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1Institute of Processes Engineering, Faculty of Forestry and Wood Technology, University of Zagreb, Zagreb, Croatia
2Institute of Applied Mechanics, Faculty of Mechanical Engineering and Naval Architecture, University of Zagreb, Zagreb, Croatia
*Corresponding Author: Jurica Sorić. Email: jurica.soric@fsb.unizg.hr
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ABSTRACT: Accurate and computationally efficient numerical modelling of damage and fracture in heterogeneous
materials requires the incorporation of a multiscale approach. However, the information transfer between the lower
and upper scale with the presence of a specific damage algorithm represents a significant challenge. This paper
presents a robust two-scale concurrent multiscale approach for modelling damage and fracture in brittle and ductile
heterogeneous materials. The developed multiscale procedure utilises the self-consistent clustering analysis (SCA) at
the microlevel, and a phase-field (PF) fracture method at the macrolevel in order to meet the main criteria of an accurate
and computationally efficient concurrent multiscale damage algorithm. A particularly important characteristic of this
framework is the full separation of the damage analysis from the microstructural domain, defined through the represen-
tative volume element (RVE). This decoupling allows for a stable, robust and objective numerical calculation of damage
and fracture in heterogeneous materials. The computational efficiency of the proposed algorithm is demonstrated on
simple and complex microstructures for several different geometrical specimens. The results indicate that the presented
procedure captures macroscopic crack paths accurately, while maintaining a high level of computational efficiency in
contrast to the classical finite element2(FE2) approach.
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1 Introduction
At their lower levels, modern engineering materials often exhibit a significant material heterogene-

ity. This heterogeneity manifests itself in the form of different microconstituents (material phases) with
arbitrary shape, volume fraction, spatial distribution and mechanical properties [1]. Therefore, the overall
mechanical behaviour of the material is the result of the mutual interaction and contribution of each of its
microconstituents. This becomes particularly important when numerical modelling of damage and fracture
is considered.

In the field of numerical modelling of damage and fracture in heterogeneous materials, multiscale
analysis [2] is a valuable tool since it allows for the coupling of the microstructural stress state with the
macroscopic calculation. Concurrent multiscale methods [3–5] (a class of multiscale methods) achieve this
coupling by homogenising (averaging) the values at the microlevel, which are then used for the analysis at
each macroscopic point. This essentially ensures a full incorporation of the material heterogeneity into the
numerical model, thus providing a more accurate modelling in contrast to the classical phenomenological
approach [6]. Alongside higher accuracy, concurrent multiscale analysis also introduces the need for
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significant computational resources. This is because homogenised values at the macroscopic point are a direct
result of the boundary value analysis of the microstructure, which is defined through the representative
volume element, i.e., RVE [7–10]. When the boundary value problem at both micro and macrolevel is
tackled using finite element method (FEM) [11,12], fast Fourier transform (FFT) [13], advanced mesh-
superposition formulations like the s-version of FEM [14] or when a mixed approach is used [15,16], the
total computation cost will reach unacceptable levels. Calculation of the RVE boundary value problem at
each macroscopic point via direct numerical simulation, i.e., DNS (either through FEM or FFT), is the main
reason for the high computational cost, which only increases when damage enters the equation. Moreover,
the incorporation of damage analysis into a concurrent multiscale approach requires consideration of issues
related to mesh dependence at the macrolevel [1,17], calculation of the macroscopic value of damage [18,19]
and RVE representativeness during strain softening [20,21]. In the recent decade, data-driven multiscale
methods have become particularly attractive. As the exponential rise in computational resources allows
for storage and analysis of large amounts of raw data, the cost of DNS analysis of the RVE boundary
value problem can be dramatically decreased. For instance, neural networks (NNs) have experienced great
success in multiscale modelling of heterogeneous materials. With the appropriate architecture and sufficient
amount of data, NNs are able to model mechanical response of heterogeneous materials with porosity [22],
hyperelastic heterogeneous materials [23,24], elastoplastic [25,26] and even granular like materials [27].
However, their applicability in multiscale modelling of damage and fracture of heterogeneous materials is still
quite challenging [28,29]. Highly non-linear and history-dependent phenomenon such as damage requires
careful consideration of the type of NN to be used, which, in addition to the need for a large amount of
raw data, adds another layer of complexity. In contrast to NNs, reduced-order models (ROMs) target the
problem of low computational efficiency of the concurrent multiscale simulation by reducing the number of
degrees of freedom (DOF) of the RVE boundary value problem. Over the last decade, many ROMs have been
proposed, most notably transformation field analysis [30], non-uniform transformation field analysis [31]
and proper orthogonal decomposition [32]. In recent years, a class of data-driven cluster-based ROMs has
emerged [33,34]. Different from the mentioned ROMs, cluster-based ROMs are based on discretisation of
the RVE into large subdomains called clusters, and the utilisation of a Lippmann-Schwinger equation [35]. A
cluster-based ROM called self-consistent clustering analysis (SCA), formulated by Liu et al. [33], represents
a pioneering work in this category. Shortly after it was introduced, SCA quickly attracted lots of attention
and a large number of contributions [17,36–43] have shown its capabilities in solving the RVE boundary
value problem in an accurate and computationally efficient way. A particularly important feature of the
SCA is its applicability to different types of RVEs [41–43], constitutive laws [33,39], but also problems of
small [33,41,42] as well as finite strains [37,38]. Because of the above, SCA is actively being developed in
order to simulate damage and fracture of heterogeneous materials [17,40,44–47]. Being first in this category,
contribution [17] represents a major milestone in the field of concurrent multiscale modelling of damage
in heterogeneous materials. The approach presented in [17] not only met the requirement of computational
efficiency, it also introduced a novel three-step homogenization scheme and a non-local formulation at the
macroscopic level. However, this procedure has two main drawbacks. Firstly, the calculation of damage in
the microstructural domain, which is decomposed into a relatively small number of clusters, cannot be
performed without energy regularisation, i.e., subsequent calibration of the damage parameters using DNS.
The second drawback follows from the damage formulation itself, which requires that the energy dissipated
by plasticity is negligible compared to the energy dissipated during elastic deformation. Following the idea
of FEM h-adaptivity, in [48], authors aimed to mitigate the first issue by proposing an adaptive cluster-based
ROM in which the number of clusters can be increased during the analysis. The approach aims to improve the
clusters resolution in order to achieve a better description of localised microstructural fields such as plasticity
or damage, and was utilised in [44,45] for modelling damage in 3D woven composites. However, the process
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of h-adaptivity in a cluster-based ROM is not physically justified since cluster discretisation is not the product
of a direct geometrical decomposition of an RVE; rather, it is the result of grouping of points which exhibit
similar mechanical behaviour. Furthermore, the main goal of a cluster-based ROM is to accurately calculate
homogenised values of an RVE, not to give a smooth and detailed description of highly localised fields. But
most importantly, this approach is not suitable for large concurrent multiscale analysis since the process
of reclustering would need to be performed hundreds (if not thousands of times) since each macroscopic
point is directly linked to an RVE. Damage analysis of a 3D woven composites was also the subject of the
work done by Li et al. [46], while in [47], alongside experimental investigation, numerical modelling of
damage in concrete with the help of the SCA and a concrete micromechanical model [49] was presented.
Although the results of [46,47] show a good match with the experimental results, both contributions do not
represent a fully concurrent multiscale approach since the link between macroscopic and microscopic level is
present only at one point. This is also true for the work presented in [40], where experimental and numerical
investigation was done on a 3D braided composites, but again, without the presence of a fully concurrent
multiscale procedure.

Although ROMs have the ability to significantly improve the computational efficiency at the microlevel,
the problem of pathological mesh dependence at the macrolevel must be addressed separately. The afore-
mentioned contribution [17] showed that the presence of a non-local formulation at the macrolevel is not
an option but a necessity in preventing physically meaningless results. Over the years, several methods have
been proposed to mitigate the problem of mesh dependence, which occurs during strain softening. One such
method, called phase-field (PF) fracture formulation [50], represents a well-established non-local continuum
damage model. The PF method has proven to be an accurate and robust procedure for solving problems of
damage and fracture for both small [50–52] and finite strains configuration [53,54], under static [51,55,56]
and dynamic loading [56,57], as well as fatigue-induced fracture [52,58]. Furthermore, the PF method has
successfully been implemented to model fracture in various types of materials, including brittle [50,58,59],
ductile [53,58], hyperelastic [60] and viscoelastic–viscoplastic materials [61]. To eliminate mesh dependence
and ensure objective and physically meaningful results, PF relies on the use of two parameters, i.e., the length-
scale parameter and a critical value of energy release rate. The former helps to diffuse (smear) the sharp crack
topology over a finite region, while the latter limits the energy dissipation per unit area in the crack region.
For a comprehensive review and more details on the PF method itself, see [62].

