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ABSTRACT: Evaluating objectives and constraints in complex dynamical or multi-physics systems can take minutes
to hours per design point, which motivates the use of artificial neural network (ANN) surrogates; in practice, however,
their architectures and hyperparameters are still largely chosen by trial and error. This study proposes the Adaptive
Multi-scale Grid Search with Ensemble Integration (AMGSE), an automated framework that constructs ANN surro-
gates from a fixed, previously generated dataset under an explicit training-time budget and without any additional calls
to the expensive model. AMGSE couples four explicit decision rules: budget-tiered search scales, dataset-size-triggered
complexity scaling, multi-restart training with algorithm-specific restart selection, and a gap-thresholded conditional
ensemble rule that withholds ensembling when candidate models are too heterogeneous. Every accepted surrogate must
pass an external acceptance test, and every optimization candidate is re-evaluated on the exact model. Under matched
search spaces and data partitions over ten independent runs, AMGSE attains mean prediction errors of 0.11%–0.67%,
3.3–10.6 times lower than those of Bayesian optimization, the Tree-structured Parzen Estimator and random search on
three of four response functions; Gaussian process regression remains more accurate on three of these smooth, low-
dimensional responses, while the AMGSE-selected ANN provides orders-of-magnitude faster batch inference inside
the optimization loop. Applied to the multi-objective design of spring-assisted slider-crank mechanisms, the framework
enables NSGA-III to return 151 exact-model-verified feasible solutions, of which 150 are mutually non-dominated; these
collectively dominate all 19 previously published solutions and improve the hypervolume indicator by 16.1%. Beyond the
case study, the same decision protocol was applied without modification to analytic benchmarks with two, six, and eight
input dimensions, either certifying a surrogate or declining certification and returning a structured diagnostic. These
contrasting outcomes indicate that response multimodality relative to sample density, rather than input dimensionality
as such, determined whether the prescribed accuracy could be certified.

KEYWORDS: Artificial neural networks; surrogate modeling; ensemble methods; hyperparameter optimization;
multi-objective optimization; slider-crank mechanisms

1 Introduction
In the design of mechanical systems, machinery, and multi-physics systems, the evaluation of objective

functions and constraints often requires computationally expensive numerical simulations such as finite
element analysis (FEA), computational fluid dynamics (CFD), or multibody dynamics simulations [1]. In
many practical engineering design problems, a single simulation run may take from several hours to several
days, depending on the complexity of the model. Consequently, the direct application of multi-objective

Copyright © 2026 The Authors. Published by Tech Science Press. This work is licensed under a Creative Commons Attribution 4.0 International
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://www.techscience.com/journal/CMES
https://www.techscience.com/
https://doi.org/10.32604/cmes.2026.086495
https://www.techscience.com/doi/10.32604/cmes.2026.086495
mailto:phungvanbinh@lqdtu.edu.vn


2 Comput Model Eng Sci. 2026;148(3):13

optimization (MOO) algorithms is extremely challenging [2], as they typically require thousands or even
millions of objective function evaluations to find Pareto-optimal solutions.

To address this issue, surrogate modeling (also known as metamodeling) techniques have been
developed to replace high-fidelity simulations with computationally efficient approximations. Among these,
Artificial Neural Networks (ANNs) are widely used for their strong ability to capture highly nonlinear
relationships between design variables and system responses [3–6]. For instance, Han and Kim proposed
an ANN-based sequential approximate optimization framework integrated with finite element simulations
for metal sheet design, thereby achieving greater efficiency than polynomial response surface methods [7].
In mechanical system design, ANN-based surrogate-assisted multi-objective optimization has also been
applied to multibody dynamics problems, where ANN models replace expensive simulations [8]. Similarly,
in aerospace engineering, ANN surrogates have been used to substitute CFD simulations in aero-engine
nacelle optimization, significantly reducing computational cost during preliminary design [9].

Despite the effectiveness of ANN surrogate models in engineering design optimization, determining
an appropriate network architecture remains challenging. In many studies, the ANN structure–including
the number of hidden layers, the number of neurons, activation functions, and other hyperparameters–is
typically determined through trial-and-error procedures. For example, Massoudi applied ANN surrogate
models to describe the relationship between design parameters and compressor performance; however, the
ANN architecture was determined by experimentally testing multiple network configurations until satisfac-
tory accuracy was achieved [10]. Similarly, Thaddeus used ANN models to predict the mechanical properties
of topology-optimized structures [11], where the network architecture was also selected through repeated
testing of different configurations. Another example is the work of Hossein, in which a Taguchi-based
approach was used to identify suitable ANN architectures for predicting the elastic properties of short-
fiber-reinforced composites [12]. However, this approach still requires evaluating multiple candidate network
configurations before selecting the best one. In the context of mechanical system optimization, Lee and Kang
also employed ANN surrogate models to optimize vehicle suspension design [13]. Nevertheless, the ANN
architecture was still determined through repeated experimentation with various network configurations
during training. These examples indicate that trial and error remains a common practice in ANN architecture
selection. However, this approach is typically time-consuming and does not guarantee that the selected ANN
configuration is optimal for a given engineering problem.

Beyond manual architecture selection, numerous studies in the machine learning community have
proposed hyperparameter optimization (HPO) techniques to search for optimal model configurations [14]
automatically. A comprehensive overview of hyperparameter optimization techniques is provided in [15].
These approaches can generally be categorized into several groups, including random search-based meth-
ods [16], Bayesian optimization, and evolutionary optimization. Traditional approaches, such as grid search
and random search, explore predefined hyperparameter spaces but often become inefficient as the number
of hyperparameters increases. To overcome this limitation, Bayesian optimization has been proposed as a
more efficient strategy for expensive optimization problems by constructing a probabilistic surrogate model–
typically a Gaussian process–to approximate the objective function and guide the search for promising
hyperparameter configurations through acquisition functions. For example, Snoek et al. demonstrated
that Bayesian optimization can significantly reduce the number of evaluations required to optimize the
hyperparameters of complex machine learning algorithms [17]. Similarly, Bergstra et al. proposed the Tree-
structured Parzen Estimator (TPE), which allows efficient optimization in hierarchical hyperparameter
spaces [18]. In addition, evolutionary algorithms and metaheuristic methods, such as genetic algorithms and
particle swarm optimization, have been applied to optimize neural network hyperparameters in complex
nonlinear engineering problems [19]. Furthermore, López-González et al. proposed a multi-objective
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evolutionary computation approach that simultaneously optimizes ANN architectures and surrogate model
performance in structural engineering applications [20]. Another related approach was presented by Wang
et al., who developed an automated framework to optimize neural architectures for physics-informed neural
networks [21]. However, in the context of surrogate-based engineering optimization, many existing HPO
approaches still require substantial computational resources because they must train multiple ANN models
during the search process. This requirement can limit their practical applicability when training data are
limited and simulation costs are high.

Another approach to improving the accuracy and robustness of surrogate models is ensemble learning,
in which multiple predictive models are combined to form a more reliable, better-generalizing model.
Ensemble methods such as bagging, boosting, and stacking have been shown to reduce model variance
and improve predictive accuracy in many machine learning applications [22]. In the context of surrogate
modeling for engineering design optimization, ensemble surrogate models combine multiple metamodels,
such as ANNs, Kriging, and radial basis function (RBF) models, to leverage the strengths of each. For
example, Goel et al. proposed an ensemble-of-surrogates framework that integrates multiple metamodels
to improve prediction accuracy in surrogate-based design optimization [23]. Similarly, Acar and Rais-
Rohani developed an ensemble metamodeling strategy for multi-objective engineering design problems.
They demonstrated that combining multiple surrogate models can significantly improve the accuracy of
approximations for complex objective functions [24]. However, many existing studies apply ensemble
strategies using fixed or simple averaging schemes, which may increase computational cost and may even
degrade prediction performance if some component models are significantly less accurate than others.
Therefore, developing adaptive ensemble strategies that selectively combine surrogate models based on their
predictive quality remains an important research direction for surrogate-based optimization of complex
engineering systems.

In recent years, increasing attention has also been devoted to Automated Machine Learning (AutoML),
which aims to automate the entire machine learning pipeline, including data preprocessing, model selec-
tion, hyperparameter tuning, and ensemble construction [25]. For example, Elsken et al. provided a
comprehensive survey of neural architecture search (NAS) methods, where neural network architectures
are optimized using strategies such as reinforcement learning, evolutionary algorithms, or gradient-based
search [26]. In addition, frameworks such as Auto-WEKA, proposed by Thornton et al. (2013) [27], and
Auto-sklearn, proposed by Feurer et al. [28], have been developed to select machine learning models
and optimize their hyperparameters automatically. Sun (2025) proposed an automated neural architecture
optimization scheme based on probability distribution modeling to optimize ANN architectures and
hyperparameters simultaneously [29]. This approach enables efficient exploration of ANN configurations
in complex design spaces without manual intervention. Furthermore, Vincent and Jidesh (2023) proposed
an evolutionary hyperparameter optimization framework for AutoML systems, in which each individual in
the population represents a candidate hyperparameter configuration, and evolutionary operators such as
selection, crossover, and mutation are used to search for optimal configurations [30]. A related approach
combines Bayesian optimization with evolutionary search strategies. For example, Li et al. (2025) developed
a Bayesian Genetic Optimization (BGO) method in which a Bayesian surrogate model approximates the
objective function in the hyperparameter space, while genetic operators enhance the search’s exploration
capability [31]. Experimental results demonstrated that this approach can outperform traditional strategies
such as grid search and random search. However, the method requires training multiple models during
the optimization process, leading to relatively high computational cost for simulation-based engineering
design problems. Moreover, most existing studies focus primarily on general machine learning applications,
whereas the use of such automated approaches in surrogate modeling for mechanical and multiphysics
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engineering design remains limited. More importantly, many neural architecture search and hyperparameter
optimization approaches require substantial computational resources because hundreds or even thousands
of network configurations must be trained during the search process. While this cost may be acceptable in
large-scale machine learning problems, it becomes a significant limitation in simulation-based engineering
design, where training data are typically scarce and expensive to obtain through FEA, CFD, or multibody
simulations. Therefore, despite the advances in automated neural architecture design, an effective ANN
surrogate modeling framework must simultaneously address several critical challenges: reducing the search
cost for ANN configurations in large design spaces, ensuring prediction accuracy and robustness under
small-data regimes, and providing explicit mechanisms to manage the trade-off between training cost
and surrogate model quality. In this context, developing ANN surrogate modeling methods that can
automatically determine suitable network architectures while maintaining computational efficiency and
model reliability remains an important research gap in mechanical design optimization.

A review of the existing literature indicates that although ANN surrogate models have been widely
applied in engineering design optimization, several critical limitations remain. First, most existing studies
focus primarily on maximizing predictive accuracy. In contrast, the trade-off between model accuracy
and training cost–a key factor in simulation-based optimization–has not been systematically addressed.
Second, many hyperparameter optimization and neural architecture search methods involve large search
spaces and high computational costs, which can reduce the practical benefits of surrogate modeling in
engineering design problems with limited computational budgets. Third, in many mechanical and multi-
physics design problems, training data are typically limited due to the high cost of simulations, making ANN
surrogate models prone to overfitting if model complexity is not properly controlled. Consequently, although
ANN models are powerful tools for approximating black-box functions in nonlinear mechanical systems,
constructing effective and reliable surrogate models remains challenging. The main challenges include:

– Difficulty in selecting appropriate network architectures and hyperparameters in large search spaces.
– Lack of mechanisms to systematically manage the trade-off between training cost and prediction

accuracy.
– Risk of overfitting under small-data regimes, which are common in simulation-based engineer-

ing design.
– Lack of explicit criteria for determining when ensemble surrogate models should be applied instead of

using ensemble strategies by default.

These limitations highlight the need for surrogate modeling frameworks that not only improve ANN
prediction accuracy but also effectively manage training cost, model complexity, and training robustness,
particularly in data-scarce engineering design scenarios. To address these challenges, this study proposes
AMGSE (Adaptive Multi-scale Grid Search with Ensemble Integration)—a comprehensive and automated
framework for surrogate-based optimization in computationally expensive engineering problems. The
proposed framework introduces four key contributions. First, AMGSE explicitly manages the time budget
through a multi-scale grid search strategy. Instead of using a fixed grid search, AMGSE provides four discrete
search levels (Micro, Small, Medium, and Large) with increasing numbers of candidate configurations and
expected search times ranging from approximately 60 to 600 min. This allows users to select a search level
that matches the available computational budget, effectively transforming ANN tuning into a structured
and controllable process. Second, AMGSE incorporates adaptive complexity control to mitigate overfitting.
When the available dataset is small (Ntotal < 300 samples), the framework automatically scales down the
number of neurons using a scaling factor of 0.7 while preserving the overall network structure. This
mechanism reduces the risk of over-parameterization and improves model robustness under small-data
conditions. Third, AMGSE enhances training robustness through a multi-restart strategy that selects restarts
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algorithmically. For each candidate configuration, the framework performs multiple independent training
runs (R = 8) with different random initializations and, where the training algorithm exposes a validation
subset, early stopping is applied. The best restart is then selected by the validation RMSE for trainlm and by
the root-mean-square error over the full development set for trainbr, whose toolbox implementation folds
the validation partition into the training set, reducing sensitivity to random initialization and enabling fair
comparison among configurations. Fourth, AMGSE introduces a conditional ensemble strategy based on
gap-thresholding. Instead of applying ensemble learning by default, AMGSE evaluates the performance gap
between the top-M candidate models and the best-performing single model. If the maximum gap exceeds
30%, the ensemble strategy is discarded to avoid degrading the best model’s performance. The effectiveness of
the AMGSE framework is demonstrated through the multi-objective optimization of dynamic performance,
including spring placement and stiffness, in slider–crank mechanisms, a representative case study in
mechanical engineering [32].

Contribution and scope. We state at the outset what is not claimed. Grid search, multi-restart training,
dataset-size-dependent capacity control and inverse-error ensemble weighting are established techniques,
and no novelty is claimed for any of them individually. The contribution of this work is stated as four
items, each tied to specific evidence. (C1) A decision protocol rather than a heuristic recipe: four tightly
specified, auditable rules–budget-tiered search scales, a dataset-size-triggered capacity rule, restart-and-
select, and a gap-thresholded ensemble veto–together with the complete pseudo-code of Appendix C,
make the surrogate-construction pipeline reproducible without case-by-case intervention once the search
scales, thresholds and acceptance tolerance have been specified. Table 1 positions this conjunction feature-
by-feature against representative hyperparameter optimization, neural architecture search, AutoML, and
adaptive sampling frameworks. (C2) A cost- and variance-justified hierarchy, empirically examined in
two complementary settings: a fivefold larger simultaneous search on the case study (Section 4.6.2), and
the escalation rule itself exercised on analytic benchmarks (Section 4.9). (C3) A two-stage verification
protocol in which every surrogate accepted for downstream use must pass an external acceptance test before
optimization, failing which the framework returns a structured diagnostic, an untouched assessment set
being recommended whenever escalation occurs and implemented in the benchmark study of Section 4.9,
and every optimization candidate is re-evaluated on the exact model afterwards; machine-learning studies
generally stop at held-out test error, whereas in mechanism design a constraint violation means an unusable
device. (C4) A verifiable advance on published results for this problem class: the exact-model-verified non-
dominated front dominates all 19 CDOS-PSI solutions of [32] with no reverse dominance and improves
the hypervolume indicator by 16.1% (Section 4.4). We further note that this manuscript reports findings
unfavorable to its own framework—the ablation study of Section 4.5, the surrogate-level comparison
of Section 4.3.3, and the sampling analysis of Section 4.7—because delineating where a framework does and
does not work is, in our view, part of what a methodological contribution owes its readers.



6 Comput Model Eng Sci. 2026;148(3):13

Ta
bl

e1
:F

ea
tu

re
-w

ise
po

sit
io

ni
ng

of
A

M
G

SE
re

lat
iv

et
o

re
pr

es
en

ta
tiv

eh
yp

er
pa

ra
m

et
er

-o
pt

im
iz

at
io

n,
ne

ur
al

-a
rc

hi
te

ct
ur

e-
se

ar
ch

,A
ut

oM
L

an
d

ad
ap

tiv
e-

sa
m

pl
in

g
fr

am
ew

or
ks

.

