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ABSTRACT: EPITIME, a computational framework for the simulation of two classes of integral epidemic models,
namely an age of infection model and an information-dependent behavioural model, is presented. The main contribu-
tions of this work are the design and implementation of a modular MATLAB/Python software environment built upon
previously developed structure-preserving non-standard finite difference discretizations. The solvers are complemented
by input parsing and validation routines, performance indicators, reproducibility tools and user-oriented graphical
interfaces. The preserved structures are specific to the underlying model and include positivity, monotonicity, final-size
behaviour and extinction of infectivity for the age of infection model, and positivity, boundedness, positively invariant
regions and equilibrium/threshold structure for the behavioural model. The numerical schemes for both model classes
and their main analytical properties, including first-order convergence, are outlined. The software architecture is then
described and its use is illustrated through numerical experiments on asymptotic behaviour, inverse reconstruction
of an infectivity kernel from COVID-19 incidence data, and behavioural dynamics under different memory kernels.
Performance, scalability and computational complexity analyses, together with comparisons against quadrature-based
approaches, are also presented. Overall, EPITIME provides a reliable and accessible computational environment for the
numerical study of renewal epidemic models.

KEYWORDS: Integral epidemic models; renewal equations; non-standard finite difference methods; behavioural
epidemiology; infectivity kernels

1 Introduction
Mathematical epidemiology has long relied on compartmental models to describe the spread of

infectious diseases, with SIR- and SEIR-type systems providing a standard framework for the analysis of
transmission dynamics, threshold quantities and control strategies [1,2]. However, several epidemiologically
relevant mechanisms, including infection-age dependence, variable infectiousness and memory effects, are
more naturally represented within integral formulations than through finite-dimensional compartmental
systems alone [3]. Integral models replace constant transition rates with infectivity kernels, allowing for
a more general representation of how infectiousness evolves over the course of the disease and naturally
incorporating distributed delay effects, such as those induced by incubation and latency periods.
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In this context, Brauer and coauthors [1] provided a comprehensive treatment of Age of Infection (AoI)
epidemic models, clarifying their analytical properties and their connections to standard compartmental
systems. Furthermore, Diekmann and collaborators developed a unified renewal-equation framework
for epidemic models that systematically incorporates key biological features such as demography, non-
permanent immunity and heterogeneous infectivity. Within this setting, the Force of Infection (FoI), that is
the rate at which susceptibles become infected, is expressed through a scalar renewal equation driven by an
infectivity function. Classical compartmental models are recovered as particular limiting cases [4,5].

In parallel, increasing attention has been devoted to epidemic models that account for behavioural adap-
tation, where transmission is affected not only by biological factors but also by changes in human behaviour
driven by information, perceived risk, or epidemic awareness [6]. In this setting, integral formulations are
particularly natural, since both infection-age effects and behavioural responses can be described through
history-dependent terms and distributed kernels. This perspective is especially relevant for information-
dependent epidemic models, in which transmission is modulated by an information index reflecting the
effect of past epidemic trends on present contact behaviour [7–10].

The numerical approximation of integral epidemic models poses several challenges, especially when
one aims to preserve crucial qualitative features of the continuous dynamics, such as positivity, boundedness,
invariant regions, equilibrium structure and long-time behaviour. In epidemiological applications, the loss of
these structural properties may lead to spurious numerical behaviour and unreliable long-time simulations.
For this reason, Non-Standard Finite Difference (NSFD) methods and other structure-preserving discretiza-
tion techniques have become increasingly relevant in the numerical analysis of epidemic models [11–13].
Appropriately constructed NSFD schemes can retain selected dynamical properties of the underlying
continuous problem for arbitrary time steps, under the assumptions associated with each scheme.

Several numerical approaches have been developed for epidemic models with memory, including meth-
ods for delay differential equations, distributed-delay and integro-differential equations, fractional-order
models and age-structured PDEs. Structure-preserving discretizations have also been proposed for delayed
compartmental models, including NSFD schemes designed to retain positivity, boundedness, equilibria and
stability or global-dynamics properties [14,15]. Distributed-delay and integro-differential problems can be
addressed by direct quadrature and collocation methods [16], as well as by fast convolution techniques
designed for evolution equations with memory [17,18]. Alternatively, reduction approaches may approximate
the memory kernel by sums of exponentials or related expansions, thereby transforming the distributed-
delay term into an enlarged ODE or DDE system [19]. A related but distinct line of research concerns
fractional epidemic models, where memory effects are represented by nonlocal derivative operators. In this
context, wavelet-based and related high-order methods have been proposed for delayed and piecewise-
fractional epidemic dynamics [20,21]. These approaches are particularly relevant when the main objective is
the accurate resolution of fractional or delayed fractional dynamics.

Beyond the choice of the numerical discretization, the availability of dedicated software represents a
further practical issue. Compartmental epidemic models formulated as Ordinary Differential Equations
(ODEs) can rely on widely available and well-established software environments, whereas software for
epidemic models governed by integral equations is much less common. This gap is particularly relevant
because the specific structure of integral epidemic models, with history-dependent terms, often requires
dedicated implementations rather than the direct use of general-purpose solvers.

Several software environments have been developed to support epidemic modelling and simulation. For
instance, EpiModel provides an R-based framework for deterministic compartmental, stochastic individual-
contact and network epidemic models [22]. Agent- and individual-based epidemic simulation is supported
by tools such as Covasim, originally developed for COVID-19 dynamics and intervention analysis [23], and
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EMOD, a modular individual-based platform for infectious-disease modelling [24]. Spatially explicit and
metapopulation epidemic simulations are addressed by frameworks such as GLEAMviz, which combines
stochastic epidemic models with global demographic and mobility data [25], and by the Spatiotemporal
Epidemiological Modeler (STEM), an open-source environment for spatial and temporal infectious-disease
modelling [26,27]. More recently, Epydemix has provided a Python-based framework for the specification,
simulation and calibration of stochastic compartmental epidemic models, including demographic structure,
contact matrices and Approximate Bayesian Computation tools [28]. Complementary statistical tools also
include epidemia, an R package for semi-mechanistic Bayesian modelling of infectious diseases in which
transmission dynamics are represented through renewal equations and used for inference, forecasting and
scenario analysis [29].

Other computational tools address specific classes of dynamical systems with memory or delay.
For example, DDE-BIFTOOL provides MATLAB routines for bifurcation and stability analysis of delay
differential equations [30,31]. Similarly, the software collection developed within the CDLab (Computational
Dynamics Laboratory), University of Udine, includes tools for the numerical analysis of delay equations and
related dynamical systems, such as TRACE-DDE for the computation of characteristic roots and stability
charts of delay differential equations [32,33].

Among recent epidemic simulation frameworks, MEmilio is especially relevant to the present work
because it explicitly includes integro-differential, or age of infection, epidemic models within a broader multi-
model software architecture [34,35]. MEmilio is a modular high-performance framework supporting ODE,
integro-differential and agent-based models, together with mobility models and scalable computational
implementations. Its IDE-based modelling component has also been developed in connection with NSFD
numerical schemes for SECIR-type integro-differential epidemic models with non-exponentially distributed
stay times [36].

Despite this broad range of available tools, dedicated computational frameworks for renewal-type
integral epidemic models remain comparatively limited. In particular, the software environments discussed
above mainly focus on compartmental, network-based, agent-based, individual-based, metapopulation
or statistical inference formulations, while general-purpose delay-equation tools are mainly designed for
stability, bifurcation or dynamical-systems analysis rather than for the direct simulation of integral epidemic
models while preserving their epidemiologically relevant structure.

Motivated by these considerations, this work presents EPITIME (EPidemic Integral models TIMe-
profile Explorer), a computational framework for the simulation of two classes of integral epidemic models:
an age of infection model and an information-dependent behavioural model. The main focus of the present
manuscript is the design and development of a dedicated modular software environment. The continuous
epidemic models and the corresponding structure-preserving NSFD discretizations are based on earlier
analytical and numerical results. These results are recalled here to provide the mathematical background for
the software design and to identify the properties inherited by the implementation.

Compared with broad epidemic simulation environments such as MEmilio, EPITIME has a nar-
rower and complementary scope. It is designed as a dedicated MATLAB/Python framework for selected
renewal-type integral epidemic models. Both EPITIME and the IDE component of MEmilio employ
structure-preserving non-standard discretizations for history-dependent epidemic dynamics. However,
MEmilio implements a detailed SECIR integro-differential model based on transition flows, whereas
EPITIME focuses on compact renewal formulations in which the FoI is expressed directly through
infectivity kernels.
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The MATLAB and Python implementations include input parsing and validation, parameter handling,
consistency checks, warning mechanisms and performance indicators to support reproducible numerical
experimentation. Furthermore, the interdisciplinary nature of epidemic modelling motivates the devel-
opment of graphical interfaces that make computational tools accessible to researchers and professionals
with diverse scientific backgrounds, including epidemiologists, public-health specialists and policy planners,
whose expertise may not extend to the technical aspects of code implementation and numerical analysis. The
capabilities of EPITIME are illustrated through representative case studies, including long-time simulations,
final-size computations, behavioural dynamics under different memory kernels, and inverse reconstruction
of an infectivity kernel from COVID-19 incidence data. Computational performance and scalability are also
analysed, with particular attention to history-dependent convolution terms and the implemented truncation
strategy. Fast convolution techniques are discussed as a possible future extension.

The paper is organized as follows. Section 2 presents the two epidemic models considered in this
work. Section 3 introduces a unifying formulation and reviews the corresponding NSFD discretizations
and their main qualitative properties. Section 4 is devoted to the description of the EPITIME software
environment, including its MATLAB and Python implementations and the graphical user interface. Section 5
reports a selection of numerical experiments, including tests on asymptotic behaviour, inverse-problem
reconstruction and simulations illustrating the qualitative dynamics of the behavioural model. Final remarks
are given in Section 6. Two appendices precede the References section, collecting a unified notation guide
(Appendix A) and indications on software validation and reproducibility (Appendix B).

2 Model Formulation
In the following sections, two classes of integral epidemic models are considered, distinguishing

between formulations in which the FoI depends solely on biological factors and those that explicitly
incorporate human behavioural feedback through information-dependent transmission mechanisms.

2.1 The Age of Infection Epidemic Model
The model defined in [1, Chapter 4.5] traces the evolution of an epidemic within a closed population

taking into account the cumulative contribution of past infections to the current FoI. The model reads

S′(t) = −β0S(t)φ(t),

φ(t) = β0 ∫
+∞

0
A(τ)S(t − τ)φ(t − τ) dτ, (1)

and we refer to Table 1 for a complete description of the variables, parameters and functions.
Here, τ denotes the infection age, that is the time elapsed since the infection. For this reason, from

now on, the model (1) is referred to as the “age of infection” (AoI) model. An alternative expression in
terms of the FoI is presented in [5], which also explores the connection with compartmental models, and
is explored (see Section 9.3 in [37] and Sections 4 and 6 in [38] for further details). Moreover, a broader
framework, which incorporates symptomatic and asymptomatic infections [39] as well as heterogeneously
mixed populations [40,41], is discussed in [42].

A numerical approximation method for (1), specifically designed to unconditionally preserve selected
qualitative properties of the continuous solution, is recalled in Section 3.1. Furthermore, some insights on
the asymptotic behaviour of the continuous and numerical solutions to (1) are provided in Section 5.2.
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Table 1: Functions and parameters of the model (1).

Unknowns Meaning Properties
S(t) Size of the susceptible compartment at time t 0 < S(∞) ≤ S(t) ≤ S0 and S′(t) < 0,∀t ≥ 0.

