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ABSTRACT: A mechanics-based analytical framework is developed for estimating the steady bending force and
shaft torque in central-axis bending of reinforcing bars (RBs). Analytical expressions are derived for the sectional
bending moment and are subsequently linked to the machine-level force and torque through the roller-system load-
transfer geometry. Three constitutive descriptions are considered, namely elastic-perfectly plastic, bilinear hardening,
and power-law hardening, to examine the influence of post-yield material response on bending-demand estimation.
The analytical formulations are assessed using a section-level pure-bending finite element model, a process-level three-
dimensional finite element model with tool-bar contact, and reported smooth round-bar torque measurements and
FE results for torque and circular-roller-force. The results show that representation of post-yield hardening is essential
for reliable estimation of RB bending demand. At the section level, the mean relative error remains below 1% for the
power-law formulation and below 5% for the bilinear formulation, whereas the elastic-perfectly plastic model deviates
by about 30%–35%. At the process level, the mean relative errors of the power-law formulation remain below 7.5%
for torque and below 10% for force; those of the bilinear formulation remain below 11% for torque and below 15% for
force. Against the reported torque measurements, the elastic-perfectly plastic model underestimates the two reported
steady torque levels by 36.02%–38.81%, whereas the hardening-based formulations give relative errors of 5.31%–7.48%.
The parametric study further shows that RB diameter and strength grade govern the steady bending force and shaft
torque primarily through sectional bending resistance, whereas machine-geometry parameters act primarily through
the external load-transfer condition. Within the adopted assumptions, the proposed framework provides a mechanics-
based quantitative tool for preliminary estimation and parametric assessment of steady bending force and shaft torque
demand in central-axis RB bending systems.

KEYWORDS: Elastic-plastic bending; strain hardening; sectional bending resistance; central-axis reinforcing-bar
bending; steady bending force; shaft torque; finite element assessment

1 Introduction
In central-axis reinforcing-bar (RB) bending, the machine must generate sufficient bending force and

shaft torque to overcome the elastic–plastic resistance of the bar through the load-transfer geometry of
the bending system. The problem therefore couples the sectional response of the RB with the process-level
load required from the machine. Reliable estimation of these quantities is important for machine sizing and

Copyright © 2026 The Authors. Published by Tech Science Press. This work is licensed under a Creative Commons Attribution 4.0 International
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://www.techscience.com/journal/CMES
https://www.techscience.com/
https://doi.org/10.32604/cmes.2026.086319
https://www.techscience.com/doi/10.32604/cmes.2026.086319
mailto:chinaliuyin@whut.edu.cn


2 Comput Model Eng Sci. 2026;148(3):8

process planning because the machine demand depends jointly on the material response, section geometry,
and roller-system configuration.

When an RB is bent, the longitudinal fibers on the outer and inner sides of the section are subjected
primarily to tension and compression, respectively. Once yielding begins, plastic deformation spreads
progressively through the section and enables the bar to retain its bent configuration. During continued
bending, the internal resistance evolves according to the post-yield material response [1–4]. Consequently,
the force and torque required to sustain bending depend not only on the yield strength and section geometry
but also on the hardening behavior of the RB.

Previous studies on RB and steel-bar bending have followed several complementary directions.
Machine-design and numerical investigations have examined bending mechanisms, structural parameters,
stress development, and springback prediction or compensation [5–7]. Experimental studies have reported
operator-applied force in manual bending [8], measured shaft-torque histories for process characterization
and springback control [9], and torque variations associated with rib–tool interaction [10]. Analytical
studies have also estimated force or torque for particular bending-machine configurations [6,11,12]. These
contributions established important foundations for machine design, process monitoring, and springback
control. However, the available analytical load estimates typically employed first-yield, ideal-plastic, fully
plastic, or coefficient-corrected sectional resistance descriptions, whereas measured torque histories were
used mainly as process-response or control signals rather than as outputs predicted from material and
machine parameters.

Related research on metallic bending processes provides complementary section- and process-level
foundations. At the section level, analytical formulations for wires and tubes have incorporated elastic–
plastic response and material nonlinearity to evaluate sectional bending response, springback, and residual
stress [13–15]. Related studies of metallic members have examined load-carrying capacity, combined axial–
bending response, distributed plasticity, and work-hardening effects [16–19]. At the process level, three-roll
bending studies have related forming force and curvature to material behavior, roll arrangement, and process
geometry [20–23]. For V-die bending, force-prediction accuracy likewise depends on representing the actual
deformation mechanism [24]. Finite element studies of rebar and steel-bar bending have further exam-
ined springback, tool-bar contact, material nonlinearity, and machine-parameter effects [5,7,25]. Together,
these studies establish complementary foundations for sectional resistance and process-level load transfer,
although their target outputs, machine configurations, and loading paths differ from those of central-axis
RB bending.

Against this background, a specific gap remains in predicting the sustained demand of central-axis RB
bending. The effects of material-specific hardening on the sectional bending moment and, consequently, on
the steady bending force and shaft torque remain insufficiently quantified. In particular, the reviewed studies
do not systematically compare alternative constitutive representations, identified from the corresponding
tensile data, within a common section-to-machine formulation. The predictive benefit of retaining material
hardening when estimating both machine-level outputs therefore remains unclear.

To address this gap, the present study develops a mechanics-based section-to-machine framework for
estimating the steady bending force and shaft torque in central-axis RB bending. Three principal advances are
made. First, the sectional bending resistance is formulated consistently for elastic-perfectly plastic, bilinear-
hardening, and power-law responses, with the constitutive parameters identified from the corresponding
tensile stress-strain data, thereby retaining material-specific post-yield behavior beyond the simplified
sectional resistance descriptions used in earlier load estimates. Second, the resulting sectional moment is
transferred through the roller-system equilibrium to predict both steady bending force and shaft torque
from material and geometric inputs, enabling the influence of material hardening on machine demand to be
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quantified. Third, the sectional-moment formulations are first assessed against section-level pure-bending FE
results, and the resulting steady bending-force and shaft-torque estimates are subsequently assessed against
process-level three-dimensional FE results obtained with tool-bar contact. The assessment is supplemented
by reported smooth-round-bar torque measurements and an additional reported FE torque–force case in
which the simulated torque response reproduced the measured response trend. The framework is then
applied to examine the effects of RB diameter, strength grade, and machine geometry. Fig. 1 summarizes the
overall methodology.

Figure 1: Methodological framework of the present study.

2 Analytical Model

2.1 Bending Mechanism and Working Principle of Central-Axis RB Bending
The bending configuration considered in this study is central-axis bending of a reinforcing bar (RB), in

which the rotating bending roller, mounted on the turntable, moves along a circular path about the fulcrum
roller, as schematically shown in Fig. 2. During operation, one end of the RB is restrained by a clamping
mechanism, while the bar is supported by the fulcrum roller. As the turntable rotates, the bending roller
advances along its prescribed circular trajectory and applies the load required to bend the RB to the target
angle. The imposed bending angle before unloading is therefore governed by the angular displacement of
the turntable about the bending axis. Closely related experimental configurations employ a fulcrum roller,
a rotating circular roller, and an RB receiver [10,26–28]. Other mechanized RB-bending systems similarly
employ a rotating bending shaft or pin acting about a central support [5,7,29]. Despite differences in machine-
layout details, these configurations share a common kinematic principle in which a rotating tool bends a
restrained bar about a supporting element.
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Figure 2: Schematic illustration of the central-axis bending process of the reinforcing bar (RB).

Under the externally applied bending action, the RB changes progressively from the initial straight
configuration to the bent configuration, as illustrated in Figs. 2 and 3. During this process, the longitudinal
fibers on one side of the neutral layer are stretched, whereas those on the opposite side are compressed. The
tensile and compressive stress resultants developed in these regions resist further deformation and together
generate the internal bending moment that balances the external applied action. Accordingly, the bending
response of the RB is governed by the sectional stress distribution about the neutral axis, while the process-
level force and torque demand is governed by the transfer of this sectional resistance through the roller-driven
bending system.

(a)

(b)

X

Y

r

M

M

Tension forces

Compression
forces

Neutral Axis

Reinforcing bar

Figure 3: Deformation geometry: (a) undeformed configuration; (b) deformed configuration.
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At the beginning of loading, the deformation is fully elastic, but this stage is very short and occupies
only a small part of the overall bending process. As the bending load increases, the stress at the outermost
or innermost fibers reaches the yield limit, and the section enters the elastic-plastic regime. Since the inner
and outer surfaces are farthest from the neutral layer, these regions experience the largest bending strain
and yield first. The transition from fully elastic bending to elastic-plastic bending is therefore determined by
whether the stress at the outermost tensile side or the innermost compressive side of the RB section exceeds
the elastic limit.

2.2 Assumptions of Elastic-Plastic Bending Model
The following assumptions are adopted, based on elastic-plastic bending theory, to simplify the

derivation of the analytical expressions for RB bending:
(1) The RB is treated as a continuous, homogeneous, and isotropic solid.
(2) Plane sections remain plane during bending. Hence, the longitudinal strain of each fiber is represented

by the linearized bending strain measured from the neutral layer; shear deformation is neglected in
deriving the analytical sectional moment.

(3) The neutral layer remains unchanged during bending and is assumed not to undergo plastic
deformation.

