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ABSTRACT: The failure of liquid storage tanks, one of the most critical infrastructure systems widely used, during
severe earthquakes can have direct or indirect impacts on public safety. The significance of their safe performance even
after destructive earthquakes and their potential for operational use underscores the necessity of appropriate seismic
design. Hence, seismic isolation, specifically base isolation, has gained attention as a seismic control method to reduce
damage to these infrastructures by increasing their vibration period. One prevalent type of seismic isolator used for
tanks and other structures is the friction pendulum system (FPS) isolator. However, due to its fixed period or frequency,
it may be susceptible to resonance effects during long-period earthquakes. This research explores an alternative solution
by investigating the variable-curvature friction pendulum isolator (VFPI). This isolator type exhibits behavior similar
to that of FPS isolators under low excitations and transforms into a pure friction system under high excitations. The
study proposes optimizing this VFPI, which features a polynomial function termed the Polynomial Friction Pendulum
Isolator (PFPI), by introducing a suitable optimization function to minimize the acceleration transmitted to the
superstructure, thereby improving the dynamic performance of the elevated storage tank. The research utilizes two well-
established metaheuristic algorithms for optimization. It evaluates the effectiveness of the proposed isolator through
time history analysis using the state space procedure under various ground motion records. Results, particularly under
long-period ground motions, indicate a substantial reduction in the dynamic response of an elevated liquid storage tank
equipped with the optimized PFPI. This underscores the potential of the proposed solution in enhancing the seismic
resilience of liquid storage tanks.

KEYWORDS: Elevated water storage tanks; variable friction pendulum isolator; long-period ground motions;
metaheuristic algorithms; optimization; polynomial friction pendulum isolator

1 Introduction
Elevated water storage tanks are designed to store water for both urban areas and industrial facilities.

The occurrence of severe ground motions poses a risk of damage to these structures, potentially leading to
direct or indirect consequences on public safety. Thus, the secure performance of these structures in severe
earthquakes is crucial, ensuring they withstand seismic forces and maintain functionality for vital services
like water supply and fire suppression. Several reports have documented incidents following damage to
elevated water storage tanks. These include damaging events during past earthquakes, such as the 1960 Chile
earthquake, the 1964 Niigata earthquake in Japan, the 1971 San Fernando earthquake, the 1978 Izu Oshima
earthquake in Japan, the 1979 Imperial County, California earthquake, and the 1999 Turkey earthquake [1–3],
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among others. Generally, liquid storage tanks exhibit more complex dynamic behavior during earthquakes
than buildings and bridges. This heightened complexity stems from hydrodynamic interactions between
the tank and its liquid contents. Considering liquid pressures that arise during an earthquake is significant
in the design of structures such as dams and tanks. Several researchers have extensively examined the
seismic response of liquid storage tanks. Among recent popular works, Haroun introduced a well-established
mechanical lumped-mass model that includes wall flexibility effects [4]. The dynamic behavior of liquid
storage tanks under seismic ground motion has been thoroughly studied through numerous analytical and
numerical investigations [5]. For a complete bibliographic literature survey on the seismic analysis and design
of liquid storage tanks, refer to some review papers recently published [6,7].

Following the 1960 Chile earthquake, seismic analysis of elevated water storage tanks became more
critical [8]. These structures also exhibit distinct behavior compared to other structures, resulting in
numerous damages over the years. Several approaches exist to mitigate damage to these structures. In
general, the implementation of seismic isolators [9] provides a more manageable approach for regulating
the transmission of earthquake forces to elevated liquid storage tanks [10]. Base isolation, which involves
separating the entire structure from the ground to reduce seismic response, increases the fundamental period
of structural vibration and effectively keeps it out of the earthquake’s energetic spectrum [11]. Shrimali and
Jangid [12] investigated the seismic response of base-isolated elevated liquid storage tanks by considering
two types of isolated tank models, with isolation systems installed at the base and the top of the tower
structure. They implemented the mechanical model of lumped masses, known as the sloshing, impulsive,
and rigid masses. Shrimali [13] examined the seismic response of elevated liquid storage tanks isolated by the
Friction Pendulum System (FPS) under bi-directional excitations. Seleemah and El-Sharkawy [14] studied
the seismic response of elevated liquid storage tanks isolated by elastomeric or sliding bearings. Rabiei and
Khoshnoudian [15] investigated the seismic response of elevated liquid storage tanks using double-concave
FPS with bilinear and trilinear behavior. Moeindarbari et al. [16] examined the multi-level performance of
elevated liquid storage tanks isolated with multi-phase FPS under 60 total earthquake records. Paolacci [17]
investigated the effectiveness of two isolation systems (i.e., high-damping rubber bearings and the FPS) for
the seismic protection of elevated liquid storage tanks. Moslemi and Kianoush [18] studied the applicability
of seismic isolation using elastomeric bearings and Lead Rubber Bearing (LRB) (e.g., [19]) for conical
elevated liquid storage tanks. The supporting shaft structure was isolated either from the ground or from
the vessel mounted on top by isolators. Kumar and Saha [20] examined the seismic performance of elevated
liquid storage tanks, considering soil–structure interaction (SSI). The effects of SSI on the peak seismic
responses and the seismic fragility of elevated tanks were shown. Ghoohestani et al. [21] analyzed two
base isolation systems, an elastomeric bearing and an LRB, to compare their seismic applicability for a
conical elevated liquid storage tank subjected to various ground motions. The drilled shaft system was
unlinked either from the base or from the top-mounted bowl using the damping devices. Hashemi et al. [22]
investigated the effectiveness of seismic isolation using the LRB and FPS for grounded and elevated tanks
subjected to bidirectional strong ground motions. They considered two locations for the isolation systems in
elevated tanks.

The utilization of sliding bearings for seismic isolation has been validated as a successful technology
for safeguarding structures and facilities from seismic events. One type of these isolators is the FPS,
characterized by a slider and a concave surface, introduced by Zayas et al. [23] and shown to dissipate
energy effectively [24]. Then, in a study conducted by Mokha et al. [25], not only was the effectiveness of
the friction pendulum isolator affirmed, but it was also demonstrated that this isolator, characterized by a
constant curvature of the surface, maintains a consistent period time, which is a function of the radius of
the concave surface. Lu et al. [26] identified the constant period time or frequency in the FPS as a potential
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drawback. This concern arises when this isolator is subjected to long-period earthquakes, potentially leading
to resonance. Researchers have investigated alterations to seismic isolator design, leading to the development
of variable-frequency pendulum isolators. Panchal and Jangid [27] conducted a prior study to evaluate
slender and broad liquid storage tanks isolated with variable curvature friction pendulum systems (VCFPSs)
under near-fault ground motions using a three-degree-of-freedom tank model. They showed that VCFPS
isolation effectively reduces base shear, sloshing, and impulsive responses. They [28] also investigated the
seismic behavior of liquid storage tanks isolated with Variable Frequency Pendulum Isolators (VFPI) under
near-fault, harmonic, and far-field ground motions using a lumped-mass tank model and step-by-step
dynamic analysis. Compared with conventional FPS isolation, VFPI systems were found to more effectively
reduce base shear and impulsive response, especially under near-fault motions. Pranesh and Sinha [29]
observed a positive impact of variable-frequency pendulum isolators with an elliptical surface function
on a single-degree-of-freedom (SDOF) isolated structure. The variable-frequency pendulum isolators and
their counterparts, such as the Polynomial Friction Pendulum Isolator (PFPI) [30], belong to a general
category called the Variable-curvature Friction Pendulum Isolator (VFPI) or Variable-curvature Friction
Pendulum Bearing (VFPB) [31–33]. Lu et al. [34] presented comprehensive equations for the restoring force,
stiffness, and frequency of VFPI, based on the sixth-order polynomial surface functions. Shaikhzadeh and
Karamoddin [35] simulated four VFPIs and one FPS to determine the optimal ranges of the initial isolation
period and coefficient of friction, and used them to compare the effectiveness of VFPIs at various Peak
Ground Acceleration (PGA) levels for near-fault earthquakes. Zheng et al. [36] developed a superelastic
multi-stage VFPI to enhance the seismic resilience of bridges. Krishnamoorthy et al. [37] proposed a new
VFPI system to isolate the liquid storage tank subjected to earthquake ground motions. Wei et al. [38]
presented a simplified design method for VFPI systems to enable railway bridge bearings to exhibit specific
adaptability and self-resetting ability during earthquakes. Lu et al. [39] proposed a systematic design method
that allows VFPIs to achieve multiple performance objectives for dual earthquake levels.