φ(t) Total infectivity of members of the
population at time t φ(t) ≥ 0,∀t ≥ 0 and lim

t→∞
φ(t) = 0.

Functions Meaning Properties

A(τ)
Expected contribution to transmission

dynamics of an individual whose infection
age is τ

A(τ) ≥ 0,∀τ ≥ 0 and A ∈ L1(R+0 ).

Parameters and
Derived Quantities Meaning Properties

N Total population size N > 0.
S0 Initial susceptible population S0 ∈ (0, N].
β0 Rate of effective contacts β0 > 0.
R0 Basic reproduction number R0 = β0N ∫

∞
0 A(τ) dτ.

S(∞) Final susceptible population S(∞) = limt→∞ S(t) ∈ (0, S0].

2.2 The Integral Behavioural Epidemic Model
Here, an integral epidemic model is considered that accounts for changes in individual behaviour during

an epidemic outbreak by incorporating a time-varying information index M(t). Specifically, this function
depends on current and past epidemiological quantities and describes how individuals adjust their risky
contacts in response to information and rumours about the disease. The model, whose formulation and
analysis are detailed in [8], reads

S′(t) = λ − μS(t) − β(M(t))S(t)F(t),

F(t) = ∫
∞

0
Aμ(τ) β(M(t − τ)) S(t − τ) F(t − τ) dτ,

M(t) = ∫
∞

0
K(τ)H(t − τ) g(F(t − τ)) dτ. (2)

Table 2 provides the unknowns, parameters and known functions of model (2), together with their
interpretations and the associated assumptions. Some of the key functions involved are described in more
detail in what follows.

Table 2: Functions and parameters of the model (2).

Unknowns Meaning Properties
S(t) Size of the susceptible compartment at time t 0 < S(t) ≤ Smax < +∞, ∀t ≥ 0.
F(t) Driving factor of the FoI at time t 0 ≤ F(t) ≤ Fmax < +∞,∀t ≥ 0.
M(t) Information index at time t 0 ≤ M(t) ≤ Mmax < +∞,∀t ≥ 0.

Functions Meaning Properties

A Infectivity function A(τ) ≥ 0,∀τ ≥ 0 and A ∈ L1(R+0 ).
Aμ Infectivity function with demography Aμ(τ) ≥ 0,∀τ ≥ 0 and Aμ ∈ L1(R+0 ).
β Inhibition function β(0) = 1, β(M) > 0, β′(M) < 0.

(Continued)
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Table 2 (continued)

Unknowns Meaning Properties
g Message function g(0) = 0, g(F) ≥ 0, g′(F) > 0.

K Memory kernel K(τ) ≥ 0,∀τ ≥ 0,K ∈ L1(R+0 ) and
∥K∥L1(R+0 )

= 1.

Parameters and
Derived Quantities Meaning Properties

λ Net inflow of susceptibles λ > 0.
μ Natural death rate μ > 0.
N Total population size N = λ

μ > 0.
S0 Initial susceptible population S0 ∈ (0, N].
R0 Basic reproduction number R0 = N ∫

∞
0 Aμ(τ) dτ

In particular, the function Aμ(τ) = e−μτ A(τ) describes the infectivity profile over time, where e−μτ

accounts for demographic mortality. The inhibition term β(M(t)) captures the reduction in transmission
due to information and rumours about the disease. The quantity β(M(t))F(t) represents the FoI at time t.
The message function g and the memory kernel K represent the perception of infection risk and how past
information influences current behaviour, respectively. Finally, H(⋅) is the Heaviside step function.

Model (2) can be regarded as a natural extension of the work by Breda et al. [4], starting from their
formulation and incorporating a dependence of the FoI on the information index. A variant of (2) including
incidence–dependent contact patterns is outlined in [9]. There, M(t) is expressed as a weighted sum of past
and present contributions of incidence trends, given by kβ(M(t))S(t)F(t), where k ∈ (0, 1) represents the
information coverage.

Section 3.2 reviews a numerical approximation technique for model (2) that is specifically constructed
to unconditionally preserve selected qualitative properties of its solution.

To improve readability, Appendix A summarizes the main symbols that are used across the two model
classes, their discrete counterparts, and the software implementation. Model-specific notation, assumptions
and qualitative properties are reported separately in Tables 1 and 2.

3 Solution Methods and Algorithms
To discuss efficient simulation methods for the models introduced in the previous sections, a unifying

(d + 1)–dimensional framework, which generalizes both (1) and (2), is considered. To this end, we denote
by S(t) ∈ R+ and X(t) = [X1(t), . . . , Xd(t)]T ∈ Rd the unknown functions, and by Q(t, τ) ∈ Rd×d the
prescribed kernel of the problem. More specifically, the system

S′(t) = α1 − S(t) (α2 +G1(X(t))) ,

X(t) = ∫
+∞

0
Q(t, τ)G2(S(t − τ), X(t − τ)) dτ, (3)

is addressed, where the constants α1 , α2 ∈ R+0 , and the non-linear functions G1 ∶ Rd → R and G2 ∶ Rd+1 → R
d

are given. In particular, the formulations (1) and (2) are recovered from (3) as special cases corresponding to
the following choices. For d = 1, set α1 = α2 = 0 and:
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X(t) = φ(t), Q(t, τ) = A(τ), G1(X) = β0 X , G2(S , X) = G1(X)S ,

and, for d = 2, set α1 = λ,α2 = μ and:

X(t) = [ F(t)
M(t)] , Q(t, τ) = [Aμ(τ) 0

0 H(t − τ)K(τ)] , G1(X) = β(X2)X1 , G2(S , X) = [G1(X)S
g(X1)

] ,

respectively.
The numerical discretizations presented in the subsequent sections are based on previously developed

structure-preserving NSFD methods, which are briefly recalled here to highlight the qualitative properties
preserved within the EPITIME software environment. The schemes used in this work exploit the following
first-order non-standard approximations of the derivative and integral operators

S′(t + h) ≈ S(t + h) − S(t)
hγ1(h) ≈ α1 − S(t + h) (α2 +G1(X(t))) , (4a)

∫
t+h

t
Q(t̃, t̃ − τ)G2(S(τ), X(τ)) dτ ≈ hΓ(h)Q(t̃, t̃ − t)G2(S(t + h), X(t)), (4b)

which hold for each fixed t̃ ≥ t + h and h > 0, with Γ(h) = diag (γ2(h), . . . , γd+1(h)) and γi(h) = 1 +
O(h),i = 1, . . . , d + 1, positive functions. Specifically, Eq. (4a) relies on a weighted forward finite difference,
while Eq. (4b) corresponds to a modified rectangular quadrature rule where Q and X are evaluated at the left
end-point and S at the right one. This choice is aimed at preserving, independently of the time step-size h,
the qualitative properties of the underlying continuous system when passing to a discrete-time formulation.
Specifically, positivity, monotonicity and final-size behaviour are retained for the discretization of (1),
whereas positivity, boundedness, invariant regions and the equilibrium/threshold structure are preserved by
the approximations of (2). The corresponding linearly implicit numerical schemes are derived and discussed
in detail in the following sections. Throughout the paper, the assumptions listed in Tables 1 and 2 are
understood to hold. Any additional condition needed for the analysis of the numerical asymptotic behaviour
will be explicitly stated as required.

3.1 The NSFD Discretization for the Age of Infection Model
Throughout this section, problem (1) is considered and it is assumed that the non-negative function

φ0(t) = β0 ∫
+∞

t
A(τ) S(t − τ)φ(t − τ) dτ, (5)

is prescribed. As discussed in [43], φ0(t) represents the total infectivity at time t of individuals infected prior
to the initial outbreak. In general, it satisfies

0 ≤ φ0(t) ≤ (N − S0)A(t), (6)

with equality attained when all such individuals have infection age zero at t = 0.
Let tn = nh, for n = 0, 1, . . . , denote a uniform temporal grid with step-size h > 0, and let [Sn , φn]T

denote the discrete approximations of the solution to (1) at time tn . The NSFD scheme introduced in [12] is
then given by

Sn+1 = Sn − hβ0Sn+1φn ,

φn+1 = φ0(tn+1) + hβ0

n
∑
j=0

A(tn+1− j)S j+1φ j ,
(7)
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for n = 0, 1, . . . , with given initial values S0 = S(0) and φ0 = φ0(0). The method (7) relies on the non-
local approximations outlined in Eqs. (4a) and (4b), with γi(h) = 1. Its formulation gives rise to the
straightforward linearly implicit update summarized in Algorithm 1.

Algorithm 1: Pseudo-code of the NSFD scheme (7) for the age of infection model (1)
Input: S0, N , T , h, β0, A(⋅), φ0(⋅)
Output: t = [t0, . . . , tNt ]T, S = [S0, . . . , SNt ]T, φ = [φ0, . . . , φNt]T

1 B ← β0h, B̂ ← 0, νt ← ⌊T/h⌋
// Grid construction and step adjustment

2 for n = 0 to νt do
3 tn ← nh
4 if νt h < T then
5 B̂ ← β0(T − νt h)
6 tνt+1 ← T
7 Nt ← length(t) − 1, Φ0 ← φ0(t), A← A(t)

// Main time-stepping loop
8 for n = 0 to Nt − 1 do
9 if (B̂ ≠ 0 ∧ n = Nt − 1) then

10 B ← B̂
11 Sn+1 ← Sn/(1 + Bφn)
12 φn+1 ← ϕ0

n+1 + B∑n
j=0 An+1− j S j+1 φ j

13 return t , S , φ

The method (7) belongs to the class of NSFD methods, originally developed for differential equations
(see [11] and references therein) and recently extended to integral formulations [13,42]. The following result
establishes first-order convergence on finite time intervals. For a detailed error analysis, the reader is referred
to Lemma 3.1, Theorems 3.2 and 4.1 in [12].

Theorem 1: Consider problem (1) and assume that A(t) ∈ C1([0, T]), with 0 < t < +∞ and T = n̄h. Denote by
E(h; tn) = [S(tn), φ(tn)]T − [Sn , φn]T the global discretization error associated with the NSFD scheme (7).
Then,

max
0≤n≤n̄

∥E(h; tn)∥ = O(h), as h → 0.

A key advantage of the NSFD discretization (7) is that it unconditionally preserves the positivity, the
monotonicity and the asymptotic behaviour of the continuous solution to (1). These properties, established
in Theorem 3.4 in [12] are summarized in the following result.

Theorem 2: Let [Sn , φn]T be the solution to the discrete Eq. (7) with initial values S0 > 0 and φ0 ≥ 0. Then,
independently of the step-size h > 0, the sequence {Sn}n∈N0 is positive, non-increasing and bounded from above
by S0. Therefore, there exists limn→∞ Sn = S∞(h) ∈ (0, S0]. Moreover, {φn}n∈N0 is a non-negative, bounded
and vanishing sequence.
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3.2 The NSFD Discretization for the Integral Behavioural Epidemic Model
Following the approach and the model formulations presented in [44], to solve the integro-differential

system (2), the forcing terms

F0(t) = ∫
0

−∞
Aμ(t − τ)β(M(τ))S(τ)F(τ)dτ, M0(t) = ∫

0

−∞
K(t − τ)H(τ)g(F(τ))dτ, (8)

are assumed to be given non-negative functions. More precisely, these functions are chosen as suggested
in [44]:

F0(t) = Aμ(t)(λ − μS0), M0(t) = g(F(0))K(t).

