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ABSTRACT: Simulating high-frequency pulsating grouting for structural reinforcement imposes stringent time-step
limitations on computational fluid dynamics (CFD), creating severe computational bottlenecks. While physics-
informed neural networks (PINNs) offer promising surrogates, they face two challenges in high-frequency multiphase
flows: traditional PINNs suffer from interfacial numerical dissipation and fail to track pressure peaks, whereas purely
periodic activations trigger non-physical spurious oscillations in mid-to-far field regions. To overcome these, we
propose a physics-guided cascaded PINN with Fourier Feature Mapping (FFM). By injecting the predicted volume of
fluid (VOF) as a physical prior into the pressure network via a Sigmoid hard constraint, this dual-branch architecture
decouples multi-field nonlinearities and mitigates gradient conflicts. Concurrently, a decoupled FFM-GELU strategy
provides exceptional high-frequency perception, precisely capturing sharp air-grout interfaces and pressure pulsations
while eradicating far-field noise. Results demonstrate the model reduces the VOF mean squared error to 6.55 × 10−5 and
global pressure error to 2.87%. Posterior evaluations confirm strict mass conservation without relying on traditional
full-equation soft constraints. Remarkably, the surrogate compresses physical evolution time from 2.16 × 104 s in CFD
to 6.50 × 10−3 s (6.5 ms). This acceleration of over six orders of magnitude establishes a highly efficient millisecond-level
paradigm for real-time digital twins in underground engineering.

KEYWORDS: Physics-informed neural network (PINN); high-frequency pulsating grouting; multiphase flow; fourier
feature mapping (FFM); cascaded architecture; surrogate model

1 Introduction
Grouting technology is a critical method for soil reinforcement, groundwater control, and the stabi-

lization of structural foundations in underground engineering. Traditional steady-pressure displacement
has obvious limitations in complex porous media and fractured rock masses; it is highly prone to induc-
ing preferential flow paths or fingering instabilities, and often causes particle clogging at pore throats,
severely restricting the transport range of multiphase flows [1]. Recently, dynamic pulsating grouting
has shown immense potential [2]. By applying alternating hydrodynamic loads at the inlet, it effectively
breaks the mechanical arching effect of particles, significantly enhancing the diffusion efficiency of grout
in low-permeability media [3]. However, this transient variable-pressure displacement mechanism poses
unprecedented challenges for the theoretical analysis and numerical solution of multiphase flows [4].
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To reveal the micro-hydrodynamic mechanisms of pulsating grouting, computational fluid dynamics
(CFD) is widely used to solve the Navier-Stokes equations alongside multiphase flow interface tracking meth-
ods (e.g., the Volume of Fluid (VOF) method [5]). Nevertheless, simulating dynamic forced boundaries faces
severe computational bottlenecks [6]. The alternating boundary pressures impose strict Courant-Friedrichs-
Lewy (CFL) stability conditions on CFD solvers. To control numerical errors and prevent divergence, solvers
must adopt extremely small time steps that are deeply tied to the dynamic forcing frequency. Such stringent
temporal resolution requirements lead to exponentially increasing computational costs. Consequently,
traditional CFD methods are difficult to apply directly to the real-time state synchronization requirements
of predictive digital twins for underground structural reinforcement processes [7,8]. There is an urgent need
to develop surrogate models combining high computational efficiency with high physical fidelity to enhance
traditional CFD [9–11].

In recent years, physics-informed neural networks (PINNs) [12,13] have demonstrated immense poten-
tial as efficient surrogate models for complex fluid dynamics [14]. By embedding partial differential equations
into the loss function as physical soft constraints, scholars have successfully utilized PINNs for forward and
inverse modeling of flow fields in porous media [15–18]. Furthermore, PINNs have been effectively applied
to multiphase flow saturation prediction and interfacial instability analysis [19,20]. However, in the fields
of multiphase flow and grouting diffusion, existing PINN research is predominantly limited to traditional
steady-state or constant-pressure evolution scenarios. Studies on PINN surrogate models driven by dynamic
pulsating pressure remain significantly insufficient.

Constructing a PINN model for dynamic variable-pressure multiphase flow faces two severe mathe-
matical challenges. First, traditional PINNs equipped with conventional smooth activation functions (e.g.,
Swish or Tanh) suffer from severe “spectral bias” [21]. They inherently act as low-pass filters, failing to fit the
drastic spatial step changes of the VOF gas-liquid interface (leading to severe numerical smearing) [22] and
underestimating the dynamic pressure peaks, thus failing to track the high-frequency pressure pulsations.
Furthermore, gradient conflicts between different physical variables in multiphase flow equations often
trigger severe convergence pathologies [23–25]. To break the spectral bias, recent studies have introduced
purely periodic activation functions, such as Sinusoidal Representation Networks (SIREN) [26]. However,
the highly oscillatory nature of SIREN creates an extremely rugged loss landscape. When solving strongly
nonlinear multiphase flows, it is highly prone to triggering severe non-physical spurious oscillations in
smooth flow regions (e.g., the far-field or static phase regions), completely failing to meet the global stability
requirements of multiphase flow simulations.

To explicitly overcome the aforementioned challenges of severe spectral bias, non-physical spurious
oscillations, and the computational bottlenecks inherent in traditional CFD solvers, this paper proposes a
novel physics-guided cascaded neural network integrated with Fourier Feature Mapping (Cascaded FFM-
PINN). The original achievements formulated to address these specific difficulties are summarized as follows:

(1) Mitigation of Gradient Conflicts through a Cascaded Dual-Branch Architecture: To address the
convergence pathologies induced by multi-field coupling, the proposed architecture mathematically
embeds the underlying physical causality of multiphase flows. By explicitly injecting the predicted vol-
ume fraction as a physical prior into the pressure network via a Sigmoid hard constraint, this cascaded
mechanism effectively decouples strong nonlinearities and ensures rapid, high-fidelity convergence
within 3000 epochs.

