis

Figure 1 shows a crack I'; including two coincide sur-

faces ', and I'} in a 2D elastic solid Q surrounded by

an external boundary T'y.

Figure 1 : A 2D elastic solid with a single crack

In the absence of body forces, the following displacement
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integral equation is obtained.
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where o and [ denote the Cartesian components; ug(y)
and g(y) are respectively the displacement and traction
components at field point y; c,g () is a free term depend-
ing on the shape of the boundary at the source point x;
Uup(x,y) and Tog(x,y) respectively represent the Kelvin
displacement and traction fundamental solutions, which
are given as
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for the plane strain case, where r is the distance from x to
y; G stands for the shear modulus and v for the Poisson’s
ratio.

Assuming continuity of both strains and tractions at x
on a smooth boundary, the following traction boundary
integral equation can be obtained by differentiating Eq.
(1) and applying the material constitutive relationships.
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where n¢(x) denote the component of the outward unit
normal at x. Kernel functionsD,4p (X, ¥) and Syp (X, ¥),
which contain derivatives of Uéﬁx,y) and Tofﬁx,y) to-
gether with elastic constants, are defined by
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As the distance r tends to zero, Sy,g (X, y) exhibits a
hyper-singularity of the order 1/r%, while Dy (X, y) ex-
hibits a strong singularity of the order 1/r.
Considering the following properties of the kernel func-
tions
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and the fact that the tractions of the two coincide surfaces
satisfy t|, = —t| (for surfaces in contact) or t|. =
t|- = O (for surfaces in non-contact), Eqs (1) and (4)
can be rewritten in a more simplified form in terms of the

crack relative displacement as
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where Aug = ug — u[; are the components of the relative

displacement between I', and T}

Eqgs (6a-6¢) are the dual boundary integral equations on
which the DBEM is based. The displacement equations

€)
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Eq. (7) and Eq. (8) are applied for collocation on the
external boundary and one of the crack surfaces, respec-
tively. And the traction equation Eq. (9) is applied for
collocation on the other crack surface.

The concept of finite-part integral is adopted to deal with
the hyper-singular integrals caused by Sy,g (x,y) (Guig-
giani, 1992). The crack surfaces are discretized using
discontinuous elements to satisfy the continuity require-
ments associated with finite-part integral.

Because common elements model the square root dis-
placement variation near the crack tip inadequately, this
work employs a special crack tip element incorporat-
ing the displacement variation by modification of the
shape functions. It is a 3-node discontinuous element,
in which the natural coordinates are €, = —2/3, &, =0
and €3 = 2/3 for the nodes and €7 = 1 for the crack tip.
The shape functions take the following form

Nl(e) = \/?/1 —ee(%e— %)

N2(e) = VI—e(l— %e)(l +%e)
N3(g) = V3V1 —88(284— §) (10)

8 4

The local mixed-mode SIFs are obtained from the near-
crack-tip relative displacement using the one-point for-
mula as

K2 =AlPH/2\/F, K9 =AlH/2/r (11)
where P is the first node away from the crack tip Q; r is
the distance from Q to P; Au’ and Aul are respectively
the opening and sliding displacements at node P; H is a

constant defined as

/1/2G(1+v), for plane - stress case
H= (12)

V/1/2G/(1+v), for plane - strain case

where G stands for the shear modulus and v the Poisson’s
ratio.

3 Formulation and implementation of the fast mul-
tipole dual BEM

3.1 Multipole expansion

The kernel functions are expanded into complex Taylor
series around a selected point yo. For example, T,g(X,y)
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is expand into the following form
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where Re() and Im() stand for the real and imaginary
parts of a complex number respectively. The source point
x should be far enough from yy to satisfy the inequality

[y — Yol < [x—yol /2.
Thus the integral of 7,g(x,y) on a boundary segment
T"are expanded into complex Taylor series as
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c(fr) (yo,k)and c(f) (¥o,k), which are not related to the
source point X, are called the multipole moments cen-
tered at yo. The expansion in Eq. (14) is called multipole
expansion.

