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An FEM study on crack tip blunting in ductile fracture initiation

N. Ramakrishnan 1 and P. Rama Rao 2

Abstract: Ductile fracture is initiated by void nucle-
ation at a characteristic distance (lc) from the crack tip
and propagated by void growth followed by coalescence
with the tip. The earlier concepts expressed lc in terms of
grain size or inter-particle distance because grain and par-
ticle boundaries form potential sites for void nucleation.
However, Srinivas et al. (1994) observed nucleation of
such voids even inside the crack tip grains in a nominally
particle free Armco iron. In an attempt to achieve a uni-
fied understanding of these observations, typical crack-
tip blunting prior to ductile fracture in a standard C(T)
specimen (Mode I) was studied using a finite element
method (FEM) supporting large elasto-plastic deforma-
tion and material rotation. Using a set of experimental
data on Armco iron specimens of different grain sizes, it
is shown that none of the locations of the maxima of the
parameters stress, strain and strain energy density corre-
spond to lc. Nevertheless, the size of the zone of intense
plastic deformation, as calculated from the strain energy
density distribution ahead of the crack tip in the crack
plane, compares well with the experimentally measured
lc. The integral of the strain energy density variation
from the crack tip to the location of void nucleation is
found to be linearly proportional to JIC. Using this result,
an expression is arrived at relating lc to JICand further
extended to CTODc.

keyword: Ductile fracture, finite element method,
fracture toughness, characteristic length.

Notation
CTODC critical crack tip opening displacement
E Young’s modulus
JIC critical fracture toughness
K strength parameter appearing in power law

(Eqn. 4)
lc characteristic distance
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lu unloading distance ahead of the crack tip
m a material coefficient used in equation (Eqn. 3)

relating JIC and CTODC

n strain hardening exponent
r distance from the crack tip
ε effective strain
ε∗ critical strain used in equation (Eqn. 2)
εc critical strain for void nucleation
φ strain energy density variation ahead of the

crack tip
φc critical strain energy density for void nucleation

(Eqn. 5)
κ a constant appearing in equation (Eqn. 7)
σ a strength parameter used in equation (Eqn. 3)

relating JIC and CTODC

σo, σy yield strength
σ f flow strength
σu ultimate strength
σ∗ an integral stress measure ( as in Eqn. 11)

1 Introduction

Several studies have shown that ductile fracture of metal-
lic materials is preceded by void nucleation at a distance
from the crack tip. The voids then grow, coalesce with
the crack tip and initiate the fracture process. The dis-
tance from the crack tip at which a void of this type
is formed is termed the ‘characteristic-distance’ [Ritchie
and Thompson (1985)]. Nucleation of these voids is gen-
erally attributed to the presence of second phase parti-
cles or grain boundaries [Ritchie and Thompson (1985);
Green et al. (1976); Knott (1980); Lin et al. (1986); Gar-
rison Jr. (1984)] in the vicinity of the crack tip and there-
fore the ’characteristic distance’ has been conjectured to
be an integral multiple of the inter-particle distance or
the grain size, as the case may be. This led the earlier
investigators to explain initiation of ductile fracture as a
threshold effect of a critical stress as well as strain devel-
oping over a distance from the crack tip. It can also be
viewed as the void nucleation zone or intense deforma-
tion zone around the crack tip, designated as the process
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zone in the earlier studies by [Garrison Jr. (1984); Srini-
vas et al. (1994)], subjected to a limiting deformation
energy for initiation of the fracture.

According to the ‘critical CTOD criterion’ by Rice et al.
(1970) ductile fracture occurs when void sites are first
enveloped by a region of intense strain at the crack tip.
Here, the J−lc relationship is given as

JIC = σ0 lc (1)

where lc is assumed to be roughly equal to CTODC itself
and JIC to be proportional to the yield strength (σ0). A
modified version of this relationship proposed by Ritchie
and Thompson (1985) referred to as the ’stress modified
critical strain criterion’, is expressed as,

JIC = σ0 ε∗ lc (2)

where a critical strain (ε∗) term is introduced. Equation
2, where JIC is considered proportional to the product
of strength and a critical strain, implies that initiation of
ductile fracture takes place when the local plastic strain
energy density exceeds σ0 ε∗ over a characteristic dis-
tance lc.