(2) Resolution of Spectral Bias and Spurious Oscillations via a Decoupled FFM-GELU Strategy: To resolve
the inherent conflict between interfacial smearing in traditional PINNs and non-physical noise in
purely periodic networks, Fourier Feature Mapping (FFM) [27,28] and Gaussian Error Linear Unit
(GELU) activations are synergistically implemented. FFM provides exceptional dynamic perception
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to precisely track 10 Hz pulsations and localize high-gradient interfaces [29]. Concurrently, the GELU
activation maintains a smooth loss landscape, fundamentally eradicating far-field numerical noise.

(3) Elimination of CFD Computational Bottlenecks via Millisecond-Level Inference: To bypass the
stringent Courant-Friedrichs-Lewy stability constraints of traditional numerical solvers, a hybrid
spatio-temporal sampling strategy is designed to capture transient dynamics. The fully trained surro-
gate model compresses the physical evolution time from 2.16 × 104 s (6.0 h) in CFD to 6.50 × 10−3 s
(6.5 ms). This acceleration, exceeding six orders of magnitude, establishes a highly efficient computa-
tional baseline for real-time state reconstruction in structural digital twins [30].

(4) Verification of Physical Rigor through Posterior Validation: To ensure the physical reliability of the
data-driven surrogate, comprehensive posterior residual analyses are conducted. These evaluations
prove that the model strictly satisfies mass conservation and fluid dynamics governing equations with-
out relying on explicit full partial differential equations (PDE) constraints. Furthermore, systematic
sensitivity analyses on sampling ratios and loss weights confirm the exceptional global robustness of
the proposed framework.

2 Methodology

2.1 Physical Model and Governing Equations
This study investigates the high-frequency pulsating grouting process. This process fundamentally

involves the transient multiphase dynamic behavior of grout displacing air within a porous medium. As
illustrated in Fig. 1, the geometric model for the computational fluid dynamics (CFD) simulation is defined
as a three-dimensional (3-D) cubic soil domain with dimensions of 1 m × 1 m × 1 m. A vertical grout pipe
with a radius of R = 10 mm is inserted into the soil. Its bottom orifice is precisely located at the center of the
domain (0, 0, 0). To strictly adhere to the computational assumptions of porous media, the internal region
of the grout pipe is excluded from the flow field calculations.

Figure 1: 3-D physical model and boundary conditions of the pulsating grouting in porous media.
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A sinusoidal pulsating dynamic injection is applied at the bottom orifice. The transient inlet pressure
boundary condition is mathematically defined as follows [2]:

Pinl e t = Pmean + Pam p sin (2π ⋅ f req ⋅ t) (1)

where Pmean = 1 MPa is the mean injection pressure, Pam p = 0.8 MPa is the pressure amplitude, and
f req = 10 Hz is the pulsating frequency. Concurrently, the top and side boundaries of the cubic domain are
set as free pressure outlets, giving a relative pressure of Poutl e t = 0 MPa.

The fluid domain employs the Volume of Fluid (VOF) method to track the gas-liquid two-phase
interface [5]. The flow is assumed to be laminar. The density of the injected grout is set to ρg = 1300 kg/m3,
and its dynamic viscosity is μg = 0.028 Pa ⋅ s. The resident air in the pores adopts standard room temperature
properties, with a density of ρa = 1.225 kg/m3 and a dynamic viscosity of μa = 1.789 × 10−5 Pa ⋅ s. Gravity g
acts along the negative Z-axis.

The porous medium is characterized by a uniform particle diameter dp = 1 mm and a porosity ϕ = 0.45.
According to the Kozeny-Carman equation, which has been widely validated in recent porous media
studies [31–33], the absolute permeability Kperm of the matrix is calculated as:

Kperm =
d2

pϕ3

180 (1 − ϕ)2 ≈ 1.67 × 10−9 m2 (2)

To simulate the flow resistance effect of the porous media in the CFD solver, a momentum source term
based on Darcy’s law must be introduced [34]. Therefore, the corresponding viscous resistance coefficient D
is calculated as:

D = 1
Kperm

≈ 5.97 × 108 m−2 (3)

Under the VOF multiphase flow framework, the mixture density ρmix and mixture viscosity μmix within
a grid cell are determined by the linear interpolation of the grout volume fraction α ∈ [0, 1]:

ρmix = αρg + (1 − α) ρa (4)
μmix = αμg + (1 − α) μa (5)

Given the extremely low flow velocity within the porous media, inertial forces can be neglected. Thus,
this study adopts the macroscopic Darcy’s Law to describe the flow kinematics. The apparent seepage velocity
field u inside the porous media can be analytically expressed by the pressure gradient [35]:

u = −
Kperm

μmix
(∇P + ρmix g) (6)

Finally, the governing equations describing this two-phase displacement process consist of the continu-
ity equation for incompressible fluids and the advection equation for the VOF phase interface:

∇ ⋅ u = 0 (7)
∂α
∂t
+ u ⋅ ∇α = 0 (8)
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In the subsequent physics-informed neural network (PINN) surrogate model, the aforementioned
velocity field u serves as a critical intermediate variable. It is explicitly calculated via the Automatic
Differentiation (AD) engine and substituted into the continuity and VOF equations. This formulation
constitutes the core physical soft constraints (Physics Loss) for the network optimization process [11].

2.2 Ground Truth Generation and Hybrid Sampling Strategy
To provide a clear macroscopic perspective of the proposed research framework, Fig. 2 illustrates the

overall workflow. The process begins with high-fidelity CFD simulations to generate the transient multiphase
flow data. Subsequently, a hybrid sampling strategy (70% spatial and 30% temporal) is applied to extract the
training dataset. This dataset is then fed into the proposed cascaded FFM-PINN for optimization. Ultimately,
the fully trained surrogate model achieves sub-second inference, serving as an efficient computational engine
for structural digital twins.

Figure 2: The overall workflow of the proposed physics-guided surrogate modeling framework.

To acquire high-fidelity datasets for the PINN surrogate model [6], a 3-D transient numerical simulation
was conducted using ANSYS Fluent for a total duration of 2.0 s. A pressure-based transient solver was
employed alongside the VOF multiphase model under laminar flow assumptions. Porous media flow resis-
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tance was modeled by incorporating an implicit Darcy-based body force source term into the momentum
equations. The Pressure Implicit with Splitting of Operators (PISO) algorithm handled the pressure-velocity
coupling, while spatial discretization utilized the PREssure STaggering Option (PRESTO!) scheme for
pressure and the second-order upwind scheme for momentum [36].

