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ABSTRACT: This research utilizes analytical solutions to investigate the issue of nonlinear static bending in nanobeams
affected by the flexomagnetic effect. The nanobeams are exposed to mechanical loads and put in a temperature
environment. The equilibrium equation of the beam is formulated based on the newly developed higher-order shear
deformation theory. The flexomagnetic effect is explained by the presence of the strain gradient component, which
also takes into consideration the impact of small-size effects. This study has used a flexible transformation to derive
the equilibrium equation for a single variable, which significantly simplifies the process of determining the precise
solution to the bending issue. This highlights the originality and significance of the present study, which is based on a
newly developed shear deformation theory to clarify the distinctions between the nonlinear and linear problems. This
study also presents the findings of numerical simulations that investigate the impact of various geometric, material,
and temperature parameters on the nonlinear behavior of nanobeams. These discoveries are significant for designers
to develop nanobeams that can function efficiently in many physical conditions, including mechanical, thermal, and
magnetic mediums.
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1 Introduction
Currently, smart materials are widely used in several significant sectors such as aerospace, medical,

military industry, and others. Common examples of smart materials include materials that exhibit varying
mechanical characteristics, piezoelectric materials, magnetic materials, materials with flexoelectric effects,
materials with flexomagnetic effects, and so on. Therefore, the investigation into the mechanical behavior
of structures composed of this intelligent material has taken a substantial leap ahead. Zhang et al. [1]
performed research on the bending characteristics of piezoelectric material plates that have a bidirectional
functionally graded (FG) structure inside the plane. Jing et al. [2] conducted an oscillation evaluation of
piezoelectric cantilever beams with bimodular FG characteristics. Khiem et al. [3,4] completed a study on
the vibration response of a cracked beam made of functionally graded material (FGM) with a piezoelectric
section, subjected to a moving load. Li and collaborators [5] conducted a study on the electro-mechanical
vibration and stress distribution of a piezoelectric nanobeam with a symmetrical FGM core when subjected
to a low-velocity reaction. Binh et al. [6] demonstrated the use of analytical modeling to analyze the
mechanical properties of piezoelectric nanobeams, focusing on the inclusion of flexoelectric influences. Son
and coworkers [7] proposed a theoretical framework called the novel shear deformation theory. This theory
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aims to accurately model the behavior of nanoplates under dynamic conditions. Doan et al. [8] investigated
the impact of the flexoelectric effect on the free oscillation characteristics of cracked nanoplates using the
phase-field theory. Askari and colleagues [9] presented a study of the vibrations in beams that are both
transversely and sheared linked and made of piezoelectric functionally graded porous materials. The analysis
was conducted using higher-order theories. Duc and Phuc [10] presented a thorough investigation of the
mechanical behavior of piezoelectric nanoplates with varying thicknesses, including the influence of the
flexoelectric effect.

Small-scale electronics, such as nanosensors, transistors, nanogenerators, and actuators, frequently con-
sist of beam or nanoplate structures that experience various forms of stress. Research has successfully shown
their mechanical reactions. Jankowski et al. [11] discussed the piezoelectric influence on the bifurcation
buckling of a symmetric FGM porous nanobeam. This was done using a higher-order nonlocal elasticity and
strain gradient theory, together with Reddy’s third-order shear deformation beam theory. Sator et al. [12]
delivered a presentation on the analysis of FG piezoelectric micro/nano plates using the moving finite
element method (FEM). Kammoun and coworkers [13] researched the study of thermo-electro-mechanical
dynamics and free vibrations of a nanobeam made of functionally graded piezoelectric material, taking into
account the effects of initial stress. Van Thom and colleagues [14] conducted a study on the mechanical
reactions of nanoplates when placed on viscoelastic foundations in settings with multiple physical properties.
Hoan et al. [15] demonstrated nonlinear vibration nanobeam analysis sustaining thermal environment
with flexomagnetic effect consideration. Selvamani and collaborators [16] examined the propagation of
nonlocal state-space strain gradient waves in an FG magnetothermoelectric nanobeam. Ebrahimi et al. [17]
scrutinized the Influence of temporal nonlocality on the wave propagation characteristics of viscoelastic
FGM nanoshells. Li and his team [18] explored the dynamic behaviors of imperfect functionally graded
piezoelectric sandwich microplates with thermal-electric properties. The study was based on the modified
couple stress theory. Wang and coworkers [19] delivered a study on the examination of wave propagation
in porous FG piezoelectric nanoshells that are supported by a viscoelastic foundation. Fang et al. [20] and
Tien et al. [21] presented an application of the nonlocal hypothesis to analyze the free and forced oscillation
of multilayer nanoplates. Phung [22] delivered a presentation on the static bending analysis of nanoplates
on a discontinuous elastic foundation, focusing specifically on the inclusion of the flexoelectric effect. Sun
et al. [23] conducted a study on the characteristics of nonlinear dynamical instability in FG piezoelectric
microshells. The study included the effects of nonlocality and strain gradient size dependencies. The most
recent related studies can be found in these documents [24–30]. Lan et al. [24] combined nonlocal elasticity
with the Galerkin method, Tho et al. [25] adopted nonlocal elasticity within an analytical framework, and
Dehsaraji et al. [26] integrated higher-order shear deformation theory with nonlocal theory. Yademellat
et al. [27] employed both classical beam theory and the nonlocal strain gradient theory, while Cong
et al. [28] utilized a phase-field approach to examine the influence of size effects on crack propagation
in structural components. In addition, for structures at the nanoscale, the surface effect is one of the key
factors significantly influencing their mechanical responses [31–33]. However, when analyzing nanoscale
structures, various theoretical models have been proposed, among which Eringen’s model [34] is one of the
most widely used. However, this model can lead to inaccuracies under certain special boundary conditions.
Therefore, researchers have developed more advanced and effective models for solving nanoscale structural
mechanics problems [35–39]. Romano et al. [35] examined the linear problem, Ussorio et al. [37] investigated
the nonlinear case, while Vaccaro et al. [38,39] developed higher-order theories to improve the accuracy
of the analysis. In this work, the proposed Eringen model [34] is adopted, as it is simple, computationally
convenient, and still widely accepted and employed by many scholars [21,24,25,31,32].
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Beam constructions can endure several sorts of loads, including mechanical loads and thermal stresses.
Due to this factor, beams can experience significant deformations. In addition, the presence of the flexo-
magnetic effect further complicates the beam’s reaction, resulting in an entirely distinct behavior compared
to situations involving just minor deformations. There are various methods available for beam analysis.
For example, Mahboubi Nasrekani and Eipakchi [40], Chandel and Talha [41] employed the perturbation
approach, Wu [42] applied the Meshless method, Useche and Alvarez [43] adopted the Boundary Element
Method, while Pereira et al. [44] and Liu et al. [45] utilized approximate solution techniques. Unlike other
approximate methods [40,46,47], the objective of this research is to develop an innovative approach based
on analytical methodologies. The presented findings will undoubtedly provide designers with a foundation
for developing efficient structures that fulfill the specified criteria.