Fe
at

ur
e

G
ri

d/
R

an
do

m
Se

ar
ch

[1
6]

Ba
ye

si
an

O
pt

im
iz

at
io

n
[1

7]
;

TP
E

[1
8]

Au
to

-W
EK

A
[2

7]
;

Au
to

-S
kl

ea
rn

[2
8]

Ev
ol

ut
io

na
ry

/
D

ist
ri

bu
tio

n-
Ba

se
d

H
PO

[2
9–

31
]

Si
m

ul
ta

ne
ou

s
A

rc
hi

te
ct

ur
e-

H
yp

er
pa

ra
m

et
er

O
pt

im
iz

a-
tio

n
[2

0,
21

]

A
da

pt
iv

e
Sa

m
pl

in
g/

EG
O

-
Ty

pe
[3

3,
34

]
A

M
G

SE
(Th

is
W

or
k)

Se
ar

ch
or

ga
ni

za
tio

n
Fl

at
,s

in
gl

es
pa

ce
Se

qu
en

tia
l

m
od

el-
ba

se
d,

sin
gl

es
pa

ce

Se
qu

en
tia

l
m

od
el-

ba
se

d
ov

er
a

co
m

bi
ne

d
al

go
rit

hm
-

hy
pe

rp
ar

am
et

er
sp

ac
e

Po
pu

la
tio

n-
or

di
str

ib
ut

io
n-

ba
se

d,
sin

gl
e

sp
ac

e

Jo
in

ts
ea

rc
h

ov
er

an
en

la
rg

ed
sp

ac
e

Se
qu

en
tia

li
nfi

ll
in

th
ed

es
ig

n
sp

ac
e

Bu
dg

et
-ti

er
ed

le
ve

ls;
jo

in
t

ov
er

ar
ch

ite
ct

ur
e×

al
go

-
rit

hm
×

ac
tiv

at
io

n
w

ith
in

ea
ch

le
ve

l;
ac

ce
pt

an
ce

-g
at

ed
es

ca
la

tio
n

be
tw

ee
n

le
ve

ls

Se
ar

ch
sp

ac
e

H
yp

er
pa

ra
m

et
er

s
H

yp
er

pa
ra

m
et

er
s

A
lg

or
ith

m
an

d
hy

pe
rp

ar
am

et
er

s
A

rc
hi

te
ct

ur
ea

nd
hy

pe
rp

ar
am

et
er

s
A

rc
hi

te
ct

ur
ea

nd
hy

pe
rp

ar
am

et
er

s

D
es

ig
n

(d
ec

isi
on

)
va

ria
bl

es

A
rc

hi
te

ct
ur

e×
tr

ai
ni

ng
al

go
rit

hm
×

ac
tiv

at
io

n
fu

nc
tio

n

Ex
pl

ic
it

ap
rio

ri
tim

e-
bu

dg
et

tie
rs

N
o

N
o

G
lo

ba
lw

al
l-c

lo
ck

bu
dg

et
on

ly
N

ot
re

po
rt

ed
N

ot
re

po
rt

ed
N

ot
ap

pl
ic

ab
le

Ye
s–

fo
ur

tie
rs

,a
pp

ro
x.

60
–6

00
m

in
(S

ec
tio

n
2,

Ph
as

e2
)

D
at

as
et

-s
iz

e-
tr

ig
ge

re
d

co
m

pl
ex

ity
sc

al
in

g
N

o
N

o
N

o
N

ot
re

po
rt

ed
N

ot
re

po
rt

ed
N

ot
ap

pl
ic

ab
le

Ye
s–

N
<

30
0

tr
ig

ge
rs

w
id

th
×

0.
7

(S
ec

tio
n

4.
7;

W
ilc

ox
on

p
≤

6
×

10
−

3 )

M
ul

ti-
re

st
ar

tt
ra

in
in

g
w

ith
al

go
rit

hm
-s

pe
ci

fic
re

sta
rt

se
le

ct
io

n
N

ot
in

he
re

nt
N

ot
in

he
re

nt
Pa

rt
ia

l(
re

pe
at

ed
fit

s
w

ith
in

cr
os

s-
va

lid
at

io
n)

N
ot

re
po

rt
ed

N
ot

re
po

rt
ed

N
ot

ap
pl

ic
ab

le
Ye

s–
R
=

8
(S

ec
tio

n
4.

5)

C
on

di
tio

na
l

en
se

m
bl

in
g

w
ith

ga
p-

th
re

sh
ol

d
re

je
ct

io
n

N
o

N
o

En
se

m
bl

in
g

ap
pl

ie
d

un
co

nd
iti

on
al

ly
(A

ut
o-

sk
le

ar
n)

N
ot

re
po

rt
ed

N
ot

re
po

rt
ed

N
ot

ap
pl

ic
ab

le
Ye

s–
30

%
ga

p
ve

to
;

ex
er

ci
se

d
in

bo
th

di
re

ct
io

ns
in

Se
ct

io
n

4.
9

Ex
te

rn
al

ac
ce

pt
an

ce
te

sti
ng

of
ea

ch
su

rr
og

at
e

U
se

r-
de

pe
nd

en
t

U
se

r-
de

pe
nd

en
t

In
te

rn
al

cr
os

s-
va

lid
at

io
n

N
ot

re
po

rt
ed

N
ot

re
po

rt
ed

N
ot

re
po

rt
ed

Ye
s–

ex
te

rn
al

15
0-

po
in

t
LH

S
ac

ce
pt

an
ce

se
ti

n
th

e
ca

se
stu

dy
;s

ep
ar

at
e

ac
ce

pt
an

ce
an

d
as

se
ss

m
en

t
se

ts
in

Se
ct

io
n

4.
9

Ex
ac

t-m
od

el
re

-v
er

ifi
ca

tio
n

of
op

tim
iz

at
io

n
ca

nd
id

at
es

O
ut

sid
et

he
re

po
rt

ed
sc

op
e

O
ut

sid
et

he
re

po
rt

ed
sc

op
e

N
ot

ap
pl

ic
ab

le
N

ot
re

po
rt

ed
N

o
Im

pl
ic

it
(in

fil
l

po
in

ts
ar

ee
xa

ct
ev

al
ua

tio
ns

)

Ye
s–

60
8

ex
ac

t-m
od

el
fu

nc
tio

n
ev

al
ua

tio
ns

(1
52
×

4)
;9

9.
34

%
ve

rifi
ed

fe
as

ib
ili

ty
(S

ec
tio

n
4.

4)

(C
on

tin
ue

d)



Comput Model Eng Sci. 2026;148(3):13 7

Ta
bl

e1
(c

on
tin

ue
d)

Fe
at

ur
e

G
ri

d/
R

an
do

m
Se

ar
ch

[1
6]

Ba
ye

si
an

O
pt

im
iz

at
io

n
[1

7]
;

TP
E

[1
8]

Au
to

-W
EK

A
[2

7]
;

Au
to

-S
kl

ea
rn

[2
8]

Ev
ol

ut
io

na
ry

/
D

ist
ri

bu
tio

n-
Ba

se
d

H
PO

[2
9–

31
]

Si
m

ul
ta

ne
ou

s
A

rc
hi

te
ct

ur
e-

H
yp

er
pa

ra
m

et
er

O
pt

im
iz

a-
tio

n
[2

0,
21

]

A
da

pt
iv

e
Sa

m
pl

in
g/

EG
O

-
Ty

pe
[3

3,
34

]
A

M
G

SE
(Th

is
W

or
k)

Ex
pe

ns
iv

em
od

el
ca

lls
du

rin
g

th
es

ea
rc

h
0

0
0

0
0

O
ne

or
m

or
ep

er
in

fil
li

te
ra

tio
n

0

Ta
rg

et
da

ta
re

gi
m

e
G

en
er

al
m

ac
hi

ne
le

ar
ni

ng

G
en

er
al

m
ac

hi
ne

le
ar

ni
ng

;e
xp

en
siv

e
ob

je
ct

iv
es

G
en

er
al

m
ac

hi
ne

le
ar

ni
ng

,l
ar

ge
da

ta
se

ts

G
en

er
al

m
ac

hi
ne

le
ar

ni
ng

St
ru

ct
ur

al
an

d
ph

ys
ic

s-
in

fo
rm

ed
su

rr
og

at
es

Si
m

ul
at

io
n

bu
dg

et
is

th
e

bi
nd

in
g

co
ns

tr
ai

nt

Sm
al

l-t
o-

m
od

er
at

e,
sim

ul
at

io
n-

dr
iv

en
en

gi
ne

er
in

g
da

ta
se

ts



8 Comput Model Eng Sci. 2026;148(3):13

Scope of the framework. AMGSE operates on a fixed, previously generated dataset and never invokes
the expensive high-fidelity model during hyperparameter search; the exact model is used offline only to
generate the development and independent assessment data and to verify the final Pareto candidates. The
framework, therefore, does not aim to reduce the number of expensive simulations—a goal pursued by
surrogate-assisted optimization with adaptive sampling and by multi-objective hyperparameter optimization
approaches that jointly address accuracy, overfitting, and evaluation cost [14]–but to extract the most reliable
surrogate from a given dataset under an explicit training-time budget. The two goals are complementary
rather than competing. We emphasize, because it is central to how the present results should be read, that
the search performed by AMGSE takes place entirely in the ANN configuration space and consumes zero
evaluations of the expensive model (Section 4.6); optimizer-driven selection of new design points, which
addresses the complementary problem of data acquisition, is analyzed separately in Section 4.7.

Relation to our previous work. Reference [32] contributed the mathematical model of the spring-
assisted slider–crank mechanism, the 2048-point dataset, and the 19 CDOS-PSI Pareto solutions, which are
reused here solely as training data and as a comparison baseline. All methodological content of the present
study–the AMGSE framework, the surrogate-construction protocol, the verification methodology, and the
NSGA-III-based optimization results–is new and does not overlap with [32].

Table 1 makes this positioning explicit rather than declarative. Entries for prior work reflect features
documented in the cited publications; “Not reported” indicates that a feature is not documented in the cited
source, and each entry has been checked against the original publication (the full, unabridged version of this
comparison is retained in Supplementary Section S9).

We state plainly that grid search, multi-restart training, capacity control, and ensembling are all
established techniques; the differentiator is the combination of rows 3–9 into a single deterministic, auditable
decision protocol. Partial overlaps exist and are acknowledged: Auto-sklearn does construct ensembles, but
unconditionally and without a quality-gap rejection rule; Bayesian optimization is designed for expensive
objectives but provides no dataset-size-dependent capacity control; ensemble-of-surrogates methods [23,24]
combine metamodels but perform no architecture search; and [20,21] optimize architectures and hyperpa-
rameters simultaneously over a joint space, but without per-function acceptance certification, a priori budget
tiers, or exact-model re-verification of the optimization outcome. To the best of our knowledge, none of the
frameworks compared here addresses the small-data, simulation-driven engineering regime under a single
explicit and reproducible decision protocol.

From a broader perspective, AMGSE not only improves surrogate model accuracy and reduces
computational cost but also enables the effective application of advanced multi-objective evolutionary
algorithms (MOEA) in black-box optimization problems with extremely expensive simulations. In this
way, the proposed framework helps bridge the gap between advanced optimization theory and practical
engineering applications, where high simulation costs remain a major barrier to adopting sophisticated
optimization techniques.

2 Methodology: Proposed AMGSE Framework
Terminological clarification. The “grid” in AMGSE is a grid over the ANN configuration space (archi-

tectures × training algorithms × activation functions); traversing it requires no evaluation of the expensive
model. It is not a grid over the design-variable space: the design-space samples are exogenous to AMGSE–
here, the 2048-point dataset inherited from [32]–and AMGSE adds zero exact-model calls during its search.
Throughout this study, the term configuration-space grid search is used whenever the distinction matters.
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2.1 Overview of the Six-Phase Framework
This section introduces the Adaptive Multi-scale Grid Search with Ensemble Integration (AMGSE)

framework, a systematic methodology designed to optimize artificial neural network (ANN) configurations
for surrogate modeling applications (Fig. 1). The framework addresses three fundamental challenges in
contemporary ANN optimization: the time–quality trade-off inherent in hyperparameter search, the need
for adaptive model complexity calibration based on dataset characteristics, and the characterization of
inter-model prediction disagreement in practical deployment environments. Unlike traditional grid search
methods that operate on fixed configuration spaces without explicit management of computational budgets,
AMGSE employs a hierarchical multi-scale strategy that enables practitioners to balance search thorough-
ness against available computational resources explicitly. Compared with conventional ANN hyperparameter
tuning approaches, AMGSE organizes three mechanisms under explicit decision rules: time-budget manage-
ment, adaptive complexity control for small datasets, and conditional ensemble integration. None of these
mechanisms is new in itself; the claimed contribution is their integration under a single auditable protocol,
as set out in Section 1 and shown in Table 1.

The framework operates through six interconnected phases that progressively transform raw input
data into validated predictive models with an ensemble-based disagreement indicator. Beginning with
comprehensive data profiling, the methodology constructs a structured three-dimensional configuration
space spanning layer architectures, training algorithms, and activation functions. An adaptive complexity
module automatically adjusts network capacity based on dataset size to mitigate the risk of overfitting in data-
scarce regimes. Systematic grid search with multi-restart training explores this configuration space, followed
by performance-based ranking and ensemble integration. The ensemble mechanism not only combines
multiple high-quality models to improve predictive accuracy but also provides sample-wise inter-model
disagreement indicators via prediction variance analysis, enabling risk-aware decision-making in practical
engineering applications.

The framework organizes explicit time–quality trade-off management through four discrete search
scales (Micro, Small, Medium, Large), adaptive complexity adjustment informed by statistical learning
principles, and built-in ensemble construction with ensemble-disagreement characterization. The following
subsections describe each phase of the methodology in detail and establish the conceptual workflow
illustrated in Fig. 1, which summarizes the progression from initial data profiling to final surrogate
model deployment.

Phase 1 (Data Profiling) establishes a data foundation through comprehensive statistical characteriza-
tion, including outlier detection via the interquartile range (IQR) method, and randomized partitioning into
training (70%), validation (20%), and selection (10%) subsets. This rigorous separation prevents information
leakage between model development and final performance evaluation.

Phase 2 (Multi-Scale Search Space Generation) introduces the framework’s primary design feature:
explicit time-quality trade-off management through four discrete search scales (Micro: ~60 min, Small:
~120 min, Medium: ~300 min, Large: ~600 min), each exploring K ={4, 8, 20, 40} configurations respectively
across three hyperparameter dimensions: network architectures (layer sizes and depths), training algorithms
(Levenberg-Marquardt and Bayesian regularization), and activation functions (hyperbolic tangent and
positive linear; the Micro scale explores the hyperbolic tangent only, giving K = 4, while both activations
are explored from the Small scale upward). An adaptive complexity module automatically reduces network
capacity when the total dataset size falls below 300 samples (scaling factor 0.7), mitigating overfitting in
data-scarce regimes while preserving representational capability.
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Figure 1: Flowchart of adaptive multi-scale grid search with ensemble integration (AMGSE) framework.

Phase 3 (Systematic Grid Search) executes rigorous training for each configuration using multi-restart
initialization (R = 8 independent training runs with different random seeds) to overcome the sensitivity of
neural networks to initial weights. For each configuration, the best restart is selected by the validation RMSE
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for trainlm and by the development-set RMSE for trainbr, then evaluated on the isolated selection split using
three complementary metrics: root mean squared error (RMSE), coefficient of determination (R2), and mean
absolute error (MAE).

Phase 4 (Model Ranking and Gap Analysis) ranks all successfully trained configurations by selection-
split RMSE and performs critical gap analysis to determine ensemble eligibility. An explicit decision criterion
evaluates whether the top-M candidate models (typically M = 3) exhibit sufficient quality homogeneity
by comparing their performance against a 30% gap threshold. If the maximum performance gap among
top models exceeds this threshold, ensemble construction is skipped to prevent degradation of the best
single model; otherwise, proceeding with ensemble integration reduces variance through complementary
predictions.