3.2 Multipole moment to multipole moment transla-
tion

If the multipole expansion center is shifted from yq to
y1, the new multipole moments can be obtained from the
original ones as
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This translation is called multipole moment to multipole
moment translation (M2M).
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3.3 Local expansion

In the local expansion, the integral of T,g(x,y) on I is
expanded with respect to source point x around a selected
point Xq as
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where,
l(r)(x,k) = Re(x)x*, l(l)(x,k) = Im(x)x, k=0,1,2,...

(18)

p(lr) (X0, k)and p(1) (x0,k), which are called the local
moments centered at Xy, can be obtained from the multi-
pole moments centered at y as
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where p is the order of the truncated series. This transla-
tion is called multipole moment to local moment transla-
tion (M2L).

3.4 Localto local translation

If the center of local expansion is shifted from x( to
x|, the new local-expansion coefficients can be obtained
from the original ones as
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Figure 2 : A quad-tree structure

This translation is called local to local translation (L2L).

3.5 Numerical implementation of the fast multipole
dual BEM

In the fast multipole DBEM, firstly the boundaries of the
model are discretized using boundary elements. Only
one surface of an arbitrary crack needs to be discretized.

Secondly an adaptive quad-tree structure is constructed.
The root of the tree, which is at level 0, is a square cell
containing all the boundaries of the model. The root cell
is divided into four child cells at level 1. Each child cell is
divided in the same way until the number of elements in it
is less than a predefined number. A childless cell is called
a leaf. An example is shown in Figure 2, where each leaf
contains at most three elements. Two cells at the same
level are called colleagues or well separated if they share
a boundary point or not. Among the cells well separated
from cell A, those whose parents are colleagues of A’s
parent compose the interaction list of A (see Figure 3).

Then an iterative process is executed to solve the bound-
ary integral equations. In each iterative step, the mul-
tipole and local moments are computed by some recur-
sive operations. This work adopted the generalized min-
imum residual method (GMRES) as iterative solver and
the sparse approximate inverse type as the preconditioner
(Vavasis, 1992).

For a leaf, the multipole moments are obtained from all
the elements in it using multipole expansions. For a non-
leaf cell, the multipole moments are obtained from its
children using M2M. The M2M translation is executed
upward to level 2.

The local moments of a cell A are a sum of two parts.
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colleagues of A

interaction list of A

Figure 3 : The colleagues and interaction list of cell A

One part is obtained from the multipole moments of A’s
interaction list using M2L and the other from the local
moments of A’s parent using L2L. This operation is exe-
cuted downward until leaves are reached.

For a source point x in leaf A, the boundary integral is
calculated in two parts. The contribution of the elements
in A and A’s colleagues is evaluated in the same way as
the conventional BEM, while the contribution of all other
elements is obtained from the local expansion of A.

4 Numerical examples

4.1 Comparison of solution time between the conven-
tional DBEM and the fast multipole DBEM

Various numbers of periodically located microcracks in
a rectangular plate were analyzed using the conventional
DBEM and the fast multipole DBEM respectively. In
the fast multipole DBEM analysis, the order of the finite
series was taken as p = 20. Figure 4 compares the total
CPU time for various problem sizes by the fast multipole
DBEM with the corresponding data by the conventional
DBEM, which employs an ordinary Gauss elimination
solver using the famous Lapack library. The results show
that the fast multipole DBEM is much more efficient than
the conventional DBEM for large-scale problems.

4.2 Simulation of a plate with nxn periodically lo-
cated microcracks

This example simulated a plate composed of n x n square
cells as shown in Figure 5. There is a horizontally ori-
ented microcrack in the center of each square cell. The
value of n was varied from 5 to 100. The width of each
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Figure 4 : Comparison of solution speed between con-
ventional BEM and fast multipole BEM

square cell is 2w = Smm, the crack length is 2a = 2mm,
and the Young’s modulus and Poisson’s ratio of the ma-
trix material are £ = 200GPa, v = 0.3, respectively. The
four sides of the plate are given uniform normal-direction
displacement u,, = n x 0.Imm. So theoretically all the
crack tips must have the same SIFs when r is set as dif-
ferent values.

