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ABSTRACT: Uncertainty and ambiguity are pervasive in real-world intelligent systems, necessitating advanced math-
ematical frameworks for effective modeling and analysis. Fermatean fuzzy sets (FFSs), as a recent extension of classical
fuzzy theory, provide enhanced flexibility for representing complex uncertainty. In this paper, we propose a unified
parametric divergence operator for FESs, which comprehensively captures the interplay among membership, non-
membership, and hesitation degrees. The proposed operator is rigorously analyzed with respect to key mathematical
properties, including non-negativity, non-degeneracy, and symmetry. Notably, several well-known divergence opera-
tors, such as Jensen-Shannon divergence, Hellinger distance, and y*-divergence, are shown to be special cases within
our unified framework. Extensive experiments on pattern classification, hierarchical clustering, and multiattribute
decision-making tasks demonstrate the competitive performance and stability of the proposed operator. These results
confirm both the theoretical significance and practical value of our method for advanced fuzzy information processing
in machine learning and intelligent decision-making.

KEYWORDS: Fermatean fuzzy sets; divergence operator; pattern classification; hierarchical clustering; multiattribute
decision-making

1 Introduction

Dealing with imperfect information is a common task in everyday life, as uncertainty and ambiguity
inevitably permeate any real-world system, creating challenges in the decision-making process [1,2]. Whether
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it is selecting the best alternative in business, diagnosing medical conditions, or making strategic decisions
in engineering or finance, decision-makers are often confronted with complex situations where data is
incomplete, imprecise, or ambiguous [3]. In such cases, conventional methods that rely on precise numerical
values may fall short. To solve this problem, various effective theories have been established, like fuzzy
sets [4,5], rough sets [6,7], Z-numbers [8,9], and Evidence theory [10,11]. These theories have a wide range of
applications in various domains, such as supplier selection [12], decision-making [3], risk analysis [13], and
medical diagnosis [14].

Among them, fuzzy sets, introduced by Zadeh [15], have become a foundational concept in modeling
uncertainty. The notion of fuzzy sets allows for the representation of vague concepts by assigning a member-
ship degree (MD) to elements in a set, providing a flexible way to handle ambiguous information. However,
the classical fuzzy sets still face limitations when dealing with more complex uncertainty. Intuitionistic fuzzy
sets (IFSs), developed by Atanassov [16], extended fuzzy sets by introducing a nonmembership degree (ND)
along with the MD, providing a more comprehensive model of uncertainty. However, IFSs impose a strict
constraint where the sum of the MD and ND must be less than or equal to one. This restriction can be limiting
when dealing with high levels of ambiguity, as it fails to fully account for situations where both degrees
exhibit substantial uncertainty. Building on IFSs, Pythagorean fuzzy sets (PFSs), introduced by Yager [17],
offer a more flexible framework. PFSs allow the sum of the squares of the MD and ND to be less than or
equal to one, relaxing the constraint imposed by IFSs. This relaxation provides more flexibility in modeling
uncertainty and has attracted research focused on the application of PESs [18,19]. Recently, Senapati and
Yager [20] introduced Fermatean fuzzy sets (FFSs), which offer a further generalization by relaxing the
constraints of IFSs and PFSs. FFSs use a more generalized relationship between the MD and ND, where the
sum of the cubes of the MD and ND must be less than or equal to one. This generalized structure allows FFS
to capture a broader range of uncertainty, making them highly suitable for decision-making scenarios that
involve significant ambiguity and conflicting information. So far, FFS has attracted a lot of attention [21-23].
For example, Ref. [21] introduced several Fermatean fuzzy weighted average, weighted geometric, weighted
power average, and weighted power geometric operators and applied them for the multiattribute decision-
making (MADM) problem. Kakati et al. [22] suggested Fermatean fuzzy Archimedean Heronian mean and
geometric Heronian mean operators, and developed a new MADM method for sustainable urban transport.

In practical applications, especially in fields involving pattern classification, clustering, decision-
making, and artificial intelligence, measuring the discrepancy between two sets is crucial. Interestingly,
distance/divergence/similarity operators for IFSs and PFSs have received great attention, and many operators
have been developed. For example, some researchers have extended several widely used operators, includ-
ing Hamming distance [24,25], Euclidean distance [24,26], Hausdorft distance [27,28], Jensen-Shannon
divergence [29-31], Hellinger distance [32,33], cosine similarity [34,35], Jaccard similarity [36,37] and Dice
similarity [38], to the environments of IFSs and PFSs, and have validated their effectiveness in scenarios such
as pattern recognition, multiattribute decision-making (MADM) and medical diagnosis. Furthermore, more
innovative distance and similarity operators for IFSs and PFSs can be found in the literature [39-41]. Several
operators of distance and similarity have been developed for FFSs to enhance their practical utility. For
example, Senapati and Yager [20] first introduced a Fermatean fuzzy operator based on Euclidean distance.
Later, Onyeke and Ejegwa [42] pointed out that Senapati and Yager’s work contradicts the axiomatic of
distance, and developed an enhanced distance operator for FFSs. Sahoo [43] introduced several similarity
operators for FFSs and applied them to group decision-making. Kirisci [44] combined cosine similarity and
Euclidean distance operators for FFSs, applying these concepts within the TOPSIS framework. Subsequently,
ITU [45] highlighted deficiencies in Kirisci’s approach and introduced an improved cosine similarity operator.
Ref. [46] designed the Hellinger distance and the triangular divergence for FFSs, respectively. Liu [14]
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proposed a new triangular divergence operator for FFSs to overcome the limitations of the previous
work [46]. Ref. [47] suggested some t-conorms-based distance operators for FFSs. Liu [14] presented some
similarity operators between FFSs based on Tanimoto and Serensen coefficients.

Furthermore, many MADM models have been developed to achieve successful outcomes in solving real-
life problems that contain different alternatives and multiple criteria in the decision-making process [48-50].
Fuzzy logic is frequently used in the literature to overcome the uncertainties that occur in the decision-
making process in MADM models [51-54]. Among them, the alternative ranking order method accounting
for the two-step normalization (AROMAN) model is a novel ranking technique [55], which uses a two-
step normalization mechanism to ensure that selections can be compared objectively and fairly. Currently,
AROMAN has been extended to some fuzzy frameworks to solve various decision-making problems.
Ref. [55] introduced the AROMAN model, which provides a new solution to the delivery decision process of
cargo bicycles. Ref. [56] combined the AROMAN model and FUCOM weighting method in an interval-type
2 fuzzy environment and demonstrated its potential in practical decision-making problems. Ref. [57] inte-
grated the MEREC weighting technique and the extended AROMAN model to assess Turkey’s sustainable
competitiveness level.

Despite some progress, there remain several significant research gaps:

»  Some distance/divergence operators for FFSs largely ignore the hesitation degree (HD). These operators
may generally fail to accurately represent the differences between FFSs, especially in real-world decision-
making scenarios where HD plays a key role.

« Some existing distance/divergence operators for FFSs yield counter-intuitive results, such as producing
identical values for two distinctly different fuzzy sets, undermining their reliability and practical utility.

o While the AROMAN model has shown promise in decision-making, its integration with FFSs remains
underexplored. Such integration could enhance the robustness of decision-making systems by leveraging
a more comprehensive representation of uncertainty.

The research objective of this paper is to fill these gaps by introducing a unified divergence operator
that accounts for all three components (MD, ND, and HD) of FFSs, providing a more reliable and intuitive
operator for comparing the sets. Further, by integrating the new operator with the AROMAN model, we
seek to enhance the effectiveness of decision-making systems, thereby contributing to both theoretical and
practical advancements in the field.

The main contributions of this paper are summarized as:

»  We propose a unified parametric divergence operator for FFSs, which considers the MD, NMD, and HD.

« The mathematical properties of the proposed operator, including non-negativity, non-degeneracy, and
symmetry, are rigorously analyzed.

o We demonstrate that several well-known operators are special cases of our unified operator.

o The effectiveness of the proposed operator is validated through applications on pattern classification,
hierarchical clustering, and MADM tasks in various machine learning and intelligent decision-
making scenarios.

The paper is organized as follows: Section 2 reviews the basic concepts and the existing dis-
tance/divergence operators. Section 3 proposes a unified parametric divergence operator for FFSs and
offers some numerical comparisons between existing operators and the proposed operator. Applications to
pattern recognition, hierarchical clustering, and MADM are provided in Section 4. The conclusion is given
in Section 5.
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2 Background

In this section, we briefly review some foundational concepts about IFSs, PESs, and FFSs and introduce
the existing distance/divergence operators.

2.1 Basic Concepts

Definition 1 ([16]): An intuitionistic fuzzy set .9 in a non-empty set O = {0y, - -, 0,4 } can be expressed as:
,ﬂ:{(oi,,ﬂ@(oi),f/\(oi)ﬂo,-E@} (1)

where Ig(0;), In(0;) : O - [0,1] signify MD and ND, respectively, with the constraint that g (0;) +
Fp(0;) <1foro; € Q. The HD, denoted as 9=(0;) =1— Zp(0;) — Zr(0;), quantifies the uncertainty of each
0; € 0.