Phase 5 (Ensemble Integration and Ensemble-Disagreement Characterization) constructs weighted
ensembles using inverse-RMSE weighting when eligible, combining M constituent models into a single
predictor with explicit per-sample disagreement characterization through prediction variance analysis.
This supports risk-aware decision-making through an input-specific inter-model disagreement indicator
that distinguishes regions of strong model agreement from regions of high disagreement, where model
predictions diverge substantially.

Phase 6 (Comprehensive Output) generates complete documentation, including ranked model list-
ings, gap analysis results, ensemble performance comparison, and deployment recommendations, along
with trained model files (*.mat format) ready for immediate application in downstream multi-objective
optimization.

The complete procedural details and mathematical formulations for all six phases are provided in the
Supplementary Material (Sections S1–S6); the governing equations are summarized in Appendix B. The
symbols and mathematical notation used throughout the paper are summarized in Table A1 of Appendix B.

2.2 Rationale for Hierarchical Escalation over Simultaneous Joint Search
Simultaneous optimization of architectures and hyperparameters over a single enlarged space, as

pursued in [20,29], and the escalation strategy adopted here answer different decision questions. The former
seeks the most accurate configuration that is affordable within a global budget; the latter seeks the least
expensive search level that meets a prescribed per-function accuracy tolerance ε. When several objective
and constraint functions of differing difficulty must each be certified–four functions in the present case
study–a per-function decision is the natural formulation. We first remove a possible ambiguity: within each
level, architectures, training algorithms, and activation functions are optimized simultaneously over the full
Cartesian product; the hierarchy concerns complexity scales separated by an acceptance test, not sequential,
one-hyperparameter-at-a-time optimization. Selecting the largest tier at the outset, with escalation disabled,
recovers the simultaneous full-space search as a special case. Hence, the hierarchy is a resource-allocation
protocol and does not restrict the class of searchable hypotheses.

The rationale rests on three arguments. Statistically, complexity-ordered search is motivated by the
principle of structural risk minimization: ranking a large number of candidates against a single finite internal
validation split inflates selection-induced optimism. This is not a hypothetical concern here—Section 4.3.2
documents it on RA,max, and the ablation study of Section 4.5 shows that on Φ2 a single-restart variant
attained 0.091% against 0.224% for the full framework. A flat search over a larger configuration space precisely
amplifies this effect, whereas escalation limits the number of ranked candidates unless the acceptance test
demands more. Economically, the expected escalation cost is E[C] = Cmicro +∑l pl Cl , where pl is the
probability that the search reaches level l—that is, that every level below l fails the acceptance test–and the
sum runs over the levels above micro; because the four levels are search spaces of increasing cardinality rather
than a strictly nested ladder, escalation incurs the sum of the level costs and no reuse of earlier evaluations



12 Comput Model Eng Sci. 2026;148(3):13

is claimed. In the present case study, all four responses met the requirement at the micro level (Section 4.2),
so the realized cost was approximately 60 min per function, rather than approximately 600 min for a joint
search over the largest space. The worst case is stated equally plainly: if every response required the largest
level, escalation would cost 60 + 120 + 300 + 600 = 1080 min, about 1.8 times the cost of committing directly
to that level; this trade-off is repeated in Section 4.8. Diagnostically, the level at which accuracy saturates
distinguishes capacity-limited from data-limited responses, and exhaustion of all levels triggers a structured
failure report (Section 3.1) that a joint search does not provide. Both branches of this decision rule are
exercised empirically in Section 4.9.

3 Application of the AMGSE Framework

3.1 ANN-Based Mathematical Optimization Model Construction Using AMGSE Framework with
Hierarchical Multi-Scale Refinement
This flowchart illustrates a systematic framework for constructing mathematical optimization models

in which all objective functions {Φ1, Φ2, . . ., ΦN}, inequality constraint functions {c1, c2, . . ., cP} ≤ 0, and
equality constraint functions {ceq1, ceq2, . . ., ceqQ} = 0 are approximated using Artificial Neural Network
(ANN) surrogate models (Fig. 2). The framework employs the AMGSE (Adaptive Multi-scale Grid Search
with Ensemble Integration) methodology as a self-contained modeling engine, ensuring that each surrogate
function meets predefined accuracy requirements before being incorporated into the final optimization
formulation. This approach is particularly suitable for problems where explicit analytical expressions of
objectives and constraints are unavailable and function evaluations are obtained solely from experimental
measurements or high-fidelity simulations.

The process starts by iterating sequentially over each objective or constraint function. For each function,
two statistically independent datasets are prepared: (i) a training dataset {X̄, Ȳ}, which is exclusively used for
ANN model construction within the AMGSE framework, and (ii) an external acceptance dataset {X̄*, Ȳ*},
which is completely separated from model fitting and from all internal model selection, and is used for the
pass/fail decision between search levels. If escalation occurs, a further untouched set should be reserved for
final performance reporting, as implemented in the benchmark study of Section 4.9. This separation ensures
that the acceptance decision is not taken on data used to fit or rank the models.

For a given function, the AMGSE framework is first executed at the micro level, corresponding to the
smallest model complexity and the least computational cost. Using only the training dataset {X̄, Ȳ}, AMGSE
internally performs automated model construction, hyperparameter optimization, and ensemble selection,
and outputs the best-performing ANN model (either a single network or an ensemble), along with its internal
validation results. The internal training and validation procedures are entirely handled within the AMGSE
framework and are not exposed to the external workflow.

The resulting ANN surrogate model is then evaluated on the external acceptance dataset {X̄*, Ȳ*}. The
prediction error is quantified using the Root Mean Square Percentage Error (RMSPE). The relative residual
vector is first formed by the element-wise division (denoted by ⊘) of the prediction residuals by the true
outputs; its Euclidean norm (�2-norm, denoted by ∥⋅ ∥2) is then divided by the square root of the number of
acceptance samples NAcc, so that the quadratic mean–rather than the quadratic sum–of the relative errors is
obtained:

RMSPE (%) = 100 ×

�
���	 1

NAcc

NAcc

∑
j=1

⎛
⎝
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∥(Ȳ∗ − Ŷ∗) ⊘ Ȳ∗∥
2



Comput Model Eng Sci. 2026;148(3):13 13

Figure 2: Flowchart of hierarchical AMGSE-based process for constructing ANN surrogate models of objective and
constraint functions from experimental data.

Because of the 1/NAcc averaging factor the metric does not grow mechanically with the number of
acceptance samples, and the relative formulation makes it invariant under a common non-zero rescaling
of the response and of its prediction; it is therefore directly interpretable as a percentage and comparable
across responses of different physical magnitudes. It presupposes true outputs bounded away from zero,
and for responses that can vanish over the design domain a normalized root-mean-square error is used
instead (Section 4.9). If the computed RMSPE (%) is smaller than or equal to a predefined tolerance
threshold ε (%), the surrogate model is deemed sufficiently accurate and is accepted and saved as the
mathematical representation of the corresponding objective or constraint function. The external acceptance
set is used solely for the pass/fail decision between search levels. If escalation occurs, an additional untouched
evaluation set is advisable for final generalization reporting.
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If the accuracy requirement is not satisfied, the framework escalates the AMGSE execution to the next
higher complexity level along the ordered ladder micro→ small→medium→ large; because execution starts
at the micro level, the first escalation is to small, and the framework then proceeds to medium and to large
as required. Each level corresponds to an increased model capacity and a broader hyperparameter search
space, enabling the framework to capture more complex functional relationships when necessary. At each
level, a new ANN surrogate model is constructed from the same training dataset {X̄, Ȳ} and evaluated on
the unchanged external acceptance dataset {X̄*, Ȳ*} using the same RMSPE criterion.

If all AMGSE levels are exhausted without meeting the prescribed accuracy threshold, the framework
reports a failure for the corresponding function, along with diagnostic information such as the best achieved
RMSPE and potential causes (e.g., insufficient training data, high noise levels, strong nonlinearity, or
inadequate input features). The process then proceeds to the next objective or constraint function.

This procedure is repeated until all objective and constraint functions {Φ1, Φ2, . . ., ΦN , c1, c2, . . ., cP, ceq1,
ceq2, . . ., ceqQ} have been processed. The final outcome is a complete optimization model composed entirely
of independently validated ANN surrogate functions, which can subsequently be employed in gradient-
based or gradient-free optimization algorithms for efficient design exploration and decision-making.

3.2 Multi-Objective Optimization Using AMGSE-Based Surrogate Models with Real-Model Verification
Once all objective and constraint functions have been successfully approximated using validated

AMGSE surrogate models, resulting in the model files model_f i.mat (i = 1, 2, . . ., N + P + Q)—the complete
multi-objective optimization problem can be formulated as (Fig. 3):

min
x∈Rn

ΦAMGSE (x) = {ΦAMGSE
1 (x) ; ΦAMGSE

2 (x) ; . . . ; ΦAMGSE
N (x)}

subject to∶
⎧⎪⎪⎨⎪⎪⎩

cAMGSE (x) = {cAMGSE
1 (x) ; cAMGSE

2 (x) ; . . . ; cAMGSE
P (x)} ≤ 0

ceqAMGSE (x) = {ceqAMGSE
1 (x) ; ceqAMGSE

2 (x) ; . . . ; ceqAMGSE
Q (x)} = 0

where all functions ΦAMGSE
i , cAMGSE

j , ceqAMGSE
k are ANN-based surrogate models that have been accepted

on their respective external acceptance datasets.
Step 1: Surrogate-Based Pareto Front Generation

A multi-objective optimization algorithm (e.g., NSGA-II, NSGA-III, MOEA/D, or decomposition-
based methods) is applied to the surrogate-model-based optimization problem. Because the surrogate
models provide computationally inexpensive function evaluations, the algorithm can perform extensive
exploration of the design space with minimal computational cost. This process yields a Pareto-optimal
solution set denoted as:

X⊕AMGSE ∈ RNPareto×n

where NPareto represents the number of Pareto-optimal solutions identified by the multi-objective algorithm,
and n is the dimensionality of the design variable space. Correspondingly, the objective function values and
constraint function values predicted by the surrogate models for these solutions are:

Φ⊕AMGSE ∈ RNPareto×N ; c⊕AMGSE ∈ RNPareto×P ; ceq⊕AMGSE ∈ RNPareto×Q .
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Figure 3: Flowchart of multi-objective optimization using AMGSE-based surrogate models with real-model
verification.

Step 2: Real-Model Re-Evaluation
Although the surrogate models have been validated to satisfy RMSPEacc ≤ ε on their external acceptance

datasets, the accumulated approximation errors across multiple objectives and constraints may still cause
some solutions that appear feasible under the surrogate models to violate the true constraints when
evaluated with the original high-fidelity models (e.g., experiments, finite element analysis, computational
fluid dynamics simulations).

To ensure the reliability of the final Pareto front, every candidate solution xi ∈ X⊕AMGSE is re-evaluated
using the real models–that is, the original expensive-but-accurate objective and constraint functions. This
verification step computes:

Φ⊕Real = {ΦReal
1 (xi) ; ΦReal

2 (xi) ; . . . ; ΦReal
N (xi)} ∈ RNPareto×N

c⊕Real = {cReal
1 (xi) ; cReal

2 (xi) ; . . . ; cReal
P (xi)} ∈ RNPareto×P

ceq⊕Real = {ceqReal
1 (xi) ; ceqReal

2 (xi) ; . . . ; ceqReal
Q (xi)} ∈ RNPareto×Q

for i = 1, 2, . . . , NPareto .
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Important note on computational feasibility: In typical engineering multi-objective optimization sce-
narios, the number of Pareto-optimal solutions NPareto is relatively modest (ranging from 50 to 500 solutions,
depending on the algorithm settings and problem dimensionality). For such cases, exhaustive verification
of all solutions using high-fidelity models remains computationally tractable, especially compared with the
prohibitive cost of directly applying optimization algorithms to the original, expensive models (which would
require tens of thousands to millions of function evaluations).

Where exhaustive verification is impractical (very large Pareto sets, or extremely expensive single
evaluations), a representative subset of the front can be verified instead; candidate subset-selection strategies
are outlined in Supplementary Section S8.
Step 3: Feasibility Filtering Based on Real Constraints

Each solution is then checked against the real constraint values to determine its true feasibility:

⎧⎪⎪⎨⎪⎪⎩

Feasible∶ c⊕Real (xi) ≤ δineq and ∣ceq⊕Real (xi)∣ ≤ δeq

Infeasible∶ Otherwise

where δineq and δeq are small tolerance values (typically set to 10−3 to 10−6) to account for numerical
precision limitations. In practice, for inequality constraints, δineq is often set to zero or a small positive value;
for equality constraints, a symmetric tolerance δeq is necessary since exact equality is rarely achievable in
numerical computations. Based on this verification:

– Feasible solutions are retained and constitute the exact-model-verified feasible candidate set:
⎧⎪⎪⎨⎪⎪⎩

X⊕Final ∈ RN Feasibl e
Pare to ×n

Φ⊕Final = Φ⊕AMGSE or Φ⊕Real ∈ RN Feasibl e
Pare to ×n

where N Feasibl e
Pare to ≤ NPareto represents the number of solutions that satisfy all real constraints. This

exact-model-verified feasible candidate set, denoted as (X⊕Final , Φ⊕Final), provides decision-makers with
a reliable set of design alternatives that have been verified to be constraint-feasible using the true
high-fidelity models.

– Infeasible solutions are discarded:
⎧⎪⎪⎪⎨⎪⎪⎪⎩

X⊕Remove ∈ RN In f easibl e
Pare to ×n

Φ⊕Remove = Φ⊕/Remove
AMGSE or Φ⊕/Remove

Real ∈ RN In f easibl e
Pare to ×n

where N In f easib l e
Pare to = NPareto − N Feasibl e

Pare to . The ratio N In f easib l e
Pare to /NPareto serves as a useful diagnostic

metric: a low ratio indicates that the surrogate models accurately represent the constraint boundaries,
while a high ratio may suggest the need for surrogate model refinement in critical constraint regions.

Exact-objective non-dominated re-sorting. Feasibility filtering alone does not establish Pareto optimal-
ity with respect to the exact models. Because the objective vector of every retained candidate is recomputed
with the high-fidelity models, a solution that was non-dominated under the surrogate predictions may
become dominated once the exact values are substituted. The retained set is therefore subjected to a non-
dominated sorting under the exact objectives, and any dominated member is removed, before the result
is reported as a Pareto set; duplicate objective vectors are identified at the same stage. Three quantities are
consequently distinguished throughout this work: the surrogate-nondominated candidates returned by the
optimizer, the subset of these that passes exact-model feasibility verification, and the exact non-dominated
subset of that subset, which constitutes the final validated Pareto set reported to the decision-maker. In the
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present case study they number 152, 151 and 150, respectively, the last comprising 146 distinct objective vectors
(Section 4.4).
Step 4: One-Pass Strategy and Potential Extensions

The framework presented here adopts a one-pass strategy, which was sufficient for the present case
study: the multi-objective optimization algorithm is executed once using the surrogate models, and the
resulting Pareto front is subsequently verified against the real models without further iteration. This approach
is justified by the following considerations:

1. Surrogate model quality assurance: All AMGSE surrogate models have been accepted on their external
acceptance datasets to ensure RMSPEacc ≤ ε. Therefore, the surrogate-based Pareto front is expected to
approximate the true Pareto front with acceptable accuracy from the outset.

2. Computational efficiency: The one-pass strategy minimizes the number of expensive real-model evalu-
ations, which are performed only for the final candidate solutions rather than iteratively throughout the
optimization process.

3. Practical applicability: When the verified feasible fraction is high, as in the present case study, the final
validated Pareto set obtained from X⊕Final provides a sufficiently diverse collection of design alternatives
for decision-making, even if some initially predicted Pareto solutions are filtered out during verification.

An iterative optimization–verification extension is possible when the infeasible fraction of the front is
unacceptably high; it is outlined in Supplementary Section S8 and is typically unnecessary when the surrogate
models have been validated as described above.

The computational implications of this one-pass strategy (a single surrogate-based optimization pass
followed by exact-model verification) for the present case study–including the realized training and
verification costs–are quantified in Section 4.6.