(4) The material response is assumed to be identical in tension and compression.
(5) The ribbed RB is represented by a smooth circular section having the same nominal cross-sectional

area, As = πd2

4 , where As and d are the nominal cross-sectional area and nominal diameter of the RB,
respectively. Accordingly, the nominal diameter d is adopted as the diameter of the equivalent circular
section. The section is assigned the material response of the corresponding reinforcing-bar steel.

(6) Inertial effects are neglected in the calculation of the internal bending moment, bending force, and
shaft torque.

(7) Rib-induced variations in the roller–bar contact conditions and local frictional response are not
considered.

2.3 Analytical Modelling of the Internal Bending Moment
Three constitutive descriptions are considered for the RB material in the analytical formulation: the

elastic-perfectly plastic behavior, the bilinear hardening behavior, and the power-law hardening behavior
according to the Hollomon relation. Fig. 4 shows the corresponding stress-strain idealizations together with
the associated stress distribution across the circular RB section under pure bending. In all three cases, the
section consists of an inner elastic region and an outer plastic region. From the neutral axis to the elastic-
plastic boundary Yel , the response remains elastic and the stress is proportional to the strain. Beyond Yel ,
toward the outer fiber (y = r), yielding occurs and plastic deformation develops. In the elastic-perfectly
plastic model, the stress in the plastic zone remains equal to the yield stress σy , as shown in Fig. 4a. In the
bilinear and power-law hardening models, shown in Fig. 4b,c, the stress continues to increase with strain
according to the corresponding hardening law.

Under the plane bending assumption, the longitudinal strain is represented by the classical linear
through-section bending field,

ε = (rn + y)φ − rn .φ
rn .φ

= y
rn

(1)

where y is the distance from the neutral axis to the material point under consideration, and rn is the bending
radius of the neutral layer. In the present formulation, rn = R1 + r, where R1 is the fulcrum roller radius
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and r = d/2 is the radius of the equivalent circular section. The corresponding elastic stress is σ(y) = Ee ε =
Ee y/rn , where Ee is the elastic modulus. The elastic-plastic boundary is obtained by setting σ(y) = σy , giving

Yel =
rnσy

Ee
(2)

and the corresponding normalized elastic-zone depth is

β = Yel

r
=

rnσy

Ee r
(3)

(a) (b)

(c)

(ii) (iii)

(i)

(ii) (iii)

(i)

(ii) (iii)

(i)

Figure 4: Idealized bending states of RB under the (a) elastic-perfectly plastic; (b) bilinear hardening; and (c) power-law
hardening material models: (i) stress-strain relation, (ii) sectional geometry, and (iii) sectional stress-strain distribution
under pure bending.

The idealized elastic–plastic stress state and pure-bending geometry underlying the sectional formula-
tion are illustrated in Fig. 5a,c, respectively. For a circular cross-section of radius r, as shown in Fig. 5b, the
differential area element at a distance y from the neutral axis is dA = 2

√
r2 − y2d y. Because the tensile and

compressive contributions are symmetric with respect to the neutral axis, the sectional bending moment can
be written as

M = 4∫
r

0
σ(y) y

√
r2 − y2 d y (4)
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(a) (b) (c)

y

dy
y
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Figure 5: Idealized stress and section geometry: (a) elastic-plastic stress-strain state diagram of the ideal material;
(b) RB cross-section; (c) RB under pure bending.

The sectional integration is written in terms of the following geometric functions:

I1(β) = ∫
r

Yel
y
√

r2 − y2 d y = r3

3
(1 − β2)3/2 (5)

I2(β) = ∫
Yel

0
y2
√

r2 − y2 d y = r4

8
A(β) (6)

I p
2 (β) = ∫

r

Yel
y2
√

r2 − y2 d y = πr4

16
− r4

8
A(β) (7)

where

A(β) = arcsin β − β
√

1 − β2(1 − 2β2) (8)

The auxiliary functions I1(β), I2(β), and I p
2 (β) collect the geometric contributions of the circular

section used in the elastic and plastic moment terms.
For the elastic-perfectly plastic material, the stress distribution is

σ(y) =
⎧⎪⎪⎨⎪⎪⎩

Ee
y
rn

, 0 ≤ y ≤ Yel

σy , Yel < y ≤ r
(9)

Substituting Eq. (9) into Eq. (4) gives

Mideal =
4Ee

rn
I2(β) + 4σy I1(β) (10)

Using Eqs. (5) and (6), the elastic-perfectly plastic bending moment becomes

Mideal =
Ee r4

2rn
A(β) +

4σyr3

3
(1 − β2)3/2 (11)

For the bilinear hardening model shown in Fig. 4b, the post-yield stress increases linearly with tangent
modulus EH . The stress distribution is written as

σ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Ee
y
rn

0 ≤ y ≤ Yel

σy (1 −
EH

Ee
) + EH

y
rn

Yel ≤ y ≤ r
(12)
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Substitution into Eq. (4) gives

Mbilinear =
4Ee

rn
I2(β) + 4σy (1 −

EH

Ee
) I1(β) +

4EH

rn
I p

2 (β) (13)

Using Eqs. (5)–(7), the bilinear bending moment becomes

Mbilinear =
r4

2rn
(Ee − EH)A(β) +

πEHr4

4rn
+

4σyr3

3
(1 − EH

Ee
) (1 − β2)3/2 (14)

For the power-law hardening model shown in Fig. 4c, the elastic region is described by σ(y) = Ee ε =
Ee y/rn , while the post-yield region is represented in total-strain form as

σ(y) = Kεn = K ( y
rn
)

n
(15)

where K is the strength coefficient and n is the strain hardening exponent. In the analytical formulation,
K and n are obtained by fitting the post-yield true stress-true total strain response, and the fitted total-
strain relation is combined with the sectional strain field in Eq. (1). This treatment follows analytical bending
formulations in which a curvature-based sectional strain field is used together with a strain-hardening
material response to obtain tractable moment expressions [30–32].

The corresponding sectional moment is

Mpower =
4Ee

rn
I2(β) +

4K
rn

n
∫

r

Yel

yn+1
√

r2 − y2 d y (16)

The power-law plastic-zone integral is expressed as

∫
r

Yel
yn+1
√

r2 − y2d y = rn+3

2
Jn(β) (17)

where Jn(β) = B (n
2
+ 1, 3

2
) − Bβ2 (n

2
+ 1, 3

2
) (18)

where B(a, b) is the complete Beta function and Bx(a, b) is the unregularized incomplete Beta function.
Substituting Eqs. (6), (17) and (18) into Eq. (16) gives

Mpower =
Ee r4

2rn
A(β) + 2Krn+3

rn
n
[B (n

2
+ 1, 3

2
) − Bβ2 (n

2
+ 1, 3

2
)] (19)

Eq. (19) gives the power-law sectional bending moment corresponding to the adopted linear through-
section strain field and the fitted total-strain hardening response. The three moment expressions Mideal,
Mbilinear, and Mpower represent the longitudinal bending resistance of the RB under the plane-bending
idealization. In central-axis bending, this sectional resistance is transmitted through roller-RB contact;
therefore, the local contact field may include transverse pressure and tangential traction in addition to the
longitudinal bending stress. The process-level 3D FE model treats the tool-bar contact explicitly, while the
RB plastic response is described using von Mises plasticity. The following subsection relates Mk to the steady
bending force and shaft torque.
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2.4 Analytical Modelling of Steady Bending Force and Shaft Torque
The sectional moments derived in Section 2.3 define the internal resistance transmitted through the

roller-RB contact system. An earlier study reported a central-axis bending-force relation based on roller
equilibrium and the plastic-limit moment of an ideal circular section [12]. In the present formulation,
the roller equilibrium is coupled to the constitutive-dependent sectional moments obtained from the
elastic-perfectly plastic, bilinear-hardening, and power-law stress distributions. Accordingly, the influence
of material hardening is retained in both the steady bending-force and shaft-torque estimates.

As shown in Fig. 6, the load transfer is governed by the rotating-roller geometry and the moment
arms of the normal and equivalent tangential contact-resistance components. Let Fn ,k denote the normal
contact force transmitted by the rotating bending roller, where k ∈ {ideal, bilinear, power} identifies the
constitutive formulation used to evaluate the sectional moment. The contact action is represented by Fn ,k
and the equivalent tangential contact-resistance force Fr f ,k ; hence, the resultant bending force is

Fk =
√

F2
n ,k + F2

r f ,k (20)

r

Figure 6: Geometric force analysis of the central-axis RB bending configuration.