In this manuscript, a new, fully concurrent two-scale approach for modelling damage and fracture in
both brittle and ductile heterogeneous materials is presented. The proposed procedure aims to tackle issues
and shortcomings in the field of numerical modelling of damage and fracture in heterogeneous materials by
combining some of the best features of both SCA and the PF fracture method. By employing the SCA at the
microlevel, the framework ensures fast, accurate and reliable calculation of the RVE boundary value problem.
On the other hand, the utilisation of a non-local damage model, such as PF, at the macrolevel enables
objectivity and robustness, but also eliminates mesh dependence at the macrolevel. The full decoupling of
the damage analysis from the RVE boundary value problem is an important characteristic of the procedure,
which sets it apart from other algorithms. This novelty opens up the possibility for a more stable and
computationally efficient calculation of damage and fracture in heterogeneous materials. Because of that,
the analysis of the macroscopic material degradation does not include any kind of damage analysis at
the microlevel. The generated RVE will serve exclusively for obtaining the homogenised (macroscopic)
values, primarily the macroscopic stress tensor, material tangent and strain energy density. By upscaling the
macroscopic values, the PF fracture algorithm will receive all the necessary input for the determination of
the macroscopic material degradation level.



4 Comput Model Eng Sci. 2026;148(3):7

The paper is organised as follows. The first ingredient of the proposed approach, i.e., the SCA, is briefly
described in Section 2. Section 3 gives a short overview of the PF method and its implementation into the
finite element method (FEM) framework for modelling damage and fracture in both brittle and ductile
materials. In Section 4, a new concurrent multiscale procedure is presented and described in detail. Section 5
includes results related to the accuracy and computational efficiency of the developed procedure obtained
by means of numerical simulations on different microstructures and geometrical specimens. Influence of
the PF fracture parameters, namely the length-scale parameter and the critical value of energy release rate,
on the fracture behaviour is the subject of Section 6, while concluding remarks are given in the last section,
i.e., Section 7.

2 Reduced-Order Homogenization

2.1 Self-Consistent Clustering Analysis
The self-consistent clustering analysis (SCA) [33] represents a data-driven, reduced-order homoge-

nization method that allows for computationally efficient and accurate calculation of the RVE boundary
value problem. This is achieved through two major innovations: (1) the use of data compression algorithm
(k-means clustering [63] or self-organizing map [64]) that drastically reduces the number of degrees of
freedom (DOF) by decomposing the RVE into large subdomain (clusters), and (2) a cluster-based numerical
procedure for the RVE boundary value problem calculation—which is applicable to any constitutive law of
each material phase, without the need for additional calculation. The whole SCA procedure can be broken
down into two steps—offline and online. Conveniently, the first innovation is performed in the offline step,
while the online step is related to the second innovation. In what follows, a brief description of the SCA and
its two steps is given.

2.2 Offline and Online Step
The offline step represents a first stage of the SCA, which needs to be performed only once, but the

quality of its execution will greatly impact speed as well as the accuracy of the final solution. It tackles the
problem of low computational efficiency at the microlevel, by discretising the RVE in question into a finite
number of large subdomains, i.e., material clusters—Fig. 1.

(a) (b)

Figure 1: Microstructure decomposition into an appropriate number of material clusters: (a) 2D unit cell geometry;
(b) Discretisation with 8 material clusters.

Each material phase in the RVE is represented by a minimum of one material cluster, and the distribution
of any arbitrary local variable η inside the cluster is constant [33]. Although this leads to discontinuous
distribution of any local variable η, its averaged (homogenised) value η which is given by

η =
k
∑
I=1

ηI cI Ω, (1)
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can be calculated with high accuracy using a relatively small number of material clusters. In the averaging
equation above, k stands for the total number of material clusters, cI defines the volume fraction of the I-th
material cluster in the RVE defined by the volume Ω.

Before the actual decomposition into material clusters, the microstructure first needs to be discretised
by an appropriate number of finite elements. This discretisation is necessary since the clustering analysis
by itself always involves grouping of points that have similar behaviour into one cluster. The points in this
case are finite elements, and the similarity between them is determined by their mechanical behaviour. More
precisely, points that exhibit similar mechanical behaviour are placed together into one material cluster using
machine learning algorithms such as k-means clustering or self-organising map. This similarity is expressed
using strain concentration tensor A, defined as [33]

ε (x) = A (x) ∶ ε, (2)

where ε denotes the homogenised (macroscopic) value of the small strain tensor, while ε represents the
microscopic small strain tensor. Although the number of finite elements (with which the RVE domain is
discretised) is arbitrary, it is beneficial to use high resolution as it will allow for an accurate description of
both RVE geometry and the microstructural strain field.

The second part of the SCA is called the online step and, in plain terms, represents the calculation of
the RVE boundary value problem using the information from the previous (offline) step. The analysis is
performed with the help of the incremental form of the Lippmann-Schwinger equation, which is discretised
by clusters [33]

ΔεI +
k
∑
J=1

D
I J ∶ [Δσ J −C0 ∶ Δε J] − Δε0 = 0, (3)

where Δε defines incremental small strain tensor, Δσ stands for incremental Cauchy stress tensor, C0 is the
so-called reference material stiffness tensor, Δε0 represents the incremental far-field small strain tensor while
the D

I J denotes the interaction tensor. In the identity above, indices I and J range from 1 to k, and simply
determine the current cluster number.

The interaction tensor D
I J , which is given by the double volume integral of the Green’s function

G
0 (x, x′)

D
I J = 1

cI Ω ∫Ω
∫

Ω
χI (x) χJ (x′)G0 (x, x′)dx′dx, (4)

is an important ingredient of the online step of the SCA. In essence, it gives the information on how the
stress in the J−th cluster is influencing the strain in the I−th cluster. Its value can be determined in numerous
ways [39,65]; however, in this study, a fast Fourier transform (FFT) algorithm alongside the Green’s function
(defined in the frequency domain) is adopted. In the case of a linearly elastic reference material, the Green’s
function is known explicitly and can be expressed in terms of the frequency vector ξ and Lamé parameters
of the reference material (λ0 and μ0) as

Ĝ0
i jk l (ξ) =

1
4μ0 Ĝ1

i jk l (ξ) +
λ0 + μ0

μ0 (λ0 + 2μ0) Ĝ2
i jk l (ξ) , (5)
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where Ĝ1
i jk l (ξ) and Ĝ2

i jk l (ξ) are expressed as

Ĝ1
i jk l (ξ) =

1
ξm ξm

(δi k ξ j ξl + δi l ξ j ξk + δ jl ξi ξk + δ jk ξi ξl) , (6)

and

Ĝ2
i jk l (ξ) = −

ξi ξ j ξk ξl

ξm ξm ξn ξn
. (7)

In most problems, the incremental stress in the J-th cluster Δσ J is a nonlinear function of the
incremental strain ΔεJ , which means that the system of equations given by Eq. (3) requires an iterative
approach in each increment of the analysis. Herein, as is the case in most studies, an implicit type of analysis is
adopted. The unknown variables of the system are: incremental strain in each cluster ΔεI and the incremental
far field strain Δε0. For the case of macro-strain constraint, the residual of the integral equation in the cluster
I is defined as

rI = ΔεI +
k
∑
J=1

D
I J ∶ [Δσ J −C0 ∶ Δε J] − Δε0 = 0, (8)

while the remaining part of the residual vector r is equal to

rk+1 =
k
∑
I=1

cI Δε − Δε,→ Δε0 = Δε. (9)

However, the SCA also accepts the macro-stress constraint, where a macroscopic value of Cauchy stress
tensor σ is prescribed on the RVE. In that case, only the last part of the residual vector r needs to be
modified, i.e.,

rk+1 =
k
∑
I=1

cI Δσ − Δσ . (10)

This ultimately allows the use of the SCA for both displacement as well as force boundary conditions at
the macrolevel, providing an additional level of applicability to a broad range of problems.

To maintain self-consistency and ensure a high level of accuracy, the SCA utilises the recalculation of
the reference material parameters after each converged increment. Recalculation is done such that new Lamé
parameters approximate the homogenised material stiffness in an optimal way, i.e., C0 → C. This can be
utilised using either regression- or projection-based approach [34]. The former represents a more accurate
but also more unstable approach when compared with the latter [1]. Although the value of the interaction
tensor DI J changes during the online part of the SCA, the compact form of Eq. (5) means FFT does not need
to be performed in each increment. Rather, it is applied once, in the offline part of the SCA.