4 Case Study: Multi-Objective Design of Slider–Crank Mechanisms with Springs

4.1 Mathematical Model Description of SCM with Springs
Application of the AMGSE Framework to Multi-Objective Optimization of Spring Placement and

Stiffness in Slider-Crank Mechanisms. Details of the mathematical model for the slider-crank mechanism
incorporating springs, with application to a wood-splitting machine, are presented in the publication [32]
and Fig. 4:

The mathematical model comprises two primary objective functions: the energy required to rotate the
driving link through one full cycle (Φ1 = A → min) and the maximum torque during one rotation cycle of
the driving link (Φ2 = Tmax → min). The two inequality constraints are that the maximum dynamic reaction
force at joint A must not exceed 3500 N (c1 = RA,max − 3500 N ≤ 0) and the maximum reaction force from
the groove on slider B must not exceed 750 N (c2 = NB,max − 750 N ≤ 0). The design variables for the problem
are the parameters defining the positions of the spring attachment points M and N: α1 = OM/OA = 0. . .1;
α2 = AN/AB = 0. . .1; and the spring stiffness k = 0. . .20,000 N/m.

4.2 Development of ANN-Based Surrogate Models Using the AMGSE Framework
Due to the relatively high computational time required to evaluate each function (RA,max, NB,max, Φ1,

Φ2) for every design variable vector (α1, α2, k) (≈5 s), directly performing multi-objective optimization on
this model would be excessively time-consuming and could result in an “endless computation” scenario.
Therefore, we employ the AMGSE framework to train an equivalent surrogate model based on the primary
dataset consisting of 2048 points from [32].
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Figure 4: Mathematical model of the slider-crank mechanism with springs for wood-splitting machine application.

The training data, denoted as D, with level =micro in the AMGSE framework, is utilized to train models
for the four functions {RA,max, NB,max, Φ1, Φ2}. Upon completion of training, the framework generates four
*.mat models and a report file for each function, ranking all trained configurations by RMSE, which serves
as the sole primary selection criterion; R2 and MAE are reported as complementary diagnostics and do not
participate in model selection. Restart selection is performed on a held-out validation subset for training
algorithms that support it. For Bayesian regularization (trainbr) the toolbox folds the validation partition
into training and therefore exposes no validation subset, so restart selection falls back to the root-mean-
square error over the full development set; the decisive property, and the one relevant to model-selection
integrity, is that the internal selection split does not drive restart selection. Configurations are subsequently
ranked and ensemble decisions are made on the internal selection split (Xsel, Ysel). All reported generalization
evidence is obtained on a 150-point external set generated independently via Latin Hypercube Sampling and
evaluated with the exact model of [32] (verified to have zero overlap with the 2048-point training set by
nearest-neighbor distance), and on the exact-model re-evaluation of the Pareto candidates; neither influences
weight fitting, restart selection, configuration ranking or ensemble construction. All selected best models
employ the trainbr algorithm with the tansig activation function, based on the rationale that the performance
gap is excessively large compared to other models, thereby favoring the single best model over an ensemble
approach. Table 2 compares the key metrics to highlight the reasons for selecting the best model for each
function {RA,max, NB,max, Φ1, Φ2}.

After applying the AMGSE framework to the four functions {RA,max, NB,max, Φ1, Φ2} the report
indicates that, in all cases, the selection mechanism favors the best single surrogate rather than an ensemble,
according to the AMGSE “gap” criterion (30% threshold). This outcome is reasonable for the present setting,
which is essentially a deterministic dynamical system: once the parameters (α1, α2, k) are fixed, the input–
output mapping follows stable, repeatable mechanical laws over cycles, while any noise in the available dataset
is negligible. Consequently, the training data tend to reflect a smooth and consistent relationship, enabling
an ANN to learn an accurate approximation; when a single model already achieves very small errors and an
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R2 value close to 1, the incremental benefit of ensembling is often limited because the individual models lack
sufficient diversity, whereas the training and deployment cost may increase.

Table 2: Key metrics of the best trained models for functions {RA,max, NB,max, Φ1, Φ2}.

Function Hidden-Layer
Architecture

RMSE (Lower
is Better)

R2 (Closer to 1
is Better)

MAE (Lower is
Better)

Training
Time

Reason for Selection (Based
on Report)

RA,max [35 25 15] 3.882 0.999885 1.207 9.5 min Gap 628.8% > 30%→ Use best
single (trainbr, tansig)

NB,max [35 25 15] 1.394 0.999912 0.3293 11.0 min Gap 919.4% > 30%→ Use best
single (trainbr, tansig)

Φ1 [40 30 20] 0.9799 0.999989 0.4182 23.1 min Gap 566.1% > 30%→ Use best
single (trainbr, tansig)

Φ2 [35 25 15] 0.06169 0.999999 0.02142 10.7 min Gap 4686.1% > 30%→ Use best
single (trainbr, tansig)

In contrast, for more complex multiphysics engineering problems–where data may involve noise,
parameter uncertainty, or strongly nonlinear behavior that leads to high variability across training
configurations–ensembles can be more advantageous, reducing predictive variance and improving gen-
eralization. A systematic investigation of ensemble benefits under such multiphysics scenarios is left for
future work.

4.3 Validation of the Surrogate Models
4.3.1 Comparison with the High-Fidelity (Exact) Model

Throughout Sections 4.3–4.7, the 150-point external set denotes the independently generated dataset
that was used once for the micro-level acceptance decision and subsequently for comparative evaluation; the
errors reported on it are therefore acceptance-set rather than fully untouched post-selection estimates.

The trained models are re-evaluated using an assessment dataset of 150 design points, generated
independently via Latin Hypercube Sampling over the full design domain and evaluated with the exact model
of [32]; this set has zero overlap with the 2048-point training set (verified by nearest-neighbor distance).
Specifically, the four selected models are employed to predict the values of the four functions. The relative
errors between the predicted and actual function values at these 150 assessment points are illustrated in Fig. 5.

The RMSPE(%) values, aggregated from the error table for the 150-point assessment dataset for each
function, are presented in Table 3. The RMSPE values in Table 3 are computed using the same prediction
pipeline as the AMGSE ANN RMSPE column reported in Section 4.3.3 and are therefore consistent.

As shown in Fig. 5 and Table 3, the numerical results confirm the effectiveness of the AMGSE framework
in automating architecture optimization and model selection, achieving RMSPE values between 0.59% and
3.11% across the four functions on the independent 150-point assessment set.

The equivalent AMGSE-ANN model is utilized to plot the graphs of the functions RA,max(α1, α2);
NB,max(α1, α2); Φ1 = A(α1, α2); Φ2 = Tmax(α1, α2) and compare them with the graphs constructed from the
accurate model in [32].

The comparative plots for the functions shown in Figs. 6–9 demonstrate that the equivalent models
trained via the AMGSE Framework yield low average prediction error, producing response surfaces that are
visually very close to those generated by the exact model, consistent with the 0.59%–3.11% RMSPE range
reported in Table 3. Furthermore, the computational time required to generate plots from these equivalent
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models is approximately 71–85 times shorter (about 81× overall; for generating the complete response-surface
plots; per-point inference takes milliseconds vs. ≈5 s per function for the exact model). This highlights the
superior efficiency of surrogate models, provided that high training quality is achieved.

Figure 5: Percentage error between AMGSE-ANN predictions and exact model of functions RA,max, NB,max, Φ1, Φ2.

Table 3: RMSPE (%) values for each function.

RA,max NB,max Φ1 Φ2

RMSPE (%) 3.11% 0.588% 1.10% 2.17%

Time spent drawing graphs: 425 min
(a)

Time spent drawing graphs: 5 min
(b)

Figure 6: Overlay RA,max(α1, α2) surfaces by x3 = k; (a) exact model [32]; (b) AMGSE-ANN surrogate model.
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Time spent drawing graphs: 427 min
(a)

Time spent drawing graphs: 6 min
(b)

Figure 7: Overlay NB,max(α1, α2) surfaces by x3 = k; (a) exact model [32]; (b) AMGSE-ANN surrogate model.

Time spent drawing graphs: 420 min
(a)

Time spent drawing graphs: 5 min
(b)

Figure 8: Overlay Φ1 = A(α1, α2) surfaces by x3 = k; (a) exact model [32]; (b) AMGSE-ANN surrogate model.

Time spent drawing graphs: 426 min
(a)

Time spent drawing graphs: 5 min
(b)

Figure 9: Overlay Φ2 = Tmax(α1, α2) surfaces by x3 = k; (a) exact model [32]; (b) AMGSE-ANN surrogate model.
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4.3.2 Comparative Analysis with Hyperparameter-Optimization Baselines
This subsection compares strategies for selecting ANN hyperparameters: in all compared methods, the

final surrogate remains an ANN, and the methods differ only in how its configuration is chosen. Claims in
this subsection, therefore, concern hyperparameter optimization, not surrogate families; a comparison with
fundamentally different surrogate models is provided in Section 4.3.3. We conduct a systematic comparison
of prediction accuracy achieved by the AMGSE-trained models against three representative hyperparameter
optimization baselines: Bayesian Optimization (BO), Tree-structured Parzen Estimator (TPE), and Random
Search (RS). This comparative analysis evaluates all four methods using the same independent 150-point
assessment dataset (Latin Hypercube Sampling, evaluated with the exact model of [32], with zero overlap
with the training set), providing a common external evaluation basis without confounding factors from
differences in data selection.

Experimental protocol and statistical evaluation. Because all compared algorithms are stochastic,
the comparison was repeated over ten independent runs (seeds 101–110) per method and per function
under a matched-conditions protocol: identical candidate architectures {[40, 30, 20], [35, 25, 15]}, training
algorithms {trainlm, trainbr}, activation function {tansig}, data partition (70/20/10), and a common wall-
clock ceiling of 900 s for the three baselines under each method’s own stopping protocol, while AMGSE
executes its prescribed micro-scale protocol of 32 trainings; performance is measured as the mean absolute
relative error over the 150-point independent assessment set. Table 4 reports the resulting statistics. AMGSE
mean-error values for the full 2048-point design differ slightly between the ten-run campaign reported here
and the values reported in Sections 4.3.3, 4.5 and 4.7.2 and in Supplementary Table S4, because the present
campaign reports ten-run statistics, whereas those report, respectively, the single deployed surrogate, five-
run ablation averages, and single reference runs executed with the seeds of their respective experiments.
AMGSE achieves the lowest mean error on three of the four functions (NB,max, Φ1, Φ2), with margins of
3.3–10.6× in mean error over all three baselines (ratios computed from unrounded means), and is more
accurate than TPE on the fourth function (RA,max); on RA,max, AMGSE is modestly outperformed by BO and
RS (by approximately 25% in mean error). The Friedman test rejects the hypothesis of equal performance
on every function (p < 5 × 10−5), and post-hoc Wilcoxon signed-rank tests against each baseline, with
Holm correction, are significant in all twelve pairwise comparisons (p ≤ 7.8 × 10−3). Distribution plots are
provided in Supplementary Fig. S1. Fig. 10 directly visualizes the ten-run campaign statistics from Table 4
(mean ± standard deviation across the ten seeds). Fig. 11 shows the spatial error pattern across the 150
assessment points for a single representative run (seed 101); aggregate run-to-run statistics are reported
in Table 4 and Supplementary Fig. S1. For clarity, the data roles are as follows: the training split (70%) updates
network weights; the validation split (20%) drives early stopping and restart selection; the internal selection
split (10%; Xsel, Ysel in the Appendix C pseudocode) is used for configuration ranking and ensemble decisions;
and the external 150-point assessment set, together with the 608 exact-model verification evaluations (152
designs × 4 responses), did not influence weight fitting, restart selection, configuration ranking or ensemble
construction. It was used once, as an external acceptance set, to determine whether escalation beyond the
micro level was required; because the tolerance was satisfied, the escalation branch was not triggered. Its
reported errors should therefore be read as acceptance-set performance rather than as a fully untouched
post-selection estimate.
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Table 4: Statistical comparison of ANN hyperparameter-optimization strategies over ten independent runs:
mean ± standard deviation (median) of the mean absolute relative error (%) on the 150-point assessment set.

Function AMGSE BO TPE RS
RA,max 0.666 ± 0.053 (0.654) 0.530 ± 0.044 (0.540) 0.972 ± 0.179 (0.919) 0.533 ± 0.083 (0.515)
NB,max 0.133 ± 0.089 (0.119) 0.838 ± 0.090 (0.853) 1.413 ± 0.280 (1.477) 0.878 ± 0.099 (0.878)

Φ1 0.210 ± 0.021 (0.210) 0.723 ± 0.132 (0.769) 1.169 ± 0.302 (1.048) 0.721 ± 0.060 (0.710)
Φ2 0.111 ± 0.145 (0.045) 0.368 ± 0.039 (0.359) 0.676 ± 0.113 (0.624) 0.403 ± 0.063 (0.414)

Friedman p
4.7 × 10−6 . . .

2.2 × 10−5 (per
function)

Wilcoxon vs.
AMGSE (Holm)

p = 5.9 × 10−3–
7.8 × 10−3

p = 5.9 × 10−3–
7.8 × 10−3

p = 5.9 × 10−3–
7.8 × 10−3

Figure 10: Prediction accuracy comparison across all objective and constraint functions (ten-run campaign statistics,
mean ± standard deviation; see Table 4).

Fig. 10 presents a quantitative comparison of mean prediction errors and their variability (depicted
via error bars representing standard deviation) achieved by AMGSE and three competing methods across
the four functions {RA,max, NB,max, Φ1, Φ2}. The analysis reveals AMGSE’s significantly superior predictive
accuracy and consistency, attaining the lowest mean error on three of the four functions (NB,max, Φ1, Φ2),
whereas its relative standing on RA,max is discussed below:

– AMGSE achieves mean errors (± standard deviation across ten seeds) of 0.666 ± 0.053% (RA,max),
0.133 ± 0.089% (NB,max), 0.210 ± 0.021% (Φ1), and 0.111 ± 0.145% (Φ2), attaining the lowest mean error
among the four compared methods on NB,max, Φ1, and Φ2.

– Bayesian Optimization attains mean errors of 0.530% (RA,max), 0.838% (NB,max), 0.723% (Φ1), and
0.368% (Φ2). BO is 3.3–6.6× less accurate than AMGSE on NB,max, Φ1, and Φ2, but modestly more
accurate than AMGSE on RA,max (0.530% vs. 0.666%, about 26% lower).

– Random Search attains mean errors of 0.533% (RA,max), 0.878% (NB,max), 0.721% (Φ1), and 0.403% (Φ2).
RS is 3.3–6.6× less accurate than AMGSE on NB,max, Φ1, and Φ2, but modestly more accurate than
AMGSE on RA,max (0.533% vs. 0.666%, about 25% lower), similarly to BO.
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– TPE attains mean errors of 0.972% (RA,max), 1.413% (NB,max), 1.169% (Φ1), and 0.676% (Φ2), the least
accurate of the three baselines on every function; AMGSE is 1.5–10.6× more accurate than TPE across
all four functions.

Key observation: AMGSE attains the lowest mean error on three of the four functions (NB,max, Φ1,
Φ2), by margins of 3.3–10.6× over all three baselines, and is more accurate than TPE on the fourth function
(RA,max) while being modestly outperformed there by BO and RS. This pattern is consistent across all
ten independent runs (Table 4; a large absolute rank-biserial effect size–equal to 1.0 in nine of the twelve
significant pairwise comparisons and between 0.93 and 0.96 in the remaining three (RA,max vs. RS, and Φ2
vs. BO and RS), the sign indicating whether AMGSE or the corresponding baseline attained the lower paired
error).

Figure 11: Spatial error distribution and model robustness.

AMGSE’s advantage on three of the four functions is associated primarily with its systematic grid
coverage and full-convergence training at the micro scale; the ablation study (Section 4.5) indicates that
multi-restart selection adds little measurable mean-accuracy benefit in this deterministic case study (R = 8
restarts per configuration), which more thoroughly explores the fixed architecture-algorithm space than the
stochastic search strategies of BO, TPE, and RS under their respective method-specific stopping protocols,
with realized computational costs reported separately. On RA,max, however, AMGSE’s exhaustive search does
not translate into better held-out accuracy than the more sparingly-sampled BO and RS baselines; a plausible
explanation is a mild selection-induced optimism effect (an “optimizer’s curse”), whereby ranking many
candidates by a noisy internal validation criterion increases the risk of selecting a configuration that is
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well matched to that split’s particular sampling noise rather than to the true underlying function–an effect
naturally attenuated when fewer candidates are evaluated. In the present N = 2048 campaign, the adaptive
complexity module is inactive (its activation threshold is 300 samples); its role is exercised separately in the
small-sample stress test of Section 4.7.