The contact-resistance contribution is represented by the prescribed offset δr . The normal contact force
Fn ,k therefore produces a resisting moment Fn ,k δr at the rotating roller-RB interface, which is expressed as
the equivalent tangential resistance

Fr f ,k =
Fn ,k .δr

R2
(21)

here, R2 is the radius of the rotating bending roller, and δr is the prescribed contact-resistance offset used in
the analytical load-transfer equilibrium. Following previous RB bending-machine studies [6,11], δr = 0.5 mm
is adopted in the present calculations. Accordingly, the product Fn ,k δr represents a lumped resisting moment
associated with this prescribed offset in the analytical load-transfer model.
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From the contact geometry, the angle γ is written as

γ = arccos(R1 + 2r + R2

R3
) (22)

where R1 is the fulcrum roller radius, R3 is the rotation radius of the bending roller, and r is the RB radius.
The moment arm of the normal contact force is

LN = R3 ⋅ sinγ = R3 ⋅ sin [arccos(R1 + 2r + R2

R3
)] (23)

The moment arm associated with the equivalent tangential contact-resistance force is

Lr = R1 + 2r (24)

The external moment generated by the contact-force components is then

Mext,k = Fn ,k LN + Fr f ,k Lr (25)

Substituting Eq. (21) into Eq. (25) gives

Mext,k = Fn ,k (LN +
δr Lr

R2
) (26)

Under quasi-static equilibrium, the external moment is taken to balance the sectional bending
resistance,

Mk = Mext,k (27)

The effective load-transfer arm is therefore defined as

Leff = LN +
δr Lr

R2
(28)

or, in terms of the roller geometry,

Leff = R3 sin [arccos(R1 + 2r + R2

R3
)] + δr(R1 + 2r)

R2
(29)

From Eqs. (26)–(28), the normal contact force is

Fn ,k =
Mk

Leff
(30)

Combining Eqs. (20), (21) and (30) gives the resultant bending force,

Fk =
Mk

Leff

�
���1 + ( δr

R2
)

2
(31)

For the three constitutive formulations, the bending-force estimates become

Fideal =
Mideal

Leff

�
���1 + ( δr

R2
)

2
(32)
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Fbilinear =
Mbilinear

Leff

�
���1 + ( δr

R2
)

2
(33)

Fpower =
Mpower

Leff

�
���1 + ( δr

R2
)

2
(34)

The corresponding shaft torque is obtained from the moment balance of the contact-force components.
Using Eqs. (20), (21) and (28), it can be written as

Tk =
Leff�

���1 + ( δr

R2
)

2
Fk (35)

Thus, the shaft-torque estimates corresponding to the three constitutive descriptions are

Tideal =
Leff�

���1 + ( δr

R2
)

2
Fideal (36)

Tbilinear =
Leff�

���1 + ( δr

R2
)

2
Fbilinear (37)

Tpower =
Leff�

���1 + ( δr

R2
)

2
Fpower (38)

Eqs. (32)–(34) provide the analytical bending-force estimates, whereas Eqs. (36)–(38) give the corre-
sponding shaft-torque estimates. The terms LN , Lr , and Leff account for the geometric load transfer of the
bending system, while Mk represents the material-dependent sectional bending resistance. Together, these
relations provide the analytical basis for assessing the effects of material hardening, RB size, and machine
geometry on steady bending force and shaft torque.

3 Numerical Simulation of RB Bending Forming

3.1 Establishment of the RB Bending Model
To assess the process-level response of central-axis RB bending, a three-dimensional finite element

model was established in ANSYS Workbench based on the central-axis bending configuration shown
in Fig. 7. Several modelling simplifications were introduced to reduce computational cost while retaining the
essential mechanics of the bending process. Consistent with the equivalent smooth-section representation
defined in Assumption 5, the RB was modelled as a homogeneous and isotropic smooth circular bar of
nominal diameter d and was assigned the stress-strain response of the corresponding reinforcing-bar steel.

The upstream clamping part was represented by a fixed boundary at the left end of the RB, while
the deformation zone was formed by the fulcrum roller and the rotating bending roller. This simplified
restraint treatment is consistent with related steel-bar and rebar bending-machine FE studies in which fixed
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constraints or fixed points were used when the analysis focused on the roller-bar bending region [5,7]. The
fixed boundary represents an ideal no-slip upstream restraint. Accordingly, reaction components and stress
fields close to the restrained end are influenced by this boundary idealization, whereas the force-torque
assessment is interpreted in relation to the roller-bar deformation zone. The resulting model consisted of
three principal components: the RB, the fulcrum roller, and the rotating bending roller.

Rotating bending
roller

Fulcrum
roller

Figure 7: 3D FE mesh of the process-level central-axis RB bending model.

The nonlinear analysis was performed using the ANSYS Transient Structural module. The RB was
treated as the main deformable body, whereas the fulcrum roller and rotating bending roller were treated as
rigid bodies. The RB materials considered in this study were HRB335, HRB400, and HRB500. A multilinear
isotropic hardening model was used to describe the elastic-plastic response of the RB during bending and
unloading. Plastic yielding was governed by the von Mises yield criterion, and isotropic hardening was
adopted to represent the post-yield response. The material responses for the HRB335 d10, HRB400 d10,
HRB400 d12, and HRB500 d10 cases were defined from the reinforcement data reported in Refs. [33–
35]. For HRB335 and HRB400, the constitutive parameters were identified from the reported stress–strain
responses [33,34], whereas the HRB500 response was defined using the ϕ10 reinforcement parameters
reported in Ref. [35]. The adopted material properties are summarized in Table 1, together with those
assigned to the fulcrum and rotating bending rollers.

Table 1: Material properties assigned to the RBs and tool components.

Structure/
Component Material Density

(kg/m3)
Elastic Modulus,

Ee (GPa)
Poisson’s
Ratio, ν

Yield Stress,
σ y (MPa)

Tangent
Modulus, EH

(MPa)

Strength
Coefficient,

K(MPa)

Hardening
Exponent,

n

RB d = 10 mm
HRB335 [33]

7850
203.86

0.3
359.63 1108.24 815.16 0.1906

HRB400 [34] 202.87 474.1 2288.5 945.33 0.1254
HRB500 [35] 200.00 500 1990 1128.57 0.1358

RB d = 12 mm HRB400 [34] 7850 208.29 0.3 434.9 1923.58 978.78 0.17811

Fulcrum roller,
rotating roller

Structural
steel/rigid

body
7850 200.00 0.3 ______ ______ ______ ______

Note: RB denotes reinforcing bar.
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The engineering stress-strain data were converted into true stress-true plastic strain form to define the
multilinear plasticity input in ANSYS. For the analytical power-law formulation, the hardening parameters
K and n were identified from the corresponding true stress-true total strain response, consistent with the
total-strain form used in the analytical section model. The fitting intervals, fitting procedure, uncertainty
estimates, and regression-quality metrics for the power-law parameters are summarized in Appendix A. The
conversion relations used for the FE plasticity input are

εtrue = ln (1 + εnom) (39)
σtrue = σnom (1 + εnom) (40)

εpl = εtrue −
σtrue

Ee
(41)

where εtrue and εnom are the true and engineering strains, σtrue and σnom are the true and engineering stresses,
respectively, εpl is the true plastic strain, and Ee is the elastic modulus.

Because the RB undergoes substantial elastic-plastic deformation during bending and unloading, the
mesh size affects both numerical accuracy and computational cost. The RB was discretized using the
MultiZone meshing method with mapped hexahedral elements, as shown in Fig. 7, to provide regular
through-length and through-section discretization in the deforming region. Mesh convergence was assessed
using the maximum shaft torque and maximum bending force, which represent the global machine-load
response of the process-level model. The maximum von Mises stress and maximum equivalent plastic strain
in the RB were also examined as local stress and plastic-deformation indicators. As shown in Fig. 8, all four
quantities approached mesh-insensitive values with refinement. When the RB mesh size was reduced from
1.00 to 0.95 mm, the maximum shaft torque changed by 0.03%, the maximum bending force by 0.25%,
the maximum von Mises stress by 0.14%, and the maximum equivalent plastic strain by 1.26%. Therefore,
a 1.0 mm RB mesh was adopted in the subsequent process-level FE analyses as a compromise between
numerical accuracy and computational efficiency.
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Figure 8: Mesh-convergence response of the process-level FE model: (a) maximum bending force and maximum shaft
torque of the process-level model; (b) maximum equivalent plastic strain and maximum von Mises stress.

The principal contact interactions were defined between the fulcrum roller and the RB surface and
between the rotating bending roller and the RB surface. Consistent with the physical tool-bar contact
condition, both interfaces were modelled as frictional contact pairs with a Coulomb friction coefficient
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μ = 0.2 [6]. The coefficient μ sets the limiting tangential traction at the roller-RB interfaces and therefore
controls the frictional component of load transfer during bending.

The loading scheme is illustrated in Fig. 9. The center of the rotating roller was connected to the fixed
axis through a revolute joint, allowing the roller to revolve about the fixed axis while maintaining the
prescribed central-axis bending configuration. In the transient FE analysis, the driving condition was applied
as a time-dependent rotational velocity at this joint. The prescribed quantity was therefore the rotational-
velocity history of the bending shaft, while the bending angle followed from the imposed angular motion.
Based on the selected processing conditions, the angular velocity of the bending spindle was set to 11 rad/s,
corresponding to 105 r/min. The target maximum bending angle was 180○, giving a bending-forming time
of 0.285 s during the loading stage.

Fixed axis

Prescribed circular
path of the rotating

roller

Rotating bending
roller

Rotation 
direction

d
Fixed end

Fulcrum
roller

Reinforcing bar

Figure 9: Loading schematic of the central-axis RB bending FE model.

4 Results and Discussion

4.1 FE Analysis of Bending Stress and Residual Stress
The reference process-level FE case was examined first to clarify the stress development during loading

and the residual-stress state after unloading. The reference case used an HRB400 RB with d = 12 mm. Its
material properties are listed in Table 1, and the converted true stress-true plastic strain curve derived from
the measured response reported in Ref. [34] and used as the multilinear plasticity input is shown in Fig. 10.
The fulcrum roller radius R1, rotating bending roller radius R2, and rotation radius R3 were set to 24, 20, and
80 mm, respectively, with a prescribed bending-shaft rotation of 180○.