Discretizing the system (2) as detailed in Eqs. (4a) and (4b), with γ1(h) = γ2(h) = 1 and
γ3(h) = γ(h) = 1 + O(h) to be specified later, yields the numerical method

Sn+1 = Sn + h(λ − μSn+1 − β(Mn)Sn+1Fn), (9a)

Fn+1 = F0(tn+1) + h
n
∑
j=0

Aμ(tn+1− j)β(M j)S j+1Fj , (9b)

Mn+1 = M0(tn+1) + hγ(h)
n
∑
j=0

K(tn− j)g(Fj), (9c)

where Sn , Fn and Mn approximate S(tn), F(tn) and M(tn) at the grid point tn = nh, with uniform step-size
h > 0. Here, the initial values S0 = S(0), F0 = F(0) = F0(0), and M0 = M(0) = M0(0) are given. A pseudo-
code of the scheme (9a)–(9c) is presented in Algorithm 2.

A comprehensive analysis of the discrete system (9a)–(9c) is carried out in [44], where the existence
and stability of the discrete equilibria are also investigated. In what follows, only a brief overview of these
findings is presented, starting from the linear convergence of the method (9a)–(9c).

Theorem 3: Consider the problem (2) and assume that Aμ , K ∈ C1([0, T]), with 0 < t < +∞ and
T = n̄h. Denote by E(h; tn) = [S(tn), F(tn), M(tn)]T − [Sn , Fn , Mn]T the global discretization error of the
scheme (9a)–(9c). Then,

max
0≤n≤n̄

∥E(h; tn)∥ = O(h), as h → 0.

Assume, in addition to the properties listed in Table 2, that A′μ(τ), K′(τ) ∈ L1(R+0 ) and define, for
h ∈ R+, the functions

Āμ(h) ∶= h
∞

∑
n=1

Aμ(tn), K̄(h) ∶= h γ(h)
∞

∑
n=0

K(tn). (10)

Under the above assumptions, the rectangular quadrature rule gives, Āμ(h) = ∥Aμ∥L1(R+0 )
+O(h) and

K̄(h) = ∥K∥L1(R+0 )
+O(h) (see also Lemma 3.3 in [44]). To obtain a structure-preserving discretization

which retains the asymptotic behaviour of the solution to (2), we set

γ(h) = 1
h∑n≥0 K(tn)

. (11)
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Algorithm 2: Pseudo-code of the NSFD scheme (9a)–(9c) for the behavioural epidemic model (2)
Input: T , h, N , μ, S0, Aμ(⋅), K(⋅), β(⋅), g(⋅)
Output: t = [t0, . . . , tNt ]T, S = [S0, . . . , SNt ]T, F = [F0, . . . , FNt ]T, M = [M0, . . . , MNt ]T

1 νt ← ⌊T/h⌋, D ← h D̂ ← 0
// Grid construction and step adjustment

2 for n = 0 to νt do
3 tn ← nh
4 if νt h < T then
5 D̂ ← T − νt h
6 tνt+1 ← T

// initial values
7 Nt ← length(t) − 1, B ← Aμ(t), K ← K(t), F0 ← μ(N − S0)B, M0 ← g(F0)K
8 λ ← μN // NSFD normalization factor
9 Compute γ according to the selected normalization option (see Section 3.2.1);

// Main time-stepping loop
10 for n = 0 to Nt − 1 do
11 if (D̂ ≠ 0 ∧ n = Nt − 1) then
12 D ← D̂

13 Sn+1 ←
Sn + λD

1 + D(μ + β(Mn) Fn)

14 Fn+1 ← F0
n+1 + D

n
∑
j=0

B n+1− j S j+1 β(M j) Fj

15 Mn+1 ← M0
n+1 + γD

n
∑
j=0

K n− j g(Fj)

16 return t , S , F , M

With this choice the normalization condition K̄(h) = 1 = ∥K∥L1(R+0 )
is exactly satisfied and γ(h) = 1 +

O(h). Furthermore, the set

D(h) = {[x , y, z]T ∈ R3 ∶ 0 < x ≤ Smax , 0 ≤ y ≤ Fmax(h), 0 ≤ z ≤ Mmax(h)}, (12)

is defined, where the upper bounds are given by

Smax = N , Fmax(h) = λ(∥A∥L1(R+0 )
+ Āμ(h)) + N∥A′μ∥L1(R+0 )

, Mmax(h) = 2g(Fmax(h)). (13)

With γ(h) chosen as in (11), the following result holds.

Theorem 4: Suppose that limτ→∞ A(τ) = 0. Then the region D(h) introduced in (12) is a positively invariant
region for the discrete formulation (9a)–(9c).

The discrete model (9a)–(9c) always admits the disease-free equilibrium DFE(h)which corresponds to
the extinction of the infection in the population. Moreover, whenever R0(h) > 1, with

R0(h) = N Āμ(h), (14)
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and independently of the choice of the kernel K, the system (9a)–(9c) also admits an endemic equilibrium
EE(h) (cf. [44, Theorem 4.1]). Remark that R0(h) = R0 +O(h) in (14) represents a numerical approximation
of the basic reproduction number R0. The stability analysis of EE(h) is based on the linearization theory
developed in [45]. Additional details on the topic are provided in [44]. In Section 5.4, numerical examples
for selected kernels illustrate the asymptotic behaviour of the solutions of the discrete-time model.

3.2.1 Approximation of the Infinite Discrete Normalization Sum
The exact normalization factor in (11) involves an infinite series. In the current implementation, two

alternatives are available for the treatment of the memory normalization, with the choice left to the user. Both
options retain first-order consistency. The qualitative properties of the continuous solution are preserved, as
detailed in what follows.

Unnormalized option. A straightforward choice is to set γ(h) = 1. The main advantage of this option is its
reduced computational cost. Its main drawback is the loss of the exact discrete normalization of the memory
kernel for fixed h. In this case, the discrete endemic equilibrium depends explicitly on the memory kernel
through the factor h∑∞�=0 K(t�), which enters the relation between the information variable and the force
of infection. As a result, both the discrete equilibrium and the associated characteristic equation differ from
those obtained with exact discrete normalization by an O(h) perturbation only, provided that the dynamics
is sufficiently far from a stability threshold.

Truncated-renormalized option. The infinite series in (11) is replaced by a truncated sum. Specifically,
given LK ∈ N, we set

γLK(h) = (h
LK

∑
n=0

K(tn))
−1

, which implies hγLK(h)
LK

∑
n=0

K(tn) = 1, ∀h, (15)

assuring the exact discrete normalization. Here, the cutoff index LK is selected so that the neglected discrete
tail satisfies

h
∞

∑
n=LK+1

K(tn) ≤ Ctai l h, (16)

for a prescribed constant Ctai l > 0. This choice ensures that the truncation error induced by the cutoff is
of the same order as the time discretization error. Hence, from γLK(h) = 1 + O(h), the linear convergence
of the scheme (9a)–(9c) is retained. Furthermore, since the values K(tn) are non-negative for each n and
γLK(h) > 0, the qualitative properties of the scheme, such as positivity and boundedness, are preserved
independently of h.

The computational cost of this strategy depends on the shape of the memory kernel and, in particular, on
its decay rate, since non-monotone or slowly decaying kernels generally require larger values of LK . On the
other hand, the exact discrete normalization preserves the discrete equilibrium relations of the continuous
model and, consequently, the associated stability properties.

Condition (16) is the theoretical requirement ensuring that the neglected discrete tail is of the same
order as the time-discretization error. In the implementation, this condition is approximated by the practical
block criterion described below, which is used as a heuristic stopping rule. In practice, the cutoff index LK
is selected adaptively. The procedure starts from LK = Nt , where Nt denotes the number of time steps of the
simulation, so that γ(h) always includes all the kernel values involved in the discrete memory convolution
over the simulated time interval. To obtain a practical estimate of whether this choice is sufficient, the discrete
kernel weights
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wn = hK(nh), n = 0, 1, . . . ,

are grouped into consecutive blocks of fixed length B. Denoting by

b(0)r =
Nt−(q−r−1)B

∑
�=Nt−(q−r)B+1

w�, r = 0, . . . , q − 1,

the contributions of the last q blocks (with the obvious modification whenever the first block extends before
the origin), the initial choice LK = Nt is accepted whenever

b(0)r ≤ εtai l(h), r = 0, . . . , q − 1, and b(0)r+1 ≤ b(0)r , r = 0, . . . , q − 2,

where εtai l(h) = min{εabs , Ctai l h}. If these conditions are not satisfied, the memory window is extended
beyond Nt . Consecutive blocks of length B are then added to the discrete tail, and the same criterion is
applied to the last q computed blocks. Once the final cutoff index LK has been determined, the normalization
factor is computed as in (15).

In the present implementation, the values

B = max{50, ⌈1/h⌉}, q = 3, εabs = 10−10 , Ctai l = 10−4,

are set, which are adequate for all the kernels considered in this work.

4 Tool Description and Core Kernels
This section presents the software packages developed for the numerical methods introduced

in Section 3. The codes are freely available at github.com/ghitan/EPITIME. The implementations are
designed to prioritize vectorized operations and adopt a modular organization. They are structured into
clearly identified code blocks (CB), which are consistently referenced throughout this section. Each block
corresponds to a specific component of the package and is labelledMCB:A–MCB:G in MATLAB andPCB:A
– PCB:G in Python.

4.1 The NSFD_AoI Software
The NSFD scheme (7) is implemented in MATLAB and Python within the function NSFD_AoI. Each

solver accepts either a structured input (struct/dict) or individual arguments and automatically assigns
default values to any missing fields. The main inputs of our routines are:

• the initial susceptible population S0 and the total population size N ,
• the final time T and the discretization step-size h,
• the contact rate β0, the infectivity kernel A(t) and the function φ0(t),
• a verbosity binary flag that controls warning messages (0 to suppress them, 1 to enable them).

The primary outputs are the discrete time vector t and the solution matrix Y, whose n-th column
contains the discrete approximation [Sn , φn]T at the time tn . Upon request, the optional performance
structure P is also returned. This object provides quantitative information on the execution. It is defined as
a structured array in MATLAB and as a dictionary in Python, as detailed in Listings 1 and 2, respectively.

Listing 1: MATLAB optional performance matrix output (MCB:E)
P = struct ();
P.elapsed_time = elapsed_time ; % total CPU time (allocation and stepping)
P.steps_number = Nt - 1; % total number of time steps
P.flops_number = flops_counter; % estimated FLOPs

https://github.com/ghitan/EPITIME
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P.Kern_number = Nt; % number of kernel evaluations
P.memory_bytes = memory_bytes ; % estimated memory used by core arrays

Listing 2: Python optional performance matrix output (PCB:E)
P = {

’elapsed_time ’: elapsed_time , # total CPU time (allocation and stepping)
’steps_number ’: Nt - 1, # total number of time steps
’flops_number ’: flops_counter ,# estimated FLOPs
’Kern_number ’ : Nt , # number of kernel evaluations
’memory_bytes ’: memory_bytes # estimated memory used by core arrays

}

The total CPU time (elapsed_time) is measured with the built-in tic/toc functions
in MATLAB and with time.time() in Python. The memory usage (memory_bytes) is estimated
through the whos routine in MATLAB and through the .nbytes attribute in Python. The total number of
floating-point operations (flops_number) is computed by counting the arithmetic operations at each
time step. This yields, at the n–th step, approximately 3n + 5 flops, which in turn produces a quadratic
complexity in the number of time steps,O(N2

t ), for the full integration. The metric Kern_number records the
evaluations of the kernel function A(t), which coincide with the size of the temporal grid. These quantities
provide a basis for benchmarking the efficiency and resource usage of the implementation across different
problem sizes.