Fig. 11 provides a heatmap comparing absolute prediction errors across all 150 assessment points for
each method in a single representative run (seed 101); aggregate run-to-run statistics are reported in Table 4.
All four methods exhibit a small number of design points with locally large errors, most likely corresponding
to regions of the design domain that are sparsely represented in the 2048-point training set: for this run, the
maximum pointwise error reaches 22.8% (AMGSE, RA,max), 29.0% (TPE, NB,max), and 71.5% (AMGSE, Φ2,
a single isolated point), while the 90th-percentile error remains below 3% for every method and function.
This indicates that, despite its mean-accuracy advantage on three of the four functions, AMGSE’s surrogate
is not uniformly reliable across the full design domain, and occasional large local errors can occur for any of
the four methods; this behavior is discussed further as a limitation in Section 4.8.

The comparative analysis in Figs. 10 and 11 shows that AMGSE delivers higher surrogate model quality
on three of the four response functions–lower mean prediction error, consistent with the 3.3–10.6-fold
differences reported in Table 4—compared to three established hyperparameter optimization alternatives.
Although the AMGSE-trained surrogates attain the lowest mean error on three of the four functions, the
spatial error analysis (Fig. 11) reveals occasional large local errors; the reported mean accuracy therefore
reflects average rather than uniform pointwise reliability, and exact-model verification of the final Pareto
candidates remains essential before subsequent design-space visualization and multi-objective optimization.

Building upon these results, a rigorous validation process was conducted for each surrogate function,
including error-plot analysis, RMSPE (%) evaluation, and graphical comparison with the exact model. The
results consistently demonstrate that the AMGSE-based surrogate models achieve low average error on the
external assessment set, although the occasional large local errors in Fig. 11 preclude claims of uniformly
reliable point-wise accuracy. Consequently, these validated models provide a solid foundation for subsequent
multi-objective optimization and can be applied to the class of problems studied here, while retaining exact-
model verification for all final optimization candidates.

4.3.3 Surrogate-Level Comparison with Gaussian Process Regression and RBF Networks
The comparison in Section 4.3.2 concerns hyperparameter-optimization strategies for ANNs. To assess

AMGSE at the surrogate level, the AMGSE-selected ANN is further compared against two fundamentally
different surrogate families trained on the identical 2048-point dataset and evaluated on the identical
150-point independent assessment set: Gaussian Process Regression (GPR/Kriging) with automatic kernel
selection over squared-exponential, Matérn and rational-quadratic families including ARD variants, auto-
matic basis-function selection (constant, linear, pure quadratic), 5-fold cross-validation and multi-restart
hyperparameter fitting; and Radial Basis Function (RBF) networks with a systematic sweep over spread
and error-goal parameters. Table 5 summarizes the results. To match the statistical rigor of the ten-run
hyperparameter-optimization campaign, 95% bootstrap confidence intervals (10,000 resamples) and paired
Wilcoxon signed-rank tests on the point-wise absolute relative errors were computed on the 150-point
set: every AMGSE-ANN-vs-GPR and AMGSE-ANN-vs-RBF difference is statistically significant (Holm-
corrected p < 10−10). Although GPR attains the lower mean on three functions, the AMGSE ANN attains the
lower median point-wise error on all four, with a larger mean arising from a heavier tail of a few large local
errors (consistent with Fig. 11); the full confidence intervals are listed in Supplementary Section S10. GPR
attains the lowest mean absolute relative error on three of the four functions (RA,max, Φ1, Φ2), outperforming
the AMGSE ANN by 2.8× on RA,max, 1.6× on Φ1, and 1.4× on Φ2; the AMGSE ANN attains the lowest
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error on the remaining function, NB,max, outperforming GPR by 5.1× and RBF by 19.2×. RBF is the least
accurate family among NB,max, Φ1, and Φ2, but modestly outperforms the ANN on RA,max (1.2×). Training
cost is comparable across the three families (AMGSE ANN ≈ 39 min on average vs. 38–65 min for the
tuned GPR and RBF sweeps). GPR’s strong showing on three of the four functions is consistent with the
well-documented strength of Kriging on smooth, low-dimensional (here, three-variable) response surfaces;
however, its cubic training complexity in the number of samples limits scalability to larger datasets, whereas
the ANN surrogate additionally provides millisecond-level batch inference used by NSGA-III in Section 4.4
(a dedicated benchmark measured 10–28 ms for the ANN vs. 3.2–34 s for GPR and 4.0–44 s for RBF over
batches of 1000–10,000 points–two to three orders of magnitude faster; Supplementary Section S10), and
remains the most accurate family on NB,max.

Table 5: Surrogate-level comparison on the 150-point independent assessment set (identical training data).

Function
AMGSE ANN
mean∣rel.err∣

(%)

GPR
mean∣rel.err∣

(%)

RBF
mean∣rel.err∣

(%)

AMGSE
ANN

RMSPE (%)

GPR
RMSPE (%)

RBF
RMSPE (%)

RA,max 0.679 0.245 0.563 3.11 0.508 0.892
NB,max 0.0785 0.397 1.51 0.588 1.04 3.21

Φ1 0.198 0.121 0.736 1.10 0.205 1.48
Φ2 0.198 0.138 0.468 2.17 0.483 1.12

4.4 Multi-Objective Optimization of the Slider–Crank Mechanism Using the Developed Surrogate Models
The multi-objective optimization problem is solved using the surrogate models trained via the AMGSE

Framework. The mathematical model is formulated as follows:

min
x∈R3

ΦAMGSE (x) = {ΦAMGSE
1 (x) ; ΦAMGSE

2 (x)}

subject to∶
⎧⎪⎪⎨⎪⎪⎩

cAMGSE (x) = {cAMGSE
1 (x) ; cAMGSE

2 (x)} ≤ 0

ceqAMGSE (x) = {∅} = 0

The constrained bi-objective optimization problem is solved using the Non-dominated Sorting Genetic
Algorithm III (NSGA-III) [35,36] which extends the classical NSGA-II [37] by incorporating a reference-
point-based selection mechanism to maintain solution diversity along the Pareto front.

NSGA-III employs uniformly distributed reference points, generated using the Das-Dennis
approach [38], to guide the search toward well-distributed Pareto-optimal solutions. The algorithm follows
an elitist evolutionary framework in which, at each generation, offspring solutions are created using binary
tournament selection, simulated binary crossover (SBX), and polynomial mutation. The combined parent-
offspring population undergoes constrained non-dominated sorting, where Deb’s constrained-dominance
principle ensures that feasible solutions are always preferred over infeasible ones [37].

Survival selection fills the next generation by first including complete non-dominated fronts, then
applying a niching mechanism based on reference-point association to select the remaining individuals
from the critical front. This mechanism prioritizes reference points with fewer associated solutions, ensuring
balanced coverage of the objective space.
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Although NSGA-III was originally designed for many-objective problems (N ≥ 3), its systematic
diversity preservation offers advantages for bi-objective problems, particularly in maintaining uniformly
distributed solutions along the Pareto front.

Upon applying the NSGA-III algorithm, a set of 152 non-dominated candidate solutions was obtained.

By substituting the obtained optimal parameter set {X⊕AMGSE
152×3

} into the exact model, the objective

function vector and inequality constraints X⊕AMGSE
152×3

→ {Φ⊕Real
152×2

; c⊕Real
152×2

} are recomputed.

Upon verifying the constraint conditions{c⊕Real
152×2

}, it is observed that only solution #64 violates constraint

c2 (c#64
2_AMGSE = −0.0346 < 0; whereasc#64

2Real
= 0.31213 > 0). Consequently, 151 exact-model-verified feasible

candidates remain, of which 150 are mutually non-dominated under exact-objective re-evaluation (146
distinct objective vectors; one candidate becomes dominated). Thus, 151 of 152 candidates (99.34%) remained
feasible after exact-model verification (feasible-candidate rate).

Fig. 12 presents a comparative analysis of Pareto fronts obtained from three multi-objective optimization
approaches applied to the slider-crank mechanism problem: the hybrid CDOS-PSI method [32], the
ANN_NSGAIII surrogate model trained via the AMGSE Framework, and the NSGAIII_Real validation
using the exact mathematical model. The pink squares represent 19 Pareto solutions from CDOS-PSI, while
the blue circles denote 152 solutions from ANN_NSGAIII. The green-filled triangles correspond to 151
feasible solutions from NSGAIII_Real, satisfying constraints c1 ≤ 0 and c2 ≤ 0, with one infeasible point (gray
hollow triangle, solution #64) violating c2. Selected solutions are highlighted as blue and orange eight-pointed
stars for CDOS-PSI and NSGAIII_Real, respectively.

Notably, the ANN_NSGAIII and NSGAIII_Real solution sets exhibit close alignment, with 151 out of
152 ANN-derived solutions validated as feasible through exact computation, underscoring the high fidelity
of the AMGSE-trained surrogate model in approximating the true objective space. This congruence validates
the AMGSE Framework’s efficacy in generating accurate neural network surrogates for complex dynamics.

In comparison, the exact-model-verified feasible candidate set (NSGAIII_Real) contains substantially
more solutions than CDOS-PSI, 151 against 19, and its exact non-dominated subset, referred to below as the
exact-model-verified front, contains 150 of them. That front consistently dominates the CDOS-PSI front,
lying entirely below in the objective space (Φ1 = A (J) vs. Φ2 = Tmax (N⋅m)). This dominance indicates
enhanced trade-offs between minimizing A and minimizing Tmax, attributed to NSGA-III’s reference-point-
based niching, which promotes diversity and convergence even in bi-objective scenarios.
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Figure 12: Pareto front comparison: ANN_NSGAIII vs. NSGAIII_Real vs. CDOS_PSI methods.



Comput Model Eng Sci. 2026;148(3):13 29

Quantitative Pareto-front assessment. To complement the visual comparison, three standard multi-
objective quality indicators were computed on objectives normalized to [0, 1] over the union of the three
fronts: the Hypervolume (HV, reference point (1.1, 1.1); higher is better), the Inverted Generational Distance
Plus (IGD+, a dominance-compliant variant of IGD; reference set = non-dominated union front, 181 points;
lower is better), and Schott’s Spacing (lower means a more uniform distribution). As summarized in Table 6,
the ANN–NSGA-III front improves the hypervolume by 16.3% over CDOS-PSI (0.8024 vs. 0.6901)–and the
exact-model-verified front improves it by 16.1% (0.8012 vs. 0.6901), the value quoted in the abstract and in
contribution C4–reduces IGD+ by two orders of magnitude (2.0× 10−4 vs. 5.8× 10−2), and reduces Spacing by
a factor of 7.9 (0.0055 vs. 0.0431), quantitatively confirming superior convergence, coverage, and uniformity.
Moreover, the exact-model-verified front is nearly indistinguishable from the surrogate-predicted front (HV
0.8012 vs. 0.8024; IGD+ 4.9 × 10−4 vs. 2.0 × 10−4; Spacing 0.0055 for both), independently corroborating
the fidelity of the AMGSE surrogates at the level of the final Pareto set. Because this comparison contrasts
the complete AMGSE–NSGA-III pipeline with the previously reported CDOS-PSI solutions, the indicator
gains are attributable to the pipeline as a whole rather than to any single component; the reported indicators
were further confirmed to be robust to optimizer stochasticity: across ten independent NSGA-III runs the
AMGSE–NSGA-III front was highly stable (median hypervolume 0.805, interquartile range 0.805–0.806,
computed over the union of the ten runs and the CDOS-PSI front) and dominated the CDOS-PSI front in all
ten runs, with every indicator significantly better than CDOS-PSI (Wilcoxon signed-rank test, p = 2.0 × 10−3,
the smallest value attainable for ten paired runs and hence unanimous); each run returned 152 candidates,
of which a median of 150 were mutually non-dominated on the surrogate front, whereas all 152 were
mutually non-dominated in the representative run retained for exact-model verification. The point-wise
quality of the representative front reported in Table 6 was certified by exact re-evaluation, and the union-
based IGD+ reference naturally favors denser fronts. Recomputing the three indicators on the 150 mutually
non-dominated exact solutions (146 distinct objective vectors) leaves HV, IGD+, and Spacing unchanged
to the reported precision, because the single exact-dominated candidate lies within the front and Fig. 12 is
unaffected. These evaluation caveats are acknowledged in Section 4.8.

Table 6: Multi-objective quality indicators of the Pareto fronts (objectives min–max normalized over the union of the
fronts).

Front HV (↑) IGD+ (↓) Spacing (↓)
CDOS-PSI (19 points) 0.6901 0.0579 0.0431

ANN–NSGA-III (152 points) 0.8024 0.00020 0.0055
NSGA-III-Real (151 exact-model-verified feasible) 0.8012 0.00049 0.0055

Note: ↑ indicates that a higher value is better; ↓ indicates that a lower value is better.

Overall, these results highlight the AMGSE Framework’s potential for surrogate-based multi-objective
optimization within the studied problem class, enabling rapid design-space exploration with modest
computational overhead while preserving solution integrity through exact-model verification.

Among the 151 verified feasible solutions (150 mutually non-dominated), four solutions representing
the best balance between the two objectives–specifically #44, #60, #70, and #142–are selected and presented
in Table 7:

Based on Fig. 12 and Table 7, the four solutions selected via the proposed approach–utilizing the AMGSE
framework for ANN training combined with the NSGA-III algorithm–exhibit superior quality compared
to those obtained by the hybrid CDOS-PSI method. In terms of Pareto dominance, every solution of the
CDOS-PSI front is dominated by at least one solution of the exact-model-verified front (19 of 19 points),
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while none of the 151 verified solutions is dominated by any CDOS-PSI solution; the same relations hold for
the surrogate-predicted front.

Table 7: Comparison of the selected solutions obtained using ANN-NSGA-III and CDOS-PSI.

Optimal Solution (x1 = α1, x2 = α2, x3 = k) Φ1 = A (J) Φ2 = Tmax (N⋅m)
A993 in [32] (0.384, 0.8745, 15,833.538) 1162.8394 475.1062

#44 (0.3646, 1, 14,732.85572) 1153.4457 473.561
(–0.81%) (–0.33%)

#60 (0.4144, 1, 16,995.15635) 1140.9524 474.174
(–1.88%) (–0.2%)

#70 (0.3923, 1, 16,299.76765) 1156.917 470.828
(–0.51%) (–0.9%)

#142 (0.4163, 1, 17,017.4086) 1138.365 474.819
(–2.1%) (–0.06%)

Note: Values in bold and in parentheses are the relative change with respect to solution A993 of [32].