Hancock (1980, 1992) considers such a ‘structure-
dictated characteristic distance’ to be applicable only to
what he refers to as ’dirty materials’ that contain a signif-
icant volume fraction of void nucleating inclusions and
inhomogeneities. In ’clean’ materials, his concept is that
the crack tip strain state dictates the magnitude of the
characteristic distance. He substantiates his viewpoint
with the observations related to slip induced voids. In-
terestingly, Srinivas et al. (1994) in their experimental
study on a relatively ’clean’ particle-free Armco iron, ob-
served voids even inside the crack-tip grains. This obser-
vation, like those reported by Wilsdorf (1983) on a pure
metal single crystal failing by ductile fracture, showed
that the presence of particles or grain boundaries is not
a pre-requisite for this type of void nucleation. This was
a motivation for the present work aimed at studying how
the crack tip stress distribution in a ’clean’ continuum
varies as a function of yield strength and strain harden-
ing exponent, and also to study the J − lc relationship to
understand the significance of the characteristic distance
lc, keeping in view the following questions:

1. Has the ’characteristic distance’ any physical mean-
ing or is it merely a useful adjustable length param-

eter since J is dimensionally equivalent to the prod-
uct of any energy density or a strength term, and a
length term?

2. If lc bears physical significance, does it depend on
the microstructure or the stress and the strain distri-
butions as well? In other words, is lc influenced by
structure alone or mechanics as well?

3. Is lc experimentally observable in a similar way to
stretch zone width? If so, how is JIC related to lc?

Finite element calculations (FEM) have been performed
to find answers to these questions. Several engineering
disciplines use FEM successfully and its utility in frac-
ture mechanics is well known. FEM has been used to in-
vestigate the stress and strain distributions in the vicinity
of cracks for elastic-plastic constitutive behaviour and to
determine the fracture parameters, J and CTOD. Crack-
tip blunting involves very large deformations, that is,
large strain and extensive material rotation. It is, there-
fore, essential that the FEM that is used for simulating
crack-tip blunting should be based on a large deforma-
tion framework. The present work uses a special finite
deformation algorithm developed by Ramakrishnan et al.
(1999), which has been tested and validated in metal
forming applications where the deformation is analogous
to that of crack tip blunting. The validation procedure
employed to ascertain the applicability of this algorithm
to the present case is presented in section 2.

Rice (1968) proposed the concept of path independent J-
integral and several related experimental and analytical
studies ensued. Notable one is the analytical represen-
tation of J as well as CTOD using HRR field equations
[Hutchinson (1968a,b); Rice and Rosengren (1968)] de-
scribing the elastic-plastic stress and strain distribution
at the crack tip. JIC characterises the material’s threshold
crack tip stress and strain for initiation of ductile frac-
ture and CTODC quantifies the extent of crack tip blunt-
ing as given by Begley et al. (1972) and Landes et al.
(1972). Analytical considerations [Rice (1968); Rice et
al. (1968); Shih (1981)] led to the relationship between
JIC and CTODC ,

JIC = m σ CTODC (3)

where σ is a stress-measure and m is understood to be a
material constant.



An FEM study on crack tip 165

The present study attempts achieving an insight into lc
using a large deformation FEM and develop JIC − lC -
CTODC relationships. In the FEM analysis, the crack
tip zone is treated as a homogeneous continuum. Intro-
duction of voids, particles and grain boundaries in the
FEM model such as cases given in [Gao et al. (1998);
Gullerud et al. (2000)] is deliberately avoided in order
to specifically understand the pure continuum behaviour.
The experimentally obtained properties of Armco iron by
Srinivas et al. (1972) for different grain sizes are used as
the effective properties of the homogeneous continuum.
The study essentially pertains to ductile crack initiation
and has not concerned with crack growth related aspects.
Further, FEM analysis is used more as a numerical ex-
periment to understand the earlier experimental results
of Srinivas et al. (1972). Therefore the specimen ge-
ometry, the material properties and the boundary condi-
tions were so chosen as to conform to the experimental
conditions. This would allow validation of the numerical
study as well. The experimental measurements of frac-
ture toughness of ductile Armco iron made by Srinivas et
al. (1972) were in terms of JIC as defined by the ASTM
standards. The present numerical study accordingly ad-
dresses only JIC and did not look at T-stress parameter
[Tvergaard (1994); Jackson et al (2004)] or propagation
[Tchouikov et al (2004)].

2 Numerical simulation

2.1 The FEM model

The investigation is limited to planar analysis of com-
pact tension specimen (C (T)) subjected to mode-I type
of loading. For the purpose of validating the numerical
procedure, the single edge cracked bend specimen (SE
(B)) geometry was also considered but the investigation
does not include any analysis of the deformation in SE
(B). The FEM mesh models of the C(T) and the SE (B)
of ASTM E 813-81(1986) are shown in Figures 1a and 1b
respectively. The symmetry in these cases permits con-
sideration of only one half of the specimen geometry for
computational economy.