Definition 2 ([17]): A Pythagorean fuzzy set & in a non-empty set Q = {0y, - -+, 0, } can be expressed as:
Z ={{0i» Po(0:), Z1(0i))|0; € O} )

where P¢(0;), P4 (0;) : O - [0,1] signify MD and ND, respectively. It holds that 2% (0;) + 93 (0;) <1 for
0; € O. The HD of 2, denoted as P=(0;) =/1- P2 (0;) — P2 (0:).

Definition 3 ([20]): A Fermatean fuzzy set F in a non-empty set @ = {0y, - - -, 0, } can be expressed as:

ﬁ = {(01,9@(01'),9/\(0,')”01' € @} (3)

where F¢(0;), Fa(0;) : O — [0,1] signify MD and ND, respectively. It holds that Z3(0;) + 3 (0;) <1 for
0; € 0. The HD of 7, denoted as F=(0;) = 3\/1 - F2(0:) — F(0:).
Definition 4 ([58]): The score function S of the FES is defined as follows.

(Za(0:)’ = (Fal0)’ +1

S= 4
5 (4)
2.2 The Existing Fermatean Fuzzy Distance/Divergence Operators
In recent years, researchers have introduced some distance/divergence operators for FFSs.
Definition 5: Sahoo [43] defined several FF distance operators:
1 m
Do(F.9) = -2, (170 (0:) = %o (0:)| +|Fn(01) = Fa(00)] + | F=(0:) = F=(0:)]) )
i=1
1 !
Dy(7.9) = 53 (17y(0i) - ¥y (o)) (6)
i=1
1 m
Du(F.9) = 3 (| Fy(0:) = Fy(0:)]) )
i=1
1 &1 |F5(0:) - F5(0i)]
Ds(#,9) = — — 8
5(7.9) 2m;(2 +|73(0:) - %5 (0))] ®)
1 m
Ds(7.9) = . (175(01) = %3 (0)) ©)

I
—
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DA(F,9) = 5 - max (|73 (01) - 43 (01)) (10)
where
Fy(o) = 51+ Fa(0) - F2(0), Dp(0r) = 31+ %3 (0) ~F3(01)) (1)
Definition 6: Liu [14] introduced Hamming distance, Euclidean distance, and Hausdor{f distance operators for
FFSs:
1 m
Dy(F,9) = 53 (16 (01) = D3 (00)] + | F3(0:) - F3(0)]) 12)
i=1
Dy(7,9) :\} ﬁz((ﬁé(of) ~G3(0))* + (F3(0:) %3 (0:))?) (13)
i=1
Dip(F.9) = -3 max (174(01) - 43 (0L | 73 (01) - 43 (01)) (4)
i=1
Du(7.9) = ﬁ > ([Z5(00) =Fa ()| +|F(01) =GR (0:)| + | FL(0:) — %2 (04)]) (15)
i=1
=
Du(F.9) = \| 5. 2. (F5(0:) = 93(0:))2 + (F3(01) = FR(0:))* + (F2(01) - 42(0))?) (16)
i=1
1 m
Diu(7.9)=— > max (|73 (0:) = 93 (0], [ F3 (01) = 4R (0:)], |72 (0:) = 42 (0:)]) (17)
i=1

Definition 7: Ganie [47] defined several t-conorm-based distance operators for FFSs:

(|9q3§(0i) =G (0)| + |73 (0i) =93 (0i)| - 2|75 (01) = Y3 (0:)[| 71 (0:) —%j(oi)])
1-[73(0:) =93 (00)|| 73 (0:) = 43 (0:)]

1 m
D14(9,g) = ;Z

i=1

(18)

Dls(ﬁ)g)=% (175 (01) = Za ()| + 173 (01) = 4R (0)| = 1Z3(0:) = G (00| F R (0:) = 43 (04)])
i-1

(19)

D16(ﬁ,g)%imln(l,|ﬂg(o,)—gg)(o,)|+|ﬁi(o,)—%ﬁ(o,)|) (20)
izl
oo L& [ 1F3(0:) =3 (0)| + 173 (01) = 43 (0))]

D”“’”’g)%,2(1+|ﬂ$<o:~>—%g<oi>nﬂx<oi>—%ﬁ(om @

Definition 8: Deng and Wang [16] defined Hellinger distance and triangular divergence operators for FFSs:

1 m

LC N2 ((VZa00 V4300 + (700 -4 (0)2) (22)

(23)

SEONES; ((ﬁc%,(oi)—%g(oi))z ] (92(00—%3@»)2)

2m A\ Fgloi) +95(0:) Fx(0i) +93(01)
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Definition 9: Mishra et al. [59] introduced an FF distance operator:

™Mz

(mln(L?3 (0i),%3(0;)) + min(1 - i(oi)),(l—gﬁ(oi)))

Il
—

Dy (F,9)1 - (24)

M§

2 (max(Fg(0:), %3 (01) + max(1- 73 (0:)), (1- 43 (01)))

I
—_

3 The Proposed Parametric Divergence Operator

Determining the discrepancy between FFSs remains a challenging yet critical aspect of decision-making
processes. To address this, we introduce a unified parametric divergence operator for FESs in this section.
Unlike traditional divergence measures that only focus on a single aspect of membership information,
our operator simultaneously incorporates the three core components of FFSs, namely the membership
degree (MD), non-membership degree (NMD), and hesitation degree (HD). This design ensures that all
sources of uncertainty are taken into account when comparing two fuzzy information sets. Moreover, the
parameter § provides a flexible mechanism for adjusting the sensitivity of the divergence: different values
of § emphasize different balance points between .# and ¢, allowing the operator to generalize several well-
known divergences. We then explore the fundamental properties of the divergence operator, examine its
connections to established operators, and analyze its efficacy. Overall, the proposed divergence operator
proves more effective in differentiating FFSs and circumvents counterintuitive outcomes that may arise from
using partial or incomplete measures.

Definition 10: Let % = {{0;, Z¢(0;), F(0;))|0i € O} and 4 = {(0i, %0 (0;), %A (0:))|0; € O} be two FFSs
in O, the parametric divergence between FFSs can be defined as:

DNF.G) = — 6(8 Z(Z((fﬂoi))é(%(oi))l”—6ﬁ3<oi>+<6—1>%3<of>)) (25)

where T € {®,A,E} and § € R\{0,1}.

This formulation highlights two important characteristics. First, the operator explicitly aggregates
the divergence across all three components @ (membership), A (non-membership), and E (hesitation).
Although E is mathematically determined by ® and A, its explicit inclusion does not create redundancy.
On the contrary, it guarantees that the divergence takes into account the complete information of an
FFS, including the degree of hesitation, which is critical in many decision-making scenarios. Moreover,
including E does not break the essential properties of the operator: the divergence remains non-negative,
equals zero only when .% = ¢, and is symmetric between the two sets. Thus, the operator offers a more
comprehensive representation of uncertainty. Second, the parametric form with exponent & enables a
continuum of divergence behaviors. When § approaches particular values, the operator reduces to well-
known measures such as the Jensen-Shannon divergence, Hellinger distance, or y* divergence. Thus, our
proposal serves as a unifying generalization that bridges multiple classical operators.

The parametric divergence operator for FFSs can also be written in an expanded form as:

. om ((fé(o )° (?43(0 )70 =873 (0:) + (8 -1) G5 (0))
DN(7.9) = ﬁz +((F(0))°(F3(01))' 70 = 873 (0i) + (6 -1) %3 (01)) (26)
mO Q=) E\ L (F200) (#2000 - 872(01) + (- )4 (o)

This equivalent expression shows how each component contributes to the overall divergence: the
cubic powers ensure the operator respects the Fermatean structure, while the subtraction terms —8.%7 (0;)
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and (8 - 1)¥>(0;) correct for scaling and maintain non-negativity. Importantly, the explicit presence of &
increases the sensitivity of the measure when hesitation changes.

Example 1: To illustrate this effect, we compare divergence values computed with and without including E,
using (26) with § = 0.5:

Case I: F = {{0.60,0.20)} = .F= = 0.9189, ¥ = {(0.75,0.30)} = % = 0.8199.
D2 = 01179, D) = 0.0795, an increase of 48.30%.

with B without E

Case 2: F = {{0.50,0.30)} = F= = 0.9465, ¥ = {(0.60,0.20)} = F= = 0.9189.
D)= 0.039, D) = 0.0360, an increase of 8.61%.

with & without 2
These results confirm that including hesitation does not introduce redundancy but instead ensures that
the divergence is responsive to uncertainty. When hesitation varies strongly, the divergence appropriately grows
larger; when hesitation is nearly constant, the divergence remains close to the two-dimensional variant.

Example 2: Consider the following example where § = 0.6. We have two FFSs .% and 9, given by:

Z ={(0.37,0.45),(0.28,0.19)}, ¥ = {(0.42,0.38),(0.32,0.73)}

The calculations give D9 (F,94) = 0.3204 and D) (4, .F) = 0.3885.