4.5 Ablation Study of the AMGSE Modules
To quantify the contribution of the individual AMGSE modules, four variants were executed on identical

data with identical seeds (five independent runs each; fewer than the ten of Section 4.3.2, as the run-to-run
variance of the ablation variants proved comparatively small): (V1) the full framework; (V2) no multi-restart
(R = 1); (V3) the 30% gap rule disabled, so that the ensemble is always eligible while the final ensemble-
vs-single acceptance test of Phase 5 remains active; and (V4) ensembling disabled entirely. Table 8 reports
the mean absolute relative error on the 150-point independent assessment set. On RA,max, NB,max, and Φ1,
removing the multi-restart mechanism (V2) or disabling the gap rule (V3) changes the mean error by only a
few percent relative to V1, well within one run-to-run standard deviation, indicating no material difference
on these three functions. On Φ2, V2 and V3 both outperform V1 (0.091% and 0.200%, respectively, vs.
0.224% for V1); rather than degrading performance, disabling either mechanism modestly improved held-out
accuracy for this function. This pattern differs from what would be expected if multi-restart selection and the
gap rule reliably improved generalization, and is consistent with a mild selection-induced optimism effect:
ranking more candidate models by a single internal validation split can occasionally favor a configuration that
fits that split’s particular sampling noise slightly better without a corresponding gain in true generalization.
Variant V4 coincides exactly with V1 on all four functions, because the gap criterion consistently favors
the best single model in this deterministic, low-noise case study, so disabling ensembling has no effect
by construction. Because the case-study dataset (N = 2048) exceeds the 300-sample activation threshold,
the adaptive complexity module is not triggered here; its role is assessed separately in the small-sample
experiment of Section 4.7. Fig. 13 visualizes these results. We further note that variant V2–one training per
configuration over the same grid–is equivalent in practice to a single-restart grid-search baseline under the
present implementation; even at this reduced cost (four single-shot trainings, on the order of the baselines’
realized costs in Table 9), it retains AMGSE’s advantage over BO, TPE, and RS on NB,max, Φ1, and Φ2, and
its accuracy on RA,max remains close to that of V1 (both similar to BO and RS on this function). Overall,
the ablation results indicate that the largest, most consistent contributor to AMGSE’s accuracy on this case
study is the systematic grid coverage at the micro scale itself, rather than the multi-restart or conditional-
ensemble mechanisms individually; the latter two provide a safety margin against poor initializations and
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heterogeneous candidate quality without an accuracy cost resolvable at five runs–the largest observed
difference, on Φ2, lies within one run-to-run standard deviation–but do not appear to be the primary drivers
of the accuracy advantage over BO/TPE/RS observed in Table 4.

Table 8: Ablation study–mean± standard deviation of the mean absolute relative error (%) on the 150-point assessment
set (five runs).

Function V1 Full
AMGSE

V2 No Multi-Restart (=
Conventional Grid Search)

V3 Gap Rule Disabled
(Ensemble Always Eligible)

V4 No
Ensemble

RA,max 0.656± 0.034 0.676 ± 0.068 0.656 ± 0.034 0.656± 0.034
NB,max 0.103 ± 0.031 0.101 ± 0.074 0.103 ± 0.031 0.103 ± 0.031

Φ1 0.224± 0.035 0.235 ± 0.045 0.224 ± 0.035 0.224± 0.035
Φ2 0.224 ± 0.186 0.091 ± 0.126 0.200 ± 0.161 0.224 ± 0.186

Figure 13: Ablation study–mean absolute relative error (%) on the 150-point assessment set (mean± standard deviation
over five runs).

Table 9: Computational budget of the compared methods (per response function; means over the ten-run campaign).

Method Exact-Model Calls
during Search

ANN/GP/RBF
Models Trained

Mean Wall-Clock
Time (min)

AMGSE (micro) 0 32 39.4
Bayesian Optimization 0 ≤25 1.3–1.8

TPE (with Hyperband-style
multi-fidelity, as implemented) 0 ≈25–40 0.5–0.7

Random Search 0 ≤30 1.4–2.5
GPR (kernel/basis sweep, 5-fold CV) 0 ≈90 fits 55–65

RBF (spread/goal sweep) 0 ≈65 fits 38–55
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4.6 Computational Cost Analysis
4.6.1 Budget Accounting and Matched-Evaluation Check

A recurring concern with multi-layer search strategies is computational expense. It is essential to
distinguish between the two budgets. The simulation budget–evaluations of the expensive exact model–
is fixed and identical for all surrogate approaches: the 2048 offline samples inherited from [32] plus the
verification of the 152 candidate designs (152× 4= 608 function evaluations); AMGSE performs no additional
exact-model evaluations during its search. The training budget is the cost of fitting ANN candidates to the
fixed dataset: at the micro scale, 4 configurations × 8 restarts = 32 training runs per function, requiring
39.4 min on average per function in our campaign (mean over 10 runs; hardware as in Section 4.2). The
shorter per-function times in Table 2 (9.5–23.1 min) correspond to the single original deployed run executed
under different machine-load conditions, whereas Table 9 reports campaign means on the current hardware.
Under this matched-conditions protocol the baselines terminated at their own recommended stopping
criteria after training a comparable number of models (25–30) in 0.5–2.5 min; their errors in Table 4 are thus
obtained at a lower realized training cost; the corresponding budget question is addressed quantitatively both
by the single-shot grid-search variant V2 of the ablation study (Section 4.5) and, more directly, by a matched-
evaluation sanity check reported below. The tuned GPR and RBF sweeps of Section 4.3.3 required 38–65 min
per function, comparable to AMGSE. For CFD-class applications, the dominant cost is data generation,
which is common to all methods; AMGSE adds a training overhead of minutes to hours, negligible relative
to typical simulation campaigns. When training a single ANN becomes expensive (e.g., due to very large
datasets or architectures), the grid-with-restarts strategy becomes costly; this limitation is acknowledged
in Section 4.8.

As an additional, more direct sanity check on the fairness of the comparison in Table 4, a matched-
evaluation experiment was performed on two representative response quantities–Φ1 (the objective on which
AMGSE shows its largest margin over the baselines) and RA,max (one of the two quantities on which the
baselines attain the lowest mean error in Table 4)–over five independent seeds, evaluated on the 150-point
independent assessment set. Two matched settings were compared: AMGSE run at its minimum realizable
cost (Restarts = 1, four trainings, one-eighth of its default micro-scale budget of 32) against the baselines
constrained to a comparable number of model fits (Bayesian optimization and random search capped at 32
evaluations; TPE bounded to its native 300-s stopping criterion). On Φ1, minimum-cost AMGSE attained
a substantially lower mean absolute relative error (0.21%) than Bayesian optimization (0.78%), TPE (1.17%),
and random search (0.76%), even though the latter trained up to eight times as many models, indicating
that AMGSE’s advantage on this function is not an artifact of a larger training budget. On RA,max, the picture
is mixed: the equal-fit-count random search (0.57%) and Bayesian optimization (0.61%) were marginally
more accurate than minimum-cost AMGSE (0.71%), while TPE remained less accurate (1.01%)–a pattern
consistent with the function-dependent trade-off already noted in Section 4.3.3, where the comparably
inexpensive GPR surrogate attains the lowest mean error on three of the four response functions. Full
per-method statistics are given in Supplementary Section S10.4.

4.6.2 Hierarchical Escalation Vs. a Flat Simultaneous Search
Because all four responses of the case study were accepted at the micro level, the escalation mechanism

itself was not exercised there, and the argument of Section 2.2 would otherwise rest on analysis alone. We
therefore re-ran the surrogate construction for Φ1 in flat mode, searching the medium space directly–20
configurations against the 4 of the micro level, that is 160 trainings against 32–on the identical dataset, data
partition and restart budget, and evaluated the result on the same 150-point independent assessment set. The
hierarchical arm reuses the micro-scale models already trained for the ten-run campaign in Section 4.3.2
(seeds 101–110), re-evaluating them on the same set without retraining. Table 10 reports the comparison. The
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medium space shares one of the two microarchitectures but does not contain the other, so the comparison
is framed as a fivefold larger configuration space rather than a superset relation.

Table 10: Hierarchical stop vs. flat simultaneous search for Φ1. Mean absolute relative error (%) on the 150-point
independent assessment set; identical dataset, partition and restart budget (R = 8).

Search Arm Configurations Trainings Independent Runs Assessment Error (%)
Hierarchical stop (micro level) 4 32 10 0.2104 ± 0.0206

Flat/simultaneous (medium level) 20 160 1 0.1889

A fivefold increase in the number of training sessions reduced the assessment error from
0.2104 ± 0.0206% to 0.1889%, a relative improvement of about ten percent that places the flat result at
the lower edge of the run-to-run band of the hierarchical arm (mean minus one standard deviation is
0.1898%). The individual hierarchical runs were 0.1805%, 0.1891%, 0.1911%, 0.1971%, 0.2060%, 0.2135%,
0.2274%, 0.2285%, 0.2330% and 0.2379%: one of the ten micro-scale runs was in fact more accurate than the
fivefold more expensive flat search, and a second matched it to three significant figures. We deliberately report
this comparison as a difference relative to run-to-run variability, in the same manner as the ablation study
in Section 4.5, and do not attach a p-value to it: with a single flat run, a paired rank test has no power. Cost is
reported as the number of trainings because that quantity is independent of hardware and of any interruption
of the run. The corresponding comparison on an analytic benchmark, for which three independent flat runs
were feasible, is reported in Section 4.9 and points in the same direction. The seed of the flat run and the full
composition of the medium configuration space are given in Supplementary Section S11.

4.7 Behavior in the Small-Sample Regime
Experimental research often permits only 15–30 physical experiments. Although AMGSE targets the

offline setting with moderate-sized datasets, its behavior under extreme data scarcity was examined by
drawing a random 30-sample subset of the case-study data (fixed seed) and repeating surrogate construction.
With N = 30 < 300 the adaptive complexity module activates automatically, scaling all layer widths by
0.7 (minimum eight neurons). Table 11 summarizes the errors on the 150-point independent assessment
set. As expected, accuracy degrades markedly relative to N = 2048; the framework nevertheless remains
operational without catastrophic overfitting. The comparison with GPR at N = 30 is mixed rather than
uniformly favoring either family: the ANN is more accurate on NB,max (9.04% vs. 10.2%) and Φ2 (2.29%
vs. 2.82%), while GPR is more accurate on RA,max (3.49% vs. 5.87%) and marginally more accurate on
Φ1 (5.39% vs. 5.49%). We therefore explicitly note that Gaussian-process surrogates remain a competitive,
and sometimes preferable, choice in the extremely small-sample regime, and that sequential model-based
approaches with active sampling are more appropriate when the experimental budget itself is the binding
constraint; integrating such adaptive sampling into AMGSE is identified as future work. Fig. 14 contrasts the
three settings, making the operating envelope of the framework explicit. The N = 30 experiment is intended
as an initial small-data stress test based on a single fixed subset; it is not a comprehensive validation across
sample sizes, repeated subsets, or noisy experimental conditions. As a targeted test of the adaptive-complexity
module (active only for N < 300), the N = 30 experiment was repeated with the module enabled and disabled
over ten random subsets: enabling adaptive complexity significantly reduced the mean absolute relative error
on Φ1 (10.9% vs. 18.7%, p = 6 × 10−3) and Φ2 (3.3% vs. 5.6%, p = 2 × 10−3), and did not degrade accuracy on
the other two functions (Wilcoxon signed-rank tests over ten subsets). This provides direct evidence that the
adaptive-complexity mechanism is beneficial in the small-data regime for which it was designed.
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Table 11: Small-sample experiment (N = 30): mean absolute relative error (%) on the 150-point assessment set.

Function AMGSE ANN (N = 30) GPR (N = 30)
RA,max 5.87 3.49
NB,max 9.04 10.2

Φ1 5.49 5.39
Φ2 2.29 2.82

Figure 14: Behavior in the small-sample regime–mean absolute relative error (%) of the AMGSE ANN at N = 2048 and
N = 30, and of GPR at N = 30 (logarithmic scale).

4.7.1 How Much of the Inherited Design Was Necessary
Whether the design points should instead be selected by an optimizer is a question that presupposes

that the inherited fixed design may be larger than necessary. That premise was tested directly. Surrogates
were rebuilt on random subsets of the existing 2048-point dataset of sizes N = 30, 60, 100, 200, 400, 800,
1600 and 2048, with three independent subsets per level (necessarily a single set at N = 2048), and evaluated
on the same 150-point assessment set; no additional exact-model evaluation was required. Fig. 15 shows the
resulting learning curves. For Φ1 the error falls from 6.92% at N = 30 to 0.368% at N = 400 and 0.220% at
N = 1600, and is statistically indistinguishable between N = 1600 and N = 2048. For RA,max the error is still
decreasing at the full design size (0.891% at N = 400, 0.826% at N = 800, 0.672% at N = 1600 and 0.599% at
N = 2048). Diminishing returns therefore set in around N = 400, but no plateau is reached: on the evidence
of these curves, the inherited design was not demonstrably redundant for the two responses examined, and
for one of them it was, if anything, not yet saturated. We note that the adaptive-complexity module is active
for the three smallest levels, so the left-hand portion of each curve reflects the combined effect of sample size
and of that module. The subset sizes, the number of repetitions per level, the seed-generation scheme and
the tabulated errors behind Fig. 15 are reported in Supplementary Section S12.

4.7.2 Optimizer-Guided Selection of Design Points at a Matched Budget
We next compared design-of-experiments strategies at a matched budget of 160 design points. Three

settings were evaluated: a random subset of the existing dataset; a pool-based adaptive selection in which a
Gaussian-process model with an anisotropic Matern kernel is refitted after each batch and the ten points of
maximum predictive standard deviation are added, starting from a 60-point space-filling design; and the full
2048-point design as an upper reference. Candidate locations were drawn from the existing dataset rather
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than from the continuous design domain, so the experiment consumes no additional exact-model evaluation
and does not depend on an infill implementation of our own; this restriction is stated explicitly because it
bounds what the result can support. Table 12 reports the outcome over three seeds. The full-design column
of Table 12 is a single reference run of this experiment and is therefore not identical to the ten-run campaign
mean discussed in Section 4.3.2.

Figure 15: Learning curves of AMGSE (micro level) as a function of training-set size, evaluated on the 150-point
independent assessment set. Markers show the mean over three random subsets (a single set at N = 2048); error bars
show one standard deviation. Both axes are logarithmic.

Table 12: Design-of-experiments strategies at a matched budget of 160 points. Mean absolute relative error (%) on the
150-point independent assessment set; AMGSE (micro level) is the surrogate in every case.

Response Random Subset (n = 160) Pool-Adaptive Selection (n = 160) Full Design (n = 2048)
Φ1 1.427 ± 0.424 1.441 ± 0.480 0.278

RA,max 1.565 ± 0.160 1.620 ± 0.363 0.742

At a matched budget, the adaptive selection was indistinguishable from random subsampling on both
responses, and both were two to five times less accurate than the full design. This outcome is consistent with
the nature of the criterion used: a pure maximum-variance rule is an exploration criterion, and on a pool
that is already space-filling, it essentially reproduces a space-filling design. The benefits of adaptive sampling
are concentrated in goal-oriented settings–expected improvement for optimization, or expected-feasibility
refinement near constraint boundaries–which pursue a different objective from the global accuracy required
of a surrogate embedded in a population-based evolutionary algorithm. Goal-oriented acquisition functions
were not tested here and remain an open question, stated as such in Section 4.8. Fig. 16 summarizes
the comparison.
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Figure 16: Design-of-experiments strategies at a matched budget of 160 design points, against the full 2048-point
design. Bars show the mean over three seeds; error bars show one standard deviation; the vertical axis is logarithmic.

4.7.3 Positioning Relative to Sequential Adaptive-Sampling Methods
Sections 4.7.1 and 4.7.2 address the empirical question. The conceptual distinction is summarized

in Table 13. The two paradigms address different bottlenecks: AMGSE extracts the most reliable surrogate
from the data already obtained, whereas sequential adaptive sampling reduces the number of expensive
evaluations required to obtain data. In the terminology of the data-driven optimization literature, the present
setting is an offline one [39], and the framework is compatible with, rather than an alternative to, the
online setting.

Table 13: Conceptual comparison between offline surrogate construction, as performed by AMGSE, and sequential
adaptive-sampling approaches.

Aspect AMGSE (Offline Surrogate
Construction)

Sequential Adaptive
Sampling/EGO-Type [33,34]

Bottleneck addressed Extracting the most reliable surrogate
from a given dataset

Reducing the number of expensive
simulations or experiments

Search space ANN configuration space Design (decision) variable space

Expensive model
calls during search Zero (Table 9) One or more per infill iteration

Data requirement Fixed, previously generated dataset Small initial design plus iterative infill

Selection mechanism Predefined configuration grid with
explicit, auditable decision rules

Acquisition-function-guided
sequential sampling

Preferred operating
regime

Simulation campaign already
executed; training budget is the

binding constraint

The simulation or experimental
budget is the binding constraint

Failure behaviour Structured per-function failure report
with diagnostics (Section 3.1)

May undersample regions outside the
acquisition focus
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Avenues of improvement. Six concrete directions in which the framework could be extended are
identified. First, an outer adaptive-sampling loop with AMGSE as the inner surrogate builder; when the
conditional ensemble branch activates, the ensemble-disagreement indicator of Phase 5 supplies a natural
acquisition signal, and in the single-model regime, the restart-to-restart prediction spread can serve the
same role. Second, goal-oriented acquisition–expected improvement, or expected-feasibility refinement near
the constraint boundaries c1 and c2—which Section 4.7.2 did not test. Third, a hybrid configuration grid
combined with model-based search over continuous hyperparameters, which would matter once learning
rates or regularization strengths are included in the search space. Fourth, multi-fidelity selection of the
starting tier. Fifth, a hybrid surrogate-family rule exploiting the accuracy-vs-inference-speed trade-off
documented in Section 4.3.3. Sixth, re-assessment of the conditional ensemble rule under noisy multi-
physics data, the regime for which it was designed. We state without reservation that optimizer-selected
sampling is the single most valuable extension of the present framework.