The core time-stepping blocks implementing the NSFD update are shown in Listings 3 and 4. Both
versions rely on vectorized operations and compute the discrete convolution through optimized matrix-
vector products, thus avoiding explicit summation loops. A minor implementation detail concerns the case
in which the final time T is not an integer multiple of the prescribed step-size h. In this situation, the boolean
flag flag_small activates a final reduced step of size h_small. This technical adjustment does not alter
the convergence order of the NSFD method and does not affect its structure-preserving properties.

Listing 3: MATLAB time-stepping loop implementing the NSFD scheme (MCB:D)
tic; % H = AoI_problem.beta * h is previously assigned
for n = 1:Nt -1

if flag_small == 1 && n == Nt -1
H = AoI_problem.beta * h_small;

end
Y(1,n+1) = Y(1,n) / (1 + H * Y(2,n)); % NSFD update for S
tmp = (Y(2,1:n) .* Y(1,2:n+1)) * A_val(n+1: -1:2); % Disc. convolution
Y(2,n+1) = P0(n+1) + H * tmp; % NSFD update for φ

end
stepping_time = toc;
elapsed_time = allocation_time + stepping_time;

Listing 4: Python time-stepping loop implementing the NSFD scheme (PCB:D)
tic_step = time.time () # H = beta * h is previously assigned
for n in range(Nt - 1):

if flag_small and n == Nt - 2: H = beta * h_small
Y[0, n + 1] = Y[0, n] / (1 + H * Y[1, n]) # NSFD update for S
conv = np.dot(Y[1, :n + 1] * Y[0, 1:n + 2], A_val[n + 1:0:-1, 0])
Y[1, n + 1] = P0[n + 1] + H * conv # NSFD update for φ

step_time = time.time () - tic_step
elapsed_time = alloc_time + step_time

In addition to the core solver, the implementation relies on two auxiliary functions that handle input
parsing and validation. Their purpose is to define default parameter values, complete missing entries and
ensure the consistency of the problem definition before the time-stepping begins. The first auxiliary function,
denoted parse_input in MATLAB (MCB:F) and_parse_input in Python (PCB:F), collects the
user-provided arguments and fills any missing values with predefined defaults. In MATLAB, the defaults are
defaults = struct(’S0’, 990, ’N’, 1000, ’T’, 10, ’h’, 0.1 , ’beta’, ...

2.5e -3, ’A’, @(t) exp(-3*t), ’phi0’, [], ’verbosity ’, 1);
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and in Python the corresponding dictionary is
defaults = {’S0’: 990, ’N’: 1000, ’T’: 10, ’h’: 0.1 , ’beta’: 2.5e -3,

’A’: lambda t: np.exp(-3.0*t), ’phi0’: None , ’verbosity ’: 1}

If the field phi0 is not provided, it is automatically defined as φ0(t) = (N − S0)A(t). The function also
emits warnings for missing fields when the verbosity flag is active.

The second auxiliary function, check_input in MATLAB (MCB:G) and _check_input in
Python (PCB:G), verifies all input fields in accordance with the properties summarized in Table 1. Scalar
parameters such as S0, N , T , h and β0 are required to be positive, finite and of the correct type. In MATLAB
this is enforced via validateattributes, for example
validateattributes (S0 , {’numeric ’}, {’scalar ’,’positive ’,’finite ’}, ...

mfilename , ’S0’);

while in Python an analogous test is
if S0 <= 0 or not np.isfinite(S0):

raise ValueError(’S0 must be positive and finite. ’)

Furthermore, vector inputs corresponding to the kernel A(t) and the function φ0(t) are checked for
non-negativity and elementwise consistency, i.e., φ0(tn) ≤ (N − S0)A(tn) for each n. In MATLAB, this is
implemented via vectorized comparisons
if any(P0(:) > (N - S0) * A_val (:) + eps)

warning(’Some phi0 values exceed theoretical upper bound ’);
end

and in Python using NumPy operations
Eps = np.finfo(np.float64).eps
if np.any(P0.flatten () > (N - S0) * A_val.flatten () + Eps):

print(’Warning: Some phi0 values exceed theoretical upper bound ’)

Any violation of essential constraints triggers an error that immediately stops execution, whereas minor
inconsistencies generate warnings if the verbosity flag is active. This layered validation ensures that the solver
operates on a fully defined and consistent problem before entering the time-stepping phase.

4.2 The NSFD_behavioural Software
The NSFD scheme (9a)–(9c) for the behavioural model is developed in both MATLAB and Python

within the function NSFD_behavioural. Specifically, our codes implement the non-standard discretiza-
tion of (2), expressed in terms of the standardized quantities

sn ≈
S(tn)

N
, fn ≈

F(tn)
N

, mn ≈
M(tn)

N
, (17)

with normalization factor N ∶= λ/μ, corresponding to the total population size.
TheNSFD_behavioural solver supports both structured inputs and explicit argument passing, with

default values automatically assigned whenever optional parameters are omitted. The primary inputs are
described below:

• the final time T and the step-size h,
• the initial susceptible population S0,
• the total population size N and the natural death rate μ,
• the infectivity function Aμ(t), the memory kernel K(t), the inhibition function β(M) and the message

function g(F),
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• a boolean parameter compGamh for the automatic computation of the cutoff index (0 to disable it, 1 to
enable it),

• a verbosity binary flag that controls warning messages (0 to suppress them, 1 to enable them).

As main outputs, the epidemiologically most relevant quantities only are retained, sn and fn , leaving out
the auxiliary memory variable mn . Accordingly, the solver returns the discrete time vectort and the solution
matrix Y, whose n-th column stores the discrete approximations [sn , fn]T as defined in (17).

The corresponding approximations for the functions in the original model (2) may be retrieved by
multiplying these normalized values by the constant N . Additionally, an optional performance object P can
be returned upon request. This object contains numerical details about the computation and is implemented
as a structured array in MATLAB and as a dictionary in Python, as shown in Listings 5 and 6, respectively.

Listing 5: MATLAB optional performance matrix output (MCB:E)
P = struct ();
P.elapsed_time = elapsed_time ; % total CPU time
P.steps_number = Nt; % total number of time steps
P.flops_number = flops_counter; % estimated FLOPs
P.Kern_number = Nt+K_eval; % number of kernel evaluations
P.memory_bytes = memory_bytes ; % estimated memory used by core arrays

Listing 6: Python optional performance matrix output (PCB:E)
P = {

’elapsed_time ’: elapsed_time , # total CPU time
’steps_number ’: Nt , # total number of time steps
’flops_number ’: flops_counter , # estimated FLOPs
’Kern_number ’ : Nt+K_eval , # number of kernel evaluations
’memory_bytes ’: memory_bytes # estimated memory used by core arrays

}

The execution time (elapsed_time) is recorded using native timing utilities in the two environ-
ments, namely the tic/toc pair in MATLAB and the time.time() function in Python. The amount of
memory required by the algorithm (memory_bytes) is evaluated by relying on built-in inspection tools,
specifically the whos command in MATLAB and the .nbytes property in Python. The total number of
floating-point operations (flops_number) is estimated by explicitly counting the arithmetic operations
performed at each time step. The update of Sn+1 involves a fixed number of scalar operations, and the
evaluation of the history-dependent terms requires the computation of two discrete convolutions. Overall,
this results in approximately 6n + 9 floating-point operations per time step. Summing over all time levels
yields a total computational cost that scales quadratically with the number of time steps, leading to an overall
complexity of O(N2

t ). The metric Kern_number represents how many times the kernel functions Aμ(t)
and K(t) are evaluated. In particular, the number of evaluations of Aμ(t)matches the number of time nodes,
whereas the number Keval of memory kernel evaluations depends on the normalization cutoff strategy
(see Section 3.2.1).

The core time-stepping routines for the present method (see Listings 7 and 8) adhere to the same
implementation principles outlined in the previous section. A minor yet relevant difference is the preliminary
computation of the non-standard weight γ(h), which appears in Eq. (9c) and is computed prior to advancing
the solution in time. Its analytical expression is provided in (11). In the numerical implementation, the
infinite series defining γ(h) is truncated by considering a sufficiently large number of terms as illustrated
in Section 3.2.1. The subsequent updates are then performed using vectorized operations, with the history-
dependent terms evaluated through optimized matrix–vector products, thus avoiding explicit summation
loops. As before, when the prescribed step-size h does not exactly match the final time T , a reduced final
step of length h_last is exploited. This technical detail preserves both the convergence order and the
structure-preserving features of the underlying NSFD scheme.
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Listing 7: MATLAB time-stepping loop implementing the NSFD scheme (MCB:D)
weight_definition_time = tic;
cutoffIndexComput_time = 0;

K_eval = Nt;

if ( BEH_prob.compGamh )
cutoffIndexComput_time = tic;
epsAbs = 1.0E -10;
Ctail = 1.0E -04;
epsTailh = min( epsAbs , Ctail*h );
blkLen = max( 50, ceil (1/h) );
blkLenOrig = blkLen;
blkSeqLen = 3;

if (blkLen * blkSeqLen > Nt)
blkLen = floor(Nt/blkSeqLen);
if BEH_prob.verbosity

warning ([’Insufficient history length Nt=%d. ’ ...
’Using temporary blkLen =%d instead of %d ’ ...
’for the initial tail -negligibility check. ’], ...
Nt , blkLen , blkLenOrig);

end
reducedBlkLen = true;

else
reducedBlkLen = false;

end

extraTimeSteps = h * (1: blkLen) ’;

blkSum = sum( reshape( K_vec ((end - blkLen*blkSeqLen + 1) : end), ...
blkLen , blkSeqLen ) ) ’;

found = ( all( blkSum <= epsTailh ) && all( diff( blkSum ) <= 0 ) );

if reducedBlkLen
blkLen = blkLenOrig;
extraTimeSteps = h*(1: blkLen) ’;

end
Tstart = T;

nBlks = blkSeqLen;
while ( ~found )

K_vec_extra = BEH_prob.K(Tstart + extraTimeSteps);
nBlks = nBlks + 1;
blkSum( nBlks ) = sum( K_vec_extra );
Tstart = Tstart + extraTimeSteps(end);

found = all( ( blkSum( (end -blkSeqLen +1) : end ) <= epsTailh ) )
&& all( diff( blkSum( (end -blkSeqLen +1) : end ) ) <= 0 );

end
if ( ~found && BEH_prob.verbosity )

warning(’Unable to satisfy tail negligibility conditions ’);
end
K_eval = K_eval + (nBlks - blkSeqLen) * blkLen;

Sum1 = sum( blkSum ) + sum( K_vec (1 : (end - blkLen * blkSeqLen)) );
cutoffIndexComput_time = toc( cutoffIndexComput_time );
gammah = 1.0 / (h * Sum1);

else
gammah = 1.0;

end
weight_definition_time = toc( weight_definition_time );

% ----- Time iteration -----
tic
for n = 1 : Nt -1

if (D_tilde ~= 0 && n == Nt -1)
D = D_tilde;

end
betaM_val = BEH_prob.betaM(N*M(n));
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g_val = BEH_prob.g(N*Y(2,n));
Y(1,n+1) = (Y(1,n) + mu*D) / (1 + D*(mu + N*betaM_val * Y(2,n)));
betaM_vec(n) = N*betaM_val;
g_vec(n) = g_val;

var1 = Y(1,2:n+1) .* betaM_vec (1:n) .* Y(2,1:n);
int1 = A_vec(n+1: -1:2) * var1 ’;
int2 = K_vec(n: -1:1) * g_vec (1:n)’;