Moreover, optimization techniques have been used to craft isolators that achieve the best possible
seismic performance. The growing interest in applying optimization methods stems from the vital need
for practical, refined seismic design of structures to improve isolator performance. In this context, many
researchers have devoted their efforts to exploring the optimal performance of friction-based seismic
isolation devices, especially for structures such as buildings and bridges [40,41]. Furthermore, a small number
of studies have specifically addressed tanks, as highlighted in the subsequent literature review, focusing on
isolators relying on friction. Tsipianitis and Tsompanakis [42] used swarm intelligence optimization algo-
rithms to derive optimal friction coefficients and radii of curvature that enhance the dynamic performance
of base-isolated liquid storage tanks. Their focus was on optimizing the sizing of the main parameters for
single and triple FPSs. Moreover, Tsipianitis et al. [43] investigated the optimization of single- and triple-FPS
systems using various metaheuristic algorithms. Initially, they observed a significant impact of optimizing
the parameters of both isolators on the structural response and the acceleration transmitted to the base of
the liquid storage tank. Subsequently, a comparison of optimization efficiency revealed consistent patterns
across all algorithms.

In addition, although the seismic vulnerability assessment of various structures has been extensively
examined in the literature (see, for example, [44–47]), there are limited studies for non-isolated [48] and
base-isolated [49,50] ground-supported liquid storage tanks.

Despite extensive research on optimizing seismic isolators for buildings and bridges, no prior study
has focused on optimizing the VFPI systems specifically for elevated liquid storage tanks. This omission
is significant, given the unique dynamic behavior of these tanks under seismic loading, which demands
tailored solutions to mitigate both acceleration and displacement responses. To address this gap, the present
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study introduces a novel optimization methodology for VFPI systems to enhance their seismic performance.
The research emphasizes the critical role of isolator geometry in controlling acceleration and displacement
during long-period ground motions. By optimizing the geometric function of VFPI systems, this study aims
to achieve a substantial reduction in structural responses and improve the effectiveness of friction-based
isolators. This innovative approach is the first to systematically apply optimization techniques to the seismic
isolation of elevated liquid storage tanks. To achieve these goals, two popular metaheuristic algorithms—
Cuckoo Search (CS) and Bird Swarm Algorithm (BSA)—are employed. These algorithms are applied to
determine the optimal geometric parameters of the VFPI system, representing a significant step toward
addressing the challenges of seismic isolation for elevated tanks. Finally, the fragility curves of elevated tanks
have been extensively studied, whereas no studies on the seismic vulnerability assessment of these structures
exist in the literature.

The paper is organized as follows. Section 2 describes the mathematical principles of VFPI systems,
followed by two sliding surface functions proposed in Section 3. The mathematical models used to analyze
elevated tanks with an isolation system are thoroughly presented in Section 4. This is followed by the
presentation of the optimization algorithms and the description of the optimization formulation in Sections 5
and 6, respectively. Dynamic analyses and record selection are illustrated in Section 7. Section 8 outlines the
numerical results including the fragility assessment. Section 9 draws the conclusions.

2 Variable-Curvature Friction Pendulum Isolator (VFPI)
The sliding surface of an FPS isolator is designed to be spherical, allowing the gravitational load of

the structure on the slider to provide restoring stiffness. As the sliding carrier moves along the concave
surface, the superstructure rises, generating a restoring force from gravity. In addition to the centering force,
this system allows energy dissipation during earthquakes through frictional sliding. While the isolator’s
behavior is primarily influenced by frictional forces at small displacements, intense excitations can cause
significant sliding, leading the restoring force to exceed the frictional force. This dynamic behavior can
impact the structure’s response, depending on frequency content and excitation amplitude. Consequently,
the effectiveness of the isolator may diminish with this force-displacement relationship.

As mentioned earlier, a recently developed isolator sliding surface geometry, the VFPI, exhibits
performance characteristics comparable to FPS isolators at low levels of excitation and mirrors those of
a pure friction system at high levels of excitation. The geometry of the VFPIs is designed to reduce their
frequency as displacement increases. Essentially, their frequency continuously adjusts to ensure sustained
effectiveness even at high excitation levels. Another essential property of the VFPI is that the restoring force is
constrained by an upper limit and diminishes with increasing sliding displacement, creating a force-softening
mechanism. Due to the relatively small force transmitted at higher excitations compared to conventional FPS
isolators, the VFPI system also permits the use of surfaces with low friction coefficients.

Consider a VFPI system with a surface geometry denoted as y = y(x) in the x-y coordinate system, as
shown in Fig. 1. Four forces are present in this system, including the horizontal shear force f = f (x), the
vertical load due to the weight of the superstructure W , the normal contact force between the sliding surface
and the slider S, and the sliding friction force fF .
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Figure 1: Free body diagram of the slider on the sliding surface, indicating the forces acting on the slider.

By formulating the equilibrium equations for the mentioned forces, the force-displacement relationship
can be determined in a general form. Subsequently, by establishing equilibrium equations in the local
coordinates, which are tangent and normal to the sliding motion, the force-displacement relationship at any
given time moment can be expressed as follows [34]:

f = W dy
dx

+ μWsgn (ẋ) (1)

which signifies the restoring force W dy
dx and the frictional force μWsgn (ẋ) of the isolator system. In addition,

μ denotes the friction coefficient between the slider and surface; sgn (ẋ) is the sign function, assuming a
value of +1 for positive sliding motion and −1 for negative sliding motion along the x-axis. Also, the friction
coefficient of sliding isolators may depend on sliding velocity rather than remaining constant. Despite this
variation, Eq. (1) for the VFPI remains applicable. However, the constant friction coefficient μ is substituted
with μ(x), and an appropriate friction model that effectively characterizes the relationship between μ and x
must be employed [51]. Subsequently, the stiffness of the VFPI based on the isolator displacement is obtained
using the following equation:

k = k (x) = W d2 y
dx2 (2)

In addition, the isolator frequency may be simply given by:

ωb = ωb (x) =
√

k
m

=

�
���W d2 y

d x2

m
=
√

g d2 y
dx2 (3)

where g denotes gravitational acceleration.
Eqs. (2) and (3) show that the stiffness and frequency of this isolator depend only on its geometry, and

not on the isolated structure’s mass. This behavior stems from the gravity-based restoring mechanism of
friction pendulum isolators rather than elastic deformation. As shown in the above equations, the stiffness
depends on the curvature of the sliding surface and the vertical load, while the isolator frequency results
from the ratio W/m, which simplifies to the gravitational acceleration g. Consequently, both stiffness and
frequency are independent of the superstructure mass and are governed solely by the geometry of the sliding
surface, allowing consistent isolator performance for different tank capacities and liquid levels. In simpler
terms, this isolator exhibits a variable period or frequency that changes continuously with displacement.
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This inherent feature highlights the isolator’s adaptability and responsiveness across different levels of
displacement, underscoring its versatility in seismic applications. Therefore, selecting the cross-sectional
geometric function y(x) of the sliding surface, appropriately, allows the achievement of the desired hysteretic
property and favorable dynamic characteristics.

3 Sliding Surface Functions
In this investigation, two different VFPI systems are analyzed in detail. The ensuing subsections provide

a concise elucidation of the geometric characteristics of each.

3.1 Sixth-Order Polynomial Function
Lu et al. [34] proposed a 6th-order polynomial function to address resonant issues associated with FPS

isolators. The new FPS isolator, called the Polynomial Friction Pendulum Isolator (PFPI), has an isolation
frequency that varies with its displacement. Their proposed geometric function of the PFPI is given by:

y = ( 1
6
) b1x6 + ( 1

4
) b2x4 + ( 1

2
) b3x2 (4)

where b1, b2, and b3 are the polynomial coefficients. Next, using Eq. (1) and the first derivative of the above
function, the force-displacement relationship can be written as follows:

f = W d y
dx

+ μW = W (b1x5 + b2x3 + b3x + μ) (5)

The determination of the polynomial coefficients to meet specific design objectives is discussed in the
subsequent sections.