4.8 Limitations
The evidence presented in this study is subject to the following limitations. First, the engineering

validation is confined to a single mechanism-design problem with three design variables, two objectives,
and two constraints; although the comparison protocol is rigorous (ten independent runs, statistical testing,
independent assessment data, and exact-model re-evaluation of every Pareto candidate), claims of generality
beyond this problem class remain to be established. Second, the training budget of the multi-restart grid
search grows linearly with the number of configurations and restarts; for problems in which a single ANN
training is itself expensive, the medium and large scales may become impractical. Third, the case-study data
are deterministic and essentially noise-free, a regime in which the conditional ensemble rule systematically
favors the best single model, and in which the ablation study (Section 4.5) found that neither multi-restart
training nor forced ensembling provided a measurable accuracy benefit over a single-restart grid-search
baseline on the independent assessment set; the benefits of both mechanisms under noisy, multi-physics
data, where model-to-model variability is expected to be larger, remain to be quantified. Fourth, AMGSE
does not perform active data acquisition; when the number of affordable simulations or experiments is
the binding constraint, sequential adaptive-sampling methods are more appropriate (Section 4.7). Fifth, the
default decision parameters (complexity scaling 0.7 with a 300-sample threshold; 30% ensemble gap; R = 8
restarts) are heuristics; the ablation study bounds the influence of the restart and gap parameters, but a
full sensitivity sweep across problem classes is left for future work. Finally, the implementation is bound to
the MATLAB neural-network toolchain; porting the decision rules to other ecosystems is straightforward
in principle but has not been demonstrated. Several further limitations are recorded here. The escalation
mechanism carries a worst-case overhead: because the four levels are search spaces of increasing cardinality
rather than a strictly nested ladder, a response that had to climb every level would consume the sum of the
level costs, about 1.8 times the cost of committing directly to the largest level; Section 4.9 provides a measured
instance of cumulative escalation through the medium level. The conditional ensemble branch is exercised
only sparsely by the present evidence: it is rejected by the gap rule for all four case-study responses and is
accepted in only one of the benchmark configurations of Section 4.9, so the practical value demonstrated
here lies in the rule-based rejection of ensembling rather than in ensemble construction itself. In addition,
the default decision parameters remain heuristics tied to the dimensionality of the present problem: the
sample-count trigger of 300 was calibrated on a three-variable response and does not fire at N = 500 in six or
eight dimensions, where the sample density per input dimension is far lower; replacing the absolute count by
a dimension-aware criterion is identified as future work. The pool-based sampling analysis in Section 4.7.2
used only a pure-exploration acquisition criterion, so no conclusion is drawn about goal-oriented acquisition
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functions. A further limitation concerns the data-profiling stage, which caps training targets that lie beyond
three interquartile ranges from the quartiles. Because the case-study data are deterministic outputs of an
exact model rather than noisy measurements, this operation is a winsorization of physically valid response
tails and not a correction of erroneous records, and it is reported as such. It modified 133 of the 8192 scalar
training targets, concentrated in 77 of the 2048 design points (3.8%), predominantly in the upper tail of
the two constraint responses (Supplementary Section S1). Its effect on the optimization can be bounded
exactly, because the winsorization thresholds lie far inside the infeasible region: 4947.9 N for RA,max against
an allowable 3500 N, and 1451.4 N for NB,max against an allowable 750 N. The 76 designs affected through
one of the two constraint responses are therefore infeasible by construction; the single remaining design,
affected only through Φ1, was checked directly and also violates both constraints, so a point-by-point audit
confirms that all 77 are infeasible, the smallest violation of RA,max being 33% above the allowable value. None
could have appeared on a feasible Pareto front, whether or not the rule had been applied. Moreover, the rule
reduces large values, so an affected design appears less constrained rather than more, which enlarges rather
than contracts the region the optimizer explores; the resulting failure mode is a false-feasible candidate rather
than the exclusion of a genuinely feasible trade-off. Mandatory exact-model re-verification is designed to
detect exactly that failure mode, and in the present optimization, it identified one infeasible candidate among
the 152, although that individual error cannot be attributed specifically to the winsorization. Winsorizing
physically valid tails nevertheless remains a preprocessing choice better suited to noisy measurements than
to deterministic simulation outputs, and it is not recommended as a default for the latter.

4.9 Generality Check and Behavior of the Escalation Rule on Analytic Benchmarks
Branin, Hartmann-6 and Borehole are adopted here as the natural next step for assessing generality. This

section serves a second purpose that the slider-crank case study could not: because all four responses there
were accepted at the micro level, the escalation rule of Section 3.1 was never exercised. On these benchmarks,
it is. For each benchmark, three mutually independent Latin-hypercube sets were generated with the analytic
function: a 500-point training set, a 100-point acceptance set used solely for the pass/fail decision between
search levels, and a 150-point assessment set used solely for reporting. This separation also removes the
ambiguity identified in Section 3.1, where a single set would otherwise serve both roles. Accuracy is reported
as normalized root-mean-square error, NRMSE = RMSE/SD(Y) × 100%, rather than as a relative error,
because Hartmann-6 takes values arbitrarily close to zero over its domain and a relative-error metric is not
defined there. The acceptance tolerance was fixed a priori at ε = 1% NRMSE.

Three regimes emerge, and dimensionality is not what separates them. Branin, a smooth two-variable
response, is fitted with essentially the same accuracy by both surrogate families. Borehole, despite having
eight inputs, is also fitted essentially exactly, and the AMGSE-selected ANN is there slightly more accurate
than a Gaussian process whose kernel family, basis function and hyperparameters were selected automati-
cally by cross-validation. Hartmann-6, with six inputs but four sharp Gaussian basins, defeats both families
at N = 500: the AMGSE ANN reaches 44.6% NRMSE and the tuned Gaussian process 38.2%, a ratio of
1.17. The binding constraint is therefore the multimodality of the response relative to the sample density,
not the input dimension or the ANN family as such. That ordering is not a surprise, and reproducing it is
the point of the check: the three responses are standard, well-characterized benchmarks (Supplementary
Section S13), Borehole a smooth eight-variable function dominated by a few of its inputs, Hartmann-6 a
six-variable function with four sharp Gaussian basins. A decision rule that could not separate a nominally
higher-dimensional but well-behaved response from a lower-dimensional multimodal one would have little
diagnostic value; the agreement between the accept and decline decisions and the established character of
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these functions is therefore evidence that the acceptance test measures what it is intended to measure, rather
than a claim that input dimensionality is immaterial in general.

Table 14 records the behavior of the decision rule itself. On the two responses it can model, the
framework stops after four configurations and 32 trainings. On Hartmann-6, it climbs through micro,
small, and medium, fails the tolerance at each, and terminates with the structured diagnostic of Section 3.1,
reporting insufficient training data and strong nonlinearity relative to the available sample as the likely causes.
That diagnosis is independently corroborated: a Gaussian process fitted to the same data with automatic
kernel and basis selection reaches 38.2% NRMSE, so the refusal to certify a surrogate reflects a property of
the problem at N = 500 rather than a deficiency of the search. The escalation path consumed 256 trainings,
that is 0.8 times the 320 required by a direct search of the largest level; because the ladder was capped at the
medium level for tractability, this run does not realize the worst case stated in Section 4.8, in which climbing
all four levels would consume 576 trainings, about 1.8 times a direct large-level search. The conditional
ensemble rule was also exercised in both directions on these benchmarks: at the small level on Hartmann-6,
the gap criterion admitted a three-network weighted ensemble, whereas on Borehole it rejected ensembling
with a maximum gap far above the 30% threshold. Fig. 17 presents both panels of this analysis. Two caveats
are stated explicitly: Hartmann-6 and Borehole were run with a single seed, and the ladder was capped at
the medium level for tractability, so Table 14 demonstrates the mechanism rather than a statistical study;
and the hyperparameter-optimization baselines in Section 4.3.2 are not reported for the benchmarks. Those
runs were attempted on the benchmark files but none completed, for an infrastructure reason rather than
a property of the methods: the baseline routines address the data worksheet by index and expect the two-
sheet layout of the case-study files, whereas the benchmark data files contain a single worksheet, so the
loader fails before any training begins; the same routines executed without incident in the 120 baseline
runs of Section 4.3.2; an independently tuned Gaussian process is therefore used as the external comparator
in Table 15. This does not bear on the two questions the section addresses–whether the framework transfers
to other response classes, and whether the escalation rule behaves as designed–and the baseline comparison
itself was carried out on the case study, over ten independent runs with formal significance testing. The
analytic definitions of the three benchmarks, the reference optima against which our implementations were
verified, and the sampling protocol for the three Latin-hypercube sets are given in Supplementary Section S13.

Table 14: The escalation rule exercised. Acceptance-set NRMSE (%) at each level; ε = 1%. A dash indicates that the level
was not reached.

Benchmark Micro Small Medium Outcome Trainings
Consumed

Branin (seeds 901–903;
trainings per seed) 0.0033/0.0011/0.0023 – – Accepted at micro 32

Borehole (seed 901) 0.048 – – Accepted at micro 32

Hartmann-6 (seed 901) 59.17 45.65 46.60

All tested levels
(Micro–Medium)
failed; diagnostic

issues

256



40 Comput Model Eng Sci. 2026;148(3):13

Figure 17: Behavior on the analytic benchmarks. (a) Acceptance-set NRMSE at each search level, with the acceptance
tolerance ε = 1% shown as a dashed line; (b) Assessment-set NRMSE of the AMGSE-selected ANN and of a tuned
Gaussian process trained on identical data. Both vertical axes are logarithmic.

Table 15: Generality check on analytic benchmarks. NRMSE (%) on a 150-point independent assessment set; identical
500-point training set for both surrogate families.

Benchmark Input
Dimension

AMGSE ANN,
NRMSE (%) Level Accepted GPR,

NRMSE (%) GPR R2

Branin 2 0.0021 ± 0.0009 Micro (3 seeds) 0.000 1.0000
Hartmann-6 6 44.56 None (Micro–Medium tested) 38.23 0.8529

Borehole 8 0.042 Micro 0.060 1.0000

5 Conclusions
This study introduces the Adaptive Multi-scale Grid Search with Ensemble Integration (AMGSE),

an integrated and reproducible framework for optimizing artificial neural network (ANN) surrogate
models for computationally intensive engineering optimization problems. By integrating hierarchical multi-
scale hyperparameter search, adaptive complexity adjustment, multi-restart training, performance-based
ensemble integration, and a conditional ensemble-disagreement characterization (active when the ensemble
is selected), AMGSE addresses key challenges in ANN optimization, including time-quality trade-offs,
overfitting in small datasets, and prediction reliability.

A systematic comparative evaluation was conducted at two levels. At the hyperparameter-optimization
level, under a matched-conditions protocol (matched search spaces and data partitions, with realized
computational costs reported separately) repeated over ten independent runs, AMGSE achieved mean
prediction errors of 0.11%–0.67% across the four response functions on a 150-point independent assessment
set–3.3–10.6 times below Bayesian Optimization, TPE, and Random Search on three of the four functions,
and below TPE on the fourth (on which AMGSE was modestly outperformed by Bayesian Optimization
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and Random Search)–with all Friedman and Holm-corrected Wilcoxon tests significant at p < 0.01. At
the surrogate level, Gaussian process regression attained the lowest error on three of the four functions,
consistent with its known strength on smooth, low-dimensional responses, while the AMGSE-selected ANN
attained the lowest error on the remaining function and retained an advantage in batch-inference speed.
An ablation study found that multi-restart training and the conditional ensemble rule contributed little
measurable accuracy benefit on this case study relative to a single-restart grid-search baseline, indicating
that the systematic grid coverage of the micro-scale search, rather than these two mechanisms individually,
is the primary driver of AMGSE’s accuracy advantage; they nonetheless provide a safety margin against poor
initializations without an accuracy cost resolvable at the five-run resolution of that study.

Applied to the multi-objective optimization of spring placement and stiffness in slider-crank
mechanisms to enhance dynamic performance, the AMGSE–NSGA-III pipeline produced a larger, better-
performing verified Pareto set than the previously reported CDOS-PSI solutions. Using prior evaluation
data, the framework trained accurate surrogate models that enabled NSGA-III to identify 152 surrogate-
nondominated candidates, of which 151 were verified as feasible against the exact model and 150 were
mutually non-dominated under exact objectives (146 distinct objective vectors)–outperforming the previous
grid-based CDOS-PSI method’s 19 solutions in both quantity and quality. The surrogate models achieved
RMSPE between 0.59% and 3.11% on the 150-point independent assessment set, facilitating rapid design-
space exploration; at the inference level, the ANN surrogate evaluates candidate batches two to three orders
of magnitude faster than GPR and RBF (Supplementary Section S10.1), a practical advantage inside the
evolutionary optimization loop.

Within the scope delineated in Section 4.8, the results underscore AMGSE’s potential for surrogate
modeling in complex dynamical systems, offering improved predictive accuracy, ensemble-based dis-
agreement estimation (when conditional ensembling is active), and efficient integration with advanced
optimization algorithms. Future work will explore extensions to many-objective problems, the incorporation
of active learning for adaptive data collection, and applications in multiphysics domains with inherent noise
and uncertainty. Two additions of the present revision bear directly on the scope of these claims. A flat
search over a fivefold larger configuration space reduced the assessment error of Φ1 by about ten percent, an
improvement that lies at the edge of the run-to-run band of the hierarchical stop and that one of ten micro-
scale runs matched unaided; the hierarchy is therefore justified as a resource-allocation protocol rather than
as a route to higher accuracy. On analytic benchmarks spanning two, six, and eight input dimensions, the
framework transfers without modification to the two responses that a 500-point design can support, and
on the third, it declines to certify a surrogate and reports why–a refusal independently corroborated by a
tuned Gaussian process on the same data. We regard this explicit delineation of the operating envelope,
together with the negative findings retained in Sections 4.5, 4.3.3 and 4.7, as part of the contribution rather
than a qualification of it. More broadly, the elements that make the pipeline auditable—a stated training-time
budget, a capacity rule keyed to sample size, restart-and-select, a gap-thresholded ensemble veto, and an
external acceptance test that every surrogate must pass before downstream use–depend on nothing specific to
mechanism design. They require a dataset already generated from an expensive model, a stated training-time
budget, and a prespecified acceptance tolerance. Surrogate-assisted design problems with this structure arise
in computational mechanics, thermo-fluid and multiphysics analysis, structural and materials optimization,
and process design; whether the protocol behaves in those settings as it does here–certifying when the data
support a surrogate and refusing when they do not—is not established by the present evidence, and is the
limitation recorded in Section 4.8.
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Appendix A

Table A1: Notation summary and mathematical formulation.