This paper is organized into the following primary sections: The equilibrium equation and solution for
the issue of nonlinear bending of nanobeams are described in Section 2. Section 3 presents some instances
to show the dependability of the solution in this study. Section 4 presents the outcomes of numerical
computations and the subsequent examination of these results. Section 5 provides a concise overview of the
primary findings that have been examined in this study.

2 Nano Beams Subjected to Bending, Considering Geometric Nonlinearity and Flexoemagnetic Effects
Fig. 1 illustrates the nanobeam model constructed from materials exhibiting flexomagnetic properties.

Align the x-axis parallel to the beam axis, and position the z-axis perpendicular to the beam axis. The beam
has a length denoted as L, a height represented by h, and is situated inside an environment that experiences
mechanical stress Fz and temperature variations.

Figure 1: Model of a nanobeam with flexomagnetic effect in a temperature environment

There are several theories available for calculating beams. However, when it comes to nonlinear issues,
most projects have relied on classical beam theory. This is due to the simplicity and convenience of its
structure, which facilitates calculations. However, the drawback of the classical theory lies in its limited
applicability to slender beams. When dealing with beams that have a significant thickness, using this theory
for calculations will result in substantial inaccuracies since it fails to account for the impact of shear
deformation. This study employs the novel third-order shear deformation theory to provide a solution to
the bending issue of nanobeams affected by the flexomagnetic effect. The two displacement components are
expressed in the following manner [48]:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

χx = χ0x − z
∂χb

∂x
− gz

∂χs

∂x
χz = χb + χs

(1)
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where χx and χ0x are the axial displacements along the x-axis at the position with coordinate z and at
the position on the midline of the beam, respectively. The displacement χz is measured perpendicular to
the beam axis, which is aligned with the z-axis. The distinction between this novel form of higher-order
theory and the traditional theory lies in its incorporation of the χs component, which accounts for shear
displacement and shear strain, and

gz = ( 127z4

200h3 − 77z2

125h
+ 39h

500
) sinh ( πz

h
) (2)

When employing the function gz as expressed in Eq. (2), although the thickness integration becomes
more complex compared to other functions, the use of this gz function ensures that the shear stresses
vanish at the beam surfaces without the need for any shear correction factors, while accurately capturing the
mechanical response of the structure.

After the displacement field derivative, the strains consider the large deformation:

{εx = ε0 + εT h + zεz + gz εg
Γxz = fz Γ0xz

(3)

in which the axial strain takes into account the influence of temperature:

ε0 = ∂χ0x

∂x
+ 1

2
( ∂χz

∂x
)

2
;

εz = − ∂2 χb

∂x2 ; εg = − ∂2 χs

∂x2

εT h = αT her ΔT

(4)

where αT her is the coefficient of thermal expansion, and ΔT is the deviation of the ambient temperature from
the stress-free temperature of the material, and shear strain is as follows:

Γxz = ∂χs

∂x
;

fz = 1 − ∂gz

∂z

(5)

This study examines the effects of significant deformation and thermal deformation caused by temper-
ature changes. This augments the intricacy and unwieldiness of the computation formulae provided below.
However, addressing the issue of nonlinear bending in nanobeams using this theory will be more significant
since the theoretical calculation model closely aligns with real-world conditions.