During central-axis RB bending, the bar is deformed progressively by the pressure exerted by the
rotating roller. At the beginning of loading, the response is elastic. Once the stress exceeds the yield stress,
the sectional stiffness decreases markedly and plastic deformation develops in the bending region while
part of the section may still remain elastic. The total strain in the deformation zone therefore contains both
recoverable elastic strain and irreversible plastic strain. During unloading, the elastic part is released and
springback occurs, whereas the plastic strain remains. The stress field after unloading is consequently not
eliminated completely, giving rise to a residual-stress state in the bent RB.
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Figure 10: True stress-true plastic strain curve used for the HRB400 d12 material model.

The axial normal-stress contour plots of the RB before and after unloading at the prescribed bending
angle are shown in Fig. 11. The overall contours are shown in Fig. 11a, the curved deformation zone is enlarged
in Fig. 11b, and the sectional stress distributions at locations A, B, and C along the bending arm are shown
in Fig. 11c. Before unloading, the stress field is distributed approximately symmetrically about the section
centerline, with tensile stress on the outer arc and compressive stress on the inner arc. The highest stress
level is concentrated in the curved deformation zone, whereas the stress in the force-transfer region is
comparatively smaller. In terms of absolute magnitude, the largest axial normal stress appears on the inner
side of the bending section and reaches about 999.14 MPa. This indicates that the most severe loading state
is localized in the curved region, while the straight-arm portion mainly transmits the bending action toward
the active deformation zone.

After unloading, the stress field is redistributed markedly. The stress difference between the inner and
outer sides decreases, and the overall stress level becomes much lower than that before unloading. The tensile
stress on the outer side decreases and tends to transform into compressive stress, whereas the compressive
stress on the inner side decreases and tends to transform into tensile stress. After complete unloading, the
maximum tensile and compressive residual stresses are about 449 MPa and 381.5 MPa, respectively. Thus,
although a large part of the stored elastic strain energy is released during springback, a non-negligible
residual stress field remains in the bent RB.

The sectional distribution in Fig. 11c further shows that the stress state varies along the bending arm.
Section A, located closest to the main curved deformation zone, exhibits the highest stress level and the
steepest through-section stress gradient. At Section B, the stress level is lower and the stress distribution
becomes less intense, showing that the section lies in a transition region. Section C has the lowest overall
stress level, indicating that it is farther from the main bending zone and is less affected by the forming action.
These three sections therefore reveal a stress transition along the bending arm, from the highly stressed
region near the main bending zone to regions of progressively lower stress intensity farther away.

Overall, the FE results indicate that the curved deformation zone governs the most severe elastic-
plastic bending response, while the adjoining bending arm exhibits a gradual reduction in stress intensity.
Unloading redistributes rather than eliminates the internal stress field: recoverable elastic strain is released,
whereas plastic strain retained in the deformation zone prevents complete stress relaxation. The through-
section stress gradient is therefore reduced and the tensile-compressive stress distribution is redistributed,
leaving a non-negligible residual-stress field in the bent RB. Since springback in rebar and steel-bar bending
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arises from elastic recovery after stress removal and affects the final bending angle [5,7], the resulting
residual-stress field helps explain the mechanical connection between the unloading path, springback, and
practical bending accuracy.

Figure 11: Axial normal stress distribution of the RB before and after unloading: (a) overall contour plots; (b) enlarged
view of the curved deformation zone; (c) sectional normal-stress distributions at locations A, B, and C.

4.2 Section-Level Assessment of Analytical Internal Bending Moments Using the SFEM
To assess the analytically derived internal bending moments independently of tool-bar contact and

machine-level load transfer, a simplified section-level finite element model (SFEM) was established using
the Static Structural module in ANSYS Workbench. Under quasi-static equilibrium, the internal sectional
moment associated with the through-thickness stress field must be balanced by the external reaction moment
required to impose the prescribed curvature. The SFEM reaction moment was therefore used as the reference
quantity for assessing the analytical moment expressions.

The SFEM was constructed by prescribing end displacement and rotation boundary conditions to
impose pure bending without tool contact. Thus, frictional effects and contact-induced load transfer were
excluded, and inertia was neglected. The model was solved implicitly so that equilibrium was satisfied
incrementally during loading. The resulting response therefore reflects mainly the constitutive law and
imposed curvature, without interference from tool-bar contact mechanics. The RB was meshed using
MultiZone hexahedral elements, consistent with the meshing strategy adopted in the full process-level
contact FE model.
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For the diameter-dependent comparison, the HRB400 d10 material response was kept fixed so that the
variation in Mk reflects the change in section size. To retain geometric relevance to the central-axis bending
configuration while limiting computational cost, a 62 mm RB segment was modelled, corresponding to the
material span between the fulcrum center and the center of the rotating bending roller. As shown in Fig. 12a,
for a straight segment of length L, imposing a neutral-layer bending radius rn gives a constant curvature
κ = 1/rn , and the corresponding end rotation is θz = κL = L/rn . By imposing equal and opposite end rotations
consistent with this relation, the model reproduced the constant curvature pure-bending configuration
shown in Fig. 12b, in which the neutral layer follows a circular arc.

L

(a)

(b)

Neutral layer

Figure 12: Section-level pure-bending FE model: (a) undeformed straight RB segment; (b) deformed constant-
curvature configuration.

Table 2 summarizes the section-level comparison between the analytically estimated internal bending
moments and the SFEM reaction moments for two parametric sets: the RB diameter range d = 8–14 mm
and the fulcrum roller radius range R1 = 20–35 mm. The table reports the moments predicted by the
elastic-perfectly plastic, bilinear hardening, and power-law hardening formulations, together with the
corresponding relative errors with respect to the SFEM reaction moment. These parameter ranges were
selected to assess the analytical formulations against changes in section size and bending geometry under
contact-free pure-bending conditions.

Across the RB diameter range, the mean relative errors between the analytical and SFEM moments
were 34.65%, 4.94%, and 0.86% for the elastic-perfectly plastic, bilinear hardening, and power-law hardening
formulations, respectively. A similar ranking was obtained over the R1 range, where the corresponding
mean relative errors were 32.09%, 3.64%, and 0.8%. These results show that, once post-yield hardening is
represented, the analytically derived internal bending moments reproduce the pure-bending FE response
with high accuracy over both geometric ranges considered. The power-law formulation gives the closest
overall agreement, while the bilinear formulation remains a reliable approximation. By contrast, the elastic-
perfectly plastic idealization departs markedly from the SFEM reference and is therefore less suitable for
quantitative estimation of the internal bending moment under the present bending conditions.

The section-level comparison therefore provides a direct assessment of the analytical internal bending
moments under a prescribed pure-bending state. This assessment isolates the sectional elastic-plastic
resistance from tool geometry, frictional contact, and roller-position effects. In the actual bending process,
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the sectional resistance is transferred to the machine through roller-bar contact; the resulting steady bending
force and shaft torque are then evaluated using the process-level 3D FE model.

Table 2: Section-level comparison of analytically estimated internal bending moments with SFEM reaction moments.

Study
Varied

Parameter
(mm)

rn (mm) κ(1/mm) Mideal
(N⋅mm)

Mbilinear
(N⋅mm)

Mpower
(N⋅mm)

MSF E M

(N⋅mm)

Err. vs.
Mideal

(%)

Err. vs.
Mbilinear

(%)

Err. vs.
Mpower

(%)

Diameter study,
(Fixed parameter is

R1 = 20 mm)

d = 8 24 0.041 40,453 59,168 59,585 59,980 32.56 1.35 0.66
d = 10 25 0.040 79,011 123,055 119,071 119,930 34.12 2.61 0.72
d = 12 26 0.038 136,534 224,586 209,483 211,450 35.43 6.21 0.93
d = 14 27 0.037 216,813 374,201 337,545 341,420 36.50 9.60 1.13

34.65 4.94 0.86

Fulcrum roller
radius study (Fixed

parameter is
d = 10 mm)

R1 = 20 25 0.040 79,011 123,055 119,071 119,930 34.12 2.61 0.72
R1 = 25 30 0.033 79,009 115,563 116,377 117,360 32.68 1.53 0.84
R1 = 30 35 0.028 79,006 110,211 114,146 115,150 31.39 4.29 0.87
R1 = 35 40 0.025 79,003 106,196 112,248 113,140 30.17 6.14 0.79

32.09 3.64 0.80

4.3 Process-Level Assessment of Analytical Bending Force and Shaft Torque
4.3.1 Reference FE Comparison

The analytical formulations were next assessed at the process level using a full three-dimensional FE
model with tool-bar contact. The FE torque response, T(θ), was extracted as the reaction moment about the
bending-shaft rotation axis. In contrast, the analytical formulation gives a steady process-level torque for a
prescribed bending configuration, rather than a complete torque-rotation history. The FE reference torque
was therefore defined from the sustained part of the loading response.

At the beginning of rotation, the response is affected by contact establishment between the rotating
bending roller and the RB, rapid development of the plastic deformation zone, and adjustment of the tool-bar
contact state. Similar torque histories have been reported for circular-roller bending of round steel bars and
rebars, where the torque rises after roller contact and then becomes nearly constant for round bars, whereas
ribbed bars exhibit additional fluctuations associated with rib-induced contact changes [10]. In the present
process-level FE simulation, both T(θ) and F(θ) reached an approximately stable level after θ ≈ 40○, while
the upper limit θe was taken as the last loading increment before unloading. The FE steady mean torque was
defined as

TFE
eq =

1
N ∑

θ i∈[θs ,θ e]

T(θi), θs = 40○ (42)

where T(θi) is the FE shaft torque at the i-th sampled rotation angle, N is the number of sampled FE data
points within the selected interval, and θe is the last loading increment before unloading. This definition
excludes the initial contact-adjustment stage and the unloading stage, so that TFE

eq represents the sustained
torque demand after the deformation zone has been established.