As depicted in Fig. 3a, the computational domain was discretized using a polyhedral mesh with local
refinement near the injection pipe. The mesh comprises 444,556 cells with a minimum orthogonal quality of
0.203. To satisfy the stringent Courant-Friedrichs-Lewy (CFL) stability condition under the 10 Hz pulsation,
the time step was strictly fixed at Δt = 0.002 s.

Figure 3: (a) Polyhedral mesh generation of the 3-D computational domain; (b) Layout of the monitoring points
(M1~M8) on the ZX symmetry plane.

Although simulated in 3-D, the macroscopic grout diffusion is primarily dominated by radial and
vertical dynamics. Because the gravity vector perfectly aligns with the vertical axis of the injection pipe
(Z-axis), the flow field exhibits strict axisymmetry (cylindrical symmetry). While gravity causes a slight
downward shift in the diffusion profile, this coaxial alignment ensures that any vertical plane passing through
the central axis captures the identical physical evolution, fully preserving gravitational effects. Therefore, the
ZX symmetry plane (Y = 0) passing through the grout pipe axis was extracted as the two-dimensional (2-D)
training domain without any loss of physical fidelity. To simultaneously capture macroscopic spatial diffusion
and microscopic high-frequency pulsations, a hybrid spatio-temporal sampling strategy is proposed:

(a) Macroscopic sparse spatial planar data: Full-field nodal state variables (x , z, t, P, α) on the ZX plane
are extracted. To minimize data redundancy, the temporal sampling interval for this dataset is set to a
relatively coarse Δt = 0.2 s.

(b) Microscopic high-frequency temporal monitoring point data: As shown in Fig. 3b, eight characteristic
monitoring points (M1–M8) are deployed on the ZX plane. These points extract high-frequency time-
series response data with a dense sampling interval consistent with the CFD time step (Δt = 0.002 s).

During the data loading phase of model training, the input data for each batch is strictly constrained to
a mixing ratio of 70% spatial planar data and 30% temporal monitoring point data. This strategy effectively
circumvents the risk of network overfitting in any single spatio-temporal dimension [37], thereby establishing
a robust data foundation for accurately capturing high-frequency flow features.
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2.3 Proposed Physics-Guided Cascaded PINN Framework
To address the formidable mathematical challenges posed by high-frequency dynamic boundaries

and sharp multiphase flow interfaces, this study proposes a novel physics-guided cascaded neural network
(designated as the state-of-the-art (SOTA) model). As illustrated in Fig. 4, the architecture deeply integrates
physical causality with multiphase flow dynamics, consisting of three core modules:

(1) Module 1: Spatio-Temporal Feature Embedding

Traditional smooth activation functions suffer from severe “spectral bias,” making them inadequate
for fitting high-frequency signals [38,39]. To overcome this, Module 1 introduces Fourier Feature Mapping
(FFM) [27,28]. The spatial coordinates (x , z) are mapped into high-frequency sine and cosine features hs p =
[sin (Bx) , cos (Bx)]. Concurrently, to address the 10 Hz dynamic boundary, an explicit high-frequency
encoding maps the time t into ht = [sin (2π f t) , cos (2π f t)] [40]. This decoupled feature embedding
significantly enhances the network’s perception of spatial mutations and temporal high-frequency pulsations.

(2) Module 2: Physics-Guided Cascaded Networks

This module adheres to the underlying physical logic that “phase state determines physical properties,
and properties dictate the flow field.” First, the VOF network prioritizes predicting the grout volume fraction.
A Sigmoid activation function is applied as a hard constraint, mathematically eliminating non-physical out-
of-bounds predictions (strictly ensuring α ∈ [0, 1]) [41,42].

Subsequently, the predicted α enters the Physical Property Modulator, which calculates the local
mixture density ρmix and viscosity μmix in real-time via linear interpolation. Finally, the state variables
(α, ρmix , μmix) are concatenated as a strong physical prior into the hidden layers of the pressure net-
work. This cascaded mechanism effectively decouples the strong multi-field nonlinearities and significantly
improves convergence stability [15,35].

(3) Module 3: Gradient Regularization & Hybrid Loss

In complex multiphase flows, directly employing the full fluid dynamics equations as the loss function
frequently triggers gradient pathologies [23,24]. Therefore, the Automatic Differentiation (AD) engine in
Module 3 only extracts critical physical gradients (∇P,∇α, ∂t α) to construct a highly streamlined Gradient
Regularization term as the physics loss LPDE . For the data loss LData , the model utilizes the aforementioned
hybrid sampling dataset and applies a 10× weight penalty to the VOF error to accelerate the sharpening and
fitting of the gas-liquid interface.
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Figure 4: Schematic diagram of the proposed cascaded PINN framework, detailing the spatio-temporal feature
embedding (Module 1), physics-guided cascaded networks (Module 2), and gradient regularization with hybrid loss
(Module 3).
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2.4 Evolution of PINN Architectures and Ablation Design
To systematically disentangle and verify the independent contributions of network topologies, high-

frequency activation mechanisms, and loss function reformulations to the multiphase flow resolution
accuracy, a rigorous ablation study was designed. Rooted in the underlying theory of Physics-Informed
Neural Networks (PINNs), three progressively evolved surrogate architectures were constructed.

(1) Model 1: Baseline PINN

As illustrated in Fig. 5, Model 1 employs a traditional parallel dual-branch Multi-Layer Perceptron
(MLP) structure, independently predicting the volume fraction (VOF) and pressure fields. From the
perspective of Neural Tangent Kernel (NTK) theory, MLPs equipped with conventional smooth activation
functions (e.g., Swish or Tanh) suffer from severe “spectral bias,” meaning the network inherently prioritizes
fitting the low-frequency components of the target function [43]. Although explicit temporal high-frequency
features are concatenated at the input, the network still acts as a low-pass filter, failing to acutely capture
the 10 Hz severe pressure pulsations. Furthermore, Model 1 utilizes a soft penalty to constrain the VOF
boundaries. In highly nonlinear multiphase flows, soft penalties frequently fail, outputting non-physical
values (α < 0 or α > 1). This not only violates mass conservation but also directly triggers a breakdown in
subsequent mixture density and viscosity calculations.