In a review paper, Liebowitz & Moyer (1989) cite var-
ious investigators successfully employing dense mesh
with conventional elements and advocate against the use
of singular or special crack tip elements unless required
specifically. Following the above guidelines, the mesh
was constructed with a set of bi-linear four-noded quadri-

 

 

Figure 1 : Finite element mesh model (a) Compact ten-
sion specimen, and b) Single edge bend specimen.

lateral elements. Since the experimentally measured lc is
about 100 microns [Srinivas et al. (1994)], the size of
the crack tip element was chosen to be about 5 microns
and increased radially in geometric progression (in or-
der to reduce the size difference of the neighbouring ele-
ments, arithmetic progression was also attempted but was
found to be computationally uneconomical) as suggested
by Tsamasphyros & Glannakopoulos (1989). This type
of mesh configuration allows the study of deformation at
the microscopic scale in the vicinity of the crack tip as
well as the global load-displacement variation for the en-
tire specimen. Here, about 10 to 15 elements are accom-
modated within a distance of about 100 microns from the
crack tip in the initial state and more in the deformed
state due to the Poisson’s contraction. A magnified view
of the mesh morphology around the crack tip is shown in
Figure 2a and that of the corresponding deformed mesh
in Figure 2b.

lc is measured in the deformed state. Use of smaller
crack tip elements did not improve the convergence sig-
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(a) 

(b) 

Figure 2 : Magnified view of the FEM mesh at the crack
tip (a) Initial configuration, and (b) Deformed configura-
tion.

nificantly. Further, in lower hardening cases, it caused
computational difficulties due to severe mesh distortions
arising due to the steep variation of the crack tip plastic
strain. Varying the total number of elements from 500
to 2000 and examining the convergence of the numeri-
cal results, an optimum of 1300 elements was arrived at.
Also, comparing an unstructured FE mesh model with
the structured one, keeping the element size distribution
near the crack tip similar, the difference in the results
was found to be negligible. Therefore, only the struc-
tured mesh was used in all the numerical simulations for
the post processing-convenience it offers.

In the case of the C(T) geometry, the nodes falling on
the symmetry line PQ (Figure 1a) are arrested in the Y-
direction and the load point L is constrained in the X-
direction. The load is applied in steps of Y-directional

displacements at node L. For the SE (B), the nodes on
the line PQ (Figure 1b) are arrested in the X-direction
and the support point node S in the Y-direction. The load
is applied in steps of Y-directional displacements at node
L. As measured in the actual experiment, a critical load
point displacement of 1.5 mm, with respect to the sym-
metry plane, was applied and the corresponding defor-
mation contours were used for the analysis.

The material undergoes a large strain and rotation at the
crack tip, which necessitates a constitutive framework
based on finite deformation for the numerical simulation.
Accordingly the present investigation uses a finite de-
formation algorithm developed by Ramakrishnan et al.
(1999) based on total elastic incremental plastic strain
(TEIP strain) that was originally developed for simulat-
ing metal forming processes. The flow behaviour of the
material is assumed to follow the power - law

σ f = K ε n (4)

where σ f is the true flow stress, K is the strength coeffi-
cient, ε is the elasto-plastic strain and n is the strain hard-
ening exponent. The present study does not consider the
influence of strain-rate or temperature.

The investigation essentially comprises a number of
FEM simulations. The numerical data were obtained in
the form of stress, strain or similar parameter distribu-
tions given the material properties and the load-line dis-
placements. The FEM analysis includes the determina-
tion of J and CTOD. CTOD was measured using the 45o

line method [McMeeking (1997) and Tracey (1976)] as
shown in Figure 2b. The value of J was determined us-
ing the load vs. load-line displacement variation given
in ASTM [E813-81 (1986) & E1152-87 (1987)] and was
verified using the line integral approach given by Maguid
(1989). It is known that mode I type fracture in a C(T)
specimen of highly ductile materials does not conform to
plane strain condition. In this regard Schmitt & Holl-
stein’s (1985) proposal of averaging the results of the
plane strain and plane stress conditions was found to be
simple and attractive in numerically reproducing the ex-
perimental results with reasonable accuracy. All the re-
sults presented in this investigation were obtained using
this averaging procedure.