The bending force was treated in the same manner. Since the analytical force expression represents the
steady force required to maintain bending equilibrium, rather than a transient extremum associated with
initial contact formation, the FE force history was reduced to the steady mean force,

FFE
eq =

1
N ∑

θ i∈[θs ,θ e]

F(θi), θs = 40○ (43)
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where F(θi) is the FE bending force at the i-th sampled rotation angle. The quantities TFE
eq and FFE

eq were
then used as the process-level reference values for assessing the analytical torque and force estimates.

Fig. 13 shows the FE torque-rotation response T(θ) together with the analytically estimated torques
Tideal , Tbilinear, and Tpower. At the onset of bending, the torque rises sharply with increasing rotation angle,
indicating the rapid development of bending resistance as the RB is forced into curvature. This initial increase
is followed by a short transition stage, where a slight overshoot and small oscillations appear. Beyond this
stage, the torque reaches an approximately steady level over most of the bending interval, indicating that,
once yielding has spread through the section, bending proceeds under an approximately steady plastic
deformation state. At the end of loading, the torque drops abruptly during unloading, reflecting release of
recoverable elastic strain energy and the associated springback. The inset deformation profiles at selected
rotation angles illustrate the progressive development of the bent configuration during loading and the final
springback after unloading.
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Figure 13: FE torque-rotation response T(θ) and analytically estimated torques for the reference bending
configuration.

For the present case, the FE steady mean torque was TFE
eq = 183,370 N⋅mm. The relative deviations of

Tideal , Tbilinear, and Tpower from this FE reference were 31.7%, 3.26%, and 3.43%, respectively. The bilinear
and power-law hardening formulations therefore reproduce the FE steady torque closely, whereas the elastic-
perfectly plastic formulation gives a much larger deviation. This difference arises because the elastic-perfectly
plastic model neglects the continued increase in sectional bending resistance after first yield. The result
confirms that post-yield hardening must be represented to obtain a reliable process-level estimate of the
steady shaft torque.

Fig. 14 presents the corresponding FE force-rotation response F(θ), together with the analytically
estimated bending forces Fideal , Fbilinear, and Fpower. The FE bending force increases rapidly at the beginning
of loading and then approaches a nearly constant plateau over most of the bending interval. This plateau
represents the sustained force required to maintain the bending process after the contact state and plastic
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deformation zone have become established. The analytical force estimates were therefore assessed against
the FE steady mean force FFE

eq , rather than against the transient response during the initial loading stage.
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Figure 14: FE force-rotation response F(θ) and analytically estimated forces for the reference bending configuration.

For the present case, the FE steady mean force was FFE
eq = 2977.1 N. The relative deviations of

Fideal , Fbilinear, and Fpower from this FE reference were 27.48%, 9.64%, and 9.81%, respectively. The bilinear
and power-law hardening formulations give much closer estimates of the FE steady force than the elastic-
perfectly plastic formulation. Because the same force-transfer relation is used for the three analytical cases,
the differences among Fideal , Fbilinear, and Fpower arise from the constitutive dependence of the internal
bending moment. This result is consistent with the torque comparison and further confirms that post-yield
hardening must be represented when estimating the steady process-level bending demand.

4.3.2 Comparison with Reported Smooth Round-Bar Torque and Circular-Roller Force
The process-level analytical estimates were further assessed using the smooth round-bar bending results

reported by Higaki et al. [10] and Higaki [36]. Higaki et al. [10] reported measured torque–rotation responses
for smooth round bars with d = 8.8 and 10.1 mm. The FE torque response reported in Ref. [36] reproduced
the overall trend of the measured response. On this basis, the FE results were subsequently used to examine
the circular-roller force and the associated deformation and contact behavior. Accordingly, the analytical
torque estimates are compared directly with the measured torque–rotation responses reported in Ref. [10],
whereas the analytical force estimates are compared with the FE circular-roller force reported in Ref. [36].

Both experimental specimens were machined from D13 SD345 reinforcing bar [10]. The same D13-
derived true stress–true strain response was therefore used to identify the material parameters, with only
the bar diameter varied in the sectional-moment calculations. The corresponding material response and
power-law fit are shown in Fig. 15a.

The experimental configuration reported by Higaki et al. [10] used R1 = 16 mm, R2 = 29 mm, and
R3 = 58 mm. The circular roller was rotated at 9.8 rpm, and the shaft torque was measured using a torque
meter installed on the motor axis. To obtain reference quantities consistent with the steady analytical
estimates, the experimental mean torques were evaluated over the approximately constant portions of the
reported torque–rotation responses after the initial increase and before unloading. The measured responses
and analytical estimates are shown in Fig. 15b,c.
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Figure 15: Comparison with reported smooth round-bar bending results: (a) true stress-true strain response of the
D13-derived material and corresponding power-law fit [36,37]; (b,c) measured torque–rotation responses and analytical
torque estimates for the d = 8.8 and 10.1 mm smooth round bar, respectively [10]; and (d) reported FE circular-roller-
force response, steady mean force, and analytical force estimates for the d = 8.8 mm FE configuration [36].

For d = 8.8 mm, Tideal, Tbilinear, and Tpower are 45.430, 75.412, and 76.319 N⋅m, respectively, compared
with the measured steady mean torque of 71.009 N⋅m. The corresponding relative deviations are 36.02%,
6.20%, and 7.48%. For d = 10.1 mm, the three analytical estimates are 68.685, 119.184, and 118.200 N⋅m,
respectively, compared with the measured steady mean torque of 112.242 N⋅m. The corresponding deviations
are 38.81%, 6.18%, and 5.31%. For both diameters, the hardening-based formulations provide substantially
closer estimates of the measured steady torque than the elastic-perfectly plastic formulation.

The d = 8.8 mm FE analysis reported by Higaki [36] used R1 = 18 mm, R2 = 29 mm, and R3 = 59 mm.
The steady FE torque was evaluated over 50○ ≤ θ ≤ 180○, giving TFE

eq = 65.808 N⋅m. The corresponding steady
circular-roller force was FFE

eq = 3.334 kN.
The reported FE force response and the corresponding steady analytical force estimates are shown

in Fig. 15d. Using the material parameters and machine dimensions of this FE case, the elastic-perfectly
plastic, bilinear-hardening, and power-law formulations predict torques of 45.429, 72.693, and 74.720 N⋅m,
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respectively. Their deviations from TFE
eq are 30.97%, 10.46%, and 13.54%. The corresponding analyti-

cal bending forces are 2.315, 3.704, and 3.807 kN, giving deviations from FFE
eq of 30.56%, 11.10%, and

14.19%, respectively.
Because the steady FE torque and circular-roller force were evaluated for the same bending case and

averaging interval, their ratio gives an effective resultant-force arm of

TFE
eq

FFE
eq
= 19.738 mm.

The corresponding analytical value is

Leff√
1 + (δr/R2)2

= 19.626 mm.

The difference between the two values is 0.57%, showing close agreement in the effective resultant-force
arm for this FE case.

Across the two measured-torque cases and the additional FE torque–force case, the hardening-based
formulations consistently provide closer estimates than the elastic-perfectly plastic formulation. The bilinear
and power-law torque deviations are 5.31%–7.48% for the measured cases and 10.46%–13.54% for the FE case,
while the corresponding force deviations are 11.10%–14.19%. The reference values, analytical estimates, and
corresponding relative deviations are summarized in Table 3.

Table 3: External assessment using reported smooth round-bar bending data [10,36].

Comparison
Basis

d
(mm)

R1/R2/R3
(mm)

Compared
Quantity

Reference
Value

Ideal
Prediction

(Error)

Bilinear
Prediction

(Error)

Power-Law
Prediction

(Error)

Experiment [10] 8.8 16/29/58 TExp
eq

(N⋅m) 71.009 45.430
(36.02%)

75.412
(6.20%)

76.319
(7.48%)

Experiment [10] 10.1 16/29/58 TExp
eq

(N⋅m) 112.242 68.685
(38.81%)

119.184
(6.18%)

118.200
(5.31%)

FE analysis [36] 8.8 18/29/59 TFE
eq

(N⋅m) 65.808 45.429
(30.97%)

72.693
(10.46%)

74.720
(13.54%)

FE analysis [36] 8.8 18/29/59 FFE
eq (kN) 3.334 2.315

(30.56%)
3.704

(11.10%)
3.807

(14.19%)

Note: σy = 400 MPa and Ee = 205,000 MPa. The bilinear model used EH = 2110.18 MPa, while the power-law model
used K = 1091.93 MPa and n = 0.2265.

4.3.3 Parametric Influences on Bending Force and Shaft Torque
Using the parameter ranges listed in Table 4, the influence of RB grade, bar diameter, bending geometry,

and machine-geometry parameters on the steady bending force and shaft torque was examined. The
elastic-perfectly plastic formulation was not included in this parametric discussion because the preceding
section-level, process-level, and experimental comparisons showed that it gave much larger deviations and
consistently underestimated the bending demand. The analysis therefore focuses on the bilinear and power-
law formulations, which retain post-yield hardening and provide the more relevant basis for interpreting



Comput Model Eng Sci. 2026;148(3):8 23

practical force and torque trends. For each parameter set, the analytical estimates obtained from the
corresponding force and torque relations were compared with the steady FE results, thereby extending the
process-level assessment beyond the reference configuration.