3 Numerical Modelling of Damage and Fracture

3.1 Phase-Field Method
Generally speaking, phase-field (PF) modelling represents an approach for the description of the

behaviour of physical systems that consists of two or more phases that are divided by sharp interfaces. It
achieves this by introducing a continuous field variable (order parameter), which differentiates between
multiple physical phases within a given system through a smooth transition. When talking about numerical
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modelling of damage and fracture, such an order parameter describes a gradual evolution from intact to fully
broken material, thus serving as a diffuse approximation of a sharp crack discontinuity. Due to its simplicity,
robustness, and applicability to a wide range of different materials and different types of fracture, the PF
method has earned its reputation as one of the most popular methods for numerical modelling of damage
and fracture. The next subsection represents a brief description of the PF fracture formulation for both brittle
and ductile materials for the case of static loading and under the assumption of small strain.

3.2 Phase-Field Fracture Formulation
The PF formulation present in this work was conceived by Francfort and Marigo [66], who proposed a

generalisation of the original Griffith’s approach [67] by introducing the energy associated with the creation
of new fracture surfaces into the total energy functional. Mathematically speaking, this can be written as

Π = Πb +Πs +Πext = ∫
Ω/Γ

ψ (ε (u) , Γ) dΩ + ∫
Γ

Gc dΓ − ∫
Ω

u ⋅ b dΩ − ∫
∂Ω

u ⋅ h d∂Ω (11)

where Π defines the total energy functional consisting of body’s bulk energy (Πb), dissipated fracture energy
(Πs) and the work done by external forces (Πext). Herein, the strain energy density ψ depends on the small
strain tensor ε, i.e., displacement vector u, but also fracture surface Γ. The scalar value Gc , which appears in
the second integral, is called the critical Griffith force (also known as the critical value of energy release rate),
and in the case of brittle and quasi-brittle type materials, can be considered as a material’s fracture toughness.
b and h define volume force and surface traction, respectively.

For equilibrium to be achieved, the total free energy functional in Eq. (11) needs to be minimised with
respect to both displacement field u and crack surface Γ, thus creating a free discontinuity problem in which
both quantities are a priori unknown. However, PF avoids this issue by approximating the discontinuous
crack (of zero width) with a diffusive layer of a finite width—Fig. 2.

Figure 2: Phase-field regularisation of the discrete crack surface Γ: (a) Discrete crack surface Γ; (b) Regularised discrete
crack surface Γ.

This regularisation of the sharp crack is achieved through the use of the crack surface density function
γ [50] and the degradation function g [68]. The former ensures approximation of the sharp crack, while the
latter gradually degrades the material, with both functions being governed by the PF parameter ϕ, which
takes values between 0 (virgin material) and 1 (fully degraded material). Because of that, the internal part of
the free energy functional is thus expressed as
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Πint = Πb +Πs ≈ ∫
Ω

g (ϕ)ψ+ (ε (u)) + ψ− (ε (u)) dΩ + ∫
Ω

Gcγ (ϕ;∇ϕ) dΩ, (12)

allowing for the integration to be performed over the whole domain Ω, which was not possible in Eq. (11).
In contrast to the weak form, the strong form of the PF fracture formulation is more complex, and is

defined using a system of equations

[g (ϕ)∇ ⋅ σ+ +∇ ⋅ σ−] + b = 0, in Ω, (13)
[g (ϕ) σ+ + σ−] ⋅ n − h = 0, on ∂Ωh, (14)

ψ+ (ε (u)) dg (ϕ)
dϕ

+Gc (
∂γ (ϕ;∇ϕ)

∂ϕ
−∇ ⋅ ∂γ (ϕ;∇ϕ)

∂∇ϕ
) = 0, in Ω, (15)

Gc
∂γ (ϕ;∇ϕ)

∂∇ϕ
⋅ n = 0, on ∂Ω. (16)

where the plus/minus sign in the superscript indicates the positive/negative part of the specific quantity. This
decomposition is necessary as it ensures physical behaviour, i.e., prevents the formation and propagation
of cracks under compression, and needs to be performed for the material stiffness tensor C as well.
Different techniques exist for this purpose. Most notably spectral decomposition [50], volumetric-deviatoric
decomposition [69], no-tension decomposition [70] and directional stress decomposition [71].

In most cases, as it is in the presented work, the degradation function is represented using a second-
order polynomial, i.e., g (ϕ) = (1 − ϕ)2. Similarly, the crack surface density function γ can also be expressed
in different ways [1]. Herein, it is defined following [50]

γ (ϕ,∇ϕ) = 1
2
( 1

l
ϕ2 + l∇ϕ ⋅ ∇ϕ) , (17)

where l defines a length-scale parameter—a scalar value which controls the width of the diffusive layer. When
l → 0, a discrete crack surface Γ is recovered.

The PF method has experienced great success in modelling material damage and fracture in both
brittle [55,58,59,72,73] and ductile materials [52,53,58,74]. In the former, the total strain energy density ψ is
influenced only by the elastic small strain tensor εe, ensuring simple formulation of the body’s bulk energy Πb

Πb = ∫
Ω
[g (ϕ)ψ+e (εe) + ψ−e (εe)] dΩ, (18)

while in the latter the total strain energy density ψ, as well as total small strain tensor ε, can be additively
decomposed into plastic and elastic part. Because of that, the PF ductile formulation branches into two
different approaches. In the first approach, the plastic part of the body’s bulk energy is not affected by the PF
crack growth

Πb = ∫
Ω
[g (ϕ)ψ+e (εe) + ψ−e (εe) + ψp (εp)] dΩ, (19)

while in the second, which is used in this work, both elastic and plastic parts of the body’s bulk energy are
affected by the PF crack growth

Πb = ∫
Ω
[g (ϕ)ψ+e (εe) + ψ−e (εe)] dΩ + ∫

Ω
gp (ϕ)ψp (εp) dΩ, (20)
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where gp stands for plastic degradation function which is also defined through a second-order polynomial
as the standard degradation function g. For more details on different PF ductile fracture implementations,
see Alessi et al. [75].

In terms of numerical implementation, the PF method offers a straightforward coupling with the finite
element method since along the displacement field u, the PF variable ϕ becomes another quantity that is
represented with the help of shape functions Ni and nodal values in each node i.

Obtaining the solution of the matrix system of equations can be achieved using either monolithic or
staggered approach. In the monolithic approach, the system of equations is fully coupled, i.e., the values of
the global displacement vector V and the global PF vector Φ are obtained simultaneously—in one iteration.
However, due to a non-convex total free energy function Π, monolithic solvers can exhibit significant
convergence issues, especially during the process of crack propagation. In contrast, a staggered scheme is
characterised by a decoupled system of equations where solution vectors are obtained separately. The global
displacement vector V in the iteration i + 1 of the increment n is obtained as

Vi+1
n = Vi

n −KV V ⋅RV , (21)

while for the PF part of the simulation the following is true

Φi+1
n = Φi

n −KΦΦ ⋅RΦ . (22)

Global stiffness matrices KV V and KΦΦ, as well as the global residual vectors RV and RΦ are obtained
from their local counterparts which are defined through

rv = ∫
Ω

g (ϕ)BT
v σ dΩ − ∫

Ω
NT

v b dΩ − ∫
∂Ω

NT
v h d∂Ω, (23)

rϕ = ∫
Ω
[NT

ϕ (H (t)
dg (ϕ)

dϕ
+ Gc

l
ϕ) +Gc l BT

ϕ Bϕ ϕ]dΩ, (24)

kvv =
∂rv

∂v
= ∫

Ω
g (ϕ)BT

v C Bv dΩ, (25)

kϕ ϕ =
∂rϕ

∂ϕ
= ∫

Ω
[Gc l BT

ϕ Bϕ +NT
ϕ Nϕ (

Gc

l
+H (t) d2 g (ϕ)

dϕ2 )]dΩ. (26)

with H (t) being the strain energy density history field defined as

H (t) = max
τ∈[0,t]

[ψ+e (εe , t) + ψp (εp, t)] , (27)

and N and B defining matrices of shape functions and shape functions derivatives, respectively.
The stability and robustness that come with staggered schemes are a significant advantage. This is

especially important when damage in heterogeneous materials is in question. Although numerous staggered
PF implementations exist, this work utilises the procedure proposed by Lesičar et al. [52]. For more details
on monolithic and staggered schemes, see [76].

4 Multiscale Modelling of Damage and Fracture

4.1 Proposed Procedure
The proposed multiscale procedure for modelling damage and fracture in both brittle and ductile

heterogeneous materials represents a synergy of the SCA and PF fracture formulation into one algorithm
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that combines the best features of the two methods. In it, the SCA and PF method each serve specific roles.
The function of the SCA at the microlevel is to:

• ensure computational efficiency by performing fast and accurate calculation of the RVE boundary
value problem,

• link two scales by performing first-order computational homogenization of the Cauchy stress tensor,
material stiffness tensor, and strain energy density,

• provide a straightforward extension to any type of constitutive law for a given material phase.