2.2 Validation

The general aspects of the large deformation algorithm
have since been validated with a number of analytical and
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(a) 

(b)

(c) 

(d) 

Figure 3 : Comparison of the results of the present work with those of McMeeking (1977) (a) stress in 0o plane, (b)
stress in 45o plane, (c) plastic strain in 0oplane, and (d) plastic strain in 45o plane.

experimental data in the earlier work of Ramakrishnan et
al. (1999), validation specific to the present investigation
was carried out with reference to the published numerical
[McMeeking (1977)] and the experimental results [Srini-
vas et al. (1994)].

The correctness of the procedure for computing J and
CTOD was confirmed by comparing the results (J and
CTOD) obtained for the ASTM [E813-81 (1986) &
E1152-87 (1987)] specified C (T) and the SE (B). The
results, as expected, were nearly independent of the spec-
imen type. Then the focus was on the verification of
the crack tip stress-strain distribution using the published
data of McMeeking (1977) who performed a large de-
formation FEM analysis of crack-tip blunting for small
scale yielding of a power-law hardening material. He em-
ployed a circular mesh model around a blunt notch and
imposed the displacements of the elastic crack-tip sin-
gular field at the circular boundary for plane strain con-
ditions. The normalised crack tip stress (σyy /σ0) as a
function of the normalised radial distance from the crack

tip (R/CTOD) and the normalised plastic strain with the
same abscissa, obtained by McMeeking (1977) are com-
pared with those of the present study in Figure 3. In all
these cases, σ0 /E was taken as 1/300 and n as 0.0, 0.1
and 0.2 as was reported in McMeeking (1977). The com-
parison of the stress distributions pertaining to 0o plane
is shown in Figure 3a and that for the 45o plane in Figure
3b. Similarly, the plastic strain variations are compared
in Figures 3c and 3d.

While the 0o plane stress distribution agrees well with
that of McMeeking (1977), the 45o plane stress variation
shows a noticeable deviation. While 0 ˚ plane experi-
ences little material rotation, the 45 ˚ plane undergoes a
large rotation. The deviation can be attributed to the dif-
ference in the way the material rotation is modelled in
these two studies. McMeecking’s model employs ‘Jau-
mann rate’ which implicitly assumes Sin θ = θ while
the large deformation model of the present study makes
no such assumption. In the case of plastic strains, the
present study shows a sharp dip close to the crack tip due



168 Copyright c© 2005 Tech Science Press CMC, vol.2, no.3, pp.163-176, 2005

 

(a)

(b)

Figure 4 : Experimental validation of the numerical pro-
cedure (a) comparison of the computed JIC with the ex-
perimental data [Srinivas et al. (1994)], and (b) compar-
ison of the computed plastic zone size with the experi-
mental data [Srinivas et al. (1991)].

to large blunting and the corresponding stress relaxation.
This aspect is not reflected in McMeeking (1977), which
could be due to the assumption of small-scale yielding
and the difference in the mesh discretisation.

In Figure 4a, experimentally measured JIC values of
Armco iron by Srinivas et al (1994) corresponding to
grain sizes 38, 78, 118, 252, 420 microns, are com-
pared with the present numerical results and the agree-
ment is satisfactory. The strength coefficient (K) and the
strain- hardening exponent (n) for Armco iron of the var-
ious grain sizes, tabulated in Srinivas et al. (1991) were
used as ’material input data’ for validating the FEM re-
sults. No assumption was made regarding the relation-
ship between the grain size and the yield strength. Figure
4b shows a reasonable matching of the experimentally

[Srinivas et al. (1991)] obtained plastic zone sizes (rp)
and the numerically determined ones. Here, the plastic
zone is delineated based on where the effective stress ex-
ceeds the yield strength and its size was measured as the
extent of the plastic zone perpendicular to the crack tip.
Since the 2D cross-sectional view of the plastic zone is
not a circular one, measuring the dimension of the zone
perpendicular to the crack plane standardizes it and this
aspect has been discussed in Srinivas et al. (1991).

3 FEM analysis of Characteristic distance (lC)

FEM simulations were performed to find the correspon-
dence, if any, between lc and the different types of stress
and strain distributions in the vicinity of the crack tip
during blunting. The variations of the plastic strain, the
strain energy density and the instability parameter were
also studied. The FEM results were then compared with
the experimental data of Srinivas et al. (1994) to select
the most suitable correlation.

3.1 Stress, strain, energy distributions

The variation of σyy and the hydrostatic stress (σm), both
normalised with σ0, as a function of the radial distance
from the crack tip (r) for a set of representative values of
σ0 /E and n are presented in Figures 5a & 5b and in each
case for 0o, 30o and 60o planes. In this exercise, for the
purpose of illustration, a load-point displacement of 1.5
mm was imposed as reported in Srinivas et al. (1994). It
can be observed that the variation shows relatively sharp
maxima for high strain hardening cases and diffused ones
for near zero-hardening cases indicating a well marked
void nucleation region for higher ’n’ materials compared
to that for the lower ’n’ ones. In the case of both σyy and
σm, the locations of maximum do not provide a measure
of lc .