This example is considered as a plane-stress problem. In
numerical analysis, each crack was divided into 16 dis-
continuous quadratic elements and the order of finite se-
ries was taken as p = 25. Table 1 shows the SIF results
for different values of n. Kymax and Kj pinare respec-
tively the maximum and minimum among the K; values
of all the crack tips. The numerical results prove that the
fast multipole DBEM scheme can achieve high accuracy
even for large-scale problems.

Table 1 : SIF results of nxn periodically oriented micro-
cracks in a square plate

Number Number K] max K] min
of cracks | of DOFs | (Mpamm!/2) | (Mpa mm'/?)
5x%5 7,200 16576 16576
10x10 19,200 16576 16577
20x20 57,600 16576 16577
50x50 288,000 | 16575 16577
100x100 | 1,056,000 | 16578 16582
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Figure 5 : A square plate with nxn periodically located
microcracks
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5 Computation of effective elastic moduli

5.1 The numerical model for computation of effective
in-plane bulk modulus

Figure 6 shows the model for computation of effective
in-plane bulk modulus. I'; and I';, which are two side of
the square plate, are given uniform normal displacement
u,. For 2D cases, the average stresses are obtained from
the tractions on I'; and I, as

1 1
61=-/ Tdl', & :—/TdF 21
n=y /r K n=7 LB (21)
where L is the length of the plate.
The average strains of the plate are calculated as
€11 = Un/L, €22 =1y /L (22)

Then the in-plain bulk modulus of the microcrack plate
is obtained as

K, = (611 +0622)/2(€11 +€22) (23)

The in-plane bulk modulus of the matrix material can be
determined as

Eo/2(1+vp)(1—2vg) (for plane - strain case)
Ky =
Eo/2(1 —wp) (for plane - stress case)

(24)

where Ej and vg are respectively the Young’s modulus
and the Poisson ratio of the matrix material.
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Figure 6 : The model for computation of effective in-
plane bulk modulus
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Figure 8 : A square plate containing 4,000 randomly
oriented microcracks

Following Budiansky and O’Connell (1976), the crack
density for a 2D microcracked solid is defined as
1 N

2
0= — a: 25
qi 1 i ( )

where A is the area of the 2D solid, N is the number of
the microcracks, and a; is the half-length of the i-th mi-
crocrack.

In the computation of effective elastic moduli, an impor-
tant criterion is the convergence of the calculation as the
number of microcracks increases. Figure 7 shows the re-
sults of the convergence test for a crack density ® = 0.2,
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Figure 7 : The convergence test for a crack density ® =
0.2
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Figure 9 : Effective in-plane bulk modulus versus crack
density

with the Poisson’s ratio v = 0.3.

Five different specimens were analyzed for each fixed
number of microcracks. The numerical analysis was lim-
ited to plane-strain case. The results show that the effec-
tive in-plane bulk modulus tends to be stable when the
number is greater than 2000.

5.2 The effective in-plane bulk modulus of a microc-
racked solid

The fast multipole DBEM is adopted to directly determin
the effective in-plane bulk modulus of a square plate con-
taining 4,000 randomly oriented microcracks, as shown
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Figure 10 : A square plate containing four local regions

in Figure 8. The crack density is varied from 0.1 to 1.0
by changing the crack size. For each fixed crack density,
five different specimens were analyzed. The numerical
analysis was limited to plane-strain case. Because of the
large number of the microcracks, there is no obvious dif-
ference among the results of specimens with the same
crack density.