In contrast, the PF algorithm, which is present at the macrolevel, needs to:

• cure pathological mesh dependence of the final results,
• enable efficient and robust calculation of the macroscopic fracture processes,
• provide additional stability and ensure objectivity by being present at the macrolevel instead of

the microlevel.

It is important to note that the proposed procedure requires both Gc and l to be known a priori, since
the calculation of damage is performed exclusively at the macrolevel. Because of that, Gc as well as l are
treated as the macroscopic properties of the heterogeneous material and, from now on, will be designated as
Gc and l .

Although it operates under the assumption of small strains, the nature of the developed framework
allows for the extension to model fracture at finite strains. The PF algorithm, as well as the SCA, represent
flexible procedures which are not bound only to small strains configuration. Not only that, but the Lippmann-
Schwinger equation, which is the basis of the SCA, is applicable to any physical problem that can be defined
by elliptic partial differential equations. This includes problems of thermal conduction, electrical conduction,
electromagnetism and many others. Ultimately, this opens up the possibility of tackling multiphysics
problems, where fracture is influenced by multiple fields [77].

4.2 Methodology
Having described the main characteristics and aspects, the algorithmic implementation of the concur-

rent procedure is given in the Box 1, but also more vividly represented through Fig. 3.
Box 1: Concurrent multiscale damage algorithm for the increment n.

1. Start increment n: with new iteration i: i = i + 1.
2. For increment n and iteration i go to first layer of elements: Displacement equation.

(a) Increase current element number e: e = e + 1.
(b) Set integration point counter j to zero: j = 0.
(c) For element e obtain local displacement vector v.

i. Increase current integration point number j: j = j + 1.
ii. For integration point j calculate macroscopic strain ε: ε = Bv v.

iii. Send ε to microscale.
iv. call the SCA—solve the RVE boundary value problem.
v. obtain macroscopic values of the Cauchy stress tensor σ , stiffness tensor C, strain

energy density ψ, elastic part of the strain energy density ψe and plastic part of the
strain energy density ψp.

vi. Perform spectral or volumetric-deviatoric split if needed.
vii. Store macroscopic values that will be needed in phase-field analysis.
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viii. If j equal to the total number of integration points: go to 2 (a).
(d) If e equal to the total number of elements: go to 3.

3. Calculate new value of global displacement vector Vi+1
n :

Vi+1
n = Vi

n −KV V (Φi
n , Vi

n)RV (Φi
n , Vi

n).
4. For increment n and iteration i go to second layer of elements: Phase-field equation.
5. Calculate new value of global phase-field vector Φi+1

n :
Φi+1

n = Φi
n −Kϕ ϕ (Φi

n , Vi+1
n )RΦ (Φi

n , Vi+1
n ).

6. Check the stopping criterion: ∣∣Φ
i+1
n ∣∣ − ∣∣Φi

n ∣∣
∣∣Φi

n ∣∣
≤ ε. If not met: go to 1.

F

SCA

F

Figure 3: Proposed multiscale procedure algorithm.

As can be seen from Box 1 and Fig. 3, the whole procedure requires two layers of finite elements. The
first layer (also the starting layer) allows for the calculation of the displacement vector in each finite element,
while the second layer performs PF analysis and therefore stores the value of the PF variable in each element.

Macroscopic values of the Cauchy stress tensor σ and the material stiffness tensor C are obtained
directly from the SCA, which is present at the microlevel. These values are necessary for the first layer of
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elements, as the displacement finite element analysis requires the formation of the displacement stiffness
matrix, using Eq. (25), and the displacement internal force vector, using Eq. (23), at each integration point
of each element. Alongside macroscopic material stiffness tensor C, Eq. (25) also requires the information
on the phase-field variable ϕ itself, which is the product of the analysis at the second layer of elements.
However, at the beginning of every analysis, for each finite element, ϕ is equal to zero. This gives the value
of 1 for the degradation function g and therefore ensures intact (virgin) material at the beginning of the
simulation. Alongside macroscopic Cauchy stress tensor and macroscopic material stiffness tensor, the SCA
also calculates macroscopic values of the total strain energy density ψ as well as its elastic ψe but also plastic
ψp part. These values are not used in the first layer of elements as they are sent to the second layer of elements,
since they are required by the PF analysis.

In contrast to the total number of five output variables, the SCA requires only one input variable, more
precisely the macroscopic small strain tensor ε or the macroscopic Cauchy stress tensor σ . In one iteration,
the SCA needs to be called e ⋅ j times, where e represents the total number of finite elements, while j stands
for the total number of integration points in the finite element.

In the second layer of elements, the PF fracture formulation algorithm relies on the macroscopic values
of the total strain energy density, plastic strain energy density and elastic strain energy density to formulate
the PF stiffness matrix, defined by Eq. (26), and the PF internal force vector which is calculated using Eq. (24).
To be more precise, formation of both PF stiffness matrix as well as PF internal force vectors is performed
using strain energy density history field H defined by Eq. (27). Definition of strain energy density history
field H stems directly from the description of the body’s bulk energy Πb in Eq. (20), ensuring participation
of only positive part of the elastic strain energy density as well as thte total plastic strain energy density;
however, only if the material exhibits elastoplastic behaviour. When the body is loaded fully by tension, no
energy decomposition is needed. In that case, the total strain energy density is enough to determine the strain
energy density history field. However, in the case of complex loading, strain energy density decomposition
is needed, and is performed only on the elastic part. Recall that the values of the macroscopic length scale
parameter l as well as the critical value of the energy release rate Gc are prescribed in advance and are used in
each integration point of each element through Eqs. (24) and (26). After the formation of the global system,
the global phase-field vector Φn in the current increment n is obtained. Its values are then used in the first
layer of elements for the calculation of the degradation function g, which participates in the formation of the
displacement stiffness matrix.

The described procedure is performed iteratively between the two layers until the equilibrium in both
layers is achieved. The number of required iterations is primarily driven by the level of degradation the
heterogeneous material has sustained. This is particularly true in the case of rapid crack propagation in
brittle fracture, where the total number of iterations often climbs above 1000 and therefore leads to long
computational time. Utilisation of the line search algorithm [78] or the Broyden–Fletcher–Goldfarb–Shanno
(BFGS) Quasi-Newton method [79] can improve convergence and therefore lead to the need for fewer
iterations. Since the presented framework is based on a staggered PF scheme [52], utilisation of the BFGS
method does not represent a sensible choice as it is primarily used in a monolithic PF scheme [79]. A
line search assisted algorithm, on the other hand, is integrated into the presented framework, improving
convergence and adding an additional layer of numerical stability. For more information on the convergence
of the phase-field method, see [52,77,79].

The described concurrent framework ensures a high level of computational efficiency by utilising SCA
at the microlevel, prevents numerical instability by removing calculation of damage from the microlevel
and prevents pathological mesh dependence at the macrolevel by employing a non-local continuum damage
model, i.e., PF. However, these improvements do not come free of charge. Since the framework intentionally
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avoids numerical analysis of damage and fracture at the microlevel, information on micro crack initiation and
propagation, as well as void coalescence, is not present in any form. Moreover, the macroscopic value of the
length-scale parameter l as well as the macroscopic value of the critical energy release rate Gc needs to reflect
the overall behaviour of the microstructure in question, and must be calculated from the information of the
length-scale parameter and the critical value of energy release rate of each microconstituent. The accurate
and effective determination of both l and Gc does not represent a trivial task. Therefore, this study does not
attempt to compute these quantities and instead adopts prescribed values for them.

Although the k-means clustering and the formation of interaction tensor D
I J are performed in the

commercial software Matlab [80], the finite element procedure described above is fully implemented in the
commercial finite element software Abaqus [81] with the help of user subroutines.

5 Numerical Examples

5.1 Test Setup
The performance of the implemented concurrent approach is assessed using two different 2D and 3D

microstructures, which are depicted in Fig. 4, and four different geometrical specimens, which are shown
in Fig. 5. The microstructures in question are a 2D unit cell, a 3D unit sphere, a complex 2D RVE and a
complex 3D RVE. The geometry of both 2D and 3D complex microstructures is coming directly from the
statistical analysis of the experimental metallography of nodular cast iron that was produced by the Tundish
method of casting, as explained in [82]. All four samples consist of two material phases-matrix and inclusion.
The volume fraction of a single inclusion is 12.5%, for a 2D unit cell, i.e., 11.3% for a 3D unit sphere. In contrast,
the volume fraction of elliptical inclusions in 2D and 3D complex RVEs are 7.6% and 3.5%, respectively. For
simplicity, the dimension of an edge in both 2D unit cell and 3D unit sphere is 1 millimetre, while the edge
length in the case of a complex 2D RVE is equal to 0.5 millimetres, i.e., 0.2 millimetres for the case of a
complex 3D RVE.