(2) Model 2: Cascaded SIREN Surrogate

To eliminate the physical causality deficits in Model 1, Model 2 (Fig. 6) introduces a Cascaded Dual-
Branch Architecture. This architecture hardcodes the physical causality (i.e., “phase state determines physical
properties, which in turn dictate the flow field”) directly into the forward pass as a physical inductive bias.
The predicted α, after being strictly projected into the [0, 1] space via a Sigmoid hard constraint, is fed as a
hard prior into the pressure network. Crucially, this sequence guarantees physical boundedness during the
forward pass. The network first outputs an unbounded latent variable, which is immediately projected into
the [0, 1] range via the Sigmoid layer. When the automatic differentiation engine computes the gradients
for the physics loss, it operates exclusively on these already-bounded values, mathematically eliminating the
possibility of non-physical states prior to PDE evaluation.

At the feature activation level, Model 2 adopts Sinusoidal Representation Networks (SIREN, ω0 = 30).
Because the higher-order derivatives of a sine function remain sinusoidal, SIREN significantly alters the
NTK spectral distribution. When processing raw spatio-temporal coordinates X = (x , z, t), it possesses an
exceptionally strong capability to perceive and reconstruct sharp spatial gradients (gas-liquid interfaces) and
high-frequency temporal transients (pulsating pressures). For the SIREN activation, a systematic empirical
search (ω0 = 10, 20, 30, 40, 50) was conducted prior to finalization. Lower values (ω0 ≤ 20) reverted to
spectral bias, failing to capture the 10 Hz pulsations, while higher values (ω0 ≥ 40) rendered the loss landscape
excessively rugged, triggering severe numerical noise. Therefore, ω0 = 30 was selected as it provided the
optimal balance between high-frequency perception and training stability.

(3) Model 3: Proposed SOTA Model (Cascaded PINN with FFM)

Although SIREN excels in high-frequency reconstruction, its highly oscillatory activation landscape
makes deep networks prone to falling into local minima when confronted with complex fluid dynamics
equations, leading to training instability [22]. Therefore, the final proposed SOTA model (Model 3, topology
detailed in Fig. 7) retains the physical cascaded logic and hard constraint mechanisms of Model 2 but
reformulates the feature mapping.
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Figure 5: Schematic of Model 1: The baseline PINN architecture featuring parallel branches, Swish activation, soft
boundary constraints, and full partial differential equation (PDE) loss.

Model 3 employs a combination of Fourier Feature Mapping (FFM) + explicit temporal encoding +
GELU activation. FFM projects low-dimensional spatial coordinates into a high-frequency Fourier space via
a non-trainable random matrix B, fundamentally overcoming spectral bias [44,45]. Meanwhile, the GELU
activation ensures the smoothness of the loss landscape and optimization stability [46]. This decoupled
strategy achieves an optimal balance between “high-frequency fitting capability” and “global convergence
robustness.”
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Figure 6: Schematic of Model 2: The cascaded surrogate architecture utilizing the SIREN activation function, Sigmoid
hard constraints, and gradient regularization mechanisms.

2.5 Composite Loss Function
During the PINN optimization process, the composite loss functionJ for all three models is formulated

by weighting the data loss (LData) and the physics loss (LPDE).
Rooted in the principle of Empirical Risk Minimization (ERM), the Data Loss (LData) quantifies the

Mean Squared Error (MSE) between the network predictions and the hybrid sampled CFD dataset. To
accelerate the convergence of the high-gradient gas-liquid interface, a 10× penalty weight is applied to the
VOF error:

LData =MSE (P, Pc f d) + 10 ×MSE (α, αc f d) (9)
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where P is the predicted pressure field (Pa); Pc f d is the ground truth pressure provided by the CFD dataset
(Pa); α is the predicted grout volume fraction (dimensionless); and αc f d is the ground truth volume fraction
from the CFD dataset (dimensionless).

Figure 7: Schematic of Model 3: The proposed SOTA model, integrating Fourier Feature Mapping (FFM), physical
cascaded logic, and hybrid loss mechanisms.

The formulation of the Physics Loss (LPDE) fundamentally differs across the models, directly dictating
the optimization difficulty:
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For Model 1, the physics loss consists of the full VOF advection equation residual, the Darcy flow
equation residual, and a VOF soft boundary penalty. Due to the massive magnitude disparities among
different partial differential terms, this full-equation constraint frequently triggers gradient pathologies,
causing severe conflicts in the gradient directions during backpropagation [47–49].

LModel1
PDE = ∣∣FV OF ∣∣2 + ∣∣FF l ow ∣∣2 +LBound (10)

where FV OF represents the partial differential residual of the VOF advection equation (s−1); FF l ow denotes
the partial differential residual of the incompressible Darcy flow equation (s−1); and LBound is the soft
boundary penalty term designed to restrict the volume fraction within physical limits (dimensionless).

For Model 2 and Model 3, since the cascaded architecture and hard constraints have already injected
substantial physical information as an “inductive bias,” imposing full-equation constraints would render the
model over-constrained. Therefore, their physics loss is drastically streamlined into pure Gradient Regu-
larization. Analogous to Sobolev Training, this mechanism extracts only critical first-order spatio-temporal
gradients via automatic differentiation [50]. While avoiding gradient conflicts, it effectively suppresses non-
physical spurious oscillations that may arise during high-frequency fitting, ensuring the smoothness of the
flow field reconstruction:

LModel2,3
PDE = ∣∣∇P∣∣2 + ∣∣∇α∣∣2 + ∣∣∂α

∂t
∣∣

2
(11)

where ∇P is the spatial gradient of the pressure field (Pa ⋅m−1); ∇α is the spatial gradient of the volume
fraction (m−1); and ∂α

∂t is the first-order partial derivative of the volume fraction with respect to time (s−1).
Ultimately, the network minimizes the total objective function via Adam or Limited-memory Broyden-

Fletcher-Goldfarb-Shanno (L-BFGS) optimizers until full convergence is achieved [12]:

J = LData + λLPDE (12)

whereJ is the total objective function for network optimization (dimensionless); and λ is the adaptive weight
coefficient balancing the data loss and physics loss (dimensionless).