Y(2,n+1) = F0_vec(n+1) + D * int1;
M(n+1) = M0_vec(n+1) + gammah * (1/N) * D * int2;

end

stepping_time = toc;
elapsed_time = allocation_time + weight_definition_time + stepping_time;

Listing 8: Python time-stepping loop implementing the NSFD scheme (PCB:D)
weight_definition_time = -time.time ()

cutoffIndexComput_time = 0.0
K_eval = Nt

if BEH_prob[’compGamh ’]:
cutoffIndexComput_time = -time.time ()
epsAbs = 1.0E -10
Ctail = 1.0E -04
epsTailh = min(epsAbs , Ctail * h)
blkLen = int(max(50, np.ceil (1.0 / h)))
blkLenOrig = blkLen
blkSeqLen = 3

if (blkLen * blkSeqLen > Nt):
blkLen = int(np.floor(Nt / blkSeqLen))
if BEH_prob[’verbosity ’]:

warnings.warn(f"Insufficient history length Nt={Nt}. "
f"Using temporary blkLen ={ blkLen} "
f"instead of {blkLenOrig} "
"for the initial tail -negligibility check.")

reducedBlkLen = True
else:

reducedBlkLen = False

extraTimeSteps = h * np.arange (1, blkLen + 1)
blkSum = K_vec[-blkLen * blkSeqLen :] .reshape ((blkLen , blkSeqLen),
order=’F’).sum(axis =0)
found = (np.all(blkSum <= epsTailh) and np.all(np.diff(blkSum) <= 0.0))

if reducedBlkLen:
blkLen = blkLenOrig
extraTimeSteps = h * np.arange (1, blkLen + 1)

Tstart = T
nBlks = blkSeqLen

while not found:
K_vec_extra = BEH_prob[’K’]( Tstart + extraTimeSteps)
nBlks += 1
blkSum = np.append(blkSum , np.sum(K_vec_extra))
Tstart = Tstart + extraTimeSteps [-1]
found = np.all(blkSum[-blkSeqLen :] <= epsTailh) and \

np.all(np.diff(blkSum[-blkSeqLen :]) <= 0.0)

if (not found and BEH_prob[’verbosity ’]):
warnings.warn("Unable to satisfy tail negligibility conditions")

K_eval = K_eval + (nBlks - blkSeqLen) * blkLen
Sum1 = np.sum(blkSum) + np.sum(K_vec [: - blkLen * blkSeqLen ])
cutoffIndexComput_time += time.time ()
gammah = 1.0 / (h * Sum1)

else:
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gammah = 1.0

weight_definition_time += time.time ()

# ----- Time iteration -----
stepping_time = -time.time ()

for n in range(Nt - 1):
if D_tilde != 0 and n == (Nt - 2):

D = D_tilde

betaM_val = BEH_prob[’betaM ’](N * M[n])
g_val = BEH_prob[’g’](N * Y[1, n])

Y[0, n+1] = (Y[0, n] + mu*D) / (1 + D * (mu + N * betaM_val * Y[1, n]))

betaM_vec[n] = N * betaM_val
g_vec[n] = g_val

var1 = Y[0, 1:n+2] * betaM_vec [0:n+1] * Y[1, 0:n+1]

int1 = np.dot(A_vec[n+1:0: -1] , var1)
int2 = np.dot(K_vec[n::-1], g_vec [0:n+1])

Y[1, n+1] = F0_vec[n+1] + D * int1
M[n+1] = M0_vec[n+1] + gammah * (1/N) * D * int2

stepping_time += time.time ()
elapsed_time = allocation_time + weight_definition_time + stepping_time

Similarly to the NSFD_AoI function, the solver NSFD_behavioural is complemented by auxiliary
routines devoted to input parsing and validation. These auxiliary modules assign default values, complete
missing parameters and verify the consistency of the problem setup before the time-stepping phase. Since
their functionality mirrors that already described in Section 4.1, only the differences in the prescribed default
values are reported here. The input-handling function is denoted by parse_input in MATLAB(MCB:F)
and the default parameters are set as follows:
defaults = struct(’T’ ,1000,’h’,1,’N’,5e7 ,’mu’ ,1/(75*365) , ...

’S0’,0.2*5e7 ,’A’,[],’K’,[],’betaM ’,[], ...
’g’,[],’CompGamh ’,1, ’verbosity ’ ,1);

The corresponding function in Python is denoted as _parse_input (PCB:F), and the default
parameters are
defaults = {’T’: 1000, ’h’: 1, ’N’: 5e7 , ’mu’: 1 / (75 * 365),

’S0’: 0.2 * 5e7 , ’A’: None , ’K’: None ,
’betaM ’: None , ’g’: None , ’CompGamh ’: 1, ’verbosity ’: 1}

If any of the core functions are not provided, they are automatically initialized with the following default
definitions

g(x) = x , A(t) = R0(μ + ν)2 t e−(μ+ν)t , K(t) = a e−at , β(x) = (1 + αx)−1 ,

with R0 = 20, ν = 1/7, a = 1/30, and α = 8 ⋅ 103. When the verbosity flag is enabled, the routine also issues
warnings for any missing optional fields. Furthermore, an auxiliary routine checks the validity of all input
fields. In MATLAB, this is performed by the local function check_input (MCB:G), and in Python
by _check_input (PCB:G). The checks ensure that scalar parameters such as S0, N , T , h and μ
are positive and finite, using the same mechanisms described earlier (e.g., validateattributes in
MATLAB).
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4.3 Graphical User Interface
The interdisciplinary nature of epidemic modelling often requires numerical tools to be used by

researchers and professionals whose expertise lies in epidemiology, public health or policy planning rather
than in numerical analysis and scientific programming. To address this need, EPITIME includes a MATLAB
Graphical User Interface (GUI) that provides direct access to the AoI simulation tool without requiring users
to modify or run the underlying code. Practical instructions for launching and operating the interface are
reported in Appendix B.3.

Through the GUI, users can specify the epidemiological parameters and the model functions A(t)
and φ0(t), inspect their profiles and run the structure-preserving NSFD scheme. The interface displays the
resulting susceptible population S(t) and mean infectivity φ(t), while also reporting consistency checks,
warnings and performance information. It therefore provides an interactive environment in which different
assumptions on infection-age-dependent infectivity and initial epidemic history can be examined without
direct interaction with the numerical implementation.

Fig. 1 shows the interface after a simulation with the default functions

A(t) = e−3t , φ0(t) = (N − S0)A(t),

and parameters N = 1000, S0 = 990, T = 10, h = 0.1 and β0 = 0.0025. The upper plots allow the prescribed
infectivity profile and initial history to be checked before interpreting the numerical solution, whereas the
lower plots display the corresponding evolution of susceptibility and mean infectivity.

Figure 1: The AoI simulation GUI after a successful run with the default model functions A(t) = e−3t and
φ0(t) = (N − S0)A(t), and parameters N = 1000, S0 = 990, T = 10, h = 0.1 and β0 = 0.0025.
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Two representative examples illustrate how the GUI can support numerical exploration. In the first test,
the functions

A(t) = te−t , φ0(t) = 104te−t

1 + t2

are considered together with N = 106, S0 = 9 ⋅ 104, T = 10, h = 10−2 and β0 = 10−6. As shown in Fig. 2, the
interface makes it possible to inspect the non-monotone infectivity profile and the prescribed initial history
alongside the epidemic trajectories generated by them. This example also demonstrates that model functions
and parameter scales substantially different from the default configuration can be investigated directly
through the interface.

Figure 2: The AoI simulation GUI for N = 106, S0 = 9 ⋅ 104, T = 10, h = 10−2 and β0 = 10−6, with A(t) = te−t and
φ0(t) = 104 te−t/(1 + t2).

The second test reproduces the experiment defined in (20) and discussed in Section 5.2. In this case, the
GUI connects the analytical results with their numerical counterpart by allowing the predicted asymptotic
behaviour to be examined directly from the computed profiles. Fig. 3 shows the resulting simulation. More
generally, this type of experiment enables users to vary the model data and assess how infection-age profiles
and epidemiological parameters affect transient and long-time dynamics.

A Python interface with equivalent functionality is also provided in the EPITIME repository as an
interactive Jupyter notebook (AoI_Simulation_Tool.ipynb).
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Figure 3: The AoI simulation GUI for the test case defined in (20) and discussed in Section 5.2.

4.4 Theoretical Assumptions and Software Validation
The analytical properties stated in Sections 2 and 3 rely on the assumptions listed in Tables 1 and 2.

In particular, the infectivity and memory kernels are assumed to be non-negative and integrable on R
+
0 .

Additional regularity assumptions, such as A ∈ C1([0, T]) for the AoI model and Aμ , K ∈ C1([0, T]) for the
behavioural model, are required only for the first-order convergence results. Further assumptions on A′μ and
K′ are used in the analysis of the asymptotic properties.

In the software implementation, only those assumptions that can be checked numerically are enforced.
Specifically, the sampled values of the user-defined kernels on the computational grid are required to be
finite and non-negative. For the behavioural model, the discrete memory kernel is normalized through
the factor γ(h), or through its truncated counterpart γLK(h) when tail truncation is used. Smoothness
and integrability over the whole semi-infinite interval remain mathematical assumptions under which the
theoretical guarantees of the method hold true.

If a user provides kernels that violate the numerical checks, the solver returns an error or a warning,
depending on the severity of the violation. When the analytical assumptions are not satisfied, the code may
still produce a numerical trajectory, but the structure-preserving and convergence results proved in the paper
are no longer guaranteed.

5 Numerical Experiments and Case Studies
This section presents numerical experiments designed to illustrate the accuracy, structure-preserving

properties, and practical applicability of the proposed schemes.
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5.1 Performance Analysis
The evaluation of the history-dependent convolution terms in (1) and (2) requires the accumulation

of contributions from all previously computed time levels. Consequently, as discussed in Section 4, the
computational cost of the proposed software framework is expected to scale quadratically with respect
to the number Nt of time steps. To assess this prediction experimentally, we perform a dedicated com-
putational complexity study for both the MATLAB and Python implementations of the NSFD_AoI
and NSFD_behavioural solvers.

The analysis is carried out on the fixed time interval [0, T], with T = 100, while progressively increasing
the number of time steps from 10 to 104 in increments of 10. For each discretization level, the time step
is defined as h = T/Nt , and the solver is executed using its default model parameters. For the behavioural
solver, the automatic computation of the discrete normalization factor is enabled. In this way, the reported
measurements also account for the execution of the auxiliary routines devoted to input parsing and
consistency verification, whose computational cost is expected to remain negligible with respect to the overall
integration process.

Specifically, two performance indicators are considered. The first is the execution time. In MATLAB, this
quantity is measured through the built-in timeit routine, which automatically performs multiple
evaluations of the target function and returns a statistically robust estimate of the execution cost. In Python,
the execution time is measured through the standard timeit module by performing several batches of
repeated solver evaluations and retaining the minimum average runtime. This procedure closely mirrors
the philosophy of MATLAB’s timeit routine and reduces the influence of transient system disturbances.
The second indicator is the memory requirement. For both implementations, this quantity is extracted
from the optional performance structure P returned by the solver (cf. Listings 5 and 6).

Fig. 4 reports the NSFD_AoI runtime and memory requirements in semi-log scale together with the
reference growth lawsO(Nt) and O(N2

t ). The observed behaviour closely follows the theoretical complexity
predicted by the structure of the algorithms. In particular, the memory consumption exhibits an essentially
linear growth with respect to Nt , reflecting the storage of the numerical solution history together with the
precomputed kernel values. Conversely, the execution time displays a clear quadratic scaling, consistently
with the repeated evaluation of the discrete convolution terms appearing in the renewal equations. For a more
detailed tabulation of the results, the reader is referred to the scriptsAoI_Performance_Benchmark.m
and AoI_Performance_Benchmark.py available in the EPITIME repository.