(a) (b)

(c) (d)

Figure 4: Microstructural samples: (a) 2D unit cell geometry; (b) 3D unit sphere geometry; (c) Complex 2D RVE;
(d) Complex 3D RVE.
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Figure 5: Test specimens: (a) Single-edge notched plate-pure tension loading; (b) Single-edge notched plate-pure shear
loading; (c) Double-notched specimen; (d) Sandia fracture challenge specimen.

On the other hand, test specimens in Fig. 5 represent frequently used samples for numerical evaluation
of fracture algorithms, with all dimensions being given in millimetres. Notice that for all four samples, only
displacement-type boundary conditions are applied, implying the presence of only macro-strain constraints
in the calculation of the RVE boundary value problem. Last but not least, when three-dimensional analysis
is in question, the thickness of the three samples is 0.1 millimetres for the single-edge notched plate [50],
10 millimetres for the double-notched specimen [17] and 2 millimetres for the Sandia fracture challenge
specimen [53].

With the definition of all test microstructures and all test specimens, the testing procedure can now be
specified. It consists of two stages, and in each stage, both brittle and ductile fracture (with the assumption
of small strains) are considered.

The first or initial stage of testing will focus on the proposed algorithm’s accuracy and computational
efficiency. This part of numerical testing includes analysis of a 2D unit cell and a 3D unit sphere (for both
brittle and ductile fracture) with two different material configurations. The first material configuration essen-
tially forms a homogeneous material, as both the matrix and one inclusion possess equivalent mechanical
properties. The aim is to show that both SCA and DNS (performed with homogeneous material properties)
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will give almost identical results since no material heterogeneity exists. The second material configuration
downgrades, by 5%, some mechanical properties of the inclusion. Now, the goal is to demonstrate that
there will be a difference in force-displacement response, as the material heterogeneity is present in the
microstructure. The mechanical properties chosen for the first, i.e., second material configuration are given
in Table 1.

Table 1: Mechanical properties for the initial stage of testing.

Material Configuration First Second

Material Phases Matrix Inclusion Matrix Inclusion
E, GPa 200 200 200 190

ν 0.3 0.3 0.3 0.3
σ 0

y , MPa 200 200 200 190
k, MPa 200 200 200 200

r 0.2 0.2 0.2 0.2

As can be seen from Table 1, in the second material configuration both modules of elasticity E and initial
yield strength σ 0

y of the inclusion are degraded by 5%, while the Poisson ratio ν and two material parameters
of the Swift’s non-linear isotropic hardening law σy = σ 0

y (1 + kεp
eq)

r are identical in both configurations. It
is important to clarify that in the case of brittle fracture, both matrix and inclusion are treated as linearly
elastic material, in contrast to ductile fracture, where both material phases are described using the von Mises
plasticity model.

Complex RVEs depicted by Fig. 4 will serve to evaluate the robustness and stability of the proposed
concurrent procedure, which is the subject of the second stage of testing. Random geometrical configuration
of inclusions will produce a highly nonuniform distribution of stress and strain fields, thus ensuring
an appropriate level of complexity. As was the case in the first stage of testing, both brittle and ductile
fracture (assuming small strains) is considered; however, inclusions (in all analyses) are treated as linearly
elastic material. Mechanical properties of the elastoplastic matrix correspond to those from [1], and their
values are

E = 228.9 GPa, ν = 0.282, σ 0
y = 246.67 MPa, k = 117.95, r = 0.208, (28)

while the mechanical behaviour of inclusions is modelled by means of material properties of isotropic
graphite [83]

E = 25.5 GPa, ν = 0.312. (29)

In addition to multiscale phase-field analysis, the second stage also includes DNS analysis using
homogeneous properties of the complex RVE. Homogeneous properties of the microstructures shown
in Fig. 4b,d can be obtained by running a simple concurrent multiscale analysis using one linear macroscopic
finite element with four (in 2D) and eight (in 3D) nodes. The element needs to be subjected to a uniaxial
tension to ensure a homogeneous state of the macroscopic stress and strain tensor, while the total mechanical
response of the element is governed by the analysis and homogenization of the complex RVE boundary value
problem. From the obtained macro stress-strain curve it is possible to calculate the macro values of: modulus
of elasticity E, Poisson ratio ν, initial yield strength σ 0

y , Swift’s law parameter k and Swift’s law parameter r.
For the 2D complex RVE depicted in Fig. 4b the homogeneous properties are
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E = 195.1 GPa, ν = 0.2815, σ 0
y = 248.9 MPa, k = 44.7468 MPa, r = 0.48836, (30)

while for the 3D complex RVE depicted by Fig. 4d the homogeneous properties are equal to

E = 216 GPa, ν = 0.28, σ 0
y = 252.8 MPa, k = 51.3573 MPa, r = 0.3865. (31)

It is also necessary to define phase-field fracture parameters, namely the length-scale parameter l and
the critical value of the energy release rate (critical Griffith force) Gc. Recall from Section 4.2 that the value
of both length-scale parameter l and the critical Griffith force Gc need to be defined a priori, i.e., they are
not the product of the analysis at the microlevel. As well as the values given in Table 1, values of both l and
Gc have a direct impact on the overall mechanical behaviour and cannot be chosen randomly.

For the case of brittle fracture in the first stage of testing, the critical value of Griffith force is taken
to be 2.7 N/mm, while its value in the problems of ductile fracture is equal to 29.7 N/mm. The value of
2.7 N/mm is present in many contributions where analysis of PF fracture in brittle or quasi-brittle materials
is considered [50–52,59]. On the other hand, 29.7 N/mm simply represents an increase of 11 times from
2.7 N/mm, as ductile materials have significantly higher values of critical energy release rate. For the case of
a complex RVE, the values of critical Griffith force for brittle and ductile fracture are 1.2957 N/mm [84], i.e.,
86.0 N/mm [82], respectively. The former represents a value of Gc for a high-carbon martensitic steel, while
the latter is the value of Gc of the nodular cast iron. The defined values are fixed and are not (in any way)
dependent on the type of geometrical specimen.

In contrast to Gc, l represents both material and geometrical property as it relates to the type of material
but also the dimensions of the domain which is being analysed. Decreasing the value of this parameter leads
to improved approximation of the discrete crack; however, it also results in the need for a fine element mesh in
the region of crack initiation and propagation [50,51]. An increase in the overall number of finite elements at
the macrolevel undoubtedly increases the computational complexity of the concurrent multiscale approach.
From their own experience, authors have observed that the value of l should be about 50 to 100 times smaller
than the characteristic dimension of the body. This interval provides correct physical behaviour but also
ensures an acceptable level of computational complexity.

Last but not least, a “quick check” before the multiscale concurrent analysis is performed in order
to compare SCA and DNS (which is conducted using FEM) for all four microstructural samples. Tests
are carried out under two different macro-strain constraints—pure shear and pure hydrostatic loading,
since these constraints represent a problematic type of macroscopic constraints for the SCA. The material
properties of a 2D unit cell, as well as the 3D unit sphere, match those from the second material configuration
presented in Table 1, while their values in the case of complex RVEs are given by Eqs. (28) and (29). Results
of the k-means clustering analysis are depicted in Figs. 6–9, while diagrams of macroscopic stress-strain
relations can be seen in Figs. 10–13.

(a) (b) (c)

Figure 6: Results of the k-means clustering for a 2D unit cell: (a) k = 8; (b) k = 16; (c) k = 32.
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(a) (b) (c)

Figure 7: Results of the k-means clustering for a 3D unit sphere: (a) k = 6; (b) k = 12; (c) k = 24.

(a) (b) (c)

Figure 8: Results of the k-means clustering for a complex 2D RVE: (a) k = 8; (b) k = 16; (c) k = 32.

(a) (b) (c)

Figure 9: Results of the k-means clustering for a complex 3D RVE: (a) k = 6; (b) k = 12; (c) k = 24.
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Figure 10: Comparison of the macroscopic results for a 2D unit cell: (a) Hydrostatic loading; (b) Shear loading.
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Figure 11: Comparison of the macroscopic results for a 3D unit sphere: (a) Hydrostatic loading; (b) Shear loading.
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Figure 12: Comparison of the macroscopic results for a complex 2D RVE: (a) Hydrostatic loading; (b) Shear loading.
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Figure 13: Comparison of the macroscopic results for a complex 3D RVE: (a) Hydrostatic loading; (b) Shear loading.

Cluster decompositions provided by Figs. 6–9 show that each microstructural sample is decomposed
with three different cluster discretisations, each being two times finer than the previous one. The starting
number of material clusters for a 2D unit cell and the 2D complex RVE is 8, while 6 represents the initial



Comput Model Eng Sci. 2026;148(3):7 19

discretisation for a 3D unit sphere, i.e., the 3D complex RVE. The choice of the number of material clusters k
does not follow a strict rule, as it is problem-dependent and heavily based on experience. From the authors’
experience, k = 8 (for 2D) and k = 6 (for 3D) have proven to be appropriate starting points, while the increase
by a factor of 2 represents a sensible choice since k−means clustering reduces the error by 50% each time the
number of clusters increases fourfold.