Table 4: Parameter ranges adopted in the parametric study for RB material, section size, bending-process settings, and
machine-geometry variables.

Varying Parameter d = 2r (mm) R1 (mm) R2 (mm) R3 (mm) RB Grade Friction
Coefficient

RB diameter, d 8, 10, 12, 14, 16 20 20 90 HRB400 0.2

Fulcrum roller
radius, R1

10 10, 15, 20, 25,
30, 35 20 90 HRB400 0.2

Rotating roller
radius, R2

10 20 10, 15, 20, 25,
30, 35 90 HRB400 0.2

Rotation radius, R3 10 20 20 70, 80, 90,
100, 110 HRB400 0.2

RB grades 10 20 20 90
HRB335
HRB400
HRB500

0.2

Friction
coefficient, μ 10 20 20 90 HRB400 0, 0.1, 0.2, 0.3

a. Influence of RB diameter, d

To isolate the diameter effect, the HRB400 d10 material response was assigned to all d = 8–16 mm cases.
Thus, changes in bending moment, steady shaft torque, and steady bending force reflect section-size and
load-transfer effects, while the constitutive response remains fixed.

Fig. 16a,c shows the FE torque-rotation and force-rotation responses for different RB diameters. For
clarity, only the response up to 90○ is presented, since the curves have already entered the steady stage
beyond approximately 40○, and further extension adds little additional information while increasing the FE
computational cost. In both cases, the response rises rapidly at the beginning of bending and then approaches
a nearly constant level as the deformation proceeds. As the RB diameter increases from 8 to 16 mm, the
steady shaft torque increases by about 791.49%, while the steady bending force increases by about 864.72%,
confirming the strong influence of section size on the process-level demand.

This tendency is mechanically expected. Increasing RB diameter raises the sectional bending resistance
directly, because the internal bending moment depends strongly on section size. Larger diameters therefore
require both higher shaft torque and higher bending force to achieve the same curvature.

Fig. 16b,d compares the analytical torque estimates Tbilinear and Tpower and the analytical bending force
estimates Fbilinear and Fpower with the corresponding FE quantities TFE

eq and FFE
eq , respectively. The hardening-

based formulations remain in close agreement with the FE results over the full diameter range. For torque,
the mean relative errors of Tbilinear and Tpower with respect to TFE

eq are approximately 8.92% and 1.94%,
respectively. For bending force, the corresponding mean relative errors of Fbilinear and Fpower relative to
FFE

eq are about 14.63% and 7.14%, respectively. These results show that RB diameter is a dominant parameter
governing process-level loading, and that post-yield hardening must be retained to estimate this diameter
dependence with sufficient accuracy.
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Figure 16: Influence of RB diameter on process-level torque and bending force: (a) FE torque-rotation response T(θ);
(b) analytically estimated torques Tbilinear and Tpower, together with the FE steady mean torque TFE

eq , vs. RB diameter
d; (c) FE bending force-rotation response F(θ); (d) analytically estimated bending forces Fbilinear and Fpower, together
with the FE steady mean force FFE

eq , vs. RB diameter d.

b. Influence of fulcrum roller radius, R1

Fig. 17 compares the analytical estimates of shaft torque and bending force with the corresponding FE
steady quantities for the d = 10 mm RB case under varying fulcrum roller radius. As shown in Fig. 17a, both
Tpower and TFE

eq decrease slightly with increasing fulcrum roller radius, indicating that the torque demand
is only weakly sensitive to this parameter over the range considered. The bilinear formulation shows a
stronger downward trend, whereas the power-law formulation remains much closer to the FE steady mean
torque. The mean relative errors of Tbilinear and Tpowerwith respect to TFE

eq are approximately 10.6% and
3.59%, respectively.

The corresponding bending force comparison is shown in Fig. 17b. In contrast to the torque response,
the FE steady mean force FFE

eq exhibits a slight upward trend as the fulcrum roller radius increases. This
indicates that, even when the internal bending resistance changes only weakly, the external force required
at the bending shaft may still increase because changes in the force-transfer condition may become less
favorable. The analytical force estimates reproduce the same general level of the FE response, although



Comput Model Eng Sci. 2026;148(3):8 25

the detailed trends differ between the two hardening models. Fbilinear decreases gradually, whereas Fpower
remains closer to the FE response and shows a mild increase over the considered range. The largest force is
obtained at the largest fulcrum roller radius, indicating that this parameter has a more visible influence on
the bending force than on the torque.
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Figure 17: Influence of fulcrum roller radius R1 on process-level torque and bending force: (a) analytically estimated
torques Tbilinear and Tpower, together with the FE steady mean torque TFE

eq , vs. fulcrum roller radius R1; (b) analytically
estimated bending forces Fbilinear and Fpower, together with the FE steady mean force FFE

eq , vs. fulcrum roller radius R1 .

Mechanically, the effect is associated with both bending geometry and contact-transfer condition. A
larger fulcrum roller radius changes the imposed bending geometry and modifies the external force-transfer
condition. Even if the internal bending moment changes only weakly, the effective force arm may become less
favorable, so that the required bending force does not necessarily decrease. From a process standpoint, the
present results indicate that reducing the fulcrum roller radius lowers the bending-force demand. Previous
rebar-bending studies, in which the corresponding stationary support is represented by a support shaft or
fixed roller, also report lower springback angles as the associated support or bending radius decreases [5,7].
However, smaller bending radii have also been associated with more severe local deformation in bent
reinforcing bars [38,39].

The force comparison further shows that the bilinear and power-law hardening formulations remain
much closer to the FE results. The mean relative errors of Fbilinear and Fpower relative to FFE

eq are approximately
13.85% and 7.53%, respectively. Overall, the results indicate that the fulcrum roller radius has only a limited
effect on steady torque demand, but a more noticeable influence on the bending force.
c. Influence of rotating bending roller radius, R2

Fig. 18 compares the analytical and FE estimates of shaft torque and bending force as the rotating
bending roller radius varies. As shown in Fig. 18a, the analytical torque estimates remain essentially
unchanged with increasing bending roller radius, while the FE steady mean torque exhibits only a slight
increase over the range considered. This indicates that the torque demand is only weakly sensitive to the
rotating bending roller radius. The bilinear and power-law formulations remain close to the FE steady mean
torque, with mean relative errors of approximately 7.14% and 3.67%, respectively.

The corresponding bending force comparison is shown in Fig. 18b. The FE steady mean force FFE
eq

increases gradually with increasing rotating bending roller radius, and the same overall tendency is
reproduced by the analytical force expressions. Thus, beyond matching the force level, the analytical
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formulation also captures the trend observed in the FE response. Compared with the effects of RB diameter
and bending-roller rotation radius R3, however, the influence of the rotating bending roller radius R2
remains secondary.
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Figure 18: Influence of rotating bending roller radius R2 on process-level torque and bending force: (a) analytically
estimated torques Tbilinear and Tpower, together with the FE steady mean torque TFE

eq , vs. rotating bending roller radius
R2; (b) analytically estimated bending forces Fbilinear and Fpower, together with the FE steady mean force FFE

eq , vs. rotating
bending roller radius R2 .

This behavior is attributable to the fact that increasing the rotating bending roller radius produces only a
limited change in the position of the external force application and hence only a weak change in the effective
moment arm governing force transfer. As a result, variations in the rotating bending roller radius have only
a weak influence on shaft torque, but a secondary and more visible influence on bending force. This weak
influence is qualitatively consistent with the observations reported in Ref. [5], where changes in rotating
bending roller radius produced only minor changes in the stress distribution of the bent RB. From a practical
standpoint, selecting a smaller rotating bending roller radius can therefore reduce the bending force slightly,
although the reduction is limited.

The force comparison further confirms that the bilinear and power-law hardening formulations remain
in good agreement with the FE results. The mean relative errors of Fbilinear and Fpower relative to FFE

eq are
approximately 10.83% and 7.24%, respectively. The results indicate that the rotating bending roller radius has
only a weak effect on shaft torque, but produces a secondary increase in steady bending force within the
examined range. The inclusion of post-yield hardening remains necessary for reliable estimation.

d. Influence of bending roller rotation radius, R3

Fig. 19 shows the influence of the bending roller rotation radius R3 on process-level torque and bending
force. The FE torque-rotation and force-rotation responses for different R3 values are presented in Fig. 19a,c,
while Fig. 19b,d compares the analytical estimates with the corresponding FE steady quantities.

As shown in Fig. 19a,b, the torque level decreases slightly as the bending roller rotation radius increases.
The FE steady mean torque exhibits only a weak downward trend over the range considered, whereas the
analytical torque estimates remain essentially unchanged. Even so, the bilinear and power-law formulations
remain close to the FE torque level, with mean relative errors of approximately 6.90% and 3.81%, respectively.
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Figure 19: Influence of bending roller rotation radius R3 on process-level torque and bending force: (a) FE torque-
rotation response T(θ); (b) analytical torque estimates Tbilinear and Tpower, together with the FE steady mean torque
TFE

eq , vs. R3; (c) FE force-rotation response F(θ); (d) analytical force estimates Fbilinear and Fpower, together with the FE
steady mean force FFE

eq , vs. R3 .