2.6 Hyperparameter Configuration and Hardware Environment
To ensure the reproducibility of the proposed surrogate models, the detailed hyperparameter configu-

rations, optimizer strategies, and the hardware environment utilized during the network training process are
summarized in Table 1.

Table 1: Hyperparameter configurations and hardware specifications for the proposed model.

Category Parameter/Component Specification

Network Architecture

Hidden Layers 6
Neurons per Layer 128

Activation Function GELU (Model 3)/SIREN (Model 2)
Initialization Strategy Xavier Normal

(Continued)
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Table 1 (continued)

Category Parameter/Component Specification

Training Strategy

Initial Learning Rate 1 × 10−3 (with exponential decay)
Optimizer (Phase 1) Adam (0–2000 epochs)
Optimizer (Phase 2) L-BFGS (2000 epochs to convergence)
Loss Weight (λvo f ) 10

Computational Setup

Hardware graphics
processing unit (GPU)

Single NVIDIA GPU (48 GB Video
Random Access Memory)

Hardware (CPU & RAM) Intel Xeon Platinum 8470Q (92 GB RAM)
Deep Learning Framework PyTorch 2.1.2 (Python 3.10, CUDA 11.8)

3 Results of Multiphase Flow Reconstruction
Based on the theoretical framework and hybrid spatio-temporal sampling strategy established in

Chapter 2, this section systematically evaluates the solution accuracy of the proposed PINN surrogate
models. To isolate and verify the independent contributions of network topologies and activation functions
to the resolution of high-frequency pulsating multiphase flows, a rigorous ablation study is designed,
comparing three progressively evolved architectures: Model 1 (Baseline PINN), Model 2 (Cascaded SIREN
Surrogate), and Model 3 (Proposed SOTA Model).

3.1 Spatial Reconstruction of Macroscopic Flow Fields
Using the high-fidelity numerical results from the Computational Fluid Dynamics (CFD) solver as the

ground truth, this section first evaluates the capability of the three architectures to reconstruct macroscopic
spatio-temporal evolution features. Fig. 8 illustrates the cross-sectional contours of the volume fraction
(VOF) at t = 2 s. It is observed that Model 1 fails to accurately capture the multiphase boundary and
morphological features (Fig. 8b), exhibiting significant numerical dissipation. The error distribution (Fig. 8e)
indicates that the local relative error near the grout diffusion boundary approaches 40%. While Model
2 maintains relatively low errors near the injection outlet, it suffers from severe divergence around the
grout bubble, particularly at the peripheral interfaces where the maximum error peaks at 80% (Fig. 8f,h).
Furthermore, the far-field region is plagued by widespread non-physical oscillations with errors reaching
40%, rendering Model 2 entirely unsuitable for identifying the grout diffusion range. In stark contrast, Model
3 achieves exceptional precision across the entire computational domain. Even at the highly nonlinear grout
diffusion boundaries, the local error is strictly constrained below 10% (Fig. 8g), demonstrating its superior
capability in high-fidelity macroscopic flow field reconstruction.

The pressure field distributions at t = 2 s in Fig. 9 further reveal the limitations of the baseline models
in spatial reconstruction. The CFD ground truth in Fig. 9a displays a natural circular high-pressure bubble
that conforms to physical diffusion laws. Model 1 severely distorts this morphological feature by producing
a flattened pressure bubble and overestimating the peak pressure, leading to a localized relative error of
up to 25% (Fig. 9b,e). Furthermore, Model 2 completely fails to capture the core pressure bubble while
introducing chaotic, non-physical fluctuations across the mid-to-far field (Fig. 9c,f). Conversely, Model 3
accurately reconstructs the circular pressure bubble and maintains a highly stable far-field distribution with
peak values closely matching the CFD results (Fig. 9d). The zoomed-in error analysis near the injection pipe
in Fig. 9h clearly quantifies this performance gap. Model 3 strictly constrains the maximum relative error to
approximately 5%, demonstrating a significant improvement over the 15% error observed in Model 2 and the
25% error in Model 1.
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Figure 8: Cross-sectional contours of the volume fraction (VOF) and local error comparison at t = 2 s. (a) CFD ground
truth; (b) Model 1 prediction; (c) Model 2 prediction; (d) Model 3 prediction; (e–g) Corresponding relative error
distributions; (h) Zoomed-in error near the injection pipe.
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Figure 9: Cross-sectional contours of the pressure field and local error comparison at t = 2 s. (a) CFD ground truth;
(b) Model 1 prediction; (c) Model 2 prediction; (d) Model 3 prediction; (e–g) Corresponding relative error distributions;
(h) Zoomed-in error near the injection pipe.
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3.2 Transient Tracking of High-Frequency Dynamic Boundaries
To evaluate the temporal stability of the predictive models, Fig. 10 presents the pressure time-history

curves and corresponding absolute errors at four characteristic monitoring points. Model 1 exhibits severe
numerical divergence across all locations. At the near-field point M1, it completely fails to track the 10 Hz
high-frequency pulsation, while simultaneously suffering from massive negative baseline drifts in the mid-
to-far field regions at M3, M6, and M8. Although Model 2 captures the macroscopic trend of the near-field
pulsation, it introduces severe spurious high-frequency oscillations away from the injection source. This
instability prevents Model 2 from maintaining the physically stable zero-pressure state in the far field,
resulting in continuous and chaotic error fluctuations. Conversely, Model 3 demonstrates exceptional
temporal robustness. It accurately resolves the highly dynamic transient fluctuations at M1 and strictly
suppresses non-physical noise in the far field, thereby maintaining near-zero absolute errors throughout the
entire simulation period.

Following the validation of spatial flow field reconstruction, this section evaluates the surrogate models’
temporal tracking accuracy regarding the transient evolution of the multiphase flow interface. As established
in the previous section, Model 1 is excluded from this analysis due to its severe numerical divergence,
allowing a focused comparison between Model 2 and Model 3. Fig. 11 illustrates the time-history curves of
the volume fraction (VOF) at characteristic monitoring points, supplemented by high-resolution zoomed-
in views. Overall, Model 3 demonstrates exceptional phase alignment capabilities, whereas Model 2 suffers
from severe numerical volatility.