Due to a simple geometry and similar mechanical properties, SCA is able to predict macroscopic
response of the 2D unit cell, as well as the 3D unit sphere, with pinpoint accuracy for both hydrostatic and
pure shear type of macroscopic constraints. This, unfortunately, is not possible for the case of a complex
microstructures, as can be seen from Figs. 12 and 13. However, even with 8 material clusters, SCA is able to
achieve satisfactory results, with the maximum error of “only” 6.5 % for the case of hydrostatic loading of a
complex 2D RVE.

For the first stage of testing, decompositions with 8 (for a 2D unit cell) and 6 (for a 3D unit sphere)
material clusters are used, while for the second stage of testing, decompositions with 8, i.e., 16 material clusters
(for a complex 2D RVE) and 6, i.e., 12 material clusters (for a complex 3D RVE) are present. In both the first
and the second stage, every analysis was executed using a single thread of an Intel Xeon E5-1620 (version 2)
processor, which ensures an objective comparison of the CPU time needed to complete the analysis. All
simulations are performed with a fixed increment size and using a projection-based scheme algorithm
for the update of the reference material stiffness tensor C

0. The projection-based scheme represents a
more stable approach for finding the optimal values of Lamé parameters that form the stiffness of the
reference homogeneous material. Moreover, the overall computational efficiency of the SCA is higher when
a projection-based scheme is used instead of a regression-based scheme [1]. In addition to the actual CPU
times, which were taken directly from the analysis, the first stage of testing also provides an approximated
CPU time for an FE2 approach. This approximation is the result of using the average value of the SCA
acceleration in contrast to DNS, and assumes that the DNS calculation of the RVE boundary value problem
is performed on the 100 × 100 pixel grid using fully integrated linear quadrilateral plane strain elements in
2D, and 40 × 40 × 40 voxel grid using fully integrated linear hexahedral elements in 3D, and of course using
one thread of the same Intel processor.

5.2 First Stage of Testing
This subsection includes results obtained by the DNS (with homogeneous material properties), the

proposed concurrent approach with the first material configuration for the unit cell (“MS1”) and the proposed
concurrent approach with the second material configuration for the unit cell (“MS2”). Each analysis includes
the force-displacement diagram, alongside its zoomed-in view and images depicting the crack-phase field for
both DNS and MS2 simulations. In addition to figures, each result is accompanied by a table of CPU time for
all three analyses. Recall that one of the goals of this testing is to determine the computational efficiency of
the proposed concurrent approach; therefore, comparing CPU times is not optional but mandatory. Results
from the first six analyses are related to the brittle fracture, while the ductile fracture is present in the next four
analyses. For every analysis, the total number of finite elements in the finite element mesh at the macroscale
are given. The finite element mesh is always finer near the area of crack propagation, and following [50],
the size of the finite element is at least two times smaller than the value of the macroscopic length-scale
parameter l .

The first specimen to be tested is the 2D single-edge notched plate depicted in Fig. 5a. The model
is discretised by 12,122 fully integrated linear quadrilateral plane strain elements. The chosen length-scale
parameter is equal to 0.01 mm. The analysis is performed in 100 increments using no energy split. The results
are presented in Fig. 14, and corresponding computational times are displayed in Table 2.
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Figure 14: A 2D single-edge notched plate—pure tension loading: (a) Force-displacement curves; (b) Zoomed-in view;
(c) Crack topology—DNS; (d) Crack topology—MS2.

Table 2: Comparisons of the computational time for a 2D single-edge notched plate—pure tension loading.

Analysis DNS MS1 MS2 FE2

CPU time, h 0.946 4.684 5.018 ∼700

A 2D single-edge notched plate is also present in the second example, although this time it is loaded
by pure shear Fig. 5b. The model is discretised by 28,447 fully integrated linear quadrilateral plane strain
elements. The chosen length-scale parameter is equal to 0.01 mm, and the analysis is performed using a
volumetric-deviatoric energy split. The results are presented in Fig. 15, and corresponding computational
times are displayed in Table 3.

The third example is identical to the previous one, with the only difference being the utilisation of a
spectral energy decomposition. Results, which again include force-displacement diagrams, crack topologies
and CPU times, are visible in Fig. 16 and Table 4.
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Figure 15: A 2D single-edge notched plate—pure shear loading (volumetric-deviatoric decomposition): (a) Force-
displacement curves; (b) Zoomed-in view; (c) Crack topology—DNS; (d) Crack topology—MS2.

Table 3: Comparisons of the computational time for a 2D single-edge notched plate—pure shear loading (volumetric-
deviatoric decomposition).

Analysis DNS MS1 MS2 FE2

CPU time, h 14.435 36.882 39.112 ~5000
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Figure 16: (Continued)
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(c) (d)

Figure 16: A 2D single-edge notched plate—pure shear loading (spectral decomposition): (a) Force-displacement
curves; (b) Zoomed-in view; (c) Crack topology—DNS; (d) Crack topology—MS2.

Table 4: Comparisons of the computational time for a 2D single-edge notched plate—pure shear loading (spectral
decomposition).

Analysis DNS MS1 MS2 FE2

CPU time, h 6.581 18.952 20.102 ~2500

The next example represents an extension of the first, i.e., a three-dimensional single-notched plate also
loaded by tension. The model is discretised by 13,680 fully integrated linear hexahedral elements. The chosen
length-scale parameter is equal to 0.01 mm. The analysis is performed in 100 increments using no energy
split. The results are presented in Fig. 17, and corresponding computational times are displayed in Table 5.

Table 5: Comparisons of the computational time for a 3D single-edge notched plate.

Analysis DNS MS1 MS2 FE2

CPU time, h 3.975 16.458 17.632 ~55,000

(a) (b)

Figure 17: (Continued)
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(c) (d)

Figure 17: A 3D single-edge notched plate: (a) Force-displacement curves; (b) Zoomed-in view; (c) Crack topology—
DNS; (d) Crack topology—MS2.

A 2D double-notched specimen Fig. 5c is next in line. The model is discretised by 22,127 fully integrated
linear quadrilateral plane strain elements. The chosen length-scale parameter is equal to 0.3 mm. The analysis
is performed in 100 increments using no energy split. The results are presented in Fig. 18, and corresponding
computational times are displayed in Table 6.

0 0.01 0.02 0.03 0.04
U , mm

0

2

4

6

F
,k

N

DNS

MS1

MS2

2

2

0.03 0.034
U , mm

5.2

5.5

F

2

2,
kN

DNS
MS1
MS2

(a) (b)

(c) (d)

Figure 18: A 2D double-notched specimen (brittle fracture): (a) Force-displacement curves; (b) Zoomed-in view;
(c) Crack topology—DNS; (d) Crack topology—MS2.
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Table 6: Comparisons of the computational time for a 2D double-notched specimen (brittle fracture).

Analysis DNS MS1 MS2 FE2

CPU time, h 2.694 7.275 7.551 ~1000

The results for the 3D double-notched specimen are depicted by Fig. 19 and Table 7. The model is
discretised by 31,389 fully integrated linear hexahedral elements. The chosen length-scale parameter is equal
to 0.3 mm. The analysis is performed in 100 increments using no energy split.
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Figure 19: A 3D double-notched specimen (brittle fracture): (a) Force-displacement curves; (b) Zoomed-in view;
(c) Crack topology—DNS; (d) Crack topology—MS2.

Table 7: Comparisons of the computational time for a 3D double-notched specimen (brittle fracture).

Analysis DNS MS1 MS2 FE2

CPU time, h 19.969 39.236 42.632 ~132,000

As in the case of brittle fracture, a 2D double-notched specimen Fig. 5c is also present in ductile fracture
analysis. The model is discretised by 16,988 fully integrated linear quadrilateral plane strain elements. The
chosen length-scale parameter is equal to 0.6 mm. The analysis is performed in 200 increments using no
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energy split. The results are presented in Fig. 20, and corresponding computational times are displayed
in Table 8.
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Figure 20: A 2D double-notched specimen (ductile fracture): (a) Force-displacement curves; (b) Zoomed-in view;
(c) Crack topology—DNS; (d) Crack topology—MS2.

Table 8: Comparisons of the computational time for a 2D double-notched specimen (ductile fracture).

Analysis DNS MS1 MS2 FE2

CPU time, h 1.357 5.535 9.961 ~800

The results for the 3D double-notched specimen (in the case of ductile fracture) are shown by Fig. 21
and Table 9. The model is discretised by 20,757 fully integrated linear hexahedral elements. The chosen
length-scale parameter is equal to 0.6 mm. The analysis is performed in 200 increments using no energy split.
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(a) (b)

(c) (d)

Figure 21: A 3D double-notched specimen (ductile fracture): (a) Force-displacement curves; (b) Zoomed-in view;
(c) Crack topology—DNS; (d) Crack topology—MS2.