These results, where D(*0) (F,9) + D(*0) (4, .F), illustrate the asymmetry of D). The asymmetrical
nature highlights an important limitation: the measure depends on the order of the input sets. In many decision-
making applications, however, symmetry is desirable, since the divergence between .7 and ¢ should intuitively
equal that between & and .% . To address this, we further extend the operator to its symmetric form, as shown
below.

Definition 11: Let . = {(0;, %o (0;), Fr(0i))|0i € O} and 4 = {{0;, 90 (0:),9x(0:))|0; € O} be two FFSs
in Q, the symmetric parametric divergence between FFSs can be defined as:

ar ar
(7,9 = LD (2, 252 s po (9, 22 (27)
L 2 2 2

Here, the operator computes the divergence of each set with respect to their average and then averages
the results, ensuring symmetry. This construction not only eliminates the order-dependence problem but
also aligns with the structure of Jensen-Shannon divergence, thereby reinforcing the interpretability and
robustness of the proposed measure in practical scenarios.

The following properties are derived from the Dia) (#.,9).
Property 1 (Non-negativity): Di‘s) (#,9)>0.
Proof: For each i and 7, we consider (.72(0;))%(%>(0;))'7° - 8.73(0;) + (8 —1)%>(0;). We need to show
that this expression is non-negative:
(77(0:)) (%7 (01))° 2 8.7](0:) ~ (6 ~1)%; (0:)
We set x = .%2(0;) and y = 4> (0;), where 0 < x, y < 1:
flay) =27 = x+ (8-1)y

Casel:0<d <1

In this case, the function f(x, y) is convex where 0 < x, y <1.
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By Jensen’s inequality and the properties of convex functions, we have
Xy dx+ (1-0)y
which implies that
Xy Gx+(8-1)y>0

Thus, the expression is non-negative for 0 < § < 1.

Case2:6>1

In this case, the roles of x and y are reversed:
Y=x0y0 —x+ (6-1
flxy)=x"y™" - dx )y
As x? grows faster than linear, we again leverage the fact that the convexity of power functions ensures:
Xy ox+ (1-0)y
This ensures the term is non-negative, similarly to the case for 0 < § < 1.

Summing over all i and all 7, we conclude:

DF, ) = —sms 3T (PH00) (#2(0)) =872 (00) + (0-1)42(00)) 20
i=1 7
This establishes that D°(.%,%) is non-negative.

As a result,
ar ar
D (Z,9) —%[ (ﬂ,#)wﬁ(%,‘f;g)] >0,

O
Property 2 (Non-degeneracy): Di‘s) (Z#,9)=0ifandonly if Z =9.
Proof: We assume two FFSs .7 = ¢:

) (7|%) = D <f¢||%> - D (7||#)

- m5(5 ) Z(Z((ﬁf("f))‘s(ﬁf(OOY“s—8ﬁi(oi) v (6—1)93(oi)))

=0.
1 DY (F||%) = 0, then
5 [P0 (#1757) 2 (41757 | o

implies

p(ﬁ)(tgzn‘/*'g):p(&)( y;g)

I
e
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Thus, we have

F+9Y F+9
F = T 9 = B

Solving these, we conclude .7 = 9.

This completes the proof of non-degeneracy, demonstrating that Dia) (Z#||¢9) =0ifand only if # = 9.
m

Property 3 (Symmetry): Dﬁ‘s) (#.,9) = Dia) (9,7).
Proof: We consider two FFSs .% and ¥:

F+9 F+9G\]
(7)) - 5[ p@ (#1757) + DD (41757

and

D (9)7) - ;[0 (71752 ) 00 (71727 .

By comparing these expressions, it is clear that:

D (Z|9) = DV (91|7).

This equality confirms that Dﬁ‘s) is symmetric. Thus, the symmetry Property is proven. O

Property 4: When 6 = 2, Dﬁs) simplifies into the y* divergence (D,z):

D (7,9) =Dy (F.9) "
where

>y L O (s (F0n) -2 (00))?
sz(f’g)‘ﬁ,;(; F3(0i) + 97 (01) ) "

Proof: For two FFSs .% and ¢ in O, when § = 2, we have:

D} (%.,9) = ﬁ2{21@,3(0»)2(gf("");gf("")) ~272(0r) + T 0D
.y (gg(oi))z)(2(0»;%(00) _Mg(oih(%@»;%(oi))]}
R AF20N oy, Filo) +F2(0)
“dm i_l[z(%(om%(oo 2o = )
AL sy, Filo)+ (o)
+ZT:( F3(0:) +93(0;) -2¢7(0i) + > ):|
LZ[ (z«%(o D)+ (F2(00))) = (F(00) + % (01))? )]
4m = F3(0;)+93(0i)
1 g 313<o> %2 (0)?
4_2( (01) + %3 (01) )
- D(F,9)
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Property 5: When § — 1, Dﬁs) converges to the Jensen-Shannon divergence (Djs):

DS) (F,9)=Ds (F,9) (0
where

LB (s oy 2P0 sy 292(0)
D]S (9,%) - 2 ;(ZF:JT (Ol)ln 9\3(01) +g3(0i) +g‘r (ol)ln {g‘?(oz) +g§(0i)) (31)

Proof: For two FFSs .% and ¢ in O, when & — 1, we have:

m@f&ﬁzg)

3 3 1-4 73 3
XL (21(9}3(01‘))5 (/T(Oi);% (Oi)) 8.7 (0i) +(6-1) (JT (Oi);% (Oi))

2oy [ Folo) +F )\ o F2(0) + % (01)
D e ) —6%(0»46—1)(2))
31 22md(8-1)

2
6

2 F3(0))+93(0:) ! 2

; FHo)+ D0\ 292 (o)) ; F(01) +42(01)
L o) (T ) R e (T ))
"o 2m(26 - 1)

Zﬁl(Zf(yf(oi))a(yswm)+s¢3(oi>)1“;m 273(0,) _%(Om(%(om%f(oi))

8 (o 2FR0) s 29300
-ng[i(vwr” Fion +@2(ay O ﬁs(om%s(oi))]
=Dis(F,9)

O
Property 6: When 6 = 1, Dia) simplifies into the Hellinger distance (Dy,;):

D) (2,9) = Dyet (7,9) (32)

where

Dot (7.9) =~ 3. {Z [(W \/ﬁf(of);%(oi))

mis|
} (33)

+(¢m_\/ﬁ3<oi>;%<oi))
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Proof: For two FESs .%#

D (7.9) =~

SNEN

i=1 T

+ZT: (42 (0:))? (

2
m iz

i{z l(yg(oz)); ('Z(O’ZT’

FHo)+920) ' Ly,
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and ¢4 in O, when 6 = 5, we have:

)+ @200\
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F2(0i) + %7 (01)
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F3(0;) +93(0;)

Vo e [T+ G0
22,:( 7o) \/ 2 )}
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;i{ [(V%( )—\/M) +(¢m_\/%(o);g3<o)) }
O

Property 7: When § — 0, Df) converges to the arithmetic-geometric divergence (Dag):

D (Z,9) = Dac(Z,9)

where

a3 3 T3( . 3(hH.
DAG(g g)_ Z Z(J (0)-{-% (0 )) ‘/T(Ol)—i_g‘r(ol) (34)
i 2\/93(01‘) * 93 (0;)
Proof: For two FESs .% and ¢ in O, when 6 — 0, we have:
lim D} (7,9)
§(z (F2(0)) (ZULEY™ 5 73(0,) 4 (6 -1) (Zleg%iC00)
5 |i=t
ER 3 3 1-6
PR (ZOSE0) T a0 (5-1) (o))
= lim ! 5
-0 %2m5(5—1)
m 3 5 [ T 0)+F (o) \™ 273(0;) 5 )+f¢3(o
;1(;(‘%(0")) (Fe5) 'In o7y 7 (")+( ')
Z3(0,)+9> (0; 1-0 G (0; F2(0;)+9° (0,
20 () RGO g(o,) + (ZEL )))
:1.
520 2m(28 - 1)

F3(0)) +93(0)) In

:%g[z 3

F2(0i) + 97 (0:) ]
2\/F3(0:)9?(0;)
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= Du(7.9)

O

Next, we use several numerical analyses to report the efficiency of the proposed parametric diver-
gence operator.

Example 3: Consider two FFSs %, 9 in O under different cases, where

Case1:.7 = {(0.48,0.25),(0.37,0.57)}, ¢4 = {(0.42,0.38),(0.32,0.73) }
Case 2:.7 = {(0.26,0.67),(0.79,0.61) }, ¢ = {(0.73,0.63),(0.73,0.77) }

To evaluate the difference between these fuzzy sets, we calculate the divergence operators Dia) (F,9) with
different values of 6.
DO(Z,9) = 0.0168, DV (F,9) = 0.0172, D\ (F,9) = 0.0176, D'V (F, %) = 0.018L.
DO(Z,9) = 0.0702, DV (F,9) = 0.0803, D\ (Z,9) = 0.0934, D (F,%) = 0.1184.

These numerical results illustrate that the proposed divergence can capture fine differences between FFSs
under varying 8. More importantly, the results confirm that our proposed operators satisfy the property of non-

negativity: D% (F,%9) > 0. In real-world applications such as risk evaluation or decision analysis, this ensures
that the computed divergence values are always meaningful and interpretable as distances.