At the near-field and mid-field locations M1 and M3, the VOF undergoes a highly nonlinear growth
phase as the grout front arrives. During this critical transient stage, the prediction curve of Model 3 exhibits
strong agreement with the CFD ground truth. Conversely, the zoomed-in intervals clearly reveal that Model
2 introduces continuous high-frequency fluctuation errors around the physical baseline, severely degrading
the tracking precision of the phase interface. This numerical instability is most pronounced in the unaffected
far-field regions M6 and M8. While the physical VOF must strictly remain at 0, Model 2 exhibits intense non-
physical oscillations. In stark contrast, Model 3 maintains a highly stable zero baseline throughout the entire
simulation. These results confirm that Model 2 fails to meet the rigorous stability requirements for multiphase
flow modeling, whereas the proposed mechanisms in Model 3 ensure high-fidelity temporal tracking.

Fig. 12 evaluates the temporal response of the models to high-frequency pulsating pressures. At the
near-field injection inlet (M1), both Model 2 and Model 3 accurately capture the pressure peaks and
troughs, exhibiting comparable transient tracking capabilities that strongly agree with the CFD ground truth.
However, significant discrepancies emerge as the flow propagates into the mid-to-far field (M3, M6, M8). In
these regions, Model 2 is plagued by severe high-frequency interference, producing non-physical spurious
oscillations up to 1 × 104 Pa. Conversely, Model 3 effectively suppresses this numerical noise, maintaining
a highly stable baseline that closely matches the CFD predictions. Consequently, while Model 2 performs
adequately in the near-field, Model 3 demonstrates comprehensive superiority by successfully overcoming
numerical instability under high-frequency dynamic boundaries, ensuring a high-fidelity reconstruction of
the global transient pressure field.
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Figure 10: Time-history curves and corresponding absolute errors of the pressure field at local characteristic monitor-
ing points M1, M3, M6, and M8.
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Figure 11: Time evolution of the volume fraction (VOF) at characteristic monitoring points M1, M3, M6, and M8. The
left column presents the full simulation period, while the middle and right columns provide high-resolution zoomed-in
views of specific transient intervals.
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Figure 12: Transient pressure evolution at characteristic monitoring points. The left column presents the macroscopic
response over the full 0.0–2.0 s period, while the middle and right columns detail the high-frequency pulsations within
the 0.8–1.0 s and 1.8–2.0 s intervals, respectively.

3.3 Global Quantitative Evaluation and Computational Efficiency
To evaluate the global statistical robustness of the proposed framework, Fig. 13 compares the predicted

volume fraction distributions against the CFD ground truth. High-fidelity predictions should theoretically
align with the ideal y = x diagonal. As depicted in Fig. 13a, Model 1 exhibits severe numerical divergence,
with numerous points escaping the ±50% error bands across the domain. Most notably, it fails to accurately
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resolve the critical phase interface defined at a volume fraction of 0.5, resulting in chaotic scattering and a
fundamental inability to capture dynamic boundaries.

Figure 13: Global scatter distribution comparing the predicted volume fraction values against the CFD ground truth.
(a) Model 1; (b) Model 2; (c) Model 3.

Conversely, Models 2 and 3 (Fig. 13b,c) demonstrate highly comparable and superior phase-tracking
capabilities. Near the injection inlet where the volume fraction approaches 1.0, and at the phase interface of
0.5, both models strictly adhere to the diagonal, restricting the vast majority of predictions within a narrow
±10% error band. While both models exhibit apparent visual dispersion in the far-field where the true volume
fraction approaches zero, this is primarily a mathematical artifact of relative error metrics. In these near-
zero regions, minute absolute numerical fluctuations are significantly amplified. Overall, Models 2 and 3
show no significant statistical differences in global volume fraction prediction, as both successfully achieve
high-fidelity phase reconstruction and overcome the catastrophic divergence of Model 1.

Fig. 14 presents the global scatter distribution comparing the predicted pressure values of the three
architectures against the CFD ground truth. For Model 1, significant deviations are observed in the high-
pressure zone near the injection port, where it systematically overestimates the pressure, with numerous
points exceeding the +50% error band. Furthermore, in the mid-to-low pressure regions representing
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the mid-to-far field, scatter points are widely dispersed, frequently escaping the ±50% boundaries. Model
2 improves upon this baseline; however, in the high-pressure zone, it tends to underestimate the peak
pressure, with a distinct cluster of predictions falling outside the −10% error band and approaching the
−30% boundary. Additionally, in the far-field where the true pressure approaches zero, Model 2 still exhibits
noticeable numerical dispersion. In contrast, Model 3 demonstrates the highest accuracy. In the high-
pressure injection vicinity, its deviations are minimal, with the vast majority of points tightly restricted within
the ±10% error band. Similarly, in the far-field regions, the scattered points are highly concentrated along
the y = x diagonal. Overall, Model 3 achieves the most optimal global pressure reconstruction among the
three algorithms.

Figure 14: Global scatter distribution comparing the predicted pressure values with the CFD ground truth. (a) Model
1; (b) Model 2; (c) Model 3.

Fig. 15 presents a quantitative comparison of global errors and computational efficiency across the
evaluated architectures. The preceding evaluations systematically demonstrate the superior performance
of the proposed cascaded FFM-PINN architecture (Model 3) in simulating pulsating grouting multiphase
flows [51–53]. By comparing the three architectures, clear performance boundaries and mechanistic differ-
ences are established.
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Figure 15: Quantitative comparison of global accuracy and computational efficiency among different architectures.
(a) Global VOF accuracy; (b) Global pressure accuracy; (c) Training efficiency; (d) Inference efficiency.

Regarding physical field reconstruction (Fig. 15a,b), Model 1 (Baseline PINN) exhibits the lowest
accuracy. Constrained by spectral bias and gradient conflicts, it suffers from severe numerical smearing at the
phase interfaces and fails to capture the dynamic pressure bubbles, resulting in a high Volume of Fluid (VOF)
Mean Squared Error (MSE) of 1.65 × 10−2 and a global pressure error of 8.39%. Model 2 (Cascaded SIREN)
improves upon this by successfully capturing the high-frequency pressure fluctuations near the injection
inlet. However, its purely periodic activation function introduces noticeable non-physical high-frequency
oscillations in the mid-to-far field. This mathematical artifact severely degrades the identification of the
phase interface and causes continuous chaotic fluctuations in the far-field pressure, yielding a VOF MSE of
7.87 × 10−5 and a pressure error of 2.99%.