Table 9: Comparisons of the computational time for a 3D double-notched specimen (ductile fracture).

Analysis DNS MS1 MS2 FE2

CPU time, h 4.354 18.7584 24.014 ~62,000

A 2D Sandia fracture challenge specimen Fig. 5d is the last example in 2D plane strain ductile fracture
tests. The model is discretised by 18,589 fully integrated linear quadrilateral plane strain elements. The chosen
length-scale parameter is equal to 0.4 mm. The analysis is performed in 200 increments using volumetric-
deviatoric energy split. The results are presented in Fig. 22, and corresponding computational times are
displayed in Table 10.
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(a) (b)

(c) (d)

Figure 22: A 2D Sandia fracture challenge specimen: (a) Force-displacement curves; (b) Zoomed-in view; (c) Crack
topology—DNS; (d) Crack topology—MS2.

Table 10: Comparisons of the computational time for a 2D Sandia fracture challenge specimen.

Analysis DNS MS1 MS2 FE2

CPU time, h 1.513 8.708 23.647 ~1200

The first stage of testing is concluded with the 3D Sandia fracture challenge specimen. The model is
discretised by 35,241 fully integrated linear hexahedral elements. The chosen length-scale parameter is equal
to 0.4 mm. The analysis is performed in 200 increments using volumetric-deviatoric energy split. The results
are presented in Fig. 23, and corresponding computational times are displayed in Table 11.
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Figure 23: A 3D Sandia fracture challenge specimen: (a) Force-displacement curves; (b) Zoomed-in view; (c) Crack
topology—DNS; (d) Crack topology—MS2.

Table 11: Comparisons of the computational time for a 3D Sandia fracture challenge specimen.

Analysis DNS MS1 MS2 FE2

CPU time, h 8.005 37.003 85.322 ~122,000

From the figures and tables displayed in the previous few pages, it can be concluded that the proposed
concurrent procedure is able to describe fracture in both brittle and ductile materials in an accurate and
computationally efficient way. Force-displacement diagrams and their zoomed-in views show that there
exists almost no difference between DNS analysis (performed using homogeneous material properties)
and the developed concurrent approach performed with the material properties defined by the first
material configuration.

On the other hand, when the module of elasticity E, i.e., initial yield strength σ 0
y (of the inclusion) is

degraded by 5%, the developed concurrent procedure gives slightly different results, as expected. All zoomed-
in views show that the value of peak force is always the lowest for the heterogeneous microstructure (MS2),
which is particularly noticeable when fracture in ductile heterogeneous material is in question. This result
is important, as it validates the accuracy and provides proof that the proposed concurrent approach gives
correct results.
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Figures that depict the crack topology for both DNS and MS2 are also in excellent agreement. Crack
paths are more than similar, which is again an important result as it provides additional confirmation of
the validity of the developed concurrent procedure. Interestingly, the crack topology figures show that the
concurrent approach produces a more localised distribution of the crack phase-field parameter ϕ in contrast
to the DNS approach.

In addition to being accurate and physically correct, the tables displaying computational time show
that the proposed procedure is also computationally efficient. When compared to DNS, the time needed to
complete analysis using the developed concurrent procedure is higher for all geometrical specimens. This is
not unexpected, as now each integration point represents a separate boundary value problem that needs to be
resolved in each iteration of each increment. If the concurrent procedure were to be executed entirely using
DNS, i.e., FEM, the computational time would increase by several orders of magnitude. Moreover, the tables
displaying computational time also show that the ratio between the computational time of MS1 and DNS
(MS1/DNS) is always less than the total number of material clusters (for a given analysis). However, when
MS2 is in question, this ratio (MS2/DNS) always sits on a higher value, as now a certain level of heterogeneity
is present at the microlevel, thus introducing more nonlinearity. This increase is particularly pronounced
when fracture in ductile heterogeneous materials is in question. The reason for that primarily lies in the
lower level of computational efficiency of the SCA algorithm which needs to perform more return-mapping
iterations to achieve equilibrium when a heterogeneous 2D unit cell, i.e., 3D unit sphere is in question. The
mentioned ratios are shown in Table 12.

Table 12: Computational time ratios for different analyses.

Analysis Number of Clusters MS1/DNS MS2/DNS
2D single-edge notched plate (pure tension loading) 8 4.951 5.304

2D single-edge notched plate (pure shear loading;
volumetric-deviatoric decomposition) 8 2.555 2.709

2D single-edge notched plate (pure shear loading;
spectral decomposition) 8 2.881 3.055

3D single-edge notched plate 6 4.141 4.436

2D double-notched specimen (brittle fracture) 8 2.701 2.803

3D double-notched specimen (brittle fracture) 6 1.965 2.135

2D double-notched specimen (ductile fracture) 8 4.079 7.341

3D double-notched specimen (ductile fracture) 6 4.308 5.515

2D Sandia fracture challenge specimen 8 5.755 15.629

3D Sandia fracture challenge specimen 6 4.623 10.659

5.3 Second Stage of Testing
This subsection holds the results of the second stage of testing, which includes three types of analysis. In

addition to concurrent multiscale analysis with 8 and 16 (in 2D), i.e., 6 and 12 (in 3D) material clusters, a third
analysis using only DNS is also conducted. Concurrent multiscale analyses are performed with the properties
given in Eqs. (28) and (29), while the homogeneous type analyses rely on the homogeneous properties listed
in Eq. (30), i.e., Eq. (31). The value of critical Griffith force Gc at the macrolevel is 1.2957 N/mm (for brittle
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fracture) and 86.0 N/mm (for ductile fracture). Unlike the first stage, which was done on all geometrical
specimens, this stage of testing includes brittle and ductile fracture analyses only on the 2D and 3D double-
notched specimen depictted by Fig. 5c. Moreover, computational times are also excluded, as they are not the
subject of the second stage of testing. The value of the length-scale parameter l at the macrolevel is identical to
that used in the first stage of testing. It is equal to 0.3 and 0.6 mm for brittle and ductile fracture, respectively.

As evident from Fig. 24, both DNS and the proposed concurrent approach provide identical results in
terms of force-displacement relationship in the pre-fracture regime. However, a noticeable difference appears
in the post-fracture regime. To be more precise, after the peak force is reached, results obtained using DNS
(with homogeneous material properties) depict an abrupt loss in material stiffness. This is not the case in
the concurrent multiscale approach, where material degradation follows a more gradual path. In terms of
crack topologies, both approaches give qualitatively the same crack paths; however, Fig. 24c shows a more
irregular crack trajectory as material heterogeneity is now fully present in the analysis.

(a)

(b) (c)

Figure 24: A 2D double-notched specimen (brittle fracture): (a) Force-displacement curves; (b) Crack topology—
DNS; (c) Crack topology—k = 16.

What was stated about the 2D double-notched specimen in the case of brittle fracture applies to its 3D
counterpart. Fig. 25a shows (again) almost identical results of the analysis performed with homogeneous
material properties and the fully concurrent procedure for the region before crack initiation and propagation.
However, in contrast to a 2D double-notched specimen, a 3D double-notched specimen exhibits a more
pronounced loss of material stiffness when analysis is performed using SCA at the microlevel. This can be
attributed to the lower value of the inclusion volume fraction, which is approximately twice the value of
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the inclusion volume fraction in the 2D case. In terms of crack topologies, which are depicted in Fig. 25b,c,
the concurrent approach again produces a more irregular crack path than the homogeneous approach,
as expected.
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Figure 25: A 3D double-notched specimen (brittle fracture): (a) Force-displacement curves; (b) Crack topology—DNS;
(c) Crack topology—k = 12.

From Fig. 26a it is clear that the same trend in the force-displacement relationship before the peak force
is reached is present once more. However, herein, there is a significant difference between the peak force
obtained by DNS and the multiscale concurrent approach. To be more precise, the peak force obtained by
DNS analysis sits at a 18.6% higher value. From Fig. 26a it is also visible that the rate of material degradation is
noticeably higher in the case of concurrent multiscale analysis. The main factor that influences this behaviour
is the value of the macroscopic initial yield strength σ 0

y , which in the case of homogeneous material is
determined as the value of homogenised von Mises stress at the homogenised equivalent plastic strain of
0.2%. This means that the homogeneous material enters the elastoplastic region only when von Mises stress
exceeds the value of 248.9 MPa, while for the heterogeneous material, that transition will happen at the
lower values of the macroscopic von Mises stress. Similarly to brittle fracture, the crack topologies in ductile
fracture are again in good agreement—as can be seen from Fig. 26b,c. However, the damaged region obtained
by the concurrent multiscale approach (using 16 material clusters) is more localised than that obtained by
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the DNS (using homogeneous material properties), which is a direct consequence of the presence of material
heterogeneity in the analysis.
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Figure 26: A 2D double-notched specimen (ductile fracture): (a) Force-displacement curves; (b) Crack topology—
DNS; (c) Crack topology—k = 16.