More specifically, corresponding to the experimental
load-line displacements of Srinivas et al. (1994), the
FEM stress distributions for Armco iron were computed.
The maxima of the parameter distributions did not cor-
relate with the observed characteristic distances and at
best only the order of magnitude of the distances of the
maximum stress location from the crack tip matched the
experimental lc. Further, while the experimental trend in-
dicates an increasing lc with increasing strain hardening
exponent, the distances of the maxima from the crack tip
decrease with increasing strain hardening exponent.
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(a) (b) 

Figure 5 : Stress distribution around the crack tip (a) σyy /σ0, and (b) hydrostatic stress (σm /σ0)

An unstable zone is observed around the crack tip as
shown in Figures 6a & 6b. The extent of instability
was computed based on a parameter suggested by Ortiz,
Leroy and Needleman (1987), which essentially charac-
terises planar discontinuity in strain field. This OLN [Or-
tiz, Leroy & Needleman (1987)] parameter was used suc-
cessfully in capturing certain shear instabilities, by Ra-
makrishnan and Atluri (1994a,b), where smaller values
of the parameter correspond to higher instability. Figures
6a & 6b present the variation of OLN parameter pertain-
ing to Armco iron with load-line displacement and grain
size respectively. In Figure 6a the grain size is varied
for a given load-line displacement and vice versa in Fig-
ure 6b. Although the instability around the crack tip oc-

curs at a finite distance from the crack tip, these distances
are much smaller than the corresponding experimentally
[Srinivas et al. (1994)] obtained lc values and therefore
explain only the voids formed almost at the crack tip but
not the ones formed away from it. In addition, it can be
seen in Figure 6a that the minima of OLN values turn
out to be nearly independent of grain size and thus the
strain hardening exponent which is not the case with the
experimentally determined characteristic distances.

The variation of the plastic strain energy density as a
function of the radial distance from the crack tip for a
set of extreme values of σ0 /E and n are shown in Figure
7. Finite maximum values can be seen only in cases per-
taining to crack tip unloading. Even in these cases, the
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(a) 

(b) 

Figure 6 : Instability at the crack tip: variation of OLN
parameter for different (a) grain sizes, and (b) load-line
displacements

distances of the maximum from the crack tip do not cor-
respond to the ’distances’ of our interest. This supports
the earlier deduction that the instability-induced voids
formed very close to the crack tip in the 0o plane are
not related to the ’characteristic distance’. In Figure 7,
although the location of the maximum does not corre-
late with the characteristic distance, the plastic deforma-
tion is found to be intense in a zone, the size of which
roughly matches with the characteristic distance. That
is, although the plastic deformation spreads up to about
1000 microns, pronounced deformation is limited to a
zone of about 100 to 200 microns only. Therefore, a de-
tailed analysis of the zone of intense plastic deformation
was carried out. It was then found that lc can indeed be
predicted with reasonable accuracy and its dependence

on grain size matched the experimentally observed trend.
The results are discussed in the following sections.

3.2 Determination of lc

A methodology to determine lcwill be first presented us-
ing the distribution of strain energy density (φ) and then
its experimental validation using the data on Armco iron
as in Srinivas et al. (1994).

The variation of φ on the crack plane for Armco iron of

 

Figure 7 : Plastic strain energy distribution at the crack
tip for materials with varying σ0 /Eand n on 0o, 30o and
60o planes



An FEM study on crack tip 171

  

(a) 

(b) 

Figure 8 : Plastic strain energy distribution for Armco
iron, computed using FEM (a) entire plot, and (b) mag-
nified view of the rectangular zone ABCD of Figure 8a

different grain sizes is shown in Figure 8a. Denser mesh
configurations did not improve the value of φ at the char-
acteristic distances, that is, the crack tip mesh sensitivity
nearly vanishes at about 100 microns. This is expected
since φ varies inversely with r. The value of φ reaches a
maximum close to the crack tip (∼10µm)p and falls off
steeply with the distance from the crack tip. Although the
actual deformation zone spreads up to nearly 1000µm, it
can be seen that the pronounced deformation is restricted
to a distance of only about 100 microns. A quantitative
delineation of the process zone is not possible unless a
cut off value is imposed for φ. Let us suppose, the strain
energy density (φ) exceeds a critical value (φc) in the en-
tire process zone. Then, the dimension of the process
zone ( lc ) can be determined, as shown in Figure 8a, us-
ing,