Example 4: Consider the FFSs % and ¢ in O under different cases, where

Case1:.7 = {(0.58,0.68),(0.73,0.49)}, ¢ = {(0.58,0.68), (0.73,0.49)}
Case 2:.Z = {(0.72,0.77),(0.67,0.82)}, ¢ = {(0.72,0.77), (0.67,0.82)}

For both cases, the calculated distances are:
DO(Z,9) = 0.0000, DD (7, %) = 0.0000, D' (Z,9) = 0.0000, DV (F,%) = 0.0000.

The results confirm that our proposed operators satisfy the property of non-degeneracy: D2 (F,94) = 0 if
and only if # =%. This property is crucial in classification and clustering tasks: when two fuzzy objects are
identical, the divergence must be zero to avoid misleading conclusions.

Example 5: Consider the FFSs .% and & in Q) under different cases, where

Casel:.7 = {(0.32,0.82),(0.89,0.12)}, ¢ = {{0.63,0.63),(0.73,0.70)}
Case2:.7 = {(0.44,0.60),(0.73,0.37)}, ¢ = {(0.62,0.60), (0.80,0.70)}

The distances for each case demonstrate the property of symmetry, as shown below:
DI(Z,9)=0.0892,...,D\"(F,%) = 0.2288.

D (%,.7)=0.089,...,D{"(¥,.7) = 0.2288.

The results confirm that our proposed operators satisfy the property of symmetry: D2 (F,9) = DX(¥, F).
Symmetry is highly desirable in applications like clustering and pattern recognition, as it ensures that the
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divergence between two fuzzy patterns does not depend on their order, thereby avoiding bias in the learning
process.

Example 6: Consider the FFSs % and ¥ in O under four different cases:

Casel:.Z = {(0.67,0.58),(0.74,0.67)}, & = {(0.74,0.67), (0.70,0.79)}
Case2:.Z = {(0.79,0.74), (0.74,0.67)}, ¢ = {(0.74,0.67), (0.70,0.79)}
Case 3:.7 = {(0.74,0.67), (0.67,0.58)}, & = {(0.79,0.74), (0.63,0.63)}
Case 4 : .7 = {(0.74,0.67),(0.79,0.74)}, ¢ = {(0.67,0.58), (0.82,0.70)}

To compare the performance of the existing operators, we analyzed the results presented in lable 1. This
table summarizes the effectiveness of different distance operators across four distinct cases.

Table 1: The results of different distance operators

1 2 3 4

F ={(0.67,0.58), .Z ={(0.79,0.74), .7 ={(0.74,0.67), .Z ={(0.74,0.67),

Case (0.74,0.67)} (0.74,0.67)} (0.67,0.58)} (0.79,0.74)}

7 ={(0.74,0.67), ¥ ={(0.74,0.67), ¥ ={(0.79,0.74), ¥ ={(0.67,0.58),

(0.70,0.79)} (0.70,0.79)} (0.63,0.63)} (0.82,0.70)}
DI(F,9) 0.1103 0.1103 0.0696 0.0696
Dy (F,9) 0.1427 0.1560 0.1036 0.0835
Ds(F,9) 0.0313 0.0313 0.0125 0.0125
Dy(F,9) 0.0313 0.0313 0.0125 0.0125
Ds(F,9) 0.0051 0.0051 0.0025 0.0030
Ds(F,9) 0.0224 0.0224 0.0103 0.0124
D,(F,9) 0.0224 0.0224 0.0103 0.0124
Ds(F,9) 0.1125 0.1125 0.0750 0.0750
Do(F,9) 0.1250 0.1250 0.0791 0.0791
Dy (F,9) 0.1500 0.1500 0.0750 0.0750
Du(F,49) 0.2000 0.2000 0.1250 0.1250
Dy (F,9) 0.1768 0.1768 0.1275 0.1275
Di(F,9) 0.1000 0.1000 0.1000 0.1000
Dy (F,9) 0.2071 0.2071 0.1385 0.1385
Dis(F,9) 0.2151 0.2151 0.1438 0.1438
Di(F,9) 0.2251 0.2251 0.1500 0.1500
Dy (F.9) 0.2228 0.2228 0.1489 0.1489
Dy (#,9) 0.1053 0.0998 0.0667 0.0710
Dy(F,9) 0.1480 0.1403 0.0942 0.1000
Dy (F,9) 0.1957 0.1957 0.1304 0.1250
P (7,9) 0.0235 0.0286 0.0169 0.0112
P (7,9) 0.0237 0.0294 0.0175 0.0113
D) 7,9) 0.0240 0.0301 0.0181 0.0114
p(7,9) 0.0236 0.0303 0.0104 0.0117

Note: Bold numbers indicate that the calculation results are the same.
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The existing operators show consistent results in several cases, indicating their limited ability to distinguish
subtle differences between FFSs. For example, Dy, D3, Dy, Ds, D, Dy, . . ., D7 produced identical values for Case
1 and Case 2, as well as for Case 3 and Case 4. This consistency reveals a lack of sensitivity to small variations,
which may lead to misjudgments in practical decision-making.

In contrast, the proposed operators Diz)(f,%), Dg)(ﬁ,%), DE%)(ﬁ,%), and Dﬁo)(ﬂ‘,%) exhibit
distinct results across all cases. For instance, Diz) (F,9) shows results of 0.0235 in Case 1, 0.0286 in Case 2,
0.0169 in Case 3, and 0.0112 in Case 4. These variations demonstrate that our operator is capable of detecting
subtle differences between fuzzy objects that traditional operators fail to capture.

4 Applications

This section demonstrates the effectiveness of the proposed parametric divergence operator through
three representative applications: pattern classification and hierarchical clustering (as typical machine
learning tasks), and multiattribute decision-making (as an intelligent decision-making task).

Across the three applications, we aim to establish feasibility, interpretability, and breadth of applicability.
Application 1 shows that our operator can be used for pattern recognition with results consistent with most
methods. Applications 2 and 3 extend to hierarchical clustering of vehicle buyers and MADM of blockchain
platforms selection, respectively, illustrating that the operator integrates well with both machine learning
and decision analytics and yields actionable insights.

4.1 Pattern Classification

Let O={o0y, - -,0,} denote a non-empty set containing m elements. Given n reference patterns
characterized by FFSs {I\\/Jlj};.’:l. We present a systematic classification method for an unknown pattern
represented by the FFS S through the following operational procedure.

Step 1: Compute the divergence operator between each reference pattern M[;(j = 1, - - -, n) and the target
pattern S using the operator defined in (27).

Step 2: Determine the minimum divergence value through comparative analysis:

D(M,S) = min DI (M, S) (35)

Step 3: Find the classification result of S as:

o . ) ) N
j —arglrélleI}lDL(Mj,S),M] S (36)
Step 4: Quantify the discriminative capability using the degree of confidence (Doc) [60]:

Doc= Y |D}(M;,S)-D)(My,S)] (37)
j=L e

where D! is a normalized divergence, and M is the classified result with S. A higher Doc indicates a
better result. It is important to note that DoC is introduced as a deterministic confidence margin rather
than a probabilistic test statistic. Specifically, DoC quantifies the separation between the best-matched
alternative and its competitors, thereby reflecting robustness against ties or instability. It does not itself imply
statistical significance.

Application 1: This application involves a pattern classification task for classifying building materials into four
predefined classes using ten attributes [61]. The task is to assign an unknown building material, denoted as S,
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to one of the four known types, Ml; (where j = 1,2,3,4), based on attribute set Z; (i = 1,2,...,10), as detailed
in Table 2. The classification is determined through both existing and proposed divergence operators on FFSs to
establish the closest match among the classes.

Table 2: Classes of building materials on application 1

Zy L L3 Ly Zs
M, (0.173,0.524)  (0.102,0.818) (0.530,0.326) (0.965,0.008) (0.420,0.351)
M, (0.510,0.365) (0.627,0.125) (1.000,0.000) (0.125,0.648) (0.026,0.823)
M, (0.495,0.387) (0.603,0.298) (0.987,0.006) (0.073,0.849) (0.037,0.923)
M, (1.000,0.000) (1.000,0.000) (0.857,0.123) (0.734,0.158)  (0.021,0.896)
S (0.978,0.003) (0.980,0.012) (0.798,0.132)  (0.693,0.213)  (0.051,0.876)
Zg Z Zg Zg Zno
M, (0.008,0.956) (0.331,0.512) (1.000,0.000) (0.215,0.625) (0.432,0.534)
M, (0.732,0.153) (0.556,0.303) (0.650,0.267) (1.000,0.000) (0.145,0.762)
M;  (0.690,0.268) (0.147,0.812)  (0.213,0.653)  (0.501,0.284)  (1.000,0.000)
M, (0.076,0.912)  (0.152,0.712)  (0.113,0.756) (0.489,0.389) (1.000,0.000)
S (0.123,0.756)  (0.152,0.721)  (0.113,0.732)  (0.494,0.368) (0.987,0.000)

The results are summarized in the Table 3 and Fig. 1. We can learn that across nearly all operators, My
is consistently identified as the best alternative, suggesting that it is particularly well-suited for identifying and
classifying the unknown building material S. The proposed operator produced the highest Doc (3.1446 versus
values between 1.3968 and 2.8333 for other operators), which reflects a clearer separation between the true class
and competing alternatives. This suggests that the method may provide more reliable decision support in cases
where ambiguity exists.