In contrast, Model 3 achieves the most optimal balance. By synergizing Fourier Feature Mapping (FFM)
with GELU activations, it accurately resolves both the sharp phase interfaces and the transient pressure
bubbles. It tracks the 10 Hz pulsations perfectly in the near-field while maintaining strict numerical stability
in the far-field, effectively eliminating the spurious oscillations observed in Model 2. Quantitatively, Model
3 achieves the best global metrics, reducing the VOF MSE to 6.55 × 10−5 and the pressure error to 2.87%.

Computationally (Fig. 15c,d), the proposed framework transitions from traditional numerical iteration
to data-driven inference. Confronted with a 10 Hz forced boundary, traditional CFD solvers are strictly con-
strained by the Courant-Friedrichs-Lewy (CFL) condition, necessitating time-consuming implicit iterations
that consume 2.16 × 104 s (6.0 h) per evolution. Conversely, the fully trained Model 3 executes only matrix
multiplications and nonlinear mappings, compressing the inference time to 6.50 × 10−3 s for the exact 2D
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axisymmetric equivalent field. While maintaining high global statistical fidelity, this model achieves a com-
putational acceleration of over six orders of magnitude, providing an efficient millisecond-level underlying
engine for digital twin systems of underground structures and foundation grouting processes [54,55].

4 Comprehensive Discussion and Model Robustness
While Section 3 established the superior predictive accuracy and computational efficiency of the pro-

posed SOTA model, this section delves deeper into the underlying mechanisms driving these achievements.
By analyzing the training dynamics, posterior physical consistency, and hyperparameter sensitivity, we
comprehensively evaluate the robustness and engineering applicability of the surrogate framework.

4.1 Training Dynamics and Convergence Analysis
To elucidate the underlying convergence mechanisms and computational advantages of the proposed

architecture, the real-time training dynamics of the three models are systematically compared. As illustrated
in Fig. 16, Model 3 exhibits a remarkably accelerated and stable convergence trajectory. Fig. 16a demonstrates
that while the Baseline MLP (Model 1) requires approximately 100 min to reach a suboptimal plateau, the
Cascaded FFM-PINN (Model 3) achieves a significantly lower total loss in merely 19 min. This confirms that
the acceleration is driven by the architectural resolution of spectral bias rather than hardware variations.

Figure 16: Training dynamics and convergence analysis of the three models. (a) Total loss vs. wall-clock time,
demonstrating the significant acceleration of Model 3 (19 min) compared to Model 1 (100 min). (b) Total loss vs. epochs.
(c,d) Evolution of relative L2 errors for the VOF and pressure fields, highlighting the rapid error decay and superior
final accuracy achieved by the Cascaded FFM-PINN (Model 3) after transitioning to the L-BFGS optimizer at epoch
2000.
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Furthermore, the evolution of relative L2 errors (Fig. 16c,d) highlights the effectiveness of the two-phase
optimization strategy. Upon transitioning from the Adam optimizer to L-BFGS at epoch 2000, Model 3
experiences a sharp, monotonic decay in both error metrics. Ultimately, Model 3 suppresses the pressure
and VOF relative L2 errors to exceptional levels of 2.87% and 1.93%, respectively. In contrast, Models 1 and 2
suffer from severe convergence stagnation and gradient conflicts, failing to achieve comparable high-fidelity
interface localization.

4.2 Posterior Validation of Physical Consistency
To rigorously validate whether the surrogate models satisfy mass conservation and underlying physical

laws, a posterior physical residual analysis was conducted on the predicted fields. Since Model 2 and Model
3 employ the identical physical constraint strategy (i.e., the gradient regularization in Eq. (11)), this section
selects the baseline Model 1 (representing the full PDE constraint) and the optimal Model 3 (representing
the proposed strategy) for an in-depth comparison.

Fig. 17 presents the histograms of the normalized physical residuals for both models, illustrating the flow
field conservation characteristics under different physical constraint strategies. For Model 1, which explicitly
enforces the full partial differential equation (PDE) constraints in the loss function, the residual distribution
is extremely wide and exhibits a significant asymmetric shift. Specifically, the central 80% of the data for
the continuity equation spans [−2.3 × 10−2, 2.8 × 10−2], while the VOF advection equation spans a massive
range of [−1.0 × 10−1 , 4.4 × 10−1]. Residuals of this magnitude indicate severe systematic mass conservation
violations. Mechanistically, forcing the full PDEs as soft constraints into the loss function triggers severe
gradient flow pathologies and optimization conflicts during backpropagation, which prevents the network
from converging to a physically conserved solution.

Figure 17: Histograms of the normalized physical residuals for Model 1 (full PDE constraint) and Model 3 (proposed
strategy). The yellow shaded regions indicate the distribution range of the central 80% of the data.
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In stark contrast, Model 3 demonstrates exceptional physical consistency achieved by the cascaded
architecture and gradient regularization strategy. As shown in Fig. 17c,d, the residual distributions are highly
concentrated near zero. While the lower bound of the continuity equation residual remains comparable
to Model 1, its upper bound is significantly compressed to 4.4 × 10−3, effectively suppressing the positive
deviation. More importantly, the VOF advection equation residuals are drastically reduced to the 10−4 order
of magnitude, strictly bounded within [−9.1 × 10−4, 2.2 × 10−5]. Mechanistically, although Model 3 does not
explicitly fit the full equations in the loss function, its cascaded architecture injects the physical causality
of phase state determining physical properties as a strong inductive bias. Simultaneously, pure gradient
regularization significantly smooths the loss landscape. This decoupled strategy successfully circumvents
gradient conflicts under multi-field coupling, fundamentally ensuring exceptionally high physical fidelity
and strict mass conservation.

4.3 Hyperparameter Sensitivity and Robustness
To comprehensively evaluate the robustness of the proposed cascaded FFM-PINN model, this section

conducts sensitivity analyses on three critical hyperparameters: the spatio-temporal data sampling ratio, the
VOF loss weight, and the random initialization of the FFM matrix. The quantitative results are summarized
in Table 2.