φ (lc) = φc (5)

The magnified view of the rectangular zone ABCD of

Figure 8a is shown in Figure 8b. The experimentally de-
termined lc values for three different Armco iron materi-
als, of varied grain size, are first plotted on the strain en-
ergy density (φ) variation in Figure 8b. Since the points
fall in a narrow band of about±2%, a constant φc is fitted
in Figure 8b. For φc ≈ 78.5 M Joules / m3, the values
of lccomputed using equation (5) and the experimentally
observed ones for Armco iron of different grain sizes in
Figure 8 match satisfactorily.

For a power law material,

φc =
εcZ

0

Kεndε =
Kεn+1

c

n+1
(6)

For φc ≈ 78.5 M Joules / m3 in equation (6), the result-
ing εc values for Armco iron materials of different grain
sizes varybetween 0.21 to 0.24. These values are roughly
the same as the void nucleation strain values in such ma-
terials. This is reasonable since the necking instability
strain, which is the strain hardening exponent (n) itself,
varies between 0.25 and 0.3 in these cases [Srinivas et al.
(1991)]. This leads us to understand the ’process zone’ as
the zone of intense plastic deformation with a high pos-
sibility of void nucleation, which is consistent with the
earlier propositions.

4 JIC - lC - CTODC relationship

4.1 JIC - lC relationship

Srinivas et al. (1994), in an attempt to relate JIC to lc,
considered the strain energy densities pertaining to the
process and the HRR zones, multiplied them with respec-
tive sizes of the zones and expressed JIC as a function of
the sum of these two energy-length products. Implicitly,
the energy densities have been assumed to be uniform
in the respective zones but this affected the accuracy. In
this follow-up study, the area under the strain energy den-
sity curves shown in Figure 8a was computed up to the
boundary of the process zone and was plotted as a func-
tion of the respective JIC values. This plot is shown in
Figure 9. The correlation is almost linear, which means

JIC ≈ κ
lcZ

0

φ dr (7)

A point to note is that the integration limits include the
instability zone in the vicinity of the crack tip, which is
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Figure 9 : JIC vs area under the strain energy density (φ)
curves (in Figure 8a) up to lc.

 

Figure 10 : Validation of the JIC–lc relationship (equa-
tion 9).

an order of magnitude smaller than the process zone. A
discussion on the instability zone is given in the follow-
ing section.

According to the HRR equation [Hutchinson (1968a,b);
Rice(1968)] the plastic strain (ε follows (1/r)(1/1+n) vari-
ation with the distance (r) from the crack tip and this has
been experimentally verified by Kwai S. Chan (1990) for
stationary cracks. The plastic strain ε ∝ (1/r)(1/n+1) and
φc ∝ εn+1 as in equation (6) lead to φ ∝ 1/r . On
the other hand, in the region of unloading, ’φ ∝ r’ is as-
sumed based on the numerically obtained variation in the

unloading region (Figure 8a) and the variation of φ is ap-
proximated as the line joining φmax with the origin (0,0).

Since, φ(lc) = φc as in equation (5), it can be shown that,

φ = φclc
r f or r ≥ lu

≈ φclcr
l2
u

f or r ≤ lu

}
(8)

where lu is the dimension of the zone of unloading that
occurs due to blunting and φ(lc) = φmax. The error intro-
duced by the linear approximation in the unloading re-
gion is insignificant and the results are only mildly sensi-
tive to the magnitude of lu. Finally, substituting equation
(8) in equation (7) and simplifying, we get a JIC - lC rela-
tionship,

J1C ≈ κ φc lc

(
1
2

+ ln
lc
lu

)
(9)

To verify the above equation, JIC was plottedas a function
of lc (0.5+ln (lc/lu)) using the values obtained in the nu-
merical experiments (FEM) and the experimentally mea-
sured ones by Srinivas et al. (1994) in Figure10. Since
experimental values are not available for lu,, FEM gener-
ated values were used. The linear relationship exhibited
in Figure 10 confirms the validity of equation (9) and the
constant works out to κ ≈ 5.5. In the present study, κ
was found to be independent of the grain size of Armco
iron.