Figure 4: Experimental scalability analysis of theNSFD_AoI solver implemented in MATLAB (a) and Python (b). For
both implementations, memory consumption (left panel within each subfigure) and execution time (right panel within
each subfigure) are reported as functions of the number Nt of time steps.
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Similar outcomes, reported in Fig. 5, are obtained for both the implementations of the NSFD_
behavioural solver.

Figure 5: Experimental scalability analysis of the NSFD_behavioural solver implemented in MATLAB (a) and
Python (b). For both implementations, memory consumption (left panel within each subfigure) and execution time
(right panel within each subfigure) are reported as functions of the number Nt of time steps.

5.2 The Final Size and the Basic Reproduction Number
The first test case examines the asymptotic behaviour of the NSFD solution to (1), with particular

emphasis on the convergence of the numerical final size towards its continuous counterpart. To begin with,
recall that the final size of the epidemic, defined as S(∞) = lim

t→+∞
S(t), satisfies the non-linear relation

log( S0

S(∞)) = (1 − S(∞)
N

)R0 + β0 ∫
∞

0
(φ0(τ) − (N − S0)A(τ)) dτ, (18)

where

R0 = β0N ∫
∞

0
A(τ) dτ (19)

is the basic reproduction number, that is the expected number of secondary cases generated by a single
primary case in a fully susceptible population in the absence of interventions [1]. Furthermore, under suitable
regularity assumptions (see, for instance, Section 3 in [46]) it follows that φ(t) → 0 as t →∞.

At the discrete level, the numerical final size S∞(h) is guaranteed to exist by Theorem 2. In the present
test, the asymptotic behaviour of the NSFD solution is approximated by the value S̃∞(h) of the numerical
simulation at a sufficiently large final time T . The corresponding numerical basic reproduction number is
defined as

R0(h) = hβ0N
∞

∑
n=0

A(tn+1).

Note that, in addition to the assumptions listed in Table 1, if

A′ ∈ L1(R+0 ) or ∃T ∈ R+ such that A(t) is monotonic for all t ≥ T,

then R0(h) converges linearly to R0 as the step-size tends to zero (cf. Lemma 3.3 in [12] and p. 208 in [47]).
Furthermore, it has been shown in [12] that R0(h) plays, for the discrete dynamics, a role analogous to that
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of R0 in the continuous model, and that a discrete counterpart of the classical final-size relation (18) holds
true Theorem 4.4 in [12]. To illustrate these theoretical considerations, consider the problem defined by

N = 105, S0 = 99950, β0 = 3 ⋅ 10−5, T = 30, A(t) = 1
0.4

√
2π

exp(−(t − 0.2)2

2 ⋅ 0.42 ) . (20)

Specifically, the scenario in which φ0(t) attains its upper bound in (6) for all t is addressed. As a result,
the values S(∞) = 1.8389 ⋅ 104 and R0 = 2.0744 follow from (18) and (19), respectively. The numerical solution
computed by the NSFD integrator (7) with step-size h = 10−3 is displayed in Fig. 6. The NSFD scheme (7) is
applied for four progressively refined step-sizes h = 10−i , with i = 1, . . . , 4, and the values of R0(h),S̃∞(h),
and φ∞(h) are computed for each discretization level. The simulation results, reported in Table 3, show that
the numerical final size S̃∞(h) converges linearly to S(∞) as the step-size decreases. As outlined in [48],
the convergence of the asymptotic limit is a non-trivial property arising from the dynamical consistency of
the method (see also Theorem 4.1 in [12]). Additionally, φ∞(h) attains values close to machine precision,
confirming the expected extinction of the total infectivity.

Figure 6: Time evolution of the susceptible population S(t) and total infectivity φ(t) for the AoI test case (20),
computed with the NSFD scheme (7) and h = 10−3. The horizontal line represents the continuous final susceptible
population S(∞). The computed profiles illustrate the monotone decrease of S(t) and the decay of φ(t) towards zero.

Table 3: Numerical basic reproduction number and NSFD solution asymptotic behaviour for different step-sizes h.

h R0(h) S̃∞(h) Rel. S∞ Err. φ∞(h)
10−1 1.93960 2.32114 ⋅ 104 2.62268 ⋅ 10−1 7.03736 ⋅ 10−14

10−2 2.06116 1.88521 ⋅ 104 2.52009 ⋅ 10−2 9.72951 ⋅ 10−18

10−3 2.07307 1.84349 ⋅ 104 2.51243 ⋅ 10−3 3.67883 ⋅ 10−18

10−4 2.07426 1.83933 ⋅ 104 2.51169 ⋅ 10−4 3.33460 ⋅ 10−18

To further illustrate the importance of structure-preserving discretizations, we repeat the previous
experiment with β0 = 6 ⋅ 10−5, while keeping all the remaining parameters unchanged. The resulting problem
is solved by both the NSFD scheme (7) and the second-order implicit Trapezoidal Direct Quadrature
(TrapDQ) method
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Sn+1 = Sn −
h
2

β0(Sn+1φn+1 + Sn φn), n = 0, . . . , Nt − 1,

φn+1 = φ0(tn+1) +
h
2

β0
⎛
⎝

2A(tn+1)S0φ0 +
n
∑
j=1

A(tn+1− j)S jφ j + 2A(0)Sn+1φn+1
⎞
⎠

.

Although more accurate for sufficiently small step-sizes, the TrapDQ method produces physically
inadmissible solutions for h = 0.25 (see Fig. 7). In particular, both S(t) and φ(t) become negative, and S(t)
even exceeds the total population size N , despite the assumption of a closed population. In contrast, the NSFD
approximation remains non-negative and satisfies the expected population bounds throughout the simulated
interval. This experiment illustrates the unconditional structure-preserving behaviour of the NSFD scheme
in a coarse-step regime.

Figure 7: Comparison between the NSFD and TrapDQ solutions for the AoI test case (20), with β0 = 6 ⋅ 10−5 and
h = 0.25. The susceptible population S(t) is shown in the left panel and the total infectivity φ(t) in the right panel. The
NSFD scheme preserves positivity and the population bounds, whereas the TrapDQ solution becomes negative and
produces values of S(t) exceeding the total population size.

5.3 An Inverse Problem Framework for Inferring COVID-19 Infectivity Kernel
Despite the modeling potential of the integro-differential system (1), the identification of a contact

rate β0 and an infectivity kernel A(t) that accurately reflect a real epidemic scenario remains a challenging
task. Similar problems have been addressed in different settings, including the reconstruction of time-
varying transmission rates [49], inverse formulations for integral epidemic models [50], and data-driven
identification of distributed memory kernels [51]. This section proposes a case study to investigate the
reliability of the EPITIME software as a tool to support the reconstruction of infectivity-kernel profiles
in a real-world epidemic setting. To overcome this challenge, a functional optimization procedure is
introduced, informed by empirical incidence and demographic data. In particular, the daily number of
newly reported COVID-19 cases across Italy is considered, as reported by Il Sole 24 Ore [52], covering the
period from February 24, 2020, to January 8, 2025 (T = 1781 days), along with the total resident population
N = 58,934,177, according to the demographic data provided by Eurostat [53].

Focusing on the first equation of model (1), the normalized incidence and its NSFD approximation are
defined as

J(t) = κJβ0S(t)φ(t), t ∈ [0, T], and Jn = κJβ0Snφn , n = 0, . . . , Nt ,
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where κJ is a normalization constant extracted from the data. Let Jdata
i ≈ J(τi), for i = 0, . . . , Ndata, denote

the empirical incidence at time τi , obtained from [52] and preprocessed to mitigate reporting noise and daily
fluctuations, by applying a local regression smoothing procedure (MATLAB smoothdata, with loess
option and smoothing factor 0.25), followed by normalization with respect to κJ = maxi Jdata

i (see Fig. 8).
These empirical values are compared with the simulated sequence {Jni}Ndata

i=0 , where ni satisfies τi = ni h.

Figure 8: Normalized daily COVID-19 incidence in Italy (24 February 2020–8 January 2025), including raw data
from [52] and the corresponding smoothed profile obtained via quadratic regression. Here, the normalization is
performed with respect to the maximum value, yielding κJ ≈ 5.68 ⋅ 10−6.

To select a functional form for the kernel A(t), it is expanded in terms of shifted Bernstein basis
polynomials (see, e.g., [54]). Given a positive M ∈ N, representing the maximum polynomial degree, it is
assumed that

A(t) =
M
∑
m=0

κm BM
m ( t

T
) =

M
∑
m=0

κm (M
m
)( t

T
)

m
(1 − t

T
)
M−m

, φ0(t) = (N − S0)A(t), t ∈ [0, T],

where the coefficients κm , m = 0, . . . ,M, are unknown parameters to be determined. Owing to the non-
negativity of the Bernstein basis, A(t) is guaranteed to remain non-negative if κm ≥ 0 for all m. Consequently,
we formulate a calibration problem for the parameter vector p = [β0, κ0, . . . , κM]T ∈ RM+2

+ , aiming to
minimize the discrepancy between observed and simulated incidence data. The optimal parameter set p∗ is
defined as the solution to the constrained optimization problem

min
p∈RM+2

+

⎛
⎜
⎝

wL2

Ndata

∑
i=0

(J data
i −Jni(p))

Ndata + 1

2

+wpeak(J data
ipeak

−Jnipeak
(p))2 +winitial(J data

0 −Jn0(p))2

+wyear

364
∑
i=0

(J data
i −Jni(p))2

365
⎞
⎠

subject to R̃0(p) = β0NT
M + 1

M
∑
m=0

κm ∈ [Rlower
0 , Rupper

0 ] ,

(21)
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which yields the data-informed contact rate β∗0 and infectivity kernel A∗(t) = ∑M
m=0 κ∗m BM

m (t/T). The
objective functional in (21) combines four terms, each emphasizing a distinct aspect of the epidemic
dynamics.

• a mean squared error over the entire dataset, measuring the global discrepancy between observed and
simulated incidences;

• a peak error term, enforcing accuracy at the time of maximum observed incidence;
• an initial-time penalty, ensuring consistency at the onset of the epidemic;
• a yearly error term, enforcing accurate reconstruction of early-stage dynamics over the first 365 days.

The weights wL2 , wpeak, winitial and wyear are determined according to a reciprocal-optimum strategy.
Each weight is set as the reciprocal of the minimum value attained by the corresponding objective component
when optimized independently (all other weights set to zero), ensuring balanced contributions within the
overall functional. The additional constraint enforces positivity of the coefficients and restricts the truncated
basic reproduction number

R̃0 = β0N ∫
T

0
A(t) dt = β0NT

M + 1

M
∑
m=0

κm ,

to lie within a prescribed plausible range. These bounds, set to Rlower
0 = 5 ⋅ 10−10 and Rupper

0 = 5 ⋅ 101 in our
case, may be refined if more precise estimates of the basic reproduction number become available.