Continuing to differentiate the strain, one derives the strain gradient:

ηx xz = − ∂2 χb

∂x2 − ∂gz

∂z
∂2 χs

∂x2 = − ∂2vb

∂x2 + ∂gz

∂z
(− ∂2 χs

∂x2 ) = ηb + ∂gz

∂z
ηs (6)

where ηb = − ∂2vb

∂x2 ; ηs = − ∂2 χs

∂x2 .
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This study considers only the size-dependent effect based on nonlocal theory, without accounting for
the influence of the surface effect. The flexomagnetic effect and the size effect make the relationship between
stress and strain as [20,28]:

(1 − Γ2 ∂2

∂x2 ) σx = Eεx − q31Vz (7)

(1 − Γ2 ∂2

∂x2 ) τxz = Gεxz (8)

Ψx xz = g14ηx xz − k14Vz (9)

Pz = q31εx x + κ33Vz + k14ηx xz (10)

in which σx and τxz are the normal stress and the tangent stress, Γ is a parameter representing the size effect,
Vz is the magnetic field, q31 is the piezomagnetic coefficient, k14 is the flexomagnetic coefficient, Ψx xz is the
higher-order stress, κi j is the magnetoelectric coefficient, và Pz is the magnetic flux, G = E/2 (1 + ν), and
g14 = λ3 + 2 λ4, where:

λ3 = 8
3

λ2 + 2
5

λ5; λ4 = μ
3

(l 2
1 + 6l 2

2 ) ; λ2 = μ
30

(27l 2
0 − 4l 2

1 − 15l 2
2 ) ; λ5 = μ

3
(l 2

1 − 3l 2
2 ) (11)

with μ is Lamé parameter, l0, l1, l2 are the material parameters.
The following can be obtained by applying Gauss’s law:

∂Pz

∂z
= 0 (12)

Using the condition Pz to vanish at the top and bottom surfaces of the cross-section, the magnetic field
expression is now:

Vz =
q31
d33

{ ∂2 χb

∂x2 z + gz
∂2 χs

∂x2 } + k14

d33

∂gz

∂z
∂2 χs

∂x2 + k14

d33

∂2 χb

∂x2 (13)

Vertical force (Nx), bending moment (Mx), higher order moment (Sx), and shear force (Qxz) are
calculated as follows:

Nx − Γ2 ∂2

∂x2 Nx =
−h/2

∫
−h/2

(c11εx − q31Vz) dz

= A0 (ε0 + εT h) − q31k14h
κ33

εz − q31k14

κ33
AN g εg

(14)

Mx − Γ2 ∂2

∂x2 Mx =
h/2

∫
−h/2

(c11εx − q31Vz) zdz

= Azz εz + Az g εg − q2
31

κ33

h3

12
εz − q2

31
κ33

AMz g εg

(15)
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Sx − Γ2 ∂2

∂x2 Sx =
h/2

∫
−h/2

(c11εx − q31Vz) gzdz

= Agz εz + Ag g εg − q2
31

κ33
AMz g εz − q2

31
κ33

AS g g εg

(16)

Qxz − Γ2 ∂2

∂x2 Qxz =
h/2

∫
−h/2

(GΓxz) dz = As Γxz (17)

with the coefficients provided in the Appendix A.
Presently, the work principle is applicable to nanobeams:

δΘN B = δΘML (18)

where is the virtual work of the internal force of the nanobeam:

δΘN B = ∫
S

h/2

∫
−h/2

(σx δ (εx ) + Ψx xz δηx xz + (τxz) δ (Γxz)) dzdS

= ∫
S

(Nx δε0 + Mx δεz + Sx δε f + Tx xz δηb + Yzzx ηs + Qxz δΓxz) dS

= ∫
S

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

Nx (δ
∂χ0x

∂x
+ ∂χz

∂x
δ ( ∂χz

∂x
)) − Mx δ ( ∂2 χb

∂x2 ) − Sx δ ( ∂2 χs

∂x2 )

−Tx xz δ ( ∂2 χb

∂x2 ) − Yzzx δ ( ∂2 χs

∂x2 ) + Qxz tz δ ( ∂χs

∂x
)

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

dS

= ∫
S

⎛
⎜⎜⎜⎜
⎝

∂Nx

∂x
δ χ0x + ∂

∂x
(Nx

∂χ
∂x

) δv − ∂2Mx

∂x2 δ χb − ∂2Sx

∂x2 δ χs

− ∂2Tx xz

∂x2 δ χb − ∂2Yzzx

∂x2 δ χs + ∂Qxz

∂x
δ χs

⎞
⎟⎟⎟⎟
⎠

dS

(19)

in which

Tx xz =
h/2

∫
−h/2

Ψx xzdz =
h/2

∫
−h/2

{g14ηx xz − k14Vz} dz =
h/2

∫
−h/2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g14ηb + g14
∂gz

∂z
ηs

−k14

⎛
⎜⎜⎜⎜⎜
⎝

q31
d33

{ ∂2 χb

∂x2 z + gz
∂2 χs

∂x2 }

+ k14

d33

∂gz

∂z
∂2 χs

∂x2 + k14

d33

∂2 χb

∂x2

⎞
⎟⎟⎟⎟⎟
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz

= −
⎡⎢⎢⎢⎢⎣

h/2

∫
−h/2

(g14 + k2
14

d33
) dz

⎤⎥⎥⎥⎥⎦

∂2 χb

∂x2 −
⎡⎢⎢⎢⎢⎣

h/2

∫
−h/2

(g14 + k2
14

d33
) ∂gz

∂z
dz

⎤⎥⎥⎥⎥⎦

∂2 χs

∂x2

= −ATb
∂2 χb

∂x2 − ATs
∂2 χs

∂x2

(20)
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Yzzx =
h/2

∫
−h/2

Ψx xz
∂gz

∂z
dz =

h/2

∫
−h/2

{g14ηx xz − k14Vz} ∂gz

∂z
dz

=
h/2

∫
−h/2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g14
∂gz

∂z
ηb + g14 ( ∂gz

∂z
)