The emphasis of the plot in Figure 10 is the linear vari-
ation between JICand the function lC (0.5 + ln (lC /lU)),
and not the correlation between the FEM results and the
experimental ones. Naturally, the experimental and the
FEM data would agree because the FEM study is a sim-
ulation of the experiment and the material data for the
FEM study were extracted from the experimental results
only. It is at best useful in validating the FEM methodol-
ogy employed. On the other hand, the linearity is inter-
esting and it supports equation 9 as well. Experimental
data on JICand lc used in Figure 10 are independent of
the FEM as well as the analytical models and therefore
not influenced by the value φC= 78.5 MJ/m3. The size of
the unloading region (lu), although picked from the FEM
results, does not significantly affect the results due to the
logarithmic variation.

4.2 JC- CTODC Relationship

The relationship between J and CTOD was experimen-
tally studied for a variety of materials, particularly in the
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context of experimental determination of JIC using the
stretch zone width (SZW) method, by a number of inves-
tigators. The value of J has been found to vary linearly
with CTOD and this linearity is described as the blunt-
ing line. A majority of the above studies focussed their
attention on the slope of the blunting line, that is ’mσ’
of equation (3). ’σ’ is a stress measure and ’m’ is under-
stood to be a constant. In one of our recent investigations
Suresh et al. (1999), the slope of the blunting line was
studied for a variety of materials using numerical (FEM)
experiments and the results were validated.

For the commonly used stress measures, such as, σ = σy

or σ = (σy +σu)/2,, m turns out to be material dependent.
Here σy and σu represent yield and ultimate strength re-
spectively. Suresh et al. (1999) found that the follow-
ing stress measure, an integral average of the true stress,
makes ’m’ a nearly material independent parameter:

σ = σ∗ =

εlR
0

σ dε

εlR
0

dε
(10)

where εl is a limiting strain. For a specific case like
power-law variation, the limiting strain was assumed to
be the strain hardening exponent (n) itself, as consider in-
stability sets in beyond this strain in a tensile specimen.
In this case, the stress measure becomes,

σ∗ =
K nn

n+1
(11)

The use of this stress measure markedly reduces the
range of m to 1.1 < m < 1.4 for a wide variety of ma-
terials and the average m (referred to here as m∗) is about
1.25. The JC-CTODC relationship therefore becomes,

JIC = m∗σ∗CTODIC (12)

4.3 lc - CTODc relationship

The JIC - lc relationship as in equation (9) and the JIC

- CTODC relationship as in equation (12) can be com-
bined to provide an equation relating the characteristic
distance (lc) and the critical crack tip opening displace-
ment (CTODc) as

CTODC ≈
( κ

m∗
) (

φc

σ∗

)
lc

(
1
2

+ ln
lc
lu

)
(13)

In equation (13), φc /σ∗ gcan be assumed to be roughly
the void nucleation strain (εc) itself, κ/m∗ ≈ 4 since
κ ≈ 5.5 as in Figure 9 and m∗ ≈ 1.25 (1.1 < m∗ <

1.4) given in Suresh et al. (1999). Therefore, equation
(13) reduces to,

CTODC ≈ 4εc lc

(
1
2

+ ln
lc
lu

)
(14)

5 Discussion

Let us consider the three queries pertaining to lc raised
in section 1. It clearly emerges that lc is not just an ad-
justable length-parameter but one that can be regarded
as the dimension of the intense plastic zone or what is
termed as the process zone by earlier investigators. Based
on the present numerical results, it can be concluded that
in the entire process zone the strain energy density ex-
ceeds a critical value required for void nucleation. This
value can be used as a cut-off value to delineate the zone.

The present analysis on characteristic distance is contin-
uum based and the results agree satisfactorily with the
experimental results of Srinivas et al. (1994) for Armco
iron, a relatively ’clean’ material. In this FEM study in-
troducing voids or particles in the vicinity of the crack
tip was therefore avoided. Rather, a crack-tip blunting
was analysed in a ’clean’ continuum and a consideration
of the influence of voids or particles was deferred. Nev-
ertheless, these results are discussed in relation to those
based on micro structural considerations for a prelimi-
nary understanding of the fracture process.

Ritchie and Thompson (1985) expressed lc as an inte-
gral multiple of grain size whereas Knott (1980) related
it to the integral multiple of inter-particle distance, both
essentially considering void nucleation at their assumed
preferential sites. Tsann Lin (1986) analysed the effect of
grain size as well as particle spacing on fracture tough-
ness. Srinivas et al. (1994) found lcto be smaller than the
grain-size in some of their experimental observations and
attributed the void formation to slip-line intersection. It
is well established that grain boundaries, particle-matrix
interfaces or slip intersections provide the most probable
sites for void nucleation. Therefore, one would expect
this type of void to nucleate at the potential site nearest
to the crack tip since the effective plastic strain is large
near the crack tip and it decreases exponentially with dis-
tance from the crack tip. However, the experimental evi-
dence shows that the fracture initiation related void need
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Figure 11 : Delineation of zone of deformation in the
crack tip environment (Armco iron).