3.2 Fourth-Order Polynomial Function
To achieve a PFPI with different mechanical properties, the geometric function of the PFPI can be

expressed by the following 4th-order polynomial:

y = ( 1
4
) c1x4 + ( 1

2
) c2x2 (6)

Also, the force-displacement relationship of this isolator can be written as follows:

f = W d y
dx

+ μW = W (c1x3 + c2x + μ) (7)

4 Analysis of an Elevated Tank with an Isolation System

4.1 Mathematical Model
The schematic diagram of an elevated liquid storage tank with an isolation system can be represented

by Fig. 2. As depicted, the elevated tank is isolated using two methods: firstly, by placing the bearings between
the base of the tower structure and the foundation (referred to as isolated Model A), and secondly, by placing
the bearings between the bottom of the liquid storage tank and the top of the tower structure (referred to as
isolated Model B).
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(a) (b)

(c)

Figure 2: Structural model of elevated liquid storage tanks: (a) Model A, (b) Model B, and (c) the mechanical lumped-
mass model of the tank.

This study employs a well-established, popular mechanical lumped-mass model [4] to evaluate the
seismic response of the liquid storage tank. The total liquid mass, m, is divided into lumped masses known as
sloshing, impulsive, and rigid masses, denoted as mc , mi , and mr , respectively [52]. The masses are computed
following the equations provided below:
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mc = Yc m (8)
mi = Yi m (9)
mr = Yr m (10)
m = πR2Hρw (11)

in which Yc , Yi , and Yr indicate the dimensionless parameters [4], R denotes the tank’s radius, H is the
liquid’s height, and ρw represents the liquid density. The lumped masses are connected to the tank wall
via equivalent springs with stiffness constants kc and ki for sloshing and impulsive masses, respectively.
Damping constants cc and ci are associated with these masses. For further information about the mechanical
parameters indicated in Fig. 2, refer to Refs. [4,52].

Under the seismic excitation, the tank demonstrates three degrees of freedom, denoted as uc , ui and
ut , representing the relative displacements of sloshing mass, impulsive mass, and tower drift, respectively.
Notably, the presence of the isolation system introduces an extra degree of freedom to the tank’s dynamics,
denoted as ub , which accounts for the deformation of the isolation system.

The equations of motion of an isolated elevated liquid storage tank subjected to ground motions are
expressed in the matrix form as:

Mü (t) + Cu̇ (t) + Ku (t) = f(t) − Mrüg(t) (12)

where M, C and K are the mass, damping, and stiffness matrices, respectively. Also, r is the influence vector,
and üg(t) is the ground acceleration component. Also, f(t) represents the vector of horizontal shear forces
acting on the slider, including the restoring and friction forces, as extensively discussed in Section 4.2.

4.1.1 Model A
The relative displacement vector for Model A is given by u(t) = ⌊uc(t) ui(t) ut(t) ub(t)⌋T, where

the superscript T denotes the transpose. In this context, uc(t) = xc(t) − xt(t) introduces the displacement
of the convective mass relative to the base of the tank, and ui(t) = xi(t) − xt(t) corresponds to the impulsive
mass displacement with respect to the same reference point. In addition, ut(t) = xt(t) − xb(t) is the
tower displacement relative to the isolator displacement, and ub(t) = xb(t) − ug(t) represents the relative
displacement of the isolator system to the ground displacement. Furthermore, u̇(t) and ü(t) denote the
relative velocity and acceleration vectors, respectively.

The mass, stiffness, and damping matrices of Model A are given as follows:

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

mc 0 mc mc
0 mi mi mi

mc mi m + mb m + mb
mc mi m + mb m + mb + mt

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(13)

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

cc 0 0 0
0 ci 0 0
0 0 ct 0
0 0 0 cb

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(14)

K =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

kc 0 0 0
0 ki 0 0
0 0 kt 0
0 0 0 kb

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(15)
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in which m denotes the total liquid mass, while the base mass is assumed to be 5% of the total liquid mass
(i.e., mb = 0.05m). Furthermore, the mass of the steel tower structure is assumed to be 10% of the total liquid
mass (i.e., mt = 0.1m) [12]. Moreover, the tower’s dynamic properties are computed in accordance with an
equivalent single-degree-of-freedom (SDOF) system as indicated by:

kt = 1.05m (2π
Tt

)
2

(16)

ct = 2ξt(1.05m)ωt (17)

in which Tt and ξt indicate the time period and damping ratio of the tower. Also, ωt refers to the tower’s
frequency. Similarly,

kb = 1.15m (2π
Tb

)
2

(18)

cb = 2ξb(1.15m)ωb (19)

where Tb , ξb and ωb are the time period, the damping ratio, and the frequency of the isolation system.
Moreover, the influence vector of Model A is written as follows:

r = ⌊0 0 0 1⌋T (20)

4.1.2 Model B
Similarly, the relative displacement vector for Model B is denoted by u(t) = ⌊uc(t) ui(t)

ub(t) ut(t)⌋T, where uc(t) = xc(t) − xb(t), ui(t) = xi(t) − xb(t), ub(t) = xb(t) − xt(t), and ut(t) =
xt(t) − ug(t). The mass, stiffness, and damping matrices of Model B are written as:

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

mc 0 mc mc
0 mi mi mi

mc mi m m
mc mi m m + mt

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(21)

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

cc 0 0 0
0 ci 0 0
0 0 cb 0
0 0 0 ct

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(22)

K =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

kc 0 0 0
0 ki 0 0
0 0 kb 0
0 0 0 kt

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(23)

Similar to Model A, it is assumed that mb = 0.05m and mt = 0.1m. Furthermore,

kt = 1.1m (2π
Tt

)
2

(24)

ct = 2ξt(1.1m)ωt (25)

kb = m (2π
Tb

)
2

(26)
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cb = 2ξb mωb (27)

r = ⌊0 0 1 0⌋T (28)

It should be noted that the adopted lumped-mass formulation, based on Haroun’s well-established
model [4], is a popular mechanical model that accounts for wall flexibility. This model has been extensively
validated through boundary element analyses, experimental data [4], and comparisons with simplified
procedures recommended by well-known standards such as the American Petroleum Institute (API).
These industry guidelines provide practical procedures for estimating seismic forces without modeling
every detail. This well-established representation was adopted in this study to enable parametric inves-
tigation and optimization of the PFPI surface function across a wide range of seismic intensities and
geometric configurations.

4.1.3 Friction Mechanism
Frictional resistance at sliding interfaces is the primary mechanism for energy dissipation during

motion. The response of friction bearings can be described in terms of two distinct phases: the non-sliding
phase and the sliding phase. In the non-sliding phase, the structure remains stationary relative to the sliding
surface, as the vibration-induced shear force does not exceed the maximum available friction force. Once
this threshold is reached, the bearing enters the slip phase, during which relative motion occurs, and energy
is dissipated through friction. In summary, the non-sliding conditions require that:

∣ f (t)∣ < μ(t)W (29)

and

u̇b(t) = 0 (30)

Sliding conditions arise solely when:

f (t) = μ(t)Wsgn [u̇b(t)] (31)
u̇b(t) ≠ 0 (32)

in which the friction coefficient μ(t) varies depending on the material. This coefficient is contingent upon
the sliding velocity and bearing pressure, as given by [25]:

μ(t) = μmax − (μmax − μmin) exp [−a ∣u̇b(t)∣] (33)

where μmax and μmin represent the maximum and minimum values of the friction coefficient, respectively.
Also, u̇b(t) denotes the sliding velocity of the bearing, and the coefficient a is determined based on the
bearing pressure and is taken as a = 20 s/m [51].

4.2 Numerical Procedure for Sliding Systems
The governing equations of motion differ between the two phases, leading to highly nonlinear behavior.