2
ηs

−k14

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

q31
d33

{ ∂2 χb

∂x2 z ∂gz

∂z
+ gz

∂gz

∂z
∂2 χs

∂x2 }

+ k14

d33
( ∂gz

∂z
)

2 ∂2 χs

∂x2 + k14

d33

∂gz

∂z
∂2 χb

∂x2

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz

= −
⎡⎢⎢⎢⎢⎣

h/2

∫
−h/2

(g14 + k2
14

d33
) ∂gz

∂z
dz

⎤⎥⎥⎥⎥⎦

∂2 χb

∂x2 −
⎡⎢⎢⎢⎢⎣

h/2

∫
−h/2

(g14 + k2
14

d33
) ( ∂gz

∂z
)

2
dz

⎤⎥⎥⎥⎥⎦

∂2 χs

∂x2

= −AY b
∂2 χb

∂x2 − AY s
∂2 χs

∂x2

(21)

with the coefficients ATb, ATs, AYb, AYs provided in the Appendix A.
Virtual work of the mechanical force acting on the beam:

δΘML = ∫
S

Pv δ χzdS (22)

Therefore, Eq. (18) is implemented into three equations as follows:

δ χ0x ∶ ∂Nx

∂x
= 0 (23)

δ χb ∶ Nx
∂2 χ
∂x2 − ∂2Mx

∂x2 − ∂2Tx xz

∂x2 − Pv = 0 (24)

δ χs ∶ Nx
∂2 χ
∂x2 − ∂2Sx

∂x2 − ∂2Yx xz

∂x2 + ∂Qxz

∂x
− Pv = 0 (25)

The vertical force (14) now has the following form:

Nx =
−h/2

∫
−h/2

(c11εx − q31Vz) dz

= A0 ( ∂χ0x

∂x
+ 1

2
( ∂χz

∂x
)

2
+ εT h) + q31k14h

κ33

∂2 χb

∂x2 + q31k14

κ33
AN g

∂2 χs

∂x2

(26)

Integrating the above expression once, one derives:

Nx x + Nconst = A0
⎛
⎝

χ0x + 1
2

x

∫
0

( ∂χ (Ψ)
∂Ψ

)
2

dΨ + εT h x
⎞
⎠

+ q31k14h
κ33

x

∫
0

∂2 χb (Ψ)
∂Ψ2 dΨ + q31k14

κ33
AN g

x

∫
0

∂2 χs (Ψ)
∂Ψ2 dΨ

(27)
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Suppose the beam is simply supported at both ends: χ0x (x = 0) = χ0x (x = L) = 0, one gets Nconst = 0.
The vertical force Nx is now calculated as follows:

Nx = A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx + q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h (28)

Hence, significant deformation and temperature variations have a direct impact on the stress and
longitudinal force of the beam, resulting in a much more complex mathematical expression. The second
derivative of the moment is obtained from Eq. (24):

∂2Mx

∂x2 = Nx
∂2 χz

∂x2 − ∂2Tx xz

∂x2 − Pv (29)

On the other hand, based on (15), the following can be calculated:

Mx = Γ2Nx
∂2 χz

∂x2 − Γ2 ∂2Tx xz

∂x2 − Γ2Pv + Azz εz + Az g εg

− e2
31

κ33

h3

12
εz − q2

31
κ33

AMz g εg

(30)

The following equation is derived by transforming Eqs. (24) and (30):

Nx
∂2 χz

∂x2 − Γ2Nx
∂4 χz

∂x4 − ∂2Tx xz

∂x2 + Γ2 ∂4Tx xz

∂x4 − Pv + Γ2 ∂2Pv

∂x2

− (Azz − q2
31

κ33

h3

12
) ∂2εz

∂x2 − (Az g − q2
31

κ33
AMz g)

∂2εg

∂x2 = 0
(31)

The second derivative of Sx is calculated from (25):

∂2Sx

∂x2 = Nx
∂2 χz

∂x2 + ∂Qxz

∂x
− ∂2Yx xz

∂x2 − Pv (32)

On the other hand, Eq. (16) gives:

Sx = Γ2Nx
∂2 χz

∂x2 + Γ2 ∂Qxz

∂x
− Γ2 ∂2Yx xz

∂x2 − Γ2Pv + Agz εz + Ag g εg

− q2
31

κ33
AMz g εz − q2

31
κ33

AS g g εg

(33)

Finally, Eq. (25) is rewritten in the following form:

Nx
∂2 χz

∂x2 − Γ2Nx
∂4 χz

∂x4 − ∂2Yx xz

∂x2 + Γ2 ∂4Yx xz

∂x4 + ∂Qxz

∂x
− Γ2 ∂3Qxz

∂x3 − Pv + Γ2 ∂2Pv

∂x2

− (Agz
∂2εz

∂x2 + Ag g
∂2εg

∂x2 − q2
31

κ33
AMz g

∂2εz

∂x2 − q2
31

κ33
AS g g

∂2εg

∂x2 ) = 0
(34)
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Therefore, the system of equilibrium equations for the beam has the following form:

Nx
∂2 (χb + χs)

∂x2 − Γ2Nx
∂4 (χb + χs)

∂x4 − ∂2Tx xz

∂x2 + Γ2 ∂4Tx xz

∂x4

+ (Azz − q2
31

κ33

h3

12
) ∂4 χb

∂x4 + (Az g − q2
31

κ33
AMz g) ∂4 χs

∂x4 − Pv + Γ2 ∂2Pv

∂x2 = 0
(35)

Nx
∂2 (χb + χs)

∂x2 − Γ2Nx
∂4 (χb + χs)

∂x4 + As
∂2 χs

∂x2 − ∂2Yx xz

∂x2 + Γ2 ∂4Yx xz

∂x4

+ (Agz − q2
31

κ33
AMz g) ∂4 χb

∂x4 + (Ag g − q2
31

κ33
AS g g) ∂4 χs

∂x4 − Pv + Γ2 ∂2Pv

∂x2 = 0
(36)

The above system of equations is written more specifically as follows:

( A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx + q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h) ∂2 (χb + χs)
∂x2

−Γ2 ⎛
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx +

q31k14 (h − hg)
κ33L

L

∫
0

∂2 χb

∂x2 dx + q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h
⎞
⎠

∂4 (χb + χs)
∂x4

+ATb
∂4 χb

∂x4 + ATs
∂4 χs

∂x4 − Γ2 (ATb
∂6 χb

∂x6 + ATs
∂6 χs

∂x6 ) + (Azz − q2
31

κ33

h3

12
) ∂4 χb

∂x4

+ (Az g − e2
31

κ33
AMz g) ∂4 χs

∂x4 − Pv + Γ2 ∂2Pv

∂x2 = 0

(37)

( A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx + q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h) ∂2 (χb + χs)
∂x2

−Γ2 ( A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx + q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h) ∂4 (χb + χs)
∂x4

+AY b
∂4 χb

∂x4 + AY s
∂4 χs

∂x4 − Γ2 (AY b
∂6 χb

∂x6 + AY s
∂6 χs

∂x6 ) + As
∂2 χs

∂x2 + (Agz − q2
31

κ33
AMz g) ∂4 χb

∂x4

+ (Ag g − q2
31

κ33
AS g g) ∂4 χs

∂x4 − Pv + Γ2 ∂2Pv

∂x2 = 0

(38)

The beam’s equilibrium equation system includes nonlocal coefficients, which represent the influence
of the flexomagnetic effect, the influence of temperature, and the influence of large strain. These equations
are very complicated and cumbersome because they involve two variables vb and vs.

Assuming the nanobeam is subjected to a single support boundary at both ends and it is simply
supported at both ends, this condition requires that the displacements χb , χs and the bending moment to be
zero at x = 0 and x = L, use a trigonometric series for the solution form and mechanical load, one obtains:

χb =
∞

∑
n=1

X0b sin ( nπx
L

)

χs =
∞

∑
n=1

X0s sin ( nπx
L

)

Pv =
∞

∑
n=1

P0v sin ( nπx
L

)

(39)
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in which X0b, X0s, and P0v are the amplitudes of the respective components. In addition, the beam can
also be subjected to other boundary conditions such as clamped-clamped, clamped-free, or clamped-simply
supported. For these cases, the boundary constraints at both ends differ from those of the simply supported
beam, and the selection of displacement functions becomes more complex.

Taking the difference between (37) and (38) yields:

(AY b − ATb + Agz − q2
31

κ33
AMz g − Azz + q2

31
κ33

h3

12
) ∂4 χb

∂x4

+ (AY s − ATs + Ag g − q2
31

κ33
AS g g − Az g + q2

31
κ33

AMz g) ∂4 χs

∂x4

+Γ2 ((ATb − AY b) ∂6wb

∂x6 + (ATs − AY s) ∂6vs

∂x6 ) + As
∂2 χs

∂x2 = 0

(40)

Eq. (40) is rewritten as follows:

{[AY b − ATb + Agz − q2
31

κ33
AMz g − Azz + q2

31
κ33

h3

12
] − Γ2 (ATb − AY b) ( nπ

L
)

2
} X0b ( nπ

L
)

2

+ {(AY s − ATs + Ag g − q2
31

κ33
AS g g − Agz + q2

31
κ33

AMz g) ( nπ
L

)
2

− Γ2 (ATs − AY s) ( nπ
L

)
4

− As} X0s = 0
(41)

If

X0b + X0s = X0 (42)

Systems (40) and (41) are solved as follows:

X0b = Yb X0 (43)
X0s = Ys X0 (44)

where the coefficients Yb, Ys are provided in the Appendix A.
The system of Eqs. (37) and (38) becomes:

−
∞

∑
n=1

L

∫
0

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
2

sin ( nπx
L

) dx

−
∞

∑
n=1

L

∫
0

Γ2

⎛
⎜⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
4

sin ( nπx
L

) dx

(45)

+
∞

∑
n=1

L

∫
0

(ATb + Azz − q2
31

κ33

h3

12
) Yb X0 ( nπ

L
)

4
sin ( nπx

L
) dx
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+
∞

∑
n=1

L

∫
0

(ATs + Az g − q2
31

κ33
AMz g) Ys X0 ( nπ

L
)

4
sin ( nπx

L
) dx

+
∞

∑
n=1

L

∫
0

Γ2 (ATbYb + ATsYs) X0 ( nπ
L

)
6

sin ( nπx
L

) dx

+
∞

∑
n=1

L

∫
0

(1 + Γ2 ( nπ
L

)
2
) P0v sin ( nπx

L
) dx = 0

−
∞

∑
n=1

L

∫
0

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
2

sin ( nπx
L

) dx

−
∞

∑
n=1

L

∫
0

Γ2

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
4

sin ( nπx
L

) dx

+
∞

∑
n=1

L

∫
0

(AY b + A f z − q2
31

κ33
AMz g) Yb X0 ( nπ

L
)

4
sin ( nπx

L
) dx

+
∞

∑
n=1

L

∫
0

(AY s + Ag g − q2
31

κ33
AS g g) Ys X0 ( nπ

L
)

4
sin ( nπx

L
) dx

+
∞

∑
n=1

L

∫
0

Γ2 (AY bYb + AY sYs) X0 ( nπ
L

)
6

sin ( nπx
L

) dx −
∞

∑
n=1

L

∫
0

AsYs X0 ( nπ
L

)
2

sin ( nπx
L

) dx

+
∞

∑
n=1

L

∫
0

(1 + Γ2 ( nπ
L

)
2
) P0v sin ( nπx

L
) dx = 0

(46)

Multiply the systems (45) and (46) by
∞

∑
m=1

sin ( mπx
L

):

−
∞

∑
n=1

L

∫
0

⎛
⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
2

sin ( nπx
L

) sin ( mπx
L

) dx (47)

−
∞

∑
n=1

L

∫
0

Γ2

⎛
⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
4

sin ( nπx
L

) sin ( mπx
L

) dx

+
∞

∑
n=1

L

∫
0

(ATb + Azz − q2
31

κ33

h3

12
) Yb X0 ( nπ

L
)

4
sin ( nπx

L
) sin ( mπx

L
) dx
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+
∞

∑
n=1

L

∫
0

(ATs + Az g − q2
31

κ33
AMz g) Ys X0 ( nπ

L
)

4
sin ( nπx

L
) sin ( mπx

L
) dx

+
∞

∑
n=1

L

∫
0

Γ2 (ATbYb + ATsYs) X0 ( nπ
L

)
6

sin ( nπx
L

) sin ( mπx
L

) dx

+
∞

∑
n=1

L

∫
0

(1 + Γ2 ( nπ
L

)
2
) P0v sin ( nπx

L
) sin ( mπx

L
) dx = 0

−
∞

∑
n=1

L

∫
0

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + q31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
2

sin ( nπx
L

) sin ( mπx
L

) dx

−
∞

∑
n=1

L

∫
0

Γ2

⎛
⎜⎜⎜⎜⎜
⎝

A0

2L

L

∫
0

( ∂χz

∂x
)

2
dx + e31k14h

κ33L

L

∫
0

∂2 χb

∂x2 dx

+ q31k14

κ33L
AN g

L

∫
0

∂2 χs

∂x2 dx + A0εT h

⎞
⎟⎟⎟⎟⎟
⎠

X0 ( nπ
L

)
4

sin ( nπx
L

) sin ( mπx
L

) dx

+
∞

∑
n=1

L

∫
0

(AY b + Agz − q2
31

κ33
AMz g) Yb X0 ( nπ

L
)

4
sin ( nπx

L
) sin ( mπx

L
) dx

+
∞

∑
n=1

L

∫
0

(AY s + Ag g − q2
31

κ33
AS g g) Ys X0 ( nπ

L
)

4
sin ( nπx

L
) sin ( mπx

L
) dx

+
∞

∑
n=1

L

∫
0

Γ2 (AY bYb + AY sYs) X0 ( nπ
L

)
6

sin ( nπx
L

) sin ( mπx
L

) dx

−
∞

∑
n=1

L

∫
0

AsYs X0 ( nπ
L

)
2

sin ( nπx
L

) sin ( mπx
L

) dx

+
∞

∑
n=1

L

∫
0

(1 + Γ2 ( nπ
L

)
2
) P0v sin ( nπx

L
) sin ( mπx

L
) dx = 0

(48)

The above system of equations leads to a more reduced form of the equation as:

T3 X3
0 + T2 X2

0 + T1 X0 = TP P0v (49)
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with the following descriptive coefficients are:

T3 = − A0

2L

L

∫
0

( nπ
L

cos ( nπx
L

))
2

dx {1 + Γ2 ( nπ
L

)
2
} ( nπ

L
)