not nucleate at the nearest site. This aspect leads us to
follow the earlier researchers [Knott (1980); Hancock
(1980); Mackenzie et al. (1977)], and recognise the im-
portance of void growth in addition to void nucleation.
As pointed out by these investigators, although the sup-
port for void nucleation by plastic strain decreases with
the distance from the crack tip, the hydrostatic stress aid-
ing void growth increases with the distance. In Figure
5(b), the variation of hydrostatic stress with the distance
from the crack tip has been plotted for materials with
varying σ0/E and n. The plot corresponding to σ0/E =
0.0005 and n = 0.3 would be the closest to the case of
Armco iron for which lc has been measured to be about
100 µm. From this plot it is clear that within the process
zone for this material, the edge of the process zone (lc
from the crack tip) would experience the highest value of
the hydrostatic stress, the fact that provides a means of
understanding as to why the fracture initiating void oc-
curs at the characteristic distance (lc) from the crack tip.

The initiation of the final fracture involving coales-
cence of the ‘stable’ void with the crack tip has
been here dealt with in terms of strain energy density
(φ) which encompasses the effects of stress and strain.
While φ exceeds a critical value φc for void nucleation

throughout the process zone, the cumulative value of
φ represented by the area under the φ-r plot (Figure
8a) up to the edge of the process zone is shown to
be a measure of JIC. Interestingly, the value of φc =
78.5 MJoules/m3fitted in Figure 8b, for which the com-
puted and experimentally measured lc of Srinivas et al.
(1984) match, the corresponding εc values obtainable us-
ing equation (6) for Armco iron of varying grain size fall
between 0.21-0.24, roughly the same as the void nucle-
ation strain in Armco iron by Srinivas et al. (1991).

Based on the above, it can be stated that lc , the dimension
of the process zone, is indeed an experimentally mea-
surable parameter. Such an attempt was earlier made by
Srinivas et al. (1984) who measured the distance between
the crack tip and what they referred to as an appropriate
void ahead of the crack tip in the crack plane. They delib-
erately discarded the void formed very close (∼10µm) to
the crack tip and chose a near-spherical void formed at a
distance. In the present study, the crack tip void is recog-
nised as the instability related one and the void formed
away from it as the one corresponding to lc.

For Armco iron as in Srinivas et al. (1994), Figure 11
depicts the delineation of the instability zone in compari-
son with the other zones recognised in the earlier studies.
Although lc is experimentally measurable, any accurate
determination of JIC using lc is still not possible because
of, on the one hand, the uncertainties in equation (2) and
on the other, due to the need to ascertain wider applica-
bility of equation (9). This is in contrast with the JIC -
CTOD1Crelationship (equation 12) that has matured as a
reliable equation using which JIC can be established us-
ing the stretch zone width method [Suresh et al. (1999)].
Nevertheless, equation (2) and equation (9) throw helpful
light on crack tip blunting mechanics.

6 Conclusions

Finite Element Method, based on a large deformation
framework, has been used to simulate crack tip blunt-
ing prior to ductile fracture. The aim was to understand
the experimental observations in regard to voids formed
at a distance from the crack tip, referred to as the char-
acteristic distance (lc). In the present continuum study,
the focus of attention was on the observations reported
in Srinivas et al. (1994) pertaining to nominally particle
free Armco iron. The following points emerge:

1. The analysis suggests that the size of the zone of
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intense plastic deformation, the process zone ahead
of the crack tip, delineated by a critical strain energy
density (φc), compares well with the experimentally
measured lc. This φc value roughly correspond to the
plastic strain required for void nucleation.

2. It emerges from the present study that, of the voids
observed by Srinivas et al. (1994) in interrupted CT
tests on Armco iron, those voids close to the crack
tip can be regarded as instability voids and the void
formed away from the crack tip as the one corre-
sponding to lc,the dimension of the process zone.

3. The hydrostatic stress (σm), responsible for void
growth, increases within the process zone as seen
in Figure 5(b). Therefore, σmhas its highest value at
the edge of the process zone that is identified as the
site for the void associated with lc.

4. The integral of the variation of φ from the crack tip
to the void site at lc is found to be linearly related to
JIC (equation 9). Combining equation (9) with the
relationship between JIC and the crack tip opening
displacement (CTODC), proposed by Suresh et al.
(1999), a relation has been arrived at connecting lc
and CTODc.
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