Table 3: Pattern recognition results on application 1

Operator (M, S) (M,, S) M3, S) My, S) Result Doc
D 0.3578 0.3209 0.2070 0.0488 M 2.2277
D, 0.6202 0.5865 0.3424 0.1089 M, 2.1448
Ds 0.0521 0.0449 0.0335 0.0084 M, 2.0518
Dy 0.1919 0.1765 0.1055 0.0199 M, 2.3775
Ds 0.0107 0.0079 0.0046 0.0014 M, 2.5366
De 0.2339 0.2348 0.1314 0.0217 M, 2.3860
D, 0.0486 0.0461 0.0378 0.0056 M, 1.9884
Dy 0.3839 0.3531 0.2109 0.0399 M, 2.3774
Dy 0.5087 0.4556 0.3315 0.0832 M, 2.0313
Do 0.6180 0.5422 0.3458 0.0782 M, 2.2924
Du 0.6180 0.5422 0.3458 0.0782 M, 2.2924
D1y 0.6251 0.5681 0.4236 0.1172 M, 1.9241
Dys 0.0999 0.0958 0.0814 0.0326 M, 1.3968
D1y 0.6307 0.5904 0.3671 0.0795 M, 2.2509
Dis 0.6409 0.6137 0.3815 0.0796 M, 2.2336

(Continued)
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Table 3 (continued)

Operator (M, S) M,, S) M, S) (M, S) Result Doc
Dis 0.6409  0.6660  0.4218  0.0797 M, 21876
Dy, 0.6484  0.6318 03920  0.0797 M, 22215
Dig 0.5163 04724 03285  0.0589 M, 22035
Dy 05687 05393 03868  0.0799 M, 2.0561
Dao 0.5182 0.4587 0.3181 0.0651 M, 22056
D) 0.2442 02218 0.1197 0.0111 M, 2.6857
D 03066  0.2796 0.1441 0.0129 M, 2.7357

1
D7) 0.4257  0.3861 0.1811 0.0171 M, 2.8333
pl® 01760 01224  0.0605  0.0056 M, 3.1446

3.5 T

Doc Value

Dl DZ Dfl Dl DS D[i D7 DS D!Y Dlli Dll Dlﬂ Dl-’l Dl-l Dl-') Dlﬁ DlT DIS Dl” DZZ() D(Ll) D(LU D(Ll/z) Dg_“)
Figure 1: Doc for different operators on application 1

All operators correctly identified M4 as the classification result, showing consistency across approaches. The
proposed operator produced the highest Degree of Confidence (3.1446 versus values between 1.3968 and 2.8333
for other methods), which reflects a clearer separation between the true class and competing alternatives. This
suggests that the method may provide more reliable decision support in cases where ambiguity exists.

4.2 Hierarchical Clustering

In this subsection, we use hierarchical clustering to show the performance of the proposed operator.
Here we employ the clustering method proposed by [14].

Application 2: In the automotive industry, it is essential to understand consumer preferences to design vehicles
that meet different needs and increase customer satisfaction. Automakers can now segment their market based
on specific buying patterns and preferences.

We propose a hierarchical clustering method for FFSs to deal with the ambiguity and uncertainty in
consumer preferences and behaviors. It will categorize vehicle buyers and provide insights into different buyers.
This will help automakers understand the major factors influencing consumer choices and the types of buyers
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in the market, enabling more targeted product development and marketing strategies. We consider five vehicle
buyer types (B,, B,, B3, B4, B5) and five attributes: Budget (I,), Performance (F,), Fuel Efficiency (IF3), Brand
(Fy), Aesthetic Preferences (IF's). Table 4 provides data for five different vehicle buyer types in the form of FFSs.

Let us make Diz) as an example.

Table 4: FFSs of the five vehicle buyer types on application 2

Iy I, I3 Fy Fs
B; (0.499,0.602) (0.633,0.418) (0.577,0.271) (0.465, 0.417) (0.261, 0.514)
B, (0.369,0.772) (0.413,0.261) (0.317,0.418)  (0.213,0.651) (0.419, 0.799)
B; (0.478,0.621) (0.591, 0.346) (0.479,0.321) (0.394, 0.541) (0.301, 0.617)
B, (0.761,0.314) (0.713,0.113)  (0.879,0.193) (0.807 0.201) (0.811, 0.102)
Bs (0.314,0.761) (0.473,0.281) (0.369, 0.491) (0.286, 0.661) (0.411, 0.776)

Step 1: Establish the divergence matrix T = [tpq]5xs5 using (27) as:

0.1863
0.2820
0.2297
0.0000
0.2685

0.1613
0.0246
0.0921
0.2685
0.0000

0.0000
0.1715
0.1315
0.1863
0.1613

0.1715
0.0000
0.1025
0.2820
0.0246

0.1315
0.1025
0.0000
0.2297
0.0921

where t,, = Di (B;, By).
Step 2: Calculate T?, for1< p,q <5, where

T?=ToT= [qu]st = max {min{tp,, trq}}

Then T is an equivalent correlation matrix if T> € T. If T ¢ T, then the equivalent correlation matrix is
calculated as

T ToT? T s T & ..

until
Tzv _ P]I‘27+1
T?=ToT
0.1035 0.1035 0.1035 0.0533 0.1035
0.1035 0.1765 0.1238 0.0533 0.1685
=10.1035 0.1238 0.1238 0.0275 0.1238
0.0533 0.0533 0.0275 0.1765 0.0464
0.1035 0.1685 0.1238 0.0464 0.1685

It is clear that T* ¢ T, so we continue compute T*.

T* = T? o T?
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0.1035
0.1035
=1 0.1035
0.0533
0.1035

It is evident that T* ¢ T?, so we continue compute T®.

T =T*oT*
0.1035
0.1035

=10.1035
0.0533
0.1035

0.1035
0.1765
0.1238
0.0533
0.1685

0.1035
0.1765
0.1238
0.0533
0.1685

0.1035
0.1238
0.1238
0.0533
0.1238

0.1035
0.1238
0.1238
0.0533
0.1238

0.0533
0.0533
0.0533
0.1765
0.0533

0.0533
0.0533
0.0533
0.1765
0.0533

0.1035
0.1685
0.1238
0.0533
0.1685

0.1035
0.1685
0.1238
0.0533
0.1685

T8 c T4, so T® is an equivalent association matrix.

Comput Model Eng Sci. 2025;145(2)

Step 3: Compute the n-cutting matrix T, = [tgq]SX 5 the potential classes for the five vehicle buyer types

in DEZ) are delineated in Table 5. In addition, we present a summary of other potential clusters using both
existing and proposed distance operators in Tables 6-8. This overview thoroughly examines the possible classes
and clusters for vehicle buyer types based on different operators.

Table 5: Clustering results of divergence operator DEZ) on application 2

Class Confidence level Clusters
1 0 < 1 <0.0533 {B,,B,, B3, By, Bs}
2 0.0533<7<01035  {B,}{B,,B,,Bs,Bs}
PP 3 01035<7<01238  {B,}{Bs}{B,,B;s,Bs}
4 01238<%<01685 {B;}{Bs}{Bs}{B,,Bs}
5 0.1685<7<1.0000 {B;}{B,}{B;}{B,}{Bs}

Table 6: Clustering results of proposed divergence operator Dy, on application 2

Class Confidence level Clusters

1 0 < 7 <0.0533 {B,,B,,B;, B4, Bs}

2 0.0533 < 7 < 0.1035 {B4} {B,,B,,B;,Bs}
D 3 0.1035 < ;7 < 0.1238 (B} {Bs} {B,, B3, Bs}

4 0.1238 < 1 < 0.1685 {B,} {B;} {B,} {B,,Bs}

5 0.1685 <  <1.0000  {B,} {B,} {Bs} {B,} {Bs}

1 0 < 7 <0.0566 {B,,B,, B3, B4, Bs}

2 0.0566 < # < 0.1175 {B,} {B,,B,, B, Bs}
D 3 0.1175 < 7 < 0.1424 (B} {B,} {B,,B;,Bs}

4 0.1424 < 1 < 0.2026 (B} {B3} {Bs} {B,,Bs}

5 0.2026 < 7 <1.0000  {B;} {B,}{Bs} {Bs} {Bs}

(Continued)
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Table 6 (continued)

Class Confidence level Clusters

1 0 < 1 < 0.0560 {B,,B,, B3, By, Bs}

2 0.0560 < 7 < 0.1175 {B,} {By,B,, B3, Bs}
pi¥) 3 0.1175 < 1 < 0.1424 {B,} {B,} {B,, B3, Bs}