2

T2 =

⎛
⎜⎜⎜⎜⎜
⎝

q31k14h
κ33L

Yb
L

∫
0

(− ( nπ
L

)
2

sin ( nπx
L

)) dx

+ q31k14

κ33L
AN gYs

L

∫
0

(− ( nπ
L

)
2

sin ( nπx
L

)) dx

⎞
⎟⎟⎟⎟⎟
⎠

{1 + Γ2 ( nπ
L

)
2
} ( nπ

L
)

2

T1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(AY b + Agz − q2
31

κ33
AMz g) Yb ( nπ

L
)

2
+ (AY s + Ag g − q2

31
κ33

AS g g) Ys ( nπ
L

)
2

+Γ2 (AY bYb + AY sYs) ( nπ
L

)
4

− AsYs + A0εT h

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

( nπ
L

)
2

TP = (1 + Γ2 ( nπ
L

)
2
)

(50)

In the case of uniformly distributed load (P0v = 4Q0P

nπ
), the beam’s nonlinear bending Eq. (46) is now:

T3 X3
0 + T2 X2

0 + T1 X0 = TP
4Q0P

nπ
(51)

Thus, the nonlinear Eq. (51) includes coefficients containing components related to temperature,
flexomagnetic and size effects, the solution X0 of Eq. (48) will depend on these factors.

3 Comparison and Validation of the Proposed Approach
Example 1: Consider a beam with h = L/10 and L/20, where the length is L = 10 nm. Material parameters

are E = 30 GPa and ν = 0.3. The load acting on the beam is evenly distributed with intensity P0 = 1 N/m. The

maximum displacement of the beam is normalized based on the formula Nd is p = 100 EI
P0L4 χz (L/2).

The convergence of the computational results with respect to the number n is listed in Table 1. For
n = 4, the results achieve the required accuracy, and this work adopts this value for further calcula-
tions. Table 2 details the outcomes of computing the maximum deflection of the beam using various beam
theories and methodologies. Specifically, Ref. [49] employed exact solutions combined with various beam
theories ranging from the classical theory to higher-order beam theories, whereas Ref. [50] adopted the
Timoshenko beam theory along with numerical approaches. The outcomes of this work exhibit minor
discrepancies in comparison to the published findings. The disparity in beam theory used in these structures
accounts for the comprehensibility of this phenomenon.

Example 2: Let us analyze a beam with a cross-sectional height of 1 m (h = 1 m), a length of 20 times
its height (L = 20h), an elastic modulus of 70 GPa (E = 70 GPa), a Poisson’s ratio of 0.3, and a uniformly
distributed load intensity denoted as P0. Table 3 lists the correlation between the deflection of the beam and
the applied load. In addition, the computational results of this study show only minor deviations from the
values reported in the reference papers, where Refs. [51,52] employed higher-order beam theories combined
with the Ritz method, while Ref. [53] adopted the first-order beam theory with analytical approaches. This
provides evidence of the accuracy of this study in addressing the issue of nonlinear bending of beams.
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Table 1: Convergence of the deflection with respect to the number n, ζ = L/h, T-B: Timoshenko beam theory

ζ Γ2 (nm2) T-B [49] This work

n = 1 n = 3 n = 4 n = 10

10

0 1.3483 1.3237 1.3298 1.3314 1.3314
0.5 1.4210 1.3924 1.4033 1.4107 1.4107
1.0 1.4937 1.4687 1.5229 1.5202 1.5202
1.5 1.5664 1.5538 1.5356 1.5527 1.5538
2.0 1.6391 1.6498 1.6313 1.6313 1.6313

Table 2: Comparison results of deflection Nd is p of nanobeams, ζ = L/h, C-B: classic beam theory, T-B: Timoshenko
beam theory

ζ Γ2 (nm2) C-B [49] C-B [50] T-B [49] T-B [50] This work

10

0 1.3130 1.3021 1.3483 1.3346 1.3237
0.5 1.3809 1.3646 1.4210 1.3971 1.3924
1.0 1.4487 1.4271 1.4937 1.4596 1.4687
1.5 1.5165 1.4896 1.5664 1.5221 1.5538
2.0 1.5844 1.5521 1.6391 1.5846 1.6498

20

0 1.3130 1.3021 1.3218 1.3102 1.3098
0.5 1.3809 1.3646 1.3909 1.3727 1.3777
1.0 1.4487 1.4271 1.4600 1.4352 1.4532
1.5 1.5165 1.4896 1.5290 1.4977 1.5374
2.0 1.5844 1.5521 1.5981 1.5602 1.6323

Table 3: Nonlinear deflections of beams calculated using different methods, PB = P0L4

Eh4

PB
χz max/ h

[51] [53] [52] This work
1 0.147 0.147 0.147 0.147
8 0.598 0.597 0.597 0.601

30 1.053 1.053 1.053 1.066
80 1.515 1.514 1.514 1.541

4 Results and Discussion
Given the confirmed dependability of this study, presented below are numerical findings that demon-

strate the impact of material characteristics, temperature, and load on the nonlinear behavior of nano beams.
The beam’s starting parameters are L = 10 nm and h = L/10. The material characteristics are as follows:
c11 = 286 GPa, ν = 0.3; k33 = 157 × 10−6 C/(Vm), r14 = t14 × 10−7 N/A with t14 being the coefficient, and l0 = l1
= l2 = 1 nm, αT her = 11.8 × 10−6 K−1. The applied load is determined using the dimensionless formula:
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FLoad = 2.104Q0v L4