The corresponding force response is shown in Fig. 19c,d. In this case, both the FE and analytical results
decrease clearly with increasing rotation radius R3. Thus, the trend of the FE results is reproduced well by
the analytical force estimates, particularly by the hardening-based formulations. This behavior is consistent
with the analytical force relation, in which the required bending force decreases as the effective force arm
increases when the internal bending moment remains unchanged. Consequently, increasing the bending
roller rotation radius reduces the bending force transmitted between the bending shaft and the RB.

From a process standpoint, this indicates that, provided the required bending quality is maintained,
increasing the rotation radius offers an effective means of lowering the bending force demand. However,
a larger R3 may also increase the springback angle [5], and therefore its use should be accompanied by
appropriate springback control.

The force comparison further shows that the bilinear and power-law formulations remain in good
agreement with the FE results. The mean relative errors of Fbilinear and Fpower relative to FFE

eq are approximately
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10.53% and 6.95%, respectively. These results indicate that increasing the rotation radius is an effective way
to reduce the bending force, whereas its influence on the shaft torque remains comparatively weak.

e. Influence of RB strength grade

Fig. 20 shows the influence of RB strength grade on process-level shaft torque and bending force. The FE
torque-rotation and force-rotation responses for HRB335, HRB400, and HRB500 are presented in Fig. 20a,c,
while Fig. 20b,d compares the analytical estimates with the corresponding FE steady quantities. The FE
torque histories for the three grades exhibit the same general response pattern, characterized by a rapid
increase during the initial bending stage followed by a nearly steady torque level. This trend is qualitatively
consistent with previous observations from rebar bending tests, in which the measured torque increased
during the early stage of bending and then approached an approximately constant or levelled response after
yielding [9,10].

Figure 20: Influence of RB strength grade on process-level torque and bending force: (a) FE torque-rotation response
T(θ); (b) analytically estimated torques Tbilinear and Tpower, together with the FE steady mean torque TFE

eq , vs. varying
RB strength grade; (c) FE force-rotation response F(θ); (d) analytically estimated bending forces Fbilinear and Fpower,
together with the FE steady mean force FFE

eq , vs. RB strength grade.
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Although the response pattern is similar for the three grades, the torque level differs markedly. HRB500
requires the highest shaft torque to reach the same target bending angle, whereas HRB335 requires the lowest.
As the strength grade increases from HRB335 to HRB500, the steady shaft torque increases by about 66%.

This tendency is mechanically reasonable. Compared with HRB335, HRB400 and HRB500 have higher
yield and ultimate strengths and therefore provide greater resistance to plastic bending. A larger torque is
consequently required to impose the same curvature. At the same time, the higher strength bars retain more
elastic strain energy during loading. This is also reflected in the inset of Fig. 20a, where both the maximum
equivalent stress and the maximum residual stress increase with RB grade. Thus, the higher torque demand
of HRB500 is associated with a higher stress level and a stronger residual stress state after unloading.

The comparison in Fig. 20b further shows that both the analytical and FE torque levels increase with
increasing RB strength grade. The power-law and bilinear hardening formulations remain close to the FE
steady mean torque, with mean relative errors of approximately 5.97% and 7.10%, respectively.

The corresponding bending force response is shown in Fig. 20c,d. As with torque, the force level
increases systematically with increasing RB strength grade. For a given bar diameter, the higher flow stress
of HRB500 increases the sectional bending resistance and therefore leads to a larger bending-force demand
than HRB400 and HRB335. The analytical results reproduce the same overall trend as the FE response. The
mean relative errors of Fbilinear and Fpower relative to FFE

eq are approximately 7.17% and 9.44%, respectively.
Taken together, these results indicate that RB strength grade has a pronounced influence on both

bending force and shaft torque. The increase in grade raises the sectional bending resistance, the stress
level developed during bending, and the residual-stress level after unloading. Under these conditions, the
hardening-based formulations remain capable of reproducing both the magnitude and the trend of the FE
response with good accuracy.

f. Influence of friction coefficient

Fig. 21 shows the process-level FE torque and bending-force responses under varying friction coefficient
μ, together with the maximum axial residual stress after unloading, shown in the inset of Fig. 21a. The
friction coefficient controls the tangential contact resistance at the roller-RB interfaces and therefore affects
the manner in which the bending load is transferred during roller-driven deformation.

0 15 30 45 60 75 90

0.0

2.0×104

4.0×104

6.0×104

8.0×104

1.0×105

1.2×105

,euqro
T

(
m

m·
N

)

Rotation angle,  (°)
(a)

0.0 0.1 0.2 0.3

390

420

450

480

)a
P

M(
xa

m
ssert slaudise

R µ

0 15 30 45 60 75 90
0

300

600

900

1200

1500

1800

2100

B
en

di
ng

 f
or

ce
, (

N
)

Rotation angle,  (°)
(b)

Figure 21: Influence of friction coefficient on process-level response: (a) FE torque-rotation response T(θ) under
varying friction coefficient μ, with the maximum axial residual stress after unloading shown in the inset; (b) FE
force-rotation response F(θ) under varying friction coefficient μ.
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As shown in Fig. 21a, increasing μ produces a moderate increase in the steady torque response. The
torque curves rise rapidly during the initial loading stage and then approach a nearly steady level, with a clear
upward shift as the friction coefficient increases. This indicates that Coulomb friction modifies the roller-RB
load-transfer condition, while the overall torque level remains governed mainly by the sectional bending
resistance of the RB.

A weaker sensitivity is observed in Fig. 21b for the bending force. The force curves remain close over the
examined range of μ, although small differences appear during the steady stage. This behavior indicates that
friction affects the external force transmission required to equilibrate the internal bending moment, rather
than changing the sectional bending resistance itself. The similar shape of the force-rotation curves over the
examined range suggests that the influence of μ is mainly reflected in the response level, while the overall
deformation sequence remains unchanged.

The inset of Fig. 21a shows that the maximum axial residual stress after unloading decreases as friction
coefficient increases. This suggests that higher-friction contact conditions alter the redistribution of plastic
strain during loading and reduce the maximum axial residual stress retained after unloading. In other words,
increasing the friction coefficient raises the mechanical demand of the bending process while tending to
reduce the maximum axial residual stress in the bent RB.

From a process-design perspective, the reduction in maximum axial residual stress shown in Fig. 21a is
consistent with previous numerical findings for rebar bending, where increasing the friction coefficient was
reported to reduce the springback angle [7]. In the present results, however, this reduction is accompanied
by a moderate increase in steady shaft torque and only a weak change in steady bending force. Accord-
ingly, within the investigated range, the reduction in maximum axial residual stress at higher friction is
accompanied by an increased steady shaft-torque demand.

4.3.4 Practical Implications for Steady Bending-Force and Shaft-Torque Estimation
The foregoing results show that steady bending force and steady shaft torque respond differently to

material and machine parameters. RB diameter and strength grade act primarily through the sectional
response and therefore increase both quantities markedly by raising the internal bending resistance of the bar.
By contrast, several machine-geometry parameters affect the process primarily through the external load-
transfer condition. As a result, steady shaft torque remains governed mainly by sectional bending resistance,
whereas steady bending force is additionally influenced by the effective force arm and load-transfer geometry.

The relative influence of each parameter can be interpreted from the way it enters the sectional resistance
and the external load-transfer path. Diameter and strength grade primarily modify the plastic bending
resistance of the RB section; therefore, their effects appear simultaneously in the steady shaft torque and
bending force. Increasing the RB diameter from 8 to 16 mm increased the steady shaft torque by 791.49% and
the steady bending force by 864.72%. The slightly larger increase in force reflects the additional influence
of the roller force-transfer geometry. In contrast, variations in R2 and R3 leave the RB material and section
unchanged and mainly alter the contact-force moment arm. Consistent with the FE steady-force trends
shown in Figs. 18b and 19d, increasing R2 from 10 to 35 mm increased the FE steady bending force by 31.6%,
whereas increasing R3 from 70 to 110 mm reduced it by 50.3%. The friction-coefficient results further indicate
that contact conditions affect the transmitted process demand through the roller-RB interface, but their
influence remains secondary compared with the sectional effects of diameter and strength grade.

The constitutive comparison also has direct practical meaning. The bilinear and power-law formulations
reproduce the FE response more closely because they retain the continued increase in bending resistance after
first yield, whereas the elastic-perfectly plastic model is too simplified for a process governed by sustained
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plastic deformation. Across the section-level FE comparisons, process-level FE results, and external smooth
round-bar torque comparisons, both hardening-based formulations provide close overall agreement; the
power-law formulation generally gives the lowest errors over the examined FE parametric ranges, while the
bilinear model remains a simpler and still useful approximation.

The practical application of the framework is based on the equivalent smooth-section representation
adopted in the analytical and FE models. In actual ribbed RBs, transverse ribs can modify the local roller-
bar contact state, introduce local stress concentrations, and produce oscillations in the torque history. This
behavior is consistent with the circular-roller bending observations of Higaki et al. [10], where smooth round
bars reached a nearly steady torque after the initial rise, whereas ribbed bars exhibited torque fluctuations
associated with successive rib-tool interactions. The present framework therefore estimates the steady mean
force and torque at the equivalent-section level, without resolving rib-induced local contact variations.

To facilitate use of the assessed analytical expressions, a self-contained browser-based calculation file
was prepared as Supplementary File S1. The estimator implements the final force and torque relations and is
intended for use within the parameter ranges examined in this study.