4 0.1424 < 77 < 0.2026 {B,} {B3} {B,} {B,, Bs}

5 0.2026 < 7 <1.0000  {B;} {B,}{B;} {B,} {Bs}

1 0 < 1 <0.0560 {B,, B,, B3, B4, Bs}

2 0.0560 < 77 < 0.1142 {B,} {Bi,B,, B3, Bs}
I 3 0.1142 < 7 < 0.1601 (B} {B,} {B,, Bs,Bs}

4 0.1601 < 7 < 0.2859 {B,} {Bs} {B,} {B,,Bs}

5 0.2859<y<1.0000  {B,}{B,}{B;} {B,} {Bs)

Table 7: Clustering results of existing operator D; (i=1, 2, ...,10) on application 2

Class Confidence level Clusters

1 0<% <0.1145 {B,,B,, B, B,, Bs}

2 0.1145 < 5 < 0.2147 {B,} {B,,B,, B3, B;}
D, 3 0.2147 < n < 0.2297 {B1} {B,} {B,,B;3,Bs}

4 0.2297 < 11 < 0.2685 {B:} {B;3} {Bs} {B,,Bs}

5 0.2685 < 11 < 1.0000 {B;} {B,} {B3} {B4} {Bs}

1 0<7%<0.2472 {B,B,,B3,B4,Bs}

2 0.2472 < 1 £ 0.3491 {B4} {B),B,,B5,Bs}
D, 3 0.3491 < 77 < 0.3903 {B,} {B,} {B,, B3, Bs}

4 0.3903 < 7 £ 0.4779 {B:} {B;3} {B4} {B,,Bs}

5 0.4779 < 7 <1.0000  {B;} {B,}{B;} {B,} {Bs}

1 0<#7n<0.023 {B1,B,,B5,B4,Bs}

2 0.0233 < 1 < 0.0433 {B,} {B,B,, B3, Bs}
Ds 3 0.0433 < 77 < 0.0502 {B,} {B,} {B,, B3, Bs}

4 0.0502 < 7 < 0.0656 (B} (B3} {B,} {B,, Bs}

5 0.0656 < 77 <1.0000  {B,} {B,} {B;} {B,} {Bs}

1 0 < 1 <0.0635 {B,, B, B3, B4, Bs}

2 0.0635 < 1 < 0.1162 (B4} {B,,B,, B3, Bs}
D, 3 0.1162 < 7 < 0.1343 {B,} {B,} {B,, B3, Bs}

4 0.1343 < 7 < 0.1775 {B1} {B;3} {B,} {B,,Bs}

5 0.1775< 7 <1.0000  {B;}{B,} {Bs} {B,} {Bs}

1 0 < 77 < 0.0001 {B,,B,, B, B, Bs}

2 0.0001 < 7 < 0.0008 (B3} {B,} {B,,B,, Bs}
Ds

3 0.0008 < 7 <0.0009  {B,}{Bs}{B,} {B,,Bs}

4 0.0009 < 77 <1.0000  {B;}{B,} {B3} {B.} {Bs}

(Continued)
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Table 7 (continued)

Class Confidence level Clusters

1 0<% <0.0368 {B,B,,B3,B,4,Bs}

2 0.0368 < 11 < 0.1415 {B4} {B),B,,B5,Bs}
Ds 3 0.1415 < 77 < 0.1546 {B,} {Bs} {B,, B3, Bs}

4 0.1546 < 1 < 0.1773 (B} {B;} {Bs} {B,,Bs}

5 0.1773 < 7 <1.0000  {B,} {B,} {B;} {B4} {Bs}

1 0 <% <0.0100 {B,,B,,B5,B4,B5}

2 0.0100 < r < 0.0383 {B4} {B;,B,,B3,Bs}
D, 3 0.0383 < 77 < 0.0428 {B,} {B,} {B,, B3, Bs}

4 0.0428 < 7 < 0.0474 {B,} {B;} {Bs} {B,,Bs}

5 0.0474 < 1 < 1.0000 {B;} {B,} {B3} {Bs} {Bs}

1 0 < 5 <0.1492 {By,B,, B3, By, Bs}

2 0.1492 < 1 < 0.2324 {B,} {B,, B, B;,B5}
Dy 3 0.2324 < 11 < 0.2689 {B,} {B,} {B,, B3, Bs}

4 0.2689 < 1 £ 0.3550 {B;} {Bs} {B,} {B,,Bs}

5 0.3550 < 1 £1.0000 {B1} {B,} {B3} {B,} {Bs}

1 0< n £0.1794 {Bl,Ez,E3,B4,B5}

2 0.1794 < n £ 0.2930 {B,} {B;,B,,B3,Bs}
Dy 3 0.2930 < 1 £ 0.3245 {B:} {B4} {B,,B;3,B5}

4 0.3245 < 11 £ 0.3967 {B1} {B3} {B4} {B,,Bs}

5 0.3967 < 1 < 1.0000 {B1} {B,} {B3} {B,} {Bs}

1 0<#n<0.2326 {B1,B,,B3,B,,Bs}

2 0.2326 < £ 0.3706 {B4} {B, B, B3,B5}
Do 3 0.3706 < n < 0.4055 {B1} {B4} {B,,B3,Bs}

4 0.4055 < 11 < 0.4527 {B1} {B3} {B4} {B,,Bs}

5 0.4527 <  £1.0000 {B,} {B,} {B3} {B4} {Bs}

Table 8: Clustering results of existing operator D; (i =11, 12,.. ., 20) on application 2

Class Confidence level Clusters

1 0< l’]$02548 {Bl,Bz,B3,B4,B5}

2 0.2548 < 17 < 0.3706 {B,} {B;,B,,Bs, Bs}
Dy 3 0.3706 < 1 < 0.4055 (B} {B,} {B,,B3,Bs}

4 0.4055 < 1 < 0.4527 {B;} {Bs} {B,} {B,,Bs}

5 0.4527 < 7 <1.0000  {B;} {B,} {Bs} {Bs} {Bs}

1 0<7<0.2482 {B,,B,,B;, B4, Bs}

2 0.2482 < 77 < 0.3710 {B,} {By,B,,Bs, Bs}
Dy, 3 0.3710 < 5 < 0.3937 {B,} {B,} {B,, B3, Bs}

4 0.3937 < 11 £ 0.4412 {B1} {B3} {B4} {B,,Bs}

5 0.4412 < 1 < 1.0000 {B1}{B,} {B3} {B,} {Bs}

(Continued)
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Table 8 (continued)

Class Confidence level Clusters

1 0<7n<0.0860 {B;,B,,B3,B4,Bs}

2 0.0860 < 7 £ 0.1031 {B4} {B),B,,B5,Bs}
Dis 3 0.1031 < £ 0.1138 {B:} {B4} {B,,B;,B5}

4 0.1138 < 77 < 0.1258 (B} {B;} {Bs} {B,,Bs}

5 0.1258 < 77 <1.0000  {B,} {B,} {Bs} {B4} {Bs}

1 0< n <0.2725 {Bl,Bz,B3,B4,B5}

2 0.2725 < 1 £ 0.4125 {B4} {B;,B,,B3,Bs}
D 3 0.4125 < 1 < 0.4544 (B} {Bs} {B,, B3, Bs}

4 0.4544 < 1 < 0.5426 {B,} {B;} {Bs} {B,,Bs}

5 0.5426 < 1 <1.0000 {B;} {B,} {B3} {Bs} {Bs}

1 0 <5 <0.2832 {By,B,, B3, By, Bs}

2 0.2832 < 7 < 0.4307 {B,} {B,,B,,B;,B5}
Dis 3 0.4307 < 77 < 0.4815 {B,} {B,} {B,, B3, Bs}

4 0.4815 < £ 0.5899 {B1} {B;3} {B,} {B,,Bs}

5 0.5899 < n < 1.0000 {B1} {B,} {B3} {B4} {Bs}

1 0 < 7 <0.2984 {By,B,, B3, By, Bs}

2 0.2984 < 1 < 0.4647 {B4} {B;,B,,B3,Bs}
Dis 3 0.4647 < n < 0.5372 {B:} {B4} {B,,B;3,B5}

4 0.5372 < 1< 0.7187 {B1} {B3} {B,} {B,,Bs}

5 0.7187 < 1 £ 1.0000 {B1} {B,} {B3} {B4} {Bs}

1 0< n < 0.2936 {Bl,Bz,B3,B4,B5}

2 0.2936 < 1 < 0.4471 {B,} {B,B;,B3,B5}
D1y 3 0.4471 < 11 < 0.5045 {B}{B,} {B,,B;3,Bs}

4 0.5045 < 1 < 0.6333 {B1} {B3} {B,} {B,,Bs}

5 0.6333 < 1 < 1.0000 {B,} {B,} {B3} {B4} {Bs}

1 0<%n<0.2174 {B,B,,B3,B4,Bs}

2 0.2174 < 1 < 0.3264 {B,} {B,B;, B3, B5}
Dis 3 0.3264 < 11 < 0.4649 {B,} {B4} {B,,B;,B5}

4 0.4649 < 1< 0.4772 {B:} {B;3} {Bs} {B,,Bs}

5 0.4772 <7 <1.0000  {B;}{B,} {Bs} {Bs} {Bs}

1 0<% <0.2906 {B,B,,B3,B4,Bs}

2 0.2906 < 1 < 0.4049 {B4} {B),B,,B3,Bs}
Do 3 0.4049 < 1 < 0.4538 {B:} {B4} {B,,B;,B5}

4 0.4538 < 77 < 0.5529 (B} {B;} {Bs} {B,,Bs}

5 0.5529 < 7 <1.0000  {B;} {B,} {Bs} {Bs} {Bs}

(Continued)
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Table 8 (continued)