(1) Spatio-temporal Sampling Ratio: The proposed 70%/30% (spatial/temporal) split was compared with
50%/50% and 90%/10% schemes. The results indicate that an excessive proportion of temporal data
(50%/50%) compromises the spatial resolution of the phase interface, increasing the VOF error.
Conversely, an insufficient temporal data ratio (90%/10%) fails to effectively capture the 10 Hz high-
frequency pressure pulsations, causing the global pressure error to rise to 31.85%. The 70%/30% ratio
achieves an optimal balance between spatial topology reconstruction and temporal dynamic tracking.

(2) VOF Loss Weight (λvo f ): The penalty weight in Eq. (9) was tested at values of 1.0, 10.0 (proposed),
and 20.0. A small weight (λvo f = 1.0) leads to severe numerical dissipation at the phase interface,
increasing the VOF MSE by two orders of magnitude. An excessively large weight (λvo f = 20.0) triggers
gradient dominance in the loss function, severely inhibiting the convergence of the pressure field
branch and causing the pressure error to surge to 42.15%. Therefore, λvo f = 10.0 is a rational choice for
the synergistic optimization of multiple physical fields.

(3) FFM Matrix Initialization: To verify the stability of the model’s high-frequency perception, three
different random seeds (Seed A, B, and C) were used to initialize the non-trainable FFM matrix B. The
results show that the fluctuations in both VOF and pressure errors are minimal (<1.5%), indicating
that the proposed architecture possesses excellent global optimization stability and reproducibility,
independent of specific random initializations.

Table 2: Sensitivity analysis of critical hyperparameters on model accuracy.

Hyperparameter Tested Values VOF MSE Pressure Rel. L2 Error (%)

Data Split (Spatial/Temporal)
50%/50% 8.15 × 10−5 14.31

70%/30% (Proposed) 6.55 × 10−5 2.87
90%/10% 8.42 × 10−5 31.85

VOF Loss Weight (λvo f )
1 5.21 × 10−3 12.42

10.0 (Proposed) 6.55 × 10−5 2.87
20 9.18 × 10−5 42.15

(Continued)
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Table 2 (continued)

Hyperparameter Tested Values VOF MSE Pressure Rel. L2 Error (%)

FFM Random Seed
Seed A 6.62 × 10−5 2.91

Seed B (Proposed) 6.55 × 10−5 2.87
Seed C 6.49 × 10−5 2.84

4.4 Limitations and Future Perspectives
While the proposed framework achieves significant improvements in inference accuracy and compu-

tational efficiency, several limitations remain. First, the physical model assumes a homogeneous porous
medium governed by the Kozeny-Carman equation. However, practical structural foundations exhibit high
heterogeneity, such as fractured rock masses and stratified soils, which substantially alter multiphase flow
trajectories. Second, the current surrogate model is trained and evaluated on a 2D symmetry plane to balance
computational cost with proof-of-concept validation. Consequently, the reported inference time of 0.615 s
is specific to this 2D resolution, and scaling the framework to full 3-D transient simulations will inevitably
introduce exponentially higher degrees of freedom. Finally, the proposed FFM-PINN currently functions
as an ultra-fast state synchronizer for real-time digital twins within a known time domain rather than an
extrapolator for future unseen time steps. To address these constraints, future work will integrate operator
learning techniques, such as Fourier Neural Operators and DeepONets [56–58], to process heterogeneous
geological fields as functional inputs. This extension will ultimately support 3-D temporal-extrapolative
predictions for complex underground engineering applications.

5 Conclusions
The simulation of variable-pressure pulsating grouting in porous media faces severe challenges,

particularly the difficult reconstruction of strongly nonlinear multiphase flow interfaces and extremely time-
consuming dynamic solving. To address these issues, this paper proposes a novel physics-guided cascaded
neural network integrated with Fourier Feature Mapping (Cascaded FFM-PINN). The main conclusions are
as follows:

(1) Algorithmic Architecture and Mechanistic Innovation: The framework innovatively embeds the phys-
ical causality logic—“phase determines physical properties, and properties dictate the flow field”—into
a dual-branch cascaded architecture. By explicitly injecting the predicted volume fraction as a prior
physical feature into the pressure network via a hard constraint, it effectively decouples strong multi-
field nonlinearities. Furthermore, by employing a decoupled strategy of FFM and GELU, the model
breaks the spectral bias of traditional networks while maintaining a smooth loss landscape.

(2) High-Fidelity Phase Interface Capture: The proposed model successfully overcomes the numerical
smearing inherent in baseline networks (Model 1) and eradicates the non-physical high-frequency
oscillations produced by SIREN-based networks (Model 2) in the mid-to-far field. It accurately
identifies the phase field and sharp interfaces, reducing the global VOF MSE to an exceptionally low
6.55 × 10−5, demonstrating superior spatial reconstruction capabilities.

(3) Dynamic Pressure Tracking and Stability: The model accurately captures the amplitude and phase of
the 10 Hz pulsating pressure bubbles near the injection port. More importantly, unlike Model 2 which
suffers from severe numerical noise in low-pressure regions, Model 3 perfectly suppresses far-field non-
physical oscillations. This ensures global temporal robustness and reduces the overall relative pressure
error to 2.87%.
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(4) Millisecond-Level Inference and Computational Efficiency: The model achieves a paradigm shift from
traditional CFD implicit iteration to data-driven forward inference. While maintaining high global
statistical accuracy, it drastically compresses the single physical evolution time from 2.16 × 104 s (CFD)
to 6.50 × 10−3 s. This successful realization of millisecond-level computation represents an acceleration
of over six orders of magnitude.

(5) Limitations and Future Perspectives: Despite significant breakthroughs in inference accuracy and
efficiency, the current model is constrained by fixed geological parameters (e.g., specific porosity and
permeability). Future research will introduce Operator Learning (e.g., Fourier Neural Operator or
DeepONet) to treat geological parameters as independent functional inputs, aiming to achieve gener-
alized, high-fidelity, and rapid grouting simulations across complex and variable geological conditions.
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