5 Conclusions
A mechanics-based analytical framework was developed for the central-axis bending of reinforcing

bars (RBs). Analytical expressions were derived for the sectional bending moment and, subsequently, for the
steady bending force and steady shaft torque required by the bending system. Three constitutive descriptions
were considered: elastic-perfectly plastic, bilinear hardening, and power-law hardening. The analytical
results were assessed against a section-level pure-bending FE model, a process-level three-dimensional FE
model with tool-bar contact, and reported smooth round-bar torque measurements and FE results for torque
and circular-roller-force.

The results show that material hardening must be represented for reliable estimation of RB bending
demand. Across the section-level and process-level FE comparisons, the power-law formulation generally
provided the closest overall agreement, followed by the bilinear hardening formulation, whereas the elastic-
perfectly plastic idealization showed substantially larger errors. At the section level, the mean relative error
over the examined FE parametric range remained below 1% for the power-law formulation and below 5%
for the bilinear formulation, while the elastic-perfectly plastic formulation deviated by approximately 30%–
35%. At the process level, the corresponding mean relative errors over the examined FE parametric ranges
remained below 7.5% for torque and below 10% for force with the power-law formulation, and below 11% for
torque and below 15% for force with the bilinear formulation. The external smooth round-bar comparisons
showed the same trend, with the hardening-based formulations providing closer steady torque estimates for
the measured cases and closer torque and force estimates for the additional FE case than the elastic-perfectly
plastic formulation.

The parametric study further clarified the distinct roles of material and machine variables in central-
axis RB bending. RB diameter and strength grade exerted the strongest influence on both steady bending
force and steady shaft torque through their direct effect on sectional bending resistance. By contrast,
machine-geometry parameters acted primarily through the load-transfer condition of the bending system.
Consequently, steady shaft torque was governed predominantly by the sectional bending resistance, whereas
the steady bending force depended on both the sectional resistance and the roller-system load-transfer
geometry.

The process-level FE stress analysis further showed that the most severe stress state was concentrated
in the curved deformation zone. During unloading, recoverable elastic strain was released, whereas retained
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plastic strain prevented complete stress relaxation, leaving a non-negligible residual-stress field in the
bent RB.

Within the examined parameter ranges and adopted assumptions, the proposed framework provides a
mechanics-based quantitative tool for estimating the steady bending-force and shaft-torque demands and for
preliminary parametric design of central-axis RB bending systems across variations in RB diameter, strength
grade, and machine geometry. The process-level FE analysis further characterized the sensitivity of the steady
force and torque to the roller-RB friction coefficient. The applicability of the framework is bounded by the
equivalent smooth-section representation, the constitutive descriptions considered, the process geometries
examined, and the currently available experimental evidence, which is limited to reported smooth round-bar
steady torque measurements. Future work should extend the experimental basis through paired bending-
force and shaft-torque measurements, together with rib-resolved tool-bar contact modelling over broader
ranges of RB diameters, rib configurations, and machine geometric parameters.
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Nomenclature
The following nomenclature are used in this manuscript:

b(y) Width of the RB cross-section at distance y from the neutral axis, mm
As Nominal cross-sectional area of the RB, mm2

d Nominal RB diameter and diameter of the equivalent circular section, mm
Ee Elastic modulus, MPa
EH Bilinear hardening modulus, MPa
Fk Analytically estimated bending force for constitutive formulation, N
Fn ,k Normal contact force transmitted by the rotating bending roller, N
Fr f ,k Equivalent tangential contact-resistance force, N
K Strength coefficient in the power-law relation, MPa
LN Moment arm of the normal contact-force component, mm
Lr Moment arm of the equivalent tangential contact-resistance component, mm

https://www.techscience.com/doi/10.32604/cmes.2026.086319/s1
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Leff Effective load-transfer arm, mm
Mk Internal bending moment for constitutive formulation k, N⋅mm
Mext,k External moment generated by the contact-force components, N⋅mm
n Strain-hardening exponent in the power-law relation
r Radius of the equivalent circular section, r = d/2, mm
rn Bending radius of the neutral layer, mm
R1 Fulcrum roller radius, mm
R2 Rotating bending roller radius, mm
R3 Rotation radius of the bending roller center, mm
Tk Analytically estimated shaft torque for constitutive formulation k, N⋅mm
TFE

eq FE steady mean shaft torque, N⋅mm
TExp

eq Experimental steady mean shaft torque, N⋅mm
FFE

eq FE steady mean bending force, N
y Distance from the neutral axis to a material point in the cross-section, mm
Yel Elastic-plastic boundary distance from the neutral axis, mm
β Dimensionless elastic-plastic boundary, β = Yel /r
γ Geometric angle associated with the rotating bending roller position, rad or deg
ε Strain
εy Yield strain
εtrue True strain
εpl True plastic strain
σ Normal stress, MPa
σy Yield stress, MPa
σtrue True stress, MPa
θ Bending shaft rotation angle, deg or rad
θs Start angle of the steady averaging interval, deg
θe End angle of the steady averaging interval, deg
μ Coulomb friction coefficient

Abbreviations
EPP Elastic-perfectly plastic
RB Reinforcing bar
RMSE Root-mean-square error
3D Three-dimensional
FE Finite element
HRB Hot-rolled ribbed bar
MAE Mean absolute error
MISO Multilinear isotropic hardening
SFEM Section-level finite element model

Appendix A Identification of the Power-Law Material Parameters
The analytical power-law formulation is expressed in true-total-strain form as

σ = Kεn (A1)

where σ is the true stress, ε is the true total strain, K is the strength coefficient, and n is the strain-hardening
exponent. For the curve-based datasets, K and n were identified from the post-yield true stress–true total
strain response.
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For the curve-based datasets, the engineering stress-strain data were converted to true stress-true total
strain form before fitting. The corresponding FE plasticity input was defined in true stress–true plastic
strain form using

εpl = ε − σ
Ee

(A2)

where εpl is the true plastic strain and Ee is the elastic modulus.
For HRB500 d10, the parameter-defined response was constructed using the ϕ10 reinforcement param-

eters reported in Ref. [35]. The reinforcement tests reported in that source followed GB/T 28900-2022 [40].
The adopted parameters were Ee = 200,000 MPa, σy = 500 MPa, EH = 1990 MPa, and εu = 0.21. The yield
strain is

εy =
σy

Ee
(A3)

giving

εy = 0.0025 (A4)

The stress predicted by the adopted parameter-defined response at εu is

σ(εu) = σy + EH(εu − εy) (A5)

which gives

σ(εu) = 500 + 1990(0.21 − 0.0025) = 912.925 MPa (A6)

The power-law response was constrained by the yield and terminal conditions,

σy = Kεn
y (A7)

σ(εu) = Kεn
u (A8)

Accordingly,

n =
ln(σ(εu)/σy)

ln(εu/εy)
(A9)

K =
σy

εn
y

(A10)

giving

K = 1128.57 MPa, n = 0.13588 (A11)

For the curve-based datasets, K and n were obtained by nonlinear least-squares fitting in stress space
over the adopted post-yield strain interval. The residual for the i-th data point was defined as

ri = Kεn
i − σi (A12)
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where εi and σi are the true total strain and true stress, respectively. Log-log regression was used only
to initialize the nonlinear optimization, and the 95% confidence intervals were estimated from the local
covariance matrix of the nonlinear fit. Fitting quality was evaluated using the root-mean-square error
(RMSE), mean absolute error (MAE), and coefficient of determination R2:

RMSE =
√

1
m∑

m
i=1 r2

i (A13)

MAE = 1
m

m
∑
i=1
∣ ri ∣ (A14)

R2 = 1 − ∑m
i=1 r2

i

∑m
i=1(σi − σ)2 (A15)

where m is the number of fitted data points and σ is the mean true stress over the fitting interval. The
identified parameters and fitting statistics are summarized in Table A1.

Table A1: Identification of the power-law parameters and fitting statistics.

Material
Case Data Basis

Strain
Interval,

ε (-)

K
(MPa)

K 95%
CI

(MPa)
n n 95%

CI
RMSE
(MPa)

MAE
(MPa) R2

HRB335
d10

Measured
stress-strain

response reported
in Ref. [33]

0.001759–
0.235862 815.16 [770.35,

859.97] 0.19059 [0.166535,
0.214654] 26.59 15.57 0.90885

HRB400
d10

Measured
stress-strain

response reported
in Ref. [34]

0.002337–
0.105441 945.33 [919.04,

971.63] 0.12545 [0.117075,
0.133831] 9.57 6.85 0.98269

HRB400
d12

Measured
stress-strain

response reported
in Ref. [34]

0.002088–
0.129272 978.78 [937.25,

1020.31] 0.17811 [0.162309,
0.193920] 18.69 9.08 0.92313

HRB500
d10

Parameter-defined
response based on

the ϕ10
constitutive
parameters
reported in

Ref. [35]

0.002500–
0.210000 1128.57 — 0.13588 — — — —

Smooth
round bar

d = 10.1
mm

Measured
stress-strain

response reported
in Ref. [37]

0.001951–
0.141452 1091.93 [1071.50,

1112.37] 0.22655 [0.219627,
0.233478] 16.28 9.33 0.97299

Note: For HRB500 d10, K and n were derived from the reported yield strength values and tabulated constitutive
parameters in Ref. [35]. Fitting statistics are reported only for the curve-based fits.
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