Analysis of ductile fracture, conducted on the 3D double-notched specimen, shows again that the rate
of material degradation after the peak force is reached is higher when the heterogeneous material is modelled
using the fully concurrent approach with 6, i.e., 12 material clusters—see Fig. 27a. Although the peak force in
the previous example was higher for the DNS (homogeneous material), in this case, the opposite behaviour
is observed. However, the concurrent approach gives a value of the peak force that is only 1.1% higher
when compared to DNS. The crack phase-field depicted in Fig. 27b,c are in good agreement, with again a
more localised damage zone being present when the concurrent multiscale approach is in question. Also,
notice that for all the examples shown in the second stage of testing, no difference in the force-displacement
relationship is observed between the two different cluster discretisations.
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Figure 27: A 2D double-notched specimen (ductile fracture): (a) Force-displacement curves; (b) Crack topology—
DNS; (c) Crack topology—k = 12.

6 Effect of PF Fracture Parameters on the Fracture Response
Unlike the previous section, where the goal was performance testing and validation of the proposed

concurrent framework, this section will focus on the influence of the PF fracture parameters, namely the
macroscopic length-scale parameter l and the critical value of energy release rate Gc. Not only are these
parameters important in the process of regularisation of the boundary value problem, which starts to become
ill-posed when strain softening occurs, but they also have a direct impact on the overall fracture behaviour.
The value of Gc determines the amount of energy dissipation per unit area in the crack, while the value of
l influences the size of a domain on which the diffusion of a discrete crack is taking place. Due to that, it is
important to give a better insight on how the value of l as well as Gc influence the overall fracture response.

Sensitivity analysis includes both brittle and ductile fracture under two- but also three-dimensional
configurations, and in total, three different values of l and Gc are used. Unlike Section 5, where multiple test
specimens were subjected to numerical validation, this section will make use of only one test specimen, i.e.,
the double-notched specimen depicted in Fig. 5c. This sample was used in the previous section in both brittle
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and ductile fracture simulations, therefore represents a good choice for this task. All calculations are carried
out using the developed concurrent framework, and they include decomposition with 8 (for 2D) and 6 (for
3D) material clusters. For the sake of simplicity, 2D unit cell, i.e., 3D unit sphere are the RVEs in question
with the MS1 material configuration, which is given by Table 1.

6.1 Influence of the Length-Scale Parameter
As was previously stated, the sensitivity analysis is carried out using three different values of the PF

macroscopic parameters. Since the focus of this subsection is to examine the impact of the macroscopic
length-scale parameter l , its value is subjected to change while the value of the macroscopic critical energy
release rate Gc is held constant.

For the case of brittle fracture in both two- and three-dimensional configurations, the value of Gc is
equal to 3 N/mm, while three different values for l are: 0.2, 0.3 and 0.4 mm. On the other hand, Gc in the
case of ductile fracture is equal to 33 N/mm (an increase by 11 times), while chosen values for l are: 0.4, 0.6
and 0.8 mm. The results showing the influence of the macroscopic length-scale parameter on the fracture
response for the case of brittle material are depicted in Fig. 28, while Fig. 29 shows how different values of
the macroscopic length-scale parameter influences fracture response in ductile material.
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Figure 28: Influence of the value of l on the fracture response: (a) Two-dimensional brittle fracture analysis; (b) Three-
dimensional brittle fracture analysis.
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Figure 29: Influence of the value of l on the fracture response: (a) Two-dimensional ductile fracture analysis; (b) Three-
dimensional ductile fracture analysis.
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From Figs. 28 and 29 it is clear that there is an inverse correlation between the value of the macroscopic
length-scale parameter and the value of the peak force. More precisely, with the increase in the value of l ,
the maximum value of the reaction force the sample can reach decreases. The reason for this lies in the fact
that when l → 0, the stress in the crack tip tends to infinity as the discrete crack Γ is recovered. On the other
hand, with the increase in l , a finite region over which the discrete crack Γ is smeared widens, thus leading
to lower values of stress in the region of the crack tip. Lower values of stress ultimately lead to lower values of
the peak reaction force, as can be seen from Figs. 28 and 29. After the peak force is reached, all simulations of
brittle fracture show an abrupt drop in the overall stiffness, while results for ductile fracture depict a gradual
loss of stiffness, which was to be expected.

6.2 Influence of the Critical Value of Energy Release Rate
The procedure for examining the impact of the value of Gc on the overall fracture response is identical

to the procedure conducted for the case of l .
For the case of brittle fracture in both two- and three-dimensional configurations, the value of l is

equal to 0.3 mm, while three different values for Gc are: 2, 3 and 4 N/mm. In contrast, ductile fracture
analyses exhibit two times larger macroscopic length-scale parameter, i.e., l = 0.6 mm, while each of the three
values of Gc are multiplied by 11 giving: 22, 33 and 44 N/mm. Results depicting the influence of the value of
critical energy release rate are shown by Fig. 30, for the case of brittle fracture, and by Fig. 31, for the case of
ductile fracture.
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Figure 30: Influence of the value of Gc on the fracture response: (a) Two-dimensional brittle fracture analysis;
(b) Three-dimensional brittle fracture analysis.

Contrary to the previous case where an inverse correlation was present, herein, an increase in the value
of Gc also leads to an increase in the value of the peak reaction force. A higher value of Gc leads to a higher
value of the energy limit that can be dissipated per unit area in the crack. This ultimately results in a need
for a higher value of loading necessary to bring about crack initiation and the creation of new surfaces. As
expected, different values of Gc do not impact the post-fracture behaviour, as was the case in the sensitivity
analysis of l .
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Figure 31: Influence of the value of Gc on the fracture response: (a) Two-dimensional ductile fracture analysis;
(b) Three-dimensional ductile fracture analysis.

7 Conclusion
A novel concurrent multiscale procedure for modelling damage in brittle and ductile heterogeneous

materials has been presented. The proposed approach relies on the combination of two methods—self-
consistent clustering analysis (SCA) and phase-field (PF) fracture algorithm. The SCA, present at the
microlevel, ensures accurate and computationally efficient calculation of the RVE boundary value problem.
The efficiency of this ROM results from the drastic reduction of the total number of degrees of freedom
at the microlevel, which is achieved by the RVE decomposition into a relatively small number of material
clusters k. Being applicable to any constitutive law and any type of microstructure, SCA also enhances the
overall flexibility of the proposed concurrent procedure. On the other hand, the PF method at the macrolevel
provides an objective and robust calculation of the damage the heterogeneous material has undergone. A
non-local continuum damage method, such as PF, does not suffer from the pathological mesh dependence,
which ultimately ensures mesh independence and prevents non-physical results at the macrolevel. Similarly
to SCA, the PF fracture approach is also applicable to different constitutive laws, thereby enhancing the
algorithm’s ability to analyse various types of heterogeneous materials.

A particularly important feature of the proposed concurrent approach is the full decoupling of the
damage analysis from the solution of the RVE boundary value problem. This action opens the gate to a
more stable and efficient concurrent multiscale analysis, as calculation of damage directly at the microlevel
may lead to poor convergence, numerical instability and meaningless results. However, this also removes
information on micro crack initiation and propagation, as well as void coalescence since damage analysis is
not present at the RVE level. Moreover, the presented procedure requires that both PF fracture parameters
(length-scale parameter and the value of critical energy release rate) are known a priori, as they are not
obtained from the solution of the RVE boundary problem which is present at each integration point at
the macrolevel.

The derived concurrent multiscale procedure is implemented within the Abaqus software architecture
using the UMAT subroutine, and tested on several different geometrical specimens that are commonly
used in experimental and numerical investigations of damage and fracture. An equal number of analyses
were performed for fracture in brittle and ductile heterogeneous materials. The results, which include force-
displacement diagrams, crack topologies and CPU times, provide a detailed insight into the computational
efficiency, accuracy and robustness of the proposed approach. Also, a separate section is dedicated to the
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investigation of the influence of PF fracture parameters on the overall fracture response, thus providing a
better understanding of the behaviour of the presented framework. Overall, the proposed approach exhibits
favourable performance across all evaluated criteria, thereby confirming its effectiveness in modelling of
fracture response in heterogeneous materials.
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51. Seleš K, Lesičar T, Tonković Z, Sorić J. A residual control staggered solution scheme for the phase-field modeling
of brittle fracture. Eng Fract Mech. 2019;205(582–593):370–86. doi:10.1016/j.engfracmech.2018.09.027.
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