№ Symbol Definition Domain/Type Example
1 Ntotal Total number of data samples Positive integer 500

2 Ntrain
Number of training samples (70% of

total) Positive integer 350

3 Nval
Number of validation samples (20% of

total) Positive integer 100

4 Nsel
Number of selection-split samples (10%

of total) Positive integer 50

5 NAcc
Number of samples in the external

acceptance set Positive integer 150

6 n Number of input features Positive integer 10

7 X Complete input feature matrix R
Ntotal×n Matrix

8 Y Complete target output vector R
Ntotal×1 Vector

9 Xtrain Training input features R
Ntrain×n Matrix

10 Xval Validation input features R
Nval×n Matrix

11 Xsel Internal selection-split input features R
Nsel×n Matrix

12 xj Single input sample (row vector) R
1×n Vector

(Continued)
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Table A1 (continued)

№ Symbol Definition Domain/Type Example
13 yj True target value for sample j Real number Scalar

14 ŷj Predicted target value for sample j Real number Scalar

15 μY Mean of target variable Real number 105.3

16 σY Standard deviation of target variable Positive real 15.7

17 y Mean of selection-split targets Real number Scalar

18 K Total number of configurations in
search grid Positive integer 4, 8, 20, 40

19 K′ Number of successfully trained
configurations (K′ ≤ K) Positive integer 8

20 M Number of models in ensemble (top-M
selection) Positive integer 3

21 R Number of multi-restart trials per
configuration Positive integer 8

22 L Set of layer architectures Set of vectors {[50, 40, 30, 20],
[40, 30, 20, 10]}

23 A Set of training algorithms Set of strings {trainlm, trainbr}
24 F Set of activation functions Set of functions {tansig, poslin}
25 G Configuration grid Set of configurations L × A × F

26 configi Configuration i Tuple (layers, algorithm,
activation)

27 L� Number of neurons in hidden layer � Positive integer 50

28 depth Number of hidden layers in network Positive integer 4

29 Mi Trained model for configuration i Function: Rn → R Neural network

30 Mi
* Best model for config i among R Function: Rn→ R Neural network

31 i Configuration or model index Integer in {1, . . ., K} 1, 2, . . ., K

32 j Sample index Integer in {1, . . .,
Nsel}

1, 2, . . ., Nsel

33 ŷi,j Prediction of model i for sample j Real number 100.25

34 ŷensemble,j

Ensemble prediction for sample j
(weighted mean, Eq. (A4)); the
unweighted mean ŷj centres the

disagreement of Eq. (A5)

Real number 100.18

(Continued)
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Table A1 (continued)

№ Symbol Definition Domain/Type Example

35 σensemble,j
Inter-model prediction disagreement

for sample j Non-negative real 0.42

36 σensemble
Mean inter-model disagreement across

the selection split Non-negative real 0.38

37 RMSEsel,i
Selection-split RMSE for model i

(ranked) Non-negative real 13.84

38 RMSEsingle
Selection-split RMSE of best single

model (=RMSEsel,1) Non-negative real 13.84

39 RMSEensemble
Selection-split RMSE of ensemble

model Non-negative real 13.50

40 R2
se l , i Selection-split R2 for model i (ranked) Real, upper-bounded

by 1 0.9990

41 R2
s ing l e Selection-split R2 of best single model Real, upper-bounded

by 1 0.9990

42 R2
ensembl e Selection-split R2 of ensemble model Real, upper-bounded

by 1 0.9992

43 MAEsel,i Selection-split MAE for model i Non-negative real 10.25

44 MAEsingle
Selection-split MAE of best single

model Non-negative real 10.25

45 MAEensemble Selection-split MAE of ensemble model Non-negative real 10.01

46 SSres Residual sum of squares Non-negative real 9360.5

47 SStot Total sum of squares Non-negative real 93,745.2

48 wi Weight for model i in ensemble Non-negative real,
∑i=1 wi = 1 1/3

49 X̄ Training dataset (independent features) R
Ntotal×n X̄ ∈ R500×10

50 Ȳ Training dataset (target values) R
Ntotal×1 Ȳ ∈ R500×1

51 X̄∗ External acceptance dataset
(independent features) R

NAcc×n X̄∗ ∈ R150×10

52 Ȳ∗ External acceptance dataset (target
values) R

NAcc×1 Ȳ∗ ∈ R150×1

53 Q1 First quartile (25th percentile) of data Real number 50.25

54 Q3 Third quartile (75th percentile) of data Real number 150.75

55 IQR Interquartile Range (Q3 − Q1)
Real number,

positive 100.5

(Continued)
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Table A1 (continued)

№ Symbol Definition Domain/Type Example

56 Ymin, Ymax
Minimum and maximum values of

target Real numbers [50, 250]

57 RMSPE Root mean square percentage error Percentage (%) 0.5%

58 ε Predefined accuracy tolerance threshold Percentage (%) 1%

59 δineq Tolerance for inequality constraints Real, non-negative 10−6

60 δeq
Tolerance for equality constraints

(symmetric) Real, non-negative 10−6

61 ⊕ Superscript notation for “final set” Notation XFinal ∈ RNFeasible
Pareto ×n

62 NPareto
Number of surrogate-nondominated

candidate solutions Positive integer 152

63 NFeasible
Pareto

Number of exact-model-verified
feasible candidates Positive integer 151

64 N Infeasible
Pareto

Number of surrogate-nondominated
candidates found infeasible by

exact-model verification
Positive integer 1

65 ΦAMGSE
i

i-th objective function (ANN-based
surrogate) Function: Rn → R Surrogate model

66 cAMGSE
j

j-th inequality constraint (ANN
surrogate) Function: Rn → R Surrogate model

67 cceq,AMGSE
k

k-th equality constraint (ANN
surrogate) Function: Rn → R Surrogate model

68 XAMGSE
i

i-th design variable solution from
AMGSE R

n Design vector

69 �2-norm Euclidean norm Norm operator ∥ v ∥2=
√
∑ v2

i

70 ETA Estimated Time of Arrival/Estimated
Time to Completion Time units (minutes) ~120 min

71 Ndev
Number of development samples

(training + validation) Positive integer 450

72 Xdev, Ydev
Development data used for fitting; Xsel

is excluded Matrix/vector

73 RMSEdev,i
Development-set RMSE used for

trainbr restart selection Non-negative real 13.91
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Appendix B Detailed Methodology Descriptions and Mathematical Formulations
For reasons of length, the detailed phase-by-phase methodology descriptions and mathematical formu-

lations are provided in the Supplementary Material (Sections S1–S6), which also includes the distribution
plots of the ten-run comparison campaign (Fig. S1). The main-text description of the six phases is given
in Section 2.

RMSEse l , i =

�
���	 1

Nsel

Nse l

∑
j=1

(y j − ŷ j)
2 (A1)

R2
se l , i = 1 − SSres

SStot
= 1 −

∑Nsel
j=1 (y j − ŷ j)

2

∑Nsel
j=1 (y j − y)2 (A2)

gapi =
RMSEse l , i − RMSEse l ,1

RMSEse l ,1
× 100% (A3)

wi =
1

RMSEse l , i
/

M
∑
j=1

1
RMSEse l , j

(A4)

σensembl e , j =

�
��	 1

M − 1

M
∑
i=1

( ŷi , j − ŷ j)
2 (A5)

Appendix C PSEUDO-CODE
Algorithm A1: AMGSE framework
Input: dataFile, outputName, searchSpace; hyper-parameters M, R,
gapThreshold; acceptance data Xacc, Yacc with tolerance epsilon and
metric acceptanceMetric
Output: BestSingleModel.mat, EnsembleModel.mat (conditional),
DetailedReport.txt
C.1 Acceptance-gated escalation wrapper (Section 3.1)
W1: FUNCTION HierarchicalAMGSE(dataFile, outputName, Xacc, Yacc,
epsilon, acceptanceMetric)
W2: levels ← [micro, small, medium, large]; levelDiagnostics ← [
]; errAcc ← [ ]
W3: FOR k = 1 TO ∣levels∣ DO
W4: [finalModel, report] ← AMGSE(dataFile, outputName,
levels[k], M = 3, R = 8, gapThreshold = 30)
W5: IF finalModel.type = ’failed’ THEN
levelDiagnostics[k] ← finalModel.diagnostics; CONTINUE; END IF
W6: errAcc[k] ← acceptanceMetric(Yacc, predict(finalModel,
Xacc)) # external acceptance test
W7: IF errAcc[k] ≤ epsilon THEN
W8: RETURN {status: ’accepted’, level: levels[k], model:
finalModel, report: report}

(Continued)
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Algorithm A1 (continued)
W9: END IF
W10: END FOR
W11: RETURN {status: (∣errAcc∣ > 0) ? ’acceptance_tolerance_not_met’
: ’all_levels_failed’,
W12: testedLevels: levels, bestAcceptanceError: (∣errAcc∣ >
0) ? min(errAcc) : NULL,
W13: likelyCauses: [’insufficient training data’,
W14: ’strong response nonlinearity’],

levelDiagnostics: levelDiagnostics} # structured diagnostic
W15: END FUNCTION
C.2 Single-level surrogate construction
1: FUNCTION AMGSE(dataFile, outputName, searchSpace, M, R,
gapThreshold)
2:
3: # Caller-supplied hyper-parameters (values used throughout this
study)
4: # M = 3 # Top-M models for ensemble
5: # R = 8 # Restarts per configuration (R = 1 in
ablation variant V2)
6: # gapThreshold = 30 # Gap threshold (%)
7: ensTolerance ← 0.001 # Ensemble non-inferiority tolerance
(0.1%)
8:
9: # ========== PHASE 1: Data Analysis & Profiling ==========
10: [X, Y] ← loadData(dataFile, outputName)
11: # IQR winsorization as used in the present implementation. For
deterministic
12: # simulation outputs this step is not recommended as a default
(Section 4.8).
13: [Q1, Q3] ← quartiles(Y); Y ← winsorize(Y, Q1 − 3×(Q3−Q1),
Q3 + 3×(Q3−Q1))
14: profile ← computeStatistics(X, Y) # Ntotal, n, μY, σY, range
15: [Xtrain, Ytrain, Xval, Yval, Xsel, Ysel] ← splitData(X, Y,
[0.70, 0.20, 0.10])
16: [Xdev, Ydev] ← [Xtrain ∪ Xval, Ytrain ∪ Yval] # development
set (Xsel excluded)
17:
18: # ========== PHASE 2: Multi-scale Search Space Generation
==========
19: [L, A, F] ← defineSearchSpace(searchSpace)
20: IF profile.Ntotal < 300 THEN
21: L ← scaleLayers(L, factor=0.7, minNeurons=8)
22: END IF

(Continued)
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Algorithm A1 (continued)
23: grid ← cartesianProduct(L, A, F)
24: K ← ∣grid∣
25:
26: # ========== PHASE 3: Systematic Grid Search ==========
27: results ← []
28: FOR i = 1 TO K DO
29: config[i] ← grid[i]
30: bestModel[i] ← NULL; bestScore[i] ← +∞
31: TRY # any error raised below is
captured by the CATCH branch of line 48
32: FOR restart = 1 TO R DO
33: net ←
initializeNetwork(config[i].layers, config[i].activation)
34: trainedNet ← trainNetwork(net, Xdev, Ydev,
config[i].algo)
35: # trainlm uses the validation subset of Xdev for
early stopping; trainbr
36: # folds that subset into training and exposes no
validation performance.
37: score ← (config[i].algo = trainbr) ?
RMSEdev(trainedNet) : RMSEval(trainedNet)
38: # Xsel is never used for fitting or restart scoring; it
enters only at
39: # configuration ranking in Phase 4 (Section 4.2).
40:
41: IF score < bestScore[i] THEN
42: bestModel[i] ← trainedNet; bestScore[i] ← score
43: END IF
44: END FOR
45:
46: ŷsel[i] ← bestModel[i](Xsel)
47: metrics[i] ← computeMetrics(Ysel, ŷsel[i]) # RMSE,
R², MAE
48: results.append({model: bestModel[i], metrics:
metrics[i], config: config[i],

success:
allRequiredMetricsAreFinite(metrics[i])})

CATCH err # training or evaluation of config[i]
did not complete

results.append({model: NULL, metrics: NULL, config:
config[i],

success: FALSE, reason: diagnostic(err)})
END TRY

49: END FOR
(Continued)
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Algorithm A1 (continued)
50:
51: # ========== PHASE 4: Model Ranking & Selection ==========
52: successResults ← filter(results, success = TRUE)

IF ∣successResults∣ = 0 THEN RETURN ({type: ’failed’, status:
’all_configurations_failed’,

diagnostics:
collectReasons(results)}, NULL)
53: rankedResults ← sort(successResults, BY metrics.RMSEsel, ORDER
ascending)
54: topM ← rankedResults[1 : min(M, ∣rankedResults∣)]
55: M ← ∣topM∣
56:
57: # === GAP ANALYSIS ===
58: ensembleEligible ← TRUE; skipReason ← NULL; gaps ← [ ] #
empty list collecting the M − 1 relative gaps
59: IF M < 2 THEN ensembleEligible ← FALSE; skipReason ← "Fewer
than two models"
60: ELSE
61: FOR i = 2 TO M DO
62: gaps.append((topM[i].metrics.RMSEsel
− topM[1].metrics.RMSEsel)
63: / topM[1].metrics.RMSEsel × 100)
64: END FOR
65: maxGap ← max(gaps)
66: IF maxGap > gapThreshold THEN
67: ensembleEligible ← FALSE
68: skipReason ← "Gap too large: " + maxGap + "% >
" + gapThreshold + "%"
69: END IF
70: END IF
71: gapAnalysis ← {gaps: gaps, maxGap: (M ≥ 2) ? maxGap : NULL,
threshold: gapThreshold,

eligible: ensembleEligible, skipReason:
skipReason}
72: # ========== PHASE 5: Ensemble Integration ==========
73: IF ensembleEligible = FALSE THEN
74: finalModel ← {type: ’single’, model: topM[1].model,
75: metrics: topM[1].metrics, reason: skipReason}
76: ELSE
77: # === COMPUTE PERFORMANCE-BASED WEIGHTS (Inverse-RMSE
heuristic) ===
78: FOR i = 1 TO M DO
79: invRMSE[i] ← 1 / topM[i].metrics.RMSEsel

(Continued)
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Algorithm A1 (continued)
80: END FOR
81: sumInvRMSE ← Σi=1..M invRMSE[i]
82: FOR i = 1 TO M DO
83: w[i] ← invRMSE[i] / sumInvRMSE
84: END FOR
85:
86: # === WEIGHTED ENSEMBLE PREDICTION ===
87: FOR i = 1 TO M DO
88: predictions[i] ← topM[i].model(Xsel)
89: END FOR
90: ŷensemble ← Σi=1..M (w[i] × predictions[i]) #
Weighted average
91:
92: # === PER-SAMPLE INTER-MODEL DISAGREEMENT (Eq. A5) ===
93: FOR j = 1 TO Nsel DO
94: y[j] ← (1/M) Σi=1..M predictions[i][j] #
unweighted mean
95: σ[j] ← sqrt( (1/(M−1)) Σi=1..M (predictions[i][j] −
y[j])² )
96: END FOR
97: disagreementSummary ← {min: min(σ), max: max(σ),
98: mean: mean(σ), std: std(σ)}
99: # === ENSEMBLE DIVERSITY (correlation-based, auxiliary
diagnostic) ===
100: corrMatrix ← pairwiseCorrelation(predictions[1], . . .,
predictions[M])
101: diversity ← 1 − mean(upperTriangular(corrMatrix))
102:
103: # === ENSEMBLE VALIDATION ===
104: ensembleMetrics ← computeMetrics(Ysel, ŷensemble)
105: IF ensembleMetrics.RMSE ≤
topM[1].metrics.RMSEsel × (1 + ensTolerance) THEN
106: finalModel ← {
107: type: ’ensemble’,
108: models: [topM[1].model, . . ., topM[M].model],
109: weights: [w[1], . . ., w[M]],
110: M: M,
111: metrics: ensembleMetrics,
112: disagreement: σ,

disagreementSummary: disagreementSummary,
correlationDiversity: diversity,

113: weightingMethod: ’inverse_RMSE’
114: }

(Continued)
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Algorithm A1 (continued)
115: ELSE
116: finalModel ← {type: ’single’, model: topM[1].model,
117: metrics: topM[1].metrics,
reason: ’ensemble_failed_noninferiority’}
118: END IF
119: END IF
120:
121: # ========== PHASE 6: Output & Reporting ==========
122: save(topM[1].model, ’BestSingleModel.mat’)
123: IF finalModel.type = ’ensemble’ THEN
124: save(finalModel, ’EnsembleModel.mat’)
125: END IF
126: report ← generateReport(profile, grid, rankedResults, topM,
127: gapAnalysis, finalModel)
128: saveReport(report, ’DetailedReport.txt’)
129: RETURN (finalModel, report)
130: END FUNCTION
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