Figure 9 shows the numerical results of the effective in-
plane bulk modulus by the fast multipole DBEM in com-
parison with the corresponding solutions of various mi-
cromechanics methods, with the Poisson’s ratio v = 0.3.
Only the following micromechanics methods are consid-
ered, i.e. the dilute solution, the self-consistent method
(SCM), the differential method (DM), the generalized
self-consistent method (GSCM), and the method pro-
posed by Feng and Yu (2000).

From the comparison of numerical results and estimates
of micromechanics methods, the following valuable con-
clusions can be obtained:

(1) The numerical results by the fast multipole DBEM
scheme agree well with the estimations of GSCM, DM,
and Feng-Yu. Especially, Feng-Yu method is the most ac-
curate among all the five micromechanics methods since
the difference between the numerical results and Feng-
Yu estimation is very small even at high crack density.

(2) Compared with the numerical scheme and other mi-
cromechanics methods, the dilute solution and the self-
consistent method lead to larger error. They give accept-
able estimations only at relative low crack density.
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Figure 11 : A square plate containing one local region

5.3 Effect of crack non-uniform distribution on effec-
tive in-plane bulk modulus

Estimates of effective elastic moduli using the above mi-
cromechanics methods are based on the assumption that
the microcracks are uniformly distributed in the matrix
material. In this section, the effect of crack non-uniform
distributions is discussed. This work assumes that the
microcracked solid contains some local regions having a
crack density m; higher or lower than the average crack
density @y and analyze the variation of the effective in-
plane modulus with ®; when @y is fixed.

This work uses two non-uniform distribution models.
The first model is a square plate containing four identical
circular local regions, as shown in Figure 10. The diam-
eter of the circles d = 0.375L, where L is the width of
the square plate. The second model, as shown in Figure
11, contains one circular local region with the diameter
d=0.75L.

The results for the average crack density my = 0.2 and
oo = 0.3 are shown in Figures 12-15 respectively, with
the Poisson’s ratio v = 0.3. For each value of o, five
different specimens were created and analyzed. The nu-
merical analysis was limited to plane-strain case.

From Figures 12-15, it can be found that the effective
in-plane bulk modulus K, reach minimum when , is
near to g, while K, exhibits obvious rise when @, is
higher or lower than ®y. The results show that the non-
uniform distributions of microcracks increase the effec-
tive in-plane bulk modulus of the whole microcracked
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Figure 12 : K, /K versus @, /o for the model contain-
ing one local region (wy = 0.2)
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Figure 14 : K, /K versus @, /o for the model contain-
ing one local region (wy = 0.3)

solid.

6 Conclusions

FMM based on complex Taylor series expansions was
applied to DBEM for the analysis of finite solids with
large numbers of microcracks. Combining multipole ex-
pansions with local expansions, the run-time and mem-
ory efficiency were significantly enhanced. Some numer-
ical examples show that the presented numerical scheme
can achieve high accuracy and high efficiency in the anal-
ysis of microcracked solids.

The fast multipole DBEM was used to determine the ef-
fective in-plane bulk modulus of 2D solid models con-
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Figure 13 : K, /K versus @ /® for the model contain-
ing four local regions (wy = 0.2)
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Figure 15 : K, /K versus @ /o for the model contain-
ing four local regions (wy = 0.3)

taining thousands of randomly distributed microcracks.
The numerical results were compared with the corre-
sponding solutions of various micromechanics meth-
ods. The comparison proves that the generalized self-
consistent method, the differential scheme, and Feng and
Yu’s method can provide satisfactory estimations and es-
pecially Feng and Yu’s method can gives very accurate
solutions even if the crack density is relative high.

In addition, the presented fast multipole DBEM was used
to evaluate the effect of microcrack non-uniform distribu-
tion on the effective elastic modulus. This work analyzed
2D microcracked solids containing some local regions
having a crack density higher or lower than the average
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crack density. And the numerical results show that the
non-uniform distribution of microcracks increases the ef-
fective in-plane bulk modulus of the whole microcracked
solid.
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