E0h4
0

(52)

where Q0v is the load intensity, E0 = 70 GPa, h0 = L/10. The linear (χzL) and nonlinear (χzN ) bending
deflections are normalized as follows:

DL = c11h0

PN L2 (χzL)max (53)

DN = c11h0

PN L2 (χzN )max (54)

where PN = 3 × 103 N/m2.
The results of calculating the bending deflections of beams, both linear and nonlinear, based on nonlocal

parameters for the scenario where L/h = 10, are shown in Fig. 2. Fig. 3 displays the computation result for the
scenario when L/h is equal to 30. The following remarks can be made based on the figure:

Figure 2: Result of calculating the maximum deflection when the parameter Γ changes correspond to the case of
L/h = 10, T = 500 K, and t14 = 1. (a) Linear results; (b) Nonlinear results

Figure 3: Result of calculating the maximum deflection when the parameter Γ changes correspond to the case of
L/h = 30, T = 500 K, and t14 = 1. (a) Linear results; (b) Nonlinear results
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+As the load rises, the deflection in the linear issue similarly increases proportionally, but the deflection
calculation results in the nonlinear problem vary based on the nonlinear curve.

+The deflection of the beam increases as the nonlocal parameter value increases, indicating an inverse
relationship between the stiffness of the beam and the magnitude of this parameter.

+For a beam with a thickness h equal to one-tenth of its length (h = L/10), the deflection of the beam is
obviously influenced by the nonlocal parameter. In other words, the stiffness of the beam is clearly affected
by the nonlocal parameter. When considering a beam with a thickness of h = L/30, the impact of the nonlocal
parameter is not readily apparent. This demonstrates that the nonlocal parameter significantly affects the
bending response of beams with substantial thickness.

Figs. 4 and 5 show the outcomes of computing the maximum deflection of the beam concerning the
L/h ratio for various values of the nonlocal parameter. The presented data indicates: Decreasing the width of
the beam (h): Decreasing the thickness h of the beam results in a reduction in the beam’s stiffness, which in
turn causes an increase in beam deflection. When the nonlocal parameter changes, the deflection difference
becomes considerable for a beam with an L/h ratio of 10. However, for L/h values equal to or greater than 40,
the beam deflection remains relatively constant despite changes in the nonlocal parameter. This confirms that
the nonlocal parameter has a negligible influence on the stiffness of slender beams, which is also consistent
with the findings in [20].

Fig. 6 demonstrates the correlation between beam deflection and the t14 parameter. Significantly, when
the t14 value grows, the maximum deflection of the beam falls. A higher t14 value indicates a stronger
flexomagnetic effect, leading to greater beam stiffness. Increasing the applied stresses on the beam further
enhances the flexomagnetic effect.

Figure 4: Calculation results of maximum deflection when the thickness of the beam changes for each case of Γ = h,
T = 500 K, t14 = 1. (a) Linear results; (b) Nonlinear results
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Figure 5: Calculation results of maximum deflection when the thickness of the beam changes for each case of Γ = 0
and 2h, T = 500 K, t14 = 1. (a) Linear results; (b) Nonlinear results

Figure 6: Calculation results of nonlinear deflection when t14 changes corresponding to the case of Γ = 0 and
2h, L/h = 10, T = 500 K, t14 = 1. (a) Γ = 0; (b) Γ = 2h

Figs. 7–9 depict the relationship between beam deflection and temperature fluctuations. The figures
demonstrate that when the temperature applied to the beam rises, the maximum deflection of the beam like-
wise increases. Temperature directly affects the load placed on the beam, causing it to increase. In addition,
the effect of temperature on nonlinear deflection is more significant than its effect on linear deflection. The
nonlocal parameter and L/h ratio have an impact on the beam. Increasing the nonlocal parameter and L/h
ratio leads to a considerable impact of temperature fluctuations on the computation results.
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Figure 7: Calculation results of maximum deflection when temperature changes, Γ = 2h, L/h = 10, t14 = 1. (a) Linear
results; (b) Nonlinear results

Figure 8: Calculation results of maximum deflection when Γ changes, PLoad = 10, L/h = 10, t14 = 1

Figure 9: Calculation results of maximum deflection when L/h changes, Γ = h, PLoad = 10, t14 = 1. (a) Linear results;
(b) Nonlinear results
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5 Conclusions
This research uses a combination of novel order shear deformation theory and nonlocal theory to

investigate the nonlinear bending characteristics of nanobeams under both mechanical and thermal stresses.
The novelty and significance of this work lie in the derivation of an accurate and reliable analytical
formulation for establishing the nonlinear static equation of nanobeams. The analysis also considers the
impact of flexomagnetic phenomena. The main discoveries consist of calculations involving large deflections
that exhibit substantial differences compared to issues involving modest deflections. The numerical results
demonstrate that the displacement-load response curves of the beam diverge further as the applied load
increases. Therefore, it is essential to account for geometric nonlinearity when dealing with cases of high
loading. This factor is also the key contribution that this work aims to highlight for nanobeams with the
flexomagnetic effect. Reducing the nonlocal parameter values leads to decreased beam deflections, and
the influence of