The model calibration problem formulated in (21) is addressed in the MATLAB live script
NSFD_AoI_LIVE. This implementation allows the user to select both the dimension of the Bernstein
polynomial space (we take M = 500) and the optimization algorithm. Notably, the optimization procedure
requires repeated evaluations of the direct temporal integration problem, making computational efficiency
and long-term accuracy indispensable. These requirements are naturally met by the NSFD scheme (7), which
provides stable and reliable results even over extended time horizons. For the present study, the optimization
is performed using MATLAB’sfmincon routine withStepTolerance andOptimalityTolerance
set to 10−14, ConstraintTolerance equal to 10−16 and automatic differentiation activated wherever
possible to enhance efficiency. Furthermore, the solver NSFD_AoI is run with a time step h = 0.25, which
is smaller than the minimum interval between consecutive measurements. The results of the calibration are
summarized in Fig. 9, where the simulated incidence is compared with the empirical data and the estimated
infectivity kernel is depicted. The figure also reports the pointwise quadratic absolute error, whose mean
value of 4.2% supports the robustness and accuracy of the implemented methodology in reconstructing the
dynamics of a real epidemic.

Remark 1: The present case study serves as a data-driven benchmark to assess the reliability of the EPITIME
framework, rather than a standalone identifiability analysis. The underlying inverse problem is inherently
ill-posed and presents several coupled methodological challenges. Specifically, the inverse map may lack full
identifiability from incidence data, as distinct infectivity kernels can produce identical incidence trajectories.
Regarding approximation, while the implicit smoothing of the Bernstein representation promotes stability, the
procedure could benefit from explicit Tikhonov-type regularization (see, for instance, [55]). Furthermore, the
characteristically slow convergence of Bernstein expansions requires high polynomial degrees to ensure sufficient
representational capacity, leading to the heuristic selection of M = 500. Optimization is similarly challenging
due to the non-convexity of the objective function, which does not preclude the existence of local minima. In this
setting, MATLAB’s fmincon routine is used as a baseline gradient-based solver, although advanced strategies
such as multistart and hybrid multigrid methods could enhance robustness with respect to the presence of local
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minima and the choice of the initial guesses. A systematic investigation of these approaches, complemented by a
quantitative analysis of data uncertainty propagation, is deferred to future work.

Figure 9: Comparison of the empirical COVID-19 normalized incidence in Italy with the simulated incidence (left
panel), the corresponding estimated infectivity kernel (middle panel) and the pointwise quadratic error relative to the
data (right panel). Here, the optimized contact rate is β∗0 = 2.18 ⋅ 10−5.

5.4 Qualitative Properties of Solutions to the Integral Behavioural Epidemic Model
Before presenting the numerical experiments, the main qualitative properties of the behavioural integral

epidemic model (2) and of its discrete counterpart (9a)–(9c) are briefly recalled. Under the assumptions
stated in Section 3.2, the continuous model admits a positively invariant region, always possesses the disease-
free equilibrium DFE, and admits a unique endemic equilibrium EE whenever R0 > 1. Moreover, the local
stability of the equilibria depends on the specific choice of the infectivity function Aμ(t) and the memory
kernel K(t). Specifically, suitable classes of kernels guarantee local asymptotic stability of the endemic
state, whereas more structured memory effects may lead to instability and sustained oscillations [8]. The
non-standard discretization (9a)–(9c) is designed so as to preserve these structural features: in particular,
it maintains positivity and boundedness for every h > 0, always admits a disease-free equilibrium, and
admits a unique endemic equilibrium whenever the discrete threshold condition R0(h) > 1 is satisfied,
with R0(h) providing a first-order approximation of R0. In addition, the discrete characteristic equation is
consistent with the continuous one as h → 0, and the stability conditions derived for the numerical equilibria
converge to the corresponding continuous conditions (see the results in [44] for a detailed analysis).
The simulations reported below are intended to illustrate precisely this qualitative coherence between the
continuous behavioural model and its NSFD approximation.

In this section, we illustrate two numerical examples based on the non-standard discretization (9a)–(9c)
of model (2). In both experiments, the NSFD scheme is applied with h = 10−1 and with the truncated-
renormalized option for the discrete memory kernel, as described in Section 3.2.1. For all simulations:

g(F(t)) = F(t), β(M(t)) = 1
1 + αM(t) .

The infectivity function Aμ(t) and the memory kernel K(t) are specified according to the particular
scenario under consideration. The first experiment illustrates convergence toward the endemic equilibrium
in a regime where stability is theoretically expected, whereas the second one highlights the onset of oscillatory
behaviour induced by a more structured memory kernel.



Comput Model Eng Sci. 2026;148(3):27 29

For the first numerical experiment, the following values are considered:

T = 1000, N = 5 ⋅ 107, μ = 1
75 ⋅ 365

days−1 , S0 = 0.99Se , α = 8 ⋅ 103, (22)

where Se denotes the first coordinate of the endemic equilibrium. Furthermore, it is assumed that the
infectivity function exhibits a unimodal profile and is given by

A(t) = β0te−νt , (23)

with Aμ(t) = e−μt A(t),ν = 1/7 days−1 . In this test R0 = 20 and the parameter β0 is determined so as to satisfy
the condition for the basic reproduction number reported in Table 2, that is β0 = (R0/N)(μ + ν)2.

Fig. 10 shows the time evolution of the driving factor of the FoI, F(t), normalized with respect to its
endemic equilibrium value Fe . The results are obtained using the parameters in (22), the infectivity function
defined in (23), and the memory kernel

K(t) = ae−at , (24)

with a = 1/30 days−1. As shown in Fig. 10, the ratio F(t)/Fe converges asymptotically to one, indicating that
the solution approaches the endemic equilibrium over time. This numerical behaviour is consistent with the
theoretical findings in [8].

Figure 10: Normalized driving factor of the force of infection, F(t)/Fe , for the behavioural model with parameters (22),
the unimodal infectivity function in (23), and the exponential memory kernel in (24). The solution is computed with
the NSFD scheme (9a)–(9c) and h = 10−1. The convergence of F(t)/Fe to one shows that the solution approaches the
endemic equilibrium.

As a second numerical experiment, the trapezoidal infectivity function given by

A(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0
τ − τa

(τb − τa)
, τa < τ < τb ,

p0, τb < τ < τc ,

p0
τd − τ

(τd − τc)
, τc < τ < τd ,

0, otherwise,

(25)
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is considered instead, where Aμ(t) = e−μt A(t). Here, it is (τa , τb , τc , τd) = (4, 7, 11, 14), where the parameter
p0 represents the weight of contacts between infected and susceptible individuals. Additional details on the
infectivity function (25) can be found in [56]. The value R0 = 3.3 is fixed and the parameter p0 is determined
so as to satisfy the condition defining the basic reproduction number reported in Table 2. For this experiment,
we adopt a different memory kernel, namely

K(t) = a2te−at , (26)

with a = 1/30 days−1, and the parameters are chosen as

T = 3000, N = 5 ⋅ 107, μ = 1
75 ⋅ 365

d−1 , S0 = 0.7N , α = 5 ⋅ 104. (27)

The corresponding results are displayed in Fig. 11. As discussed in more detail in [8], in this case no
convergence to the endemic equilibrium is observed. Instead, self-sustained oscillations arise, suggesting
that the endemic equilibrium is numerically unstable.

Figure 11: Normalized driving factor of the force of infection, F(t)/Fe , for the behavioural model with parameters (27),
the trapezoidal infectivity function in (25), and the Erlang-type memory kernel in (26). The solution is computed with
the NSFD scheme (9a)–(9c) and h = 10−1. The combined effect of the trapezoidal infectivity distribution and the strong
Erlang memory kernel gives rise to oscillations around F(t)/Fe = 1 that appear to persist over time.

5.5 Estimation of the Epidemic Peak
A further computational task supported by EPITIME is the estimation of epidemic peaks and peak

times. For classical compartmental models, and in particular for the autonomous SIR model, peak-time for-
mulae and approximations have been investigated in several works [57–60]. Related peak-date estimates have
also been obtained for generalized SEIR and infection-age structured models [61]. Recent renewal-equation
analyses have also investigated final-size and peak-size relations for infection-age models incorporating
latency and behaviour-dependent transmission. Analytical information on peak quantities can be obtained
for some reduced model structures [62]. For general renewal and age of infection models with arbitrary
infectivity kernels, closed-form peak-time formulae are generally unavailable, and peak quantities must
be estimated from the numerical solution. For the AoI model (1), we define the epidemic peak and the
corresponding peak time in terms of the force of infection as
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Ep = β0 max
0≤t≤T

φ(t), tp = min arg max
0≤t≤T

φ(t). (28)

The minimum selects the first global peak when the maximum is attained at more than one time. At the
discrete level, EPITIME computes

Ep(h) = β0 max
n=0,. . . ,Nt

φn ≈ Ep , tp(h) = min arg max
n=0,. . . ,Nt

φn ≈ tp . (29)

To validate this peak-detection procedure in a benchmark case where a SIR reference is available, the
exponential infectivity kernel

A(t) = e−γt .

is considered. With this choice, the AoI formulation recovers the classical autonomous SIR dynamics.
The reference peak times t∗p are obtained from the corresponding SIR peak-time characterization, using
parameter configurations taken from the SIR peak-time literature [60]. The numerical results reported
in Table 4, obtained with h = 10−3, show that EPITIME accurately captures the epidemic peak. Fig. 12
further shows that the relative error in the peak-time approximation decreases linearly with the time step,
consistently with the first-order accuracy of the underlying NSFD scheme.

Table 4: Continuous and numerical epidemic peak for different model parameters. Here, A(t) = e−γt , s0 = S0/N ,
i0 = φ0(0)/N and h = 10−3.

Case ID i0 s0 β0 γ t∗p tp(h) Relative Error Ep(h)
1 2.68 ⋅ 10−2 0.97320 4.62910 2.82000 1.42840 1.43500 4.62 ⋅ 10−3 0.48491
2 1.27 ⋅ 10−6 1.00000 0.50000 0.30000 64.22978 64.26900 6.11 ⋅ 10−4 0.04671
3 5.00 ⋅ 10−2 0.95000 10.00000 1.00000 0.58864 0.59200 5.71 ⋅ 10−3 6.73561
4 1.33 ⋅ 10−4 0.99987 0.13905 0.01838 91.14476 91.15200 7.94 ⋅ 10−5 0.08348
5 5.00 ⋅ 10−6 0.99999 0.33330 0.11110 58.39748 58.41200 2.49 ⋅ 10−4 0.10012
6 1.00 ⋅ 10−3 0.99900 0.50000 0.30000 30.77582 30.79400 5.91 ⋅ 10−4 0.04701

Figure 12: Convergence of the epidemic peak time approximation. The relative error exhibits a linear decay with respect
to h for all considered parameter sets.
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Regarding the behavioural model, in the context of epidemic peak estimation, we investigated both the
driving factor of the FoI, F(t), and the incidence, inc(t) = β(M(t))S(t)F(t). Specifically, the incidence
at each time step tn is numerically computed using the following expression, which relies exclusively on the
values of the susceptible population:

incn = β(Mn)Sn+1Fn = N ( sn − sn+1

h
+ μ(1 − sn+1)) .

The corresponding numerical peak time is obtained as the time point associated with the maximum
value of the selected observable. As illustrated in Fig. 13 and Table 5, when several local maxima occur, as
may happen in the presence of behavioural feedback and memory, both local and global peak times can
be reported.

Figure 13: Epidemic peaks for the driving factor of the FoI F and the incidence incwith reference to the first test (22)
and (23) described in Section 5.4.

Table 5: Epidemic peaks for the driving factor of the FoI F and the incidence inc with reference to the first test (22)
and (23) described in Section 5.4.