Class Confidence level Clusters
1 0<7n<0.2826 {B,B,,B3,B,4,Bs}
2 0.2826 < 1 < 0.3101 {B4} {B),B,,B5,Bs}
Dso 3 0.3101 < # £ 0.3585 {B:} {B4} {B,,B;,B5}
4 0.3585 < 17 < 0.4738 (B} {B;} {Bs} {B,,Bs}
5 0.4738 < 7 <1.0000  {B;}{B,} {B;} {Bs} {Bs}

Result Analysis: The clustering results provide automakers with a nuanced understanding of the vehicle
buyer market. By identifying the critical factors that influence buyer decisions, manufacturers can tailor their
product development and marketing strategies to better meet the specific needs of each buyer segment. For
example, targeted marketing campaigns can be designed to appeal to B, eco-conscious buyers by emphasizing
fuel efficiency and low emissions, while luxury features and brand prestige can be emphasized when targeting
Bs luxury buyers.

Significance of Clustering: The proposed operator produces a clustering structure that is both inter-
pretable and actionable for segmenting vehicle buyers. Qualitatively, the early separation of B4 across a broad
range of n (Tables 5-8) is consistent with its profile: high emphasis on performance/brand and low hesitation,
which matches the characteristics of a “premium performance” segment. Meanwhile, {B,,Bs } tend to co-locate
at intermediate 1 thresholds, reflecting their shared prioritization of fuel efficiency and cost considerations,
characteristic of “eco-/budget-oriented” buyers. The remaining B, and B3 form a middle segment with moderate
preferences, which aligns with a “mainstream” cluster. The results imply distinct product/marketing levers:
premium features and brand positioning for By, efficiency-based pricing/communication for B,/Bs, and
balanced offerings for B, /Bs. This connects the clustering outcome to tangible actions, addressing the stated goal

of segmenting vehicle buyers.

4.3 Multiattribute Decision Making

4.3.1 Proposed MADM Model
o Construct the decision matrix.
Step 1: Given a set of n alternatives A = {A, A,,...,A,}, and a collection of m evaluation attributes

C={C,,C,,...,C,}, the goal is to assess each alternative for the defined attribute. Then, we construct
the decision matrix P = ( pi j) as:

pu P12 ... Pin
P=(pi), = | 7 P2 P (38)
pml me .. pmn

where PIJ = (ﬂq;(oij),ﬁ/\(o,-j)).

o Compute the criteria weights using proposed divergence operator.
Step 2: It is assumed that each criterion has a different level of importance and that these weights are
independent. Let Q = (wy, - - -, wn)T be the vector of attribute weights, where each w; is in the closed
interval [0, 1], and the sum of all weights satisfies 3.}, w; = 1. The procedure for calculating the attribute
weights is described as:
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L Sk D (pij pir)

w; = (39)
m n n 8
2i-1 (ﬁ 2jm1 k=1 DE ) (Pij’Pik))
« Calculate the alternative rankings using AROMAN model.
Step 3: Construct score decision matrix DM (s) based on (4):
A A, e A,
Ci S(AIC)  S(AG) - S(AG)
DM(S) = Cz S (A]Cz) S (Az(Cz) ce S (An(CZ) (40)
Cn S(AIC,) S(AC,) -+ S(AC,)
Step 4: We first use linear normalization to standardize the matrix.
L. _ DM(S,])—mln]DM(S,]) (41)
Y max; DM(s;;) — min; DM(s;;)
Step 5: Then, we use vector normalization to standardize the matrix.
DM(sij
Fl = () (42)

Y \/Z;l:IDM(Sij)Z

Step 6: The two normalized matrices are then combined to obtain an aggregated normalization matrix.

FL+ (1-y)F)
Fg\}orm: Y 1] > y 1 (43)

where y € [0,1] serves as a balancing coefficient between the linear and vector normalizations. Normally,
we set y = 0.5 when two normalizations are considered equally important.

Step 7: The aggregated normalization matrix is multiplied by the criterion weights to produce a weighted
decision matrix.

A

Fij =Wi- Fil\}orm (44)

« Step 8: The benefit attributes are summed using (45), and the cost attributes are summed using (46) to
get the normalized weighted values:

7 —(max)
7 (min)
Q= F; (46)

Step 9: The performance score for each alternative is calculated by integrating the benefit and cost
components.

R, = ch + Q§1—<) (47)

Here, { € [0,1] denotes the relative importance of benefit versus cost criteria. Normally, we set { = 0.5
when both criteria types are considered equally important. The alternatives are then ranked in descending
order according to R ; values, where a higher score indicates a more favorable alternative.
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4.3.2 Application on Blockchain Platforms Selection

Application 3: In recent years, blockchain technology has emerged as a transformative force in industries such
as finance, supply chain, healthcare, and digital identity [62]. As organisations consider adopting blockchain
into their operations, selecting the most appropriate platform becomes a critical decision. Given the variety
of blockchain platforms available—each with different strengths, trade-offs, and technical specifications—a
structured MADM approach is required to ensure an optimal choice that meets strategic objectives.

A technology consultancy has been tasked with recommending the most suitable blockchain platform for
a consortium of companies that aims to adopt a decentralized application (dApp) for secure, transparent data
sharing. The decision involves evaluating four prominent blockchain platforms based on six key criteria.

Blockchain Platforms:

o A (Ethereum)—A widely adopted open-source platform known for its robust smart contract capabilities.

o A, (Hyperledger Fabric)—A permissioned blockchain built for enterprise use with a modular architecture.

o Az (Polkadot)—A next-generation blockchain focused on interoperability and scalability through its
parachain model.

o Ay (Solana)—A high-performance blockchain that emphasises speed and low transaction costs.

Criteria for Evaluation:

o Scalability (Benefit)—The platform’s ability to handle increasing numbers of transactions without perfor-
mance degradation.

o Operational Expense (Cost)—The total cost of deploying and maintaining applications on the platform.

o Security (Benefit)—The robustness of the platform’s security features, including consensus mechanisms and
protection against attacks.

o Interoperability (Benefit)—The ease with which the platform can interact with other blockchain networks
and systems.

o Development Maturity (Benefit)—The availability of developer tools, community support, and documen-
tation.

o Governance Complexity (Cost)—The level of difficulty and friction involved in participating in or influenc-
ing platform governance decisions.

The consultancy will use a multiattribute decision-making method to rank these platforms and provide
a data-driven recommendation.
Our proposed MADM model results are shown in the following part.

Step 1: Construct the blockchain platforms decision matrix P = ( pi j) as shown in Table 9.

6x4’

Table 9: Transposed evaluation of blockchain platforms based on multiple criteria

Ay A, A; Ay
C, (0.64,0.42) (0.93,0.41) (0.76,0.68) (0.51,0.45)
C, (0.46,0.88) (0.53,0.67) (0.65,0.62) (0.74,0.63)
C; (0.75,0.81) (0.73,0.76) (0.49,0.69) (0.94,0.35)
Cs (0.82,0.65) (0.54,0.62) (0.72,0.45) (0.61,0.79)
Cs (0.82,0.53) (0.68,0.65) (0.88,0.67) (0.76,0.43)
Cs (0.70,0.74) (0.57,0.83) (0.60,0.80) (0.58,0.61)
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Step 2: The divergence operator DEZ) is applied to (39), and the weight of each attribute is computed as

shown in Fig. 2.

0.2445

I Scalability
[ Security
[ Development Maturity [ ] Governance Complexity

[ Operational Expense

[ Interoperability

Step 3: The score decision matrix DM(s) is computed using (4) and shown in Table 10.

Figure 2: The weight of each attribute

Table 10: The score decision matrix

A Ay As Ay
C; 05940 0.8677 0.5623 0.5208
C, 0.2079 0.4241 0.5181 0.5776
Cs; 0.4452 0.4750 0.3946 0.8939
Cy 0.6384 0.4596 0.6411 0.3670
Cs 07012 0.5199 0.6904 0.6797
Ce¢ 0.4689 0.3067 0.3520 0.4841

Step 4: Calculate the linear normalization matrix using (41), shown in Table 11.

Table 11: The linear normalization matrix

Ay Az Az Ayg
C; 02112 10000 0.1196 0.0000
C, 0.0000 0.5847 0.8392 1.0000
Cs; 01014 01611 0.0000 1.0000
Cy 09902 0.3378 1.0000 0.0000
Cs 1.0000 0.0000 0.9399 0.8814
Ce¢ 0.9144 0.0000 0.2554 1.0000
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Step 5: Calculate the vector normalization matrix using (42), shown in Table 12.