The overall motion can be viewed as a sequence of non-sliding and sliding phases. Notably, the equation of
motion is linear in the non-sliding phase and nonlinear in the sliding phase. Given the continuous transition
between phases as the isolator force magnitude varies, the overall dynamic behavior is generally nonlinear.
Therefore, the equations of motion (12) can be reformulated in the following form:
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Mü (t) + Cu̇ (t) + Ku (t) = b f (t) + Ew (t) (34)

to be cast in a state-space representation as a numerical nonlinear solution method. The first term on the
right side of Eq. (12) has been replaced by b f (t), where b represents the 4 × 1 location vector of the friction
force. Also, Ew (t) = −Mrüg(t), where E indicates the 4 × 4 location matrix of the external loads generated
by lumped masses, and w (t) is the 4 × 1 loading vector. Moreover, the friction force should satisfy Eqs. (29)–
(32). Now, Eq. (34) can be rewritten as a first-order differential equation [53]:

ż (t) = A∗z(t) + E∗w (t) + b∗ f (t) (35)

in which the 8 × 1 state vector is given by:

z (t) = {u(t)
u̇(t)} (36)

Also, the 8 × 8 system matrix is as follows:

A∗ = [ 0 I
−M−1K −M−1C] (37)

In addition, the 8 × 4 placement matrix for the ground excitations is written as:

E∗ = [ 0
M−1E] (38)

The 8 × 1 vector for the VFPI forces is represented by the following expression:

b∗ = { 0
M−1b} (39)

By employing first-order interpolations of the loading terms between two consecutive sampling instants,
the state Eq. (27) can be further resolved as a different equation:

z (tk) = Az (tk−1) + b0 f (tk−1) + b1 f (tk) + E0w (tk−1) + E1w (tk) (40)

where, tk and tk−1 represent the current and previous time steps, respectively. In other words, tk = tk−1 + Δt.
Also, A = exp(ΔtA∗) indicates the 8 × 8 exponential matrix of the discrete time system with time intervals
Δt. Next, the coefficient vectors in Eq. (40) are calculated from the following relationships:

b0 = [(A∗)−1 A + 1
Δt

(A∗)−2 (I − A)]b∗ (41)

b1 = −[(A∗)−1 + 1
Δt

(A∗)−2 (I − A)]b∗ (42)

In addition, the coefficient matrices are:

E0 = [(A∗)−1 A + 1
Δt

(A∗)−2 (I − A)]E∗ (43)

E1 = −[(A∗)−1 + 1
Δt

(A∗)−2 (I − A)]E∗ (44)



12 Comput Model Eng Sci. 2026;146(3):16

The discrete-time state-space Eq. (40) highlights that the friction force, f (tk), at the current time instant
tk is contingent upon motion conditions that are not predetermined. As a result, obtaining the solution
through straightforward recursive calculations is impractical. Rather than resorting to the common iterative
corrective pseudo-force approach used in nonlinear dynamic analyses, a methodology rooted in the concept
of shear balance at sliding interfaces is proposed in the following section.

4.3 Shear Balance Procedure
The friction mechanism elucidates that the motion conditions are represented by the base shear force

and the sliding velocity of the base floor. During the sliding phase, the friction force is governed by Eq. (29),
while the sliding velocity remains unknown. Conversely, in the non-sliding phase, the sliding velocity at the
base floor is zero, as defined by Eq. (30), yet the base shear remains indeterminate. In general, either the base
shear or sliding velocity is ascertainable, contingent upon the prevailing motion condition. This additional
constraint enables the determination of the base shear, f (tk), uniquely at time instant tk .

Initially, establishing a non-sliding condition for the system at the time instant tk yields:

u̇b (tk) = Dz (tk) = 0 (45)

in which D = ⌊0 bT⌋ denotes the 1 × 8 location vector of the base velocity. Substituting Eq. (40) for z (tk)
into Eq. (45), the base shear force required to prevent the system from sliding can be determined in closed
form as:

f̃ (tk) = −(Db1)−1D{Az (tk−1) + E0w (tk−1) + E1w (tk) + b0 f (tk−1)} (46)

Based on the friction law, f̃ (tk) must not exceed the maximum friction force.
The first step is to compare the calculated value and the maximum friction force. If ∣ f̃ (tk)∣ < μW , it

means that the initial assumption of the non-sliding phase in the analysis is validated; furthermore, the
friction force is updated as f (tk) = f̃ (tk). If ∣ f̃ (tk)∣ ≥ μW , the system would enter a sliding phase instead,
necessitating an adjustment of the friction force to align with f (tk) = μWsgn( f̃ (tk)).

As the next step, the system response z (tk) can be calculated using the obtained force f (tk). According
to Mokha’s model [25], the solution requires an iterative approach to determine the correct friction coefficient
during sliding. Therefore, the friction coefficient μ should be obtained according to the sliding velocity
u̇b (tk) = Dz (tk). If ∣(μ − μ)/μ∣ ≤ errallow, where errallow is the allowable error, the solution is validated. If
∣(μ − μ)/μ∣ > errallow, the friction force should be revised as f (tk) = μWsgn(u̇b (tk)), set μ = μ, and then
return to the first step of the loop.

5 Optimization Algorithms
An engineering optimization problem typically involves two main phases: first, the mathematical

formulation of the problem, and second, its computational execution. Mathematical and computational tech-
niques are employed to identify the optimal solution from a range of feasible options, focusing on objective
functions, decision variables, and constraints. An optimization problem requires a clear understanding of
its specifics, appropriate metric selection, and consideration of computational complexity, while avoiding
pitfalls such as unclear objectives and neglecting real-world constraints. Furthermore, the computational
implementation requires a suitable optimizer and a computationally efficient numerical model of the
structure. This involves selecting or developing algorithms that can effectively navigate the design space
to find the optimal solutions. Popular optimization techniques include gradient-based methods, genetic
algorithms, and swarm intelligence approaches, among others.
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In this study, various swarm-based optimization algorithms are implemented to determine the optimal
geometric function of a VFPI. These techniques emulate the collective intelligence seen in swarms and
flocks. In fact, the primary characteristic of swarm-based methods is the coordinated behavior and instinct-
driven actions of herds. The two well-known optimizers in this category include cuckoo search (CS)
and bird swarm algorithm (BSA). The selection of these algorithms is rooted in their distinct strengths
and synergistic characteristics, which effectively address the complexities associated with optimizing the
geometric parameters of VFPIs. CS provides robust global search capabilities, excelling in avoiding local
optima. Also, BSA uses role diversity to balance exploration and exploitation. Together, these methods offer a
reliable framework for navigating the nonlinear VFPI design space, ensuring accuracy and robustness under
diverse seismic conditions.

5.1 Cuckoo Search (CS)
The intriguing behavior of particular bird species, particularly their aggressive reproduction strategy,

has inspired the development of the CS algorithm [54]. This algorithm draws its inspiration from the unique
breeding behavior of cuckoos, especially their brood parasitism. Instead of building their own nests, some
species of cuckoos lay their eggs in the nests of other bird species. In this algorithm, potential solutions are
represented as eggs and nests, mimicking natural behavior to optimize complex problems.

In CS, when generating a new solution xk+1
i form its previous solution xk

i , for a cuckoo i, a Lévy flight
is performed, enhancing exploration of the search space. The high-quality solutions (eggs) are then carried
over to the next generation. The algorithm operates based on three idealized rules:

(i) Single egg laying. Each cuckoo lays one egg at a time and places it in a randomly chosen nest.
(ii) Survival of the fittest. The nests containing the best-quality eggs are carried over to the next generation.

(iii) Fixed host nests and discovery probability. The number of available host nests is fixed. If a host bird
discovers an alien egg with a probability Pa ∈ [0, 1], it can either throw the egg away or abandon the
nest and build a new one.

In a maximization problem, the value of the objective function is proportional to the quality or fitness
of each solution (design). As mentioned earlier, a simple representation is used where each egg in a nest
corresponds to a single design, and each cuckoo lays only one egg, representing a new design. The objective
is to replace less optimal solutions in the current generation with new, potentially better ones (cuckoos). This
fundamental principle can be extended to more complex scenarios where each nest contains multiple eggs,
representing a set of possible solutions. In CS, a balanced combination of a global and a local explorative
random walk is utilized, which is controlled by Pa .

The local random walk is achieved based on the following relationship:

xk+1
i = xk

i + α.S ⊗ H(Pa − ε) ⊗ (xk
j − xk

l ) (47)

in which k refers to the do-loop variable, S represents the step size, and α > 0 denotes the step size scaling
factor, which should be appropriately set to match the problem at hand. In most scenarios, α can be set to 1.
In addition, ⊗ indicates the entry-wise product of two vectors, H(⋅) is the Heaviside function, and ε implies
a random number following a uniform distribution. Also, xk

j and xk
l show two various solutions randomly

chosen by arbitrary permutations.
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For the global random walk, Lévy flights are performed for generating new solutions as given below:

xk+1
i = xk

i + α.Lévy(λ, S) (48)

where,

Lévy (λ, S) = λ.Γ (λ)
πS1+λ sin(πλ

2
) (49)

in which λ represents the occurrence mean of an event during a unit interval, and Γ (⋅) is the standard
Gamma function.

Eq. (48) essentially represents a stochastic equation for a random walk. Generally, a random walk is a
Markov chain in which the next state or position depends only on the current position (indicated by the first
term in Eq. (48)) and the transition probability (represented by the second term). However, the random walk
conducted via Lévy flight proves more efficient for exploring the search space, as it allows longer step lengths
over iterations. Lévy flights are advantageous because they allow longer step lengths, helping the algorithm
avoid local optima and thereby increasing the likelihood of finding a global optimum.

5.2 Bird Swarm Algorithm (BSA)
BSA is inspired by the social behavior of birds as they forage for food, avoid predators, and navigate

through their environment [55]. BSA models these behaviors to solve optimization problems, assigning
different roles to swarm members to mimic the natural flocking strategies of birds. BSA divides the flock into
various roles, as follows:

(a) Producers. These birds explore the search space to find food (optimal solutions) and lead the swarm
towards promising areas.

(b) Scroungers. These birds follow the producers and exploit the food sources they discover. They intensify
the search around known reasonable solutions.

(c) Rangers. These birds explore new regions of the search space to avoid local optima, ensuring the
algorithm maintains population diversity.

BSA also incorporates behavioral switches, enabling birds to switch roles in response to the swarm’s
needs, thereby ensuring adaptability and robustness in the search process. In BSA, the behavior of producers
and scroungers is inspired by the natural foraging patterns of birds. Producers are responsible for actively
searching for food, while scroungers benefit from producers’ efforts by consuming the food producers
find. This dynamic allows each bird to leverage social interactions, ensuring a low-risk search strategy and
enhancing the overall chances of survival.

BSA simplifies these social behaviors with several key rules:

(i) Each bird alternates between vigilance (awareness of surroundings) and food-searching behaviors, with
these behaviors modeled as random decisions.

(ii) While searching for food, each bird records both its own best experience (best position) and the group’s
best experience, sharing this information with the entire flock.

(iii) During vigilance, birds tend to move towards the center of the group, with those having more resources
positioning themselves closer to the center.

(iv) Periodically, birds migrate to new locations. In these scenarios, birds with the most reserves become
producers, while those with the fewest reserves become scroungers. Birds with intermediate reserves
are randomly assigned as either producers or scroungers.
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(v) Producers actively search for food, and scroungers follow a producer randomly to take advantage of the
food discovered.

This strategy ensures that the flock can efficiently explore the search space while minimizing risk,
reflecting the balance of exploration and exploitation inherent in BSA.

The BSA algorithm starts with a population of birds, each representing a potential solution. The birds
are divided into different roles, and their movements are governed by the strategies associated with their
roles. Producers explore the solution space, scroungers exploit the areas found by producers, and rangers
ensure diversity by exploring new regions. The algorithm iteratively updates the birds’ positions, with the
swarm converging to the optimal solution over time. The adaptive role-switching mechanism enables BSA
to dynamically adjust its search strategy in response to the problem landscape. Further details may be found
in Ref. [55].

6 Optimization Formulation
As mentioned before, the force created in a PFPI system is expressed by Eq. (1). Also, the acceleration

based on Newton’s second law is defined as follows:

f = mas (50)

where as represents the accelerations transmitted to the superstructure. It is important to highlight that for a
VFPI system, the optimization function focuses on reducing the accelerations transmitted to the superstruc-
ture. Therefore, to achieve the appropriate optimization function, it is recommended to combine Eqs. (1)
and (50). Therefore, the transferred acceleration function to the superstructure, to be minimized, is expressed
in the following equation:

as = (d y
dx

+ μ.sgn (ẋ)) g (51)

Building on this, a novel optimization function has been developed in this study that incorporates the
first derivative of the surface curve for PFPI systems introduced previously. By assuming D as the maximum
displacement capacity of the isolator, the objective function for optimization—specifically, minimizing the
maximum acceleration transferred to the superstructure—can be formulated for three types of VFPI systems.
For the 6th-order polynomial function, the maximum transferred acceleration is obtained by assuming
x = D, sgn (x) = 1, and sgn (ẋ) = 1 as follows:

as6th−order = (b1D5 + b2D3 + b3D + μ) g (52)

Similarly, for the 4th-order polynomial functions, one may write:

as4th−order = (c1D3 + c2D + μ) g (53)

These formulations provide a tailored approach to optimizing PFPI performance. It was shown that the
mechanical properties of a VFPI system can be customized by adjusting the coefficients in its sliding surface
function [56]. It is worth noting that these functions are symmetric about the y-axis and pass through the
origin of the coordinate system.

To make the design process more practical, the mathematical coefficients of Eqs. (52) and (53) should
first be translated into parameters that hold more significance from an engineering perspective. This
approach will then be applied to design prototype VFPI isolators for testing in the experiment [56].
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For instance, the following engineering parameters for a 6th-order VFPI isolator are considered: (a) k0 which
denotes the normalized initial stiffness at x = 0, (b) D1 and D2 which represents the isolator displacement at
points 1 and 2 (see Fig. 3), and (c) k1 and k2 which refers to the secant stiffness at points 1 and 2.

Figure 3: The first derivative of y(x) in conjunction with k0, k1, and k2.

The normalized stiffness can be obtained from Eq. (2) as follows [56]:

k (x) = 1
W

k (x) = 1
W

d
dx

(W d2 y
dx2 ) = y′′(x) (54)

Therefore,

k0 = k (x = 0) = y′′ (x = 0) (55)

Moreover,

k1 =
y′ (D1)

D1
(56)

k2 = y′ (D2)
D2

(57)

Next, by substituting y(x) from Eq. (4) into Eqs. (55)–(57), it is possible to solve the three simultaneous
equations and determine the values of the coefficients as follows:

b1 =
(D2

D1
)

2
(k0 − k1) + k2 − k0

D2
1 D2

2 [(D2
D1

)
2
− 1]

(58)
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b2 =
(D2

D1
)

4
(k1 − k0) + k0 − k2

D2
2 [(D2

D1
)

2
− 1]

(59)

b3 = k0 (60)

The same calculations can be followed to find the corresponding coefficients for the 4th-order function.
To illustrate how the mentioned design parameters are determined for the prototype VFPIs used in the

experiment [56], let’s first assume that the secant stiffness k(x) of the isolators increases monotonically as
the isolator displacement increases. This assumption suggests that k0 < k1 < k2 (with corresponding periods
T0 > T1 > T2). Additionally, let D1, D2 represent the allowable isolator displacements corresponding to two
design earthquakes of low and high intensity, respectively. Similarly, k1 and k2 represent the desired isolator
stiffness values at the specified displacements, respectively. In practice, the two levels of earthquakes can
correspond to those established in various design codes, such as the design basis earthquake (DBE) and
maximum considered earthquake (MCE) outlined in the International Building Code. With the allowable
values of D1 and D2 for earthquakes of varying intensities, two performance objectives can be integrated
into the VFPI design. First, for lower-intensity earthquakes in which the isolator displacement remains
below D1, the goal is to protect the isolated object by minimizing its acceleration response (or, acceleration
control). To achieve this, a longer isolation period T1 (i.e., lower stiffness k1) is preferred. Second, for higher-
intensity earthquakes in which the isolator displacement exceeds D1 and may approach D2, the focus shifts
to displacement control to prevent excessive movement and potential pounding issues. In this scenario, a
shorter isolation period T1 (i.e., higher stiffness k1) is necessary. Consequently, the VFPI’s restoring force
function will feature a softening section (where stiffness decreases to reduce acceleration during moderate
earthquakes) followed by a hardening section (where stiffness increases to limit displacement during severe
earthquakes).

Therefore, it is necessary to establish an acceptable range for the permissible displacement D1 and the
initial stiffness k0. These parameters can then be used in optimization algorithms to determine the coeffi-
cients related to the surface function of the isolator curve, ultimately reducing the acceleration transmitted
to the structure. Based on this, the permissible displacement is defined as the maximum displacement of an
isolated system according to clause 17.5.3.1 of the ASCE/SEI 7-22 standard, as follows:

DM = gSM1TM

4π2BM
(61)

in which TM is the effective period, SM1 indicates the spectral acceleration at a period of 1 s based on clause
11.4.4 or 11.4.8, and BM denotes the damping reduction factor determined in accordance with Table 17.5-1
of this standard. Given the soil type at the site and the assumption that TM = T0, knowing the range for the
initial period of the isolator allows for determining the range of DM , or D1, which is necessary to achieve an
optimal isolator design.

The optimization framework used in this study is briefly described here to provide a clearer, more
explicit presentation. The optimization problem is formulated to identify the optimal geometric parameters
of the PFPI surface, which serve as design variables and define the polynomial representation of the
isolator geometry. The objective function is defined as the minimization of the peak seismic response
transmitted to the superstructure, evaluated through nonlinear time history analysis, as reported in Table 1.
The optimization is subject to a set of displacement- and stability-related constraints, all of which are satisfied
in the optimal solutions obtained by both metaheuristic optimization algorithms. This framework links the
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isolator geometry to the effective dynamic properties of the system and enables the use of techniques to
search for optimal solutions.

The optimal surface functions for isolators with 4th-order and 6th-order functions are determined using
the proposed process, along with the primary frequency of the system. The primary frequency of this type
of isolator is calculated using Eqs. (3), (4) and (6). By leveraging the relationships between the period and
frequency of the system, the optimal configuration of this isolator can be achieved by determining the range
for maximum displacement and the period, and by employing optimization algorithms.

Further analysis of the proposed relationships for achieving the optimal surface function of PFPIs
reveals that these relationships are independent of the structure’s weight. Therefore, it is essential to note that
changes in the volume and height of the liquid within the tank do not affect the optimal surface function
obtained using the proposed relationships.

Table 1: Sizing optimization results.

Functions Coefficients Optimization Algorithms

CS BSA

6th-order polynomial

k0 0.5 0.4729
D1 0.12 0.1179
b1 482.25 489.66
b2 −23.25 −22.68
b3 0.5 0.4729

4th-order polynomial

k0 0.5 0.4729
D1 0.12 0.1179
k1 1.5 1.501
c1 23.15 24.66
c2 0.5 0.4729

7 Dynamic Analyses and Record Selection
To evaluate the behavior of the proposed isolators, the model parameters are considered as follows: the

liquid height H = 5 m, and the wall thickness-to-tank radius ratio is 0.004. Also, the liquid’s height-to-tank
radius ratio (H/R) is 0.6 and 1.85 for the broad and slender tanks, respectively. The sloshing and impulsive
frequencies for the broad tank are 0.148 and 5.575 Hz, respectively. For the slender tank, the corresponding
frequencies are 0.291 and 6.738 Hz, respectively. The period of the steel tower structure Tt is assumed to be
1 s. The damping ratio of the isolation system ξb is considered to be 10%.

Investigation and analysis of damage reveal that ground motions with long periods have a more
destructive impact on structures like tall buildings, isolated structures, and storage tanks, due to the increased
likelihood of resonance. As previously explained, base isolation increases the fundamental period of a
structure, making the study of isolated structures under the influence of long-period earthquakes significant.
Among the most damaging earthquakes are the 1985 Mexico City earthquake, 400 km from the epicenter,
and the Tokachi earthquake in Japan in 2008 [57].

The nature of an earthquake and its seismic movements depend on site characteristics, the propagation
path, and local domain effects. Typically, ground motions with a dominant period of 1 s or less are classified
as short-period ground motions. In contrast, those with a dominant period between 1 and 10 s are considered
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long-period ground motions. Initially, the dominant period of an earthquake was used to indicate part of
its spectral characteristics. However, this parameter is limited because it cannot fully describe the spectrum
around the peak or the overall shape of the spectrum. Additionally, when a spectrum has multiple peaks,
small changes in the ground motion can significantly alter the dominant period.

Another approach defines long-period ground motions based on the characteristics of the ground
motion time history, identifying pulse-like features or simple harmonic vibrations as indicative of long-
period motions. Recently, researchers have introduced additional parameters, including time-domain and
frequency-domain parameters, to better identify long-period ground motions. These new methods classify
ground motions using ground motion data rather than traditional seismological parameters. For example,
Zhou et al. [58] developed an improved frequency range parameter to characterize long-period motions,
which does not rely on seismic data but instead uses statistical analysis of 39,744 strong ground motions
from the PEER database. This parameter, which is also called Zhou’s criterion, is obtained from the following
relationship:

βl =
∑T α

i βα(Ti)
∑T α

i
(62)

where βα is the value of the response spectrum of the normalized acceleration of the ground motion. Also, Ti
indicates the i-th interval time in the range of 1 to 10 s with intervals of 0.01 s, and T α

i is the weight coefficient
of the value of the βα(Ti) spectrum. Zhou et al. [58] calculated the value of βl for all 39,744 earthquake
records, and based on their analysis, α = 0.6 was identified. If βl ≤ 0.4, the earthquake is a normal ground
motion. For 0.4 < βl < 0.6, the earthquake is considered a medium–long-period one; and if βl ≥ 0.6, the
earthquake is assumed to be long-period.

According to the above explanations, first, the selected records were checked against Zhou’s criteria, and
then they were classified as long-period earthquakes according to Table 2.

Table 2: Long-period ground motion records.

No. RSN* Earthquake Name Year Magnitude Direction 5%–95% Duration (s) βl

1 1156 Kocaeli (Turkey) 1999 7.5 NS 57.6 0.6124
2 2059 Nenana Mountain (Alaska) 2002 6.7 NS 65.7 0.7899
3 2102 Denali (Alaska) 2002 7.9 EW 113.1 0.6212
4 3789 Hector Mine 1999 7.1 EW 46.2 0.6709
5 3791 Hector Mine 2003 7.1 EW 57.6 1.0195
6 4900 Chuetsu-oki (Japan) 2007 6.8 NS 74.7 0.7372
7 5858 El Mayor-Cucapah (Mexico) 2008 7.2 EW 56.6 0.7763
8 6130 Tottori (Japan) 2000 6.6 NS 78.3 0.8406
9 6987 Darfield (New Zealand) 2010 7.0 EW 77.1 0.6925
10 8489 El Mayor-Cucapah (Mexico) 2010 7.2 NS 88.2 0.9234

Note: *Record Sequence Number.

8 Numerical Results

8.1 Optimization Results
As previously discussed, the optimal properties of the 6th-order and 4th-order PFPI have been

determined using two optimization algorithms, considering the objective functions and constraints outlined
earlier. The optimization results are presented in Table 1 for the two isolator types.
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As shown in Table 1, the optimal objective function values obtained by the two optimization algorithms,
CS and BSA, are nearly identical, despite using different combinations of design variables, and all constraints
are met. It is essential to note the variations in constraint values that arise from their highly nonlinear nature.
Even small fluctuations in the design parameters (e.g., coefficients of the isolator surface function) can lead
to significant differences in constraint function values, increasing the problem’s complexity and making it
more challenging for the algorithms to achieve the global optimum.

Fig. 4 illustrates the convergence histories for the optimization algorithms across the two isolator types.
Regarding computational efficiency, CS achieved faster convergence for both isolators, outperforming the
other algorithm. This behavior highlights the effectiveness of CS in maintaining stability and efficiency, while
BSA, despite its exploration capabilities, was more susceptible to converging at suboptimal solutions. In other
words, BSA exhibited a higher objective function value, further reinforcing the challenge of escaping local
minima in complex optimization landscapes.

Figure 4: The optimization algorithms’ convergence histories for (a) the 6th-order, and (b) the 4th-order VFPI
isolators.
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8.2 Time History Results
This section evaluates the seismic performance of base-isolated (Models A and B) and non-isolated

elevated liquid storage tanks using the optimized isolators identified in Section 8.1 (summarized in Table 3).
As a representative strong near-fault ground motion, the 1994 Northridge–01 earthquake record is employed
to evaluate the nonlinear response of the isolated systems, and the corresponding responses of broad
tanks are presented in Figs. 5 and 6. The top inserts of these figures depict the time history variations of
convective mass acceleration, illustrating the effectiveness of the isolation systems in mitigating dynamic
demands. Observations indicate that seismic isolation leads to substantial attenuation of both structural and
hydrodynamic responses compared to the non-isolated case.

Table 3: Optimized surface functions.

Isolator Type Optimized Surface Function

6th-order polynomial y = ( 1
6
)482.25x6 + ( 1

4
) (−23.25) x4 + ( 1

2
)0.5x2

4th-order polynomial y = ( 1
4
) (23.15) x4 + ( 1

2
)0.5x2

Figure 5: (Continued)
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Figure 5: The top insert shows the time history of convective mass acceleration for the broad elevated liquid storage
tank (Model A) subject to the 1994 Northridge-01 seismic record (RSN = 982) NS component. Also, time histories of
convective mass displacement xc(t), the tower displacement xt(t), and the isolator displacement xb(t) are shown.

Figure 6: (Continued)
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Figure 6: The top insert shows the time history of convective mass acceleration for the broad elevated liquid storage
tank (Model B) subject to the 1994 Northridge-01 seismic record (RSN = 982) NS component. Also, time histories of
convective mass displacement xc(t), the tower displacement xt(t), and the isolator displacement xb(t) are shown.

In addition, Figs. 5 and 6 indicate the time variations of three displacements, xc(t), xt(t), and xb(t) for
Models A and B, respectively. Also, the maximum responses are summarized in Table 4.

As shown in Table 4, the implementation of the PFPI-6th isolation system in Model A reduces the
maximum convective mass displacement for broad tanks by approximately 39% compared to non-isolated
benchmarks. This mitigation is even more substantial for slender tanks, where convective displacement
decreases by nearly 50%. Tower displacement demonstrates an even sharper decline, with reductions of
roughly 47% for broad tanks and over 72% for slender configurations under PFPI-6th isolation. While both
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PFPI-4th and PFPI-6th variants provide protection, the 6th-order model consistently offers superior control
over structural and liquid oscillations. In Model B specifically, adopting the PFPI-6th system instead of the
PFPI-4th yields an additional 22% reduction in convective displacement for broad tanks. It is observed that
while structural and convective responses are minimized, isolator displacement is maintained at levels that
ensure the overall stability of the base. The comparative data suggest that slender tanks experience the most
significant relative benefits from isolation in terms of tower integrity. Ultimately, these results demonstrate
that advanced friction pendulum isolators are highly effective at suppressing both hydrodynamic sloshing
and structural vibrations during intense seismic events.

Table 4: The maximum responses of elevated liquid storage tanks subjected to the 1994 Northridge-01 earthquake
(RSN = 982), NS component.

Tank Condition
Maximum Response Value

Broad Tank Slender Tank

xc (cm) x t (cm) xb (cm) xc (cm) x t (cm) xb (cm)
Non-isolated 93.6 60.9 – 112.2 70.9 –

Isolated Model A PFPI-6th 56.7 32.4 22.4 56.2 19.9 19.2
PFPI-4th 64.8 43.9 16.7 106.6 49.4 17.3

Isolated Model B PFPI-6th 52.4 28.7 22.4 63.1 21.3 19.7
PFPI-4th 67.2 44.4 17.1 108.8 50.1 17.8

8.3 Long-Period Earthquakes
As previously established, the implementation of base isolation in elevated liquid storage tanks sig-

nificantly attenuates the seismic accelerations transmitted to the superstructure, effectively reducing the
global seismic demand. This mitigation ensures that the tank remains predominantly within the linear elastic
range under most design-level earthquake scenarios, thereby minimizing the probability of severe structural
damage at high PGA levels. However, as seismic intensity escalates—particularly during the higher scaling
stages of the Incremental Dynamic Analysis (IDA)—acceleration demands can increase substantially. These
elevated responses are a function of both the isolation configuration and the specific frequency content
and duration characteristics of the long-period seismic inputs, which can induce higher-mode effects or
resonance in the isolated system.

To examine this behavior, the maximum convective acceleration responses, already mitigated by
isolation, were extracted and compared for the optimized configurations introduced in Section 8.1 and the
conventional configurations, listed in Table 5. These comparisons were conducted for both isolation layouts,
Model A and Model B. Figs. 7 and 8 illustrate these comparisons for both slender and broad tank geometries,
using 10 long-period ground motion records.

Table 5: Conventional surface functions.

Isolator Type Conventional Surface Function

6th-order polynomial y = ( 1
6
) 18, 554.83x6 + ( 1

4
)(−395.63) x4 + ( 1

2
) 3.8x2

4th-order polynomial y = ( 1
4
)(174.64) x4 + ( 1

2
)0.45x2
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Figure 7: (Continued)
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Figure 7: The maximum convective acceleration responses for the optimum and conventional 6th-order PFPIs for
different tank geometries and isolation layouts: slender tanks of (a) Model A and (b) Model B; broad tanks of (c) Model
A and (d) Model B. The results are drawn for the tanks subjected to long-period ground motions.

Figure 8: (Continued)
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Figure 8: The maximum convective acceleration responses for the optimum and conventional 4th-order PFPIs for
different tank geometries and isolation layouts: slender tanks of (a) Model A and (b) Model B; broad tanks of (c) Model
A and (d) Model B. The results are drawn for the tanks subjected to long-period ground motions.

The results consistently demonstrate the effectiveness of optimized isolators in reducing convective
acceleration. Furthermore, Model A configurations exhibit improved acceleration control relative to Model
B. This trend underscores the critical importance of isolator placement in maximizing seismic mitigation.
Additionally, slender tanks generally exhibit higher convective acceleration due to their taller geometry
and higher convective mode frequencies; however, the relative effectiveness of the optimized isolators
remains evident.

8.4 Fragility Curves
To evaluate the seismic vulnerability of isolated elevated tanks under long-period ground motions,

IDA was implemented to assess the vulnerability in terms of isolators’ maximum displacement. The fragility
curves illustrate the probability of exceedance of critical performance limits as a function of spectral
acceleration, Sa . These results offer insight into the effectiveness of each isolation system in reducing
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structural vulnerability while considering the associated displacement demands. Figs. 9 and 10 illustrate
the fragility curves for both PFPI isolators under both Model A and Model B configurations, for broad
and slender tanks. In the adopted IDA procedure, each ground motion record is incrementally scaled to
increasing levels of spectral acceleration corresponding to the effective isolation period, and nonlinear time-
history analyses are performed at each intensity level. The selected engineering demand parameter (EDP) is
the maximum isolator displacement, which directly governs the seismic performance of friction pendulum–
based isolation systems. For each scaled analysis, the peak displacement demand is extracted and statistically
related to the corresponding spectral acceleration, thereby establishing the demand–intensity relationship
that underpins the fragility formulation. The resulting fragility curves therefore represent the conditional
probability of exceeding predefined displacement-based performance limits at increasing Sa levels.

Figure 9: Fragility curves for the optimized 6th-order PFPI isolators utilized in (a) slender and (b) broad tanks.
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Figure 10: Fragility curves for the optimized 4th-order PFPI isolators utilized in (a) slender and (b) broad tanks.

The performance levels represented by the fragility curves are explicitly defined in terms of threshold
values of the maximum isolator displacement, which correspond to distinct limit states associated with
increasing response severity. These criteria provide a physically meaningful basis for interpreting the fragility
results, ranging from acceptable isolator response to more critical performance conditions. By expressing
seismic vulnerability in terms of exceedance probabilities of clearly defined displacement-based limit states,
the adopted framework enables a transparent and consistent comparison of the seismic performance of
different PFPI configurations and tank geometries under identical hazard conditions.

The fragility curves indicate that broad tanks exhibit a slightly higher probability of exceedance
across all considered limit states than slender tanks, suggesting greater vulnerability to seismic demands.
Regarding structural safety, Model B consistently yields lower probabilities of exceedance than Model A.
This implies that positioning the isolation system closer to the liquid mass is more effective at stabilizing
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critical displacement parameters, thereby enhancing the elevated tank’s seismic resilience and reducing its
overall fragility.

The 6th-order PFPI isolator demonstrates further improvements in fragility performance compared to
the 4th-order PFPI isolator. The fragility curves for both broad and slender tanks in Model B display the
lowest probability of exceedance at all Sa levels. The difference between Model A and Model B remains,
but is less significant than the 4th-order PFPI isolator indicates that increasing the PFPI order enhances
seismic resilience regardless of isolator placement. Note that the polynomial degree does not alter the
overall behavioral trend of the PFPI response; however, it produces measurable quantitative differences in
exceedance probabilities and response levels, as observed in both the broad and slender tank results.

8.5 Hysteretic Force–Displacement Response
The hysteretic force–displacement responses of the optimized PFPI isolators are illustrated in Figs. 11

and 12 for the broad tank configurations subjected to the NS component of the Northridge-01 ground
motion. The results demonstrate stable, repeatable hysteresis loops for both the 4th- and 6th-order PFPI
models, indicating reliable energy dissipation and the absence of strength or stiffness degradation across
loading cycles. A comparison between the PFPI-4th and PFPI-6th configurations indicates that both isolator
types provide similar overall hysteretic characteristics, with bounded force levels and smooth transition
between loading and unloading phases. Minor differences in loop shape and slope are observed, reflecting
the influence of the polynomial order on the displacement-dependent curvature of the sliding surface. For
both Model-A and Model-B, the 6th-order PFPI isolator exhibits smoother, more symmetric hysteresis loops,
indicating a more gradual stiffness evolution over the displacement range. This behavior is associated with
improved control of restoring force at larger displacements, which is consistent with the lower exceedance
probabilities and reduced structural response levels observed in the probabilistic analyses. In contrast, the
4th-order PFPI isolator shows slightly steeper force–displacement trajectories, resulting in marginally higher
restoring forces at comparable displacement amplitudes. However, these differences do not lead to significant
variation in global seismic performance, which is consistent with the comparable objective function values
reported in the optimization results. The 6th-order PFPI generally improves seismic performance by
reducing force demand and enhancing energy dissipation efficiency, while the 4th-order PFPI may reduce
isolator displacement demand in certain cases.

Figure 11: (Continued)
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Figure 11: Hysteretic force–displacement response of the base-isolated broad tank (Model-A) equipped with (a) the
optimized PFPI-6th isolator, and (b) the optimized PFPI-4th isolator, subjected to the NS component of the Northridge-
01 earthquake (RSN = 982).

Figure 12: Hysteretic force–displacement response of the base-isolated broad tank (Model-B) equipped with (a) the
optimized PFPI-6th isolator, and (b) the optimized PFPI-4th isolator, subjected to the NS component of the Northridge-
01 earthquake (RSN = 982).
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In both isolation layouts, the hysteretic response exhibits controlled force-softening behavior at larger
displacements, corresponding to the intentional reduction in effective stiffness as displacement increases.
This response mechanism limits force transmission to the superstructure while allowing the isolator to
accommodate the required displacement demand within acceptable design limits.

9 Conclusions
This study presented an integrated approach to enhancing the seismic resilience of elevated liquid

storage tanks subjected to long-period ground motions by designing and evaluating curvature-optimized
base isolation systems. The research began by applying two optimization algorithms, CS and BSA, to
determine the optimal geometric parameters for two isolator types: 6th-order and 4th-order PFPIs. These
optimized isolators were then implemented in dynamic models of slender and broad tanks under two
isolation configurations: Model A and Model B. The seismic performance was assessed through IDA to
evaluate convective acceleration response, followed by fragility analyses to investigate vulnerability based on
isolator displacement demand. The following conclusions can be drawn from the present study:

• Both optimization algorithms, CS and BSA, successfully identified optimal isolator parameters that
satisfied nonlinear constraints. CS demonstrated the best performance in terms of convergence speed
and stability across all isolator types. Despite different combinations of design variables, the final
objective function values across the algorithms were nearly identical, highlighting the robustness of the
solution space.

• The results indicate that, in both configurations, the PFPIs significantly reduce the acceleration trans-
mitted to the tank while accommodating the majority of the seismic displacement at the isolation
interface. However, due to differences in mass distribution and stiffness between the two models, the
relative balance between displacement demand and acceleration reduction varies. This comparison
demonstrates that while the isolation mechanism is effective in both cases, the optimal performance
of the PFPI system depends on the dynamic properties of the supported structure, emphasizing the
importance of model-specific optimization. The 6th-order PFPI showed the most substantial reduction
in peak convective acceleration, achieving up to a 55% decrease compared to the conventional PFPI in
slender tanks under Model A configuration. The 4th-order PFPI also improved response performance,
though with smaller reductions.

• The noticeable differences between the optimized parameters of the 4th-order and 6th-order polynomial
isolators arise directly from their distinct geometric characteristics. The higher-order polynomial intro-
duces additional flexibility in shaping the sliding surface curvature, allowing a more flexible variation of
stiffness and frequency with displacement. As a result, the 6th-order PFPI can achieve stronger stiffness
softening at moderate displacements and enhanced stiffness hardening at larger displacements compared
to the 4th-order PFPI.

• Model A configurations outperform Model B in the majority of cases. This outcome reinforces the
effectiveness of installing the isolator at the base of the tower, where it directly decouples seismic energy.
Slender tanks showed higher absolute acceleration responses than broad tanks due to their higher
convective frequencies, but the relative benefit of optimized isolation was significant in both cases.

• The 6th-order PFPI demonstrated the most favorable fragility characteristics, with the lower probability
of exceedance across all spectral acceleration levels, especially in Model B. The 4th-order PFPI performed
moderately well in this regard, balancing energy dissipation and displacement control.

• The combination of optimization algorithms and performance-based seismic assessment offers a pow-
erful tool for designing high-performance isolation systems. Curvature-optimized isolators, particularly
the 6th-order PFPI, can significantly enhance both dynamic response mitigation and seismic safety.
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• The hysteretic force–displacement responses confirmed stable and repeatable nonlinear behavior for
both 4th- and 6th-order PFPI isolators, indicating reliable energy dissipation without stiffness or
strength degradation under strong ground motion. While both formulations exhibited similar qual-
itative hysteretic characteristics, the 6th-order PFPI generally produced smoother force evolution
and improved performance consistency, consistent with the probabilistic response trends observed in
the study.

• The results indicate that while conventional friction pendulum isolators remain suitable for low- to
moderate-seismic regions, optimized variable-curvature friction pendulum isolators provide superior
performance for elevated liquid storage tanks subjected to long-period and high-intensity ground
motions. In other words, the application of variable-curvature friction pendulum isolators is not
intended to replace conventional friction pendulum isolators in all seismic regions. In areas of low to
moderate seismicity, where ground motions are predominantly short-period, conventional Frequency
Pendulum Isolators (FPIs) with fixed curvature can provide adequate seismic protection. However,
in high-seismicity regions or sites characterized by long-period or near-fault ground motions, the
constant natural period of FPIs may lead to resonance effects and amplified structural response. In such
cases, VFPIs offer a significant advantage by adaptively modifying their effective stiffness and isolation
frequency as the excitation intensity increases. Therefore, the proposed system is particularly suited for
regions with high seismic demand and long-period ground motion characteristics.

Although the results of this study seem promising, other types of FPSs, combined with other meta-
heuristic algorithms, should be further examined to achieve a more comprehensive outcome. These are
currently followed by the authors and will be disseminated in the future.
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