Peak F(t) Incidence

Time (Days) Value Time (Days) Value
1 39.80 1.4925 ⋅ 10−3 25.40 4578.24
2 194.00 6.2486 ⋅ 10−4 179.10 1592.86
3 345.70 5.4090 ⋅ 10−4 330.80 1355.76
4 497.80 5.2999 ⋅ 10−4 482.90 1325.46
5 652.20 5.2866 ⋅ 10−4 637.00 1321.73
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6 Conclusions and Future Directions
A computational framework, EPITIME, has been developed for the simulation of two classes of

renewal-type epidemic models: an age of infection model and an information-dependent behavioural model.
The framework combines structure-preserving NSFD discretizations with modular implementations in
MATLAB and Python. The solvers are complemented by input-validation routines, performance indica-
tors, reproducibility tools and graphical interfaces. The numerical experiments have illustrated the use
of the framework for the study of final-size behaviour, the reconstruction of an infectivity kernel from
incidence data, the analysis of behavioural dynamics under different memory kernels, and the detection of
epidemic peaks.

A main strength of EPITIME is the close connection between the analytical properties of the models and
their numerical implementation. The schemes preserve model-specific properties such as positivity, mono-
tonicity, boundedness, invariant regions, extinction of infectivity and equilibrium or threshold structure.
This makes the framework particularly suitable for long-time simulations, for which standard discretizations
may produce non-physical solutions. At the same time, the modular organization of the software allows the
kernels and behavioural response functions to be changed without modifying the main solver structure.

The present release is intentionally focused on the two deterministic models considered in this work.
This choice makes it possible to provide clear mathematical guarantees, but it also defines a natural
path for future development. The framework is planned to be extended to a more general renewal for-
mulation, which includes the age of infection model as a special case. Further extensions will address
heterogeneous populations, the distinction between symptomatic and asymptomatic infections, and viral
shedding effects. Vaccination dynamics also represent an important direction. In the AoI setting, vaccination
could be introduced through additional vaccinated classes, allowing vaccine-induced changes in suscep-
tibility, breakthrough infections and waning immunity to be represented within the renewal formulation.
Vaccination-induced changes in infectivity could also be accounted for by suitable infectivity kernels. In the
behavioural model, vaccine uptake could additionally be coupled with information-dependent responses
and memory effects, extending ODE-based formulations with vaccination choices driven by information
and perceived risk.

Further work will also concern the numerical methods. The schemes implemented in the current
release are first-order accurate and favour robustness and structure preservation. Fine temporal grids may
nevertheless be required when high accuracy is needed for rapidly varying solutions, peak times or peak
sizes. Higher-order structure-preserving discretizations and more accurate procedures for the estimation
of epidemic peaks will therefore be investigated. Their construction will have to retain the unconditional
qualitative properties that characterize the present methods.

The direct vectorized evaluation of the history terms provides a transparent implementation that closely
follows the discrete equations, but its computational cost is quadratic in the number of time steps. This
may become restrictive for very long simulations or inverse problems involving repeated solver evaluations.
Future versions are intended to include suitable acceleration strategies. For exponential and Erlang kernels,
auxiliary recursions or linear-chain representations may reduce the computational cost to linear complexity.
For more general kernels, possible approaches include FFT-based and other fast convolution techniques, and
sum of exponentials approximations. A central part of this development will be the control of the additional
approximation error and the verification that positivity, kernel normalization and equilibrium properties are
not lost.

Finally, the theoretical guarantees of the solvers depend on assumptions on the user-defined kernels
and behavioural functions, such as non-negativity, integrability and sufficient regularity. These conditions
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cannot all be verified automatically, and future releases will include more extensive diagnostic checks and
clearer guidance on admissible inputs. The inverse reconstruction presented in this work should also be
viewed as a computational benchmark rather than as a complete epidemiological inference procedure.
Further investigations will address identifiability, regularization, data preprocessing, measurement noise and
uncertainty propagation, together with validation on additional datasets. The graphical interfaces will be
developed in parallel by adding context-sensitive help and concise instructions, with the aim of making the
framework easier to use while preserving a clear connection with its mathematical background.
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Appendix A Unified Notation Guide
Table A1 provides a unified notation guide for the continuous variables, discrete quantities, and

implementation-level variables used throughout the manuscript. The assumptions associated with each
model are reported separately in Tables 1 and 2.

Table A1: Summary of the main notation used throughout the paper.

Symbol Model/Context Meaning
S(t), Sn AoI and behavioural Susceptible population in the continuous and discrete models.

φ(t), φn AoI Total infectivity in the continuous and discrete models.

F(t), Fn Behavioural Driving factor of the force of infection in the continuous and
discrete models.

M(t), Mn Behavioural Information index describing behavioural response to epidemic
information in the continuous and discrete models.

A(τ) AoI and behavioural Infectivity kernel as a function of infection age.

Aμ(τ) Behavioural Infectivity kernel with demography, Aμ(τ) = e−μτ A(τ).

K(τ) Behavioural Memory kernel for the information index, normalized so that
∫
∞

0 K(τ) dτ = 1.

β0 AoI Effective contact rate in the age of infection model.

β(M) Behavioural Information-dependent inhibition function modulating
transmission.

g(F) Behavioural Message function describing perceived epidemic risk.

R0 AoI and behavioural Basic reproduction number of the continuous model. Its
expression depends on the model considered.

R0(h) Discrete models Discrete basic reproduction number induced by the quadrature
weights.

γ(h) Behavioural discretization Discrete normalization factor associated with the memory
kernel K.

sn , fn , mn Software implementation Normalized variables used internally in NSFD_behavioural,
with sn = Sn/N , fn = Fn/N , and mn = Mn/N .

Appendix B Software Validation and Reproducibility
All numerical experiments presented in this paper can be reproduced using the publicly available

implementations provided in the EPITIME repository. Relevant information concerning the software envi-
ronment, hardware platform, code version and dependencies of the solvers codes is reported in Table A2. We
point out that the MATLAB Optimization Toolbox is used exclusively for the kernel calibration in Section 5.3.
It is not part of the EPITIME framework and is required only for this specific application.
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Table A2: Reproducibility information for the numerical experiments.

Software Description
Repository EPITIME

Repository URL https://github.com/ghitan/EPITIME
Code version 1.0 (HASH: 3abb6d2dbeece5f0b9094beef82b9125b82a6502)

Programming languages MATLAB and Python
MATLAB version MATLAB R2025b

Python version Python 3.13.3

Dependencies MATLAB built-in functionality. Python packages: NumPy (v. 2.2.6), SciPy
(v. 1.15.3) and Matplotlib (v. 3.10.3)

Hardware Description

Operating system Microsoft Windows 11 Pro (Version 10.0.26200, Build 26200)
Processor Intel Core i9-14900KF @ 3.20 GHz (24 physical cores, 32 logical processors)
Memory 64 GB RAM

Appendix B.1 Organization of the Github Repository
This appendix lists the source files in the EPITIME GitHub repository associated with the numerical

experiments and examples presented throughout the manuscript.

• Section 4.1—Codes: NSFD_AoI.m and NSFD_AoI.py
• Section 4.2—Codes: NSFD_behavioural.m and NSFD_behavioural.py
• Section 5.1—Codes: AoI_Performance_Benchmark.m, AoI_Performance_Benchmark.

py, behavioural_Performance_Benchmark.m and behavioural_Performance_Ben
chmark.py

• Section 5.2—Codes: AoI_Final_Size.m and AoI_Final_Size.py
• Section 5.3—Code: NSFD_AoI_LIVE.mlx (Part 3.4)
• Section 5.4—Codes: Behavioural_unimodal_IF.m, Behavioural_trapezoidal_IF.m,

Behavioural_unimodal_IF.py and Behavioural_trapezoidal_IF.py
• Section 5.5—Codes:AoI_Peak_Estimation.m,AoI_Peak_Estimation.py,Behavioura

l_Peaks_Estimation.m and Behavioural_Peaks_Estimation.py

Appendix B.2 Cross-implementation Verification
In what follows, we perform a cross-implementation verification of the EPITIME computational

framework. To this end, the benchmark problems presented in Section 5 are independently reproduced using
both the MATLAB and Python implementations, and the quantities of interest generated by the two software
versions are systematically compared.

Concerning the AoI model, the test problem defined by (1)–(20) is chosen. For every simulation and
for both implementations, the discrete solution sequences {S�

n(h)}Nt
n=0 and {φ�

n(h)}Nt
n=0 are stored. Here, the

superscript � ∈ {M, P} denotes the solution computed by the MATLAB and Python codes, respectively. In
particular, the numerical discrepancies are quantified through the relative L2-errors defined as follows

ES
2(h) =

2
3334∑Nt

n=0 ∣SM
n (h) − SP

n(h)∣ 2

∑Nt
n=0 ∣SM

n (h)∣ 2
, Eφ

2 (h) =

2
3334∑Nt

n=0 ∣φM
n (h) − φP

n(h)∣ 2

∑Nt
n=0 ∣φM

n (h)∣ 2
,

https://github.com/ghitan/EPITIME
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and the asymptotic behaviour mismatches are addressed with the following pointwise final-time differences

ES
∞(h) = ∣S̃M

∞(h) − S̃P
∞(h)∣

S̃M
∞(h)

, Eφ
∞(h) = ∣φM

∞(h) − φP
∞(h)∣

φM
∞(h) .

The results of the comparison, reported in Table A3, show errors at the level of machine precision and
confirm the consistency of the two independent implementations. Analogous outcomes are obtained by
comparing the two implementations of the NSFD_behavioural solver.

Table A3: Cross-implementation verification between MATLAB and Python codes for the AoI problem (1)–(20). The
table reports relative L2-norm discrepancies over the full time horizon and pointwise relative differences at final time
for different step-sizes h.

h ES
2(h) Eφ

2 (h) ES
∞
(h) Eφ

∞
(h)

10−1 9.08 ⋅ 10−17 2.80 ⋅ 10−16 1.57 ⋅ 10−16 6.28 ⋅ 10−15

10−2 2.14 ⋅ 10−16 3.06 ⋅ 10−16 3.86 ⋅ 10−16 1.74 ⋅ 10−17

10−3 0 3.13 ⋅ 10−16 0 3.08 ⋅ 10−19

Appendix B.3 Practical Use of the Graphical Interface
The MATLAB GUI currently supports the AoI model only. It is distributed as the

file EPITIME_SimulationTool.mlapp, together with the associated software resources. It can be
launched from the Apps panel in the MATLAB main window or opened directly from the folder containing
the application file.

The interface is organized into two main panels. The left panel contains the model inputs and simulation
controls, while the right panel displays the input functions and numerical results. The upper part of the left
panel contains the parameters required by the NSFD_AoI function, as described in Section 4.1. Each field is
initialized with its default value and accepts only inputs satisfying the prescribed type and range constraints.

The functions A(t) and φ0(t) are entered as MATLAB expressions in the corresponding text fields.
The independent variable must be denoted by t, and the expressions must support vector inputs. For simple
functions, vectorized one-line expressions can be entered directly. More complex functions may instead
be implemented in external MATLAB files, with the corresponding function calls entered in the GUI.
In both cases, the expressions are automatically converted into function handles and passed to the main
simulation routine.

The Run simulation button starts the computation, whereas Reset restores all fields to
their default values. A message area reports validation errors, warnings and information returned by
the NSFD_AoI routine.

The upper part of the output panel displays the profiles of A(t) and φ0(t). These plots are updated
when the corresponding expressions are entered. After a successful simulation, the lower part displays the
computed susceptibility S(t) and mean infectivity φ(t).

The complete numerical output is also exported automatically to the MATLAB workspace. The vari-
ables t_AoI, Y_AoI and P_AoI contain, respectively, the time grid, the numerical solution and the
performance data. They can therefore be used for additional processing, plotting or comparison outside
the GUI.
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