Table 12: The vector normalization matrix

Ay Ay Az Ay

C; 04565 0.6669 0.4321 0.4002
C, 0.2289 0.4668 0.5704 0.6358
Cs 0.3792 0.4046 0.3361 0.7613
Cs 05916 0.4259 0.5941 0.3401
Cs 0.5377 0.3987 0.5294 0.5212
Cs 05719 0.3741 0.4293 0.5904

Step 6: Through (43), the aggregated averaged normalization matrix is obtained and displayed in Table 13.

Table 13: The aggregated averaged normalization matrix

A A, As Ay

C, 01669 0.4167 01379 0.1001
C, 0.0572 0.2629 0.3524 0.4090
Cs; 01202 0.1414 0.0840 0.4403
Cy 03954 01909 0.3985 0.0850
Cs 0.3844 0.0997 03673 0.3507
Ce¢ 03716 0.0935 0.1712 0.3976

Step 7: Using (44), the weighted aggregated averaged normalization matrix is obtained and displayed
in Table 14.

Table 14: The weighted aggregated averaged normalization matrix

Ay Ay Az Ay

C; 0.0408 0.1019 0.0337 0.0245
C, 0.0067 0.0307 0.0411 0.0477
C; 0.0324 0.0382 0.0227 0.1188
Cy4 0.0589 0.0284 0.0593 0.0127
Cs 0.0570 0.0148 0.0544 0.0520
Ce¢ 0.0267 0.0067 0.0123 0.0286

Step 8: The normalized weighted values are computed as: Py = 0.1891, P, = 0.1833,P5 = 0.1702, P, =
0.2079 and Q; = 0.0334, O, = 0.0374, Q3 = 0.0534, Q, = 0.0763.

Step 9: The final ranking of alternatives are shown as: R = 0.6176, R, = 0.6215, R3 = 0.6436, R4 =
0.7322. Therefore, A4 is the best alternative.

To evaluate the robustness and validity of the proposed model, a comparative analysis was conducted
against several existing decision-making approaches, including the FFS-TOPSIS model [20,44], the FFS-
VIKOR method [63]. In the TOPSIS model, a higher final score indicates better performance of the
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alternatives. In contrast, the VIKOR model follows an opposite convention, where a lower score signifies a
more favorable alternative.

The comparative analysis is shown in Tablel5 and Fig.3. The FFS-TOPSIS and
the FFS-VIKOR model used the Euclidean distance to determine weight based on (39)
w = (0.1992, 0.1318, 0.2301, 0.1609, 0.1803, 0.0976). The proposed model ranks the A, (Solana) with the
highest score (0.7322), followed by A; (Polkadot), A, (Hyperledger Fabric), and A; (Ethereum). This
ranking indicates that A, (Solana) is the most favorable option. Moreover, the FFS-TOPSIS model also
selects A4 (Solana) as the best alternative. According to the VIKOR decision rules, we can learn that based
on two VIKOR conditions, “acceptable advantage” is not satisfied, but “acceptable stability” is satisfied.
By calculating and analyzing, the optimal alternative is A4 (Solana) and A, (Hyperledger Fabric). The
comparative results support the validity and stability of the proposed model in MADM scenario and further
confirm its potential as a reliable alternative to existing models based on FFSs.

Table 15: The final ranking of different models

Model Ay A, As Ay Ranking Best alternative
Proposed model 0.6175 0.6214 0.6436 0.7322 Ay > A;> A, > Ay Ay
FFS-TOPSIS 0.4844 0.4010 0.5123 05712 Ay > A3 > A > A, Ay
FES-VIKOR (Sj) 0.7408 0.6524 0.7039 03061 A;>A;>A,>A, Ay
FES-VIKOR (Rj) 0.2031 0.1879 0.2301 0.1992 Az>A;>A;> A, A,
FES-VIKOR (Qj) 0.6792 0.3839 0.9516 0.1336 Az>A;>A,>A, Ay A,

T
I Ethereum
[N Hyperledger Fabric
[ Polkadot
I Solana
3 P —
4
2, — = 1
=
1 —
0 | | | I | |
Proposed model FFS-TOPSIS FFS-VIKOR (Sj) FFS-VIKOR (Rj) FFS-VIKOR (Qj)

Model
Figure 3: The result of the comparative analysis

4.3.3 Parameter Analysis

To evaluate the stability of the proposed model, this section conducts a sensitivity analysis on three
parameters: §, y, and (. The initial configuration sets the baseline values as § = 2,y = { = 0.5. Subsequently, §
is varied within the range (0, 5), while y and ( are each independently varied with the interval [0, 1], keeping
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the remaining parameters constant during each variation. This analysis enables an assessment of how changes
in each parameter individually affect the utility scores and the ranking of alternatives. A comprehensive
summary of the results is provided in Table 16.

Table 16: The sensitivity analysis of parameter 8, y and

Parameter A A, As Ay Ranking

>0  0.6924 06181 07047 07720 Ay>A;>A > A,
=05 06127 06116 0.6370 07313 Ay>A;>A >A,
8—>1.0 06148 0.6170 0.6402 0.7316 Ay>A;>A, > A
§=15 06166 0.6200 0.6424 0.7320 Ay>A;> A, > A,
8§=2.0 06175 0.6214 0.6436 07322 Ay>A;>A, > A
8§=25 06178 0.6218 0.6440 07322 Ay>A;>A, > A
8§=3.0 06175 0.6214 0.6436 07322 Ay>A;>A, > A
=35 06167 0.6205 0.6427 07320 Ay>A;>A, > A
8=4.0 06154 0.6191 0.6411 07316 Ay >A;> A, > A,
8=45 06136 0.6172 0.6390 0.7309 Ay >A;>A, > A
=50 06116 0.6149 0.6366 07302 Ay>A;>A, > A

Parameter Ay A, A, Ay Ranking

y=0.0 06210 0.6459 0.6468 0.7058 A, >Asz>A; > A,
y=01 06203 0.6411 0.6463 07115 Ay>A3>Ay>A
y=02 06196 0.6362 0.6457 07169 Ag>Az> A, > A
y=03 06189 0.6313 0.6450 07222 Ag>A;>A,> A
y=0.4 06182 0.6264 0.6443 07273 Ay>As> Ay > A
y=05 06175 0.6214 0.6436 07322 Ag>Az> Ay > A
y=0.6 06169 0.6164 0.6429 07369 Ay>Asz>A;>A,
y=07 06162 06113 06421 07415 Ag>Az>A > A,
y=0.8 06155 0.6062 0.6412 0.7460 Agz>A;>A > A,
y=0.9 06148 0.6011 0.6404 0.7503 Ay >As;>A;> A,
y=10 06141 05959 0.6395 0.7545 Ay>A;>A;>A,

Parameter A A, Aj Ay Ranking

(=00  LI891 11832 11702 12079 Ay>A;>A,> A,
(=01 09351 0.9370 0.9492 10164 A, >A;> A, > A,
(=02 07705 0.7755 07991 0.8824 Ay>A;>A,>A
(=03 0.6723 0.6780 07047 07952 Ay>A;>A, > A
(=04  0.6248 0.6298 0.6553 07470 Ay>A;>A, > A
(=05 06175 0.6214 0.6436 07322 Ay>A;> A, > A,
(=0.6 0.6437 0.6464 0.6649 07471 Ay>A;>A, > A
(=07  0.6993 07012 07165 07893 Ay>A;>A, > A
(=08 0.6993 07012 07165 07893 Ay>A;>A,>A
(=09  0.8935 0.8959 0.9093 0.9533 Ay>A;>A,>A
(=10 10334 10374 10534 10763 As>A;>A,> A,
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In all three cases, while the utility scores of alternatives show sensitivity to parameter variations, the
ranking results remain largely stable. Notably, alternative A, consistently emerges as the top-ranked option,
highlighting the model’s resilience and reliability across differing parameter settings.

5 Conclusion

This paper introduced a unified Fermatean fuzzy parametric divergence operator that fully accounts for
membership, non-membership, and hesitation degrees, addressing key shortcomings in existing divergence
operators for FESs. The proposed operator satisfies fundamental mathematical properties, including non-
negativity, non-degeneracy, and symmetry. It also generalizes several well-known divergence operators such
as Jensen-Shannon, Hellinger, x*-divergence, and arithmetic-geometric divergence. The effectiveness of
the proposed operator is validated through three practical applications: pattern classification, hierarchical
clustering, and MADM for blockchain platform selection via the AROMAN model. The results confirm the
superior sensitivity, robustness, and versatility of our operator in various machine learning and intelligent
decision-making scenarios.

Despite the promising outcomes, some limitations should be acknowledged. First, the current diver-
gence operator is defined for precise FESs, which limits its direct applicability to more complex environments
such as interval-valued, complex, or hesitant FFSs. Second, the divergence operator has not yet been
integrated into learning-based frameworks, making it less adaptive in dynamic or data-driven decision
contexts. Future research will focus on several directions to overcome these limitations. These include
generalizing the operator to interval-valued, complex, or hesitant FFSs and embedding the divergence
operator within machine learning models such as fuzzy neural networks. Such extensions aim to enhance
both the theoretical flexibility and practical utility of the proposed operator in increasingly complex and
large-scale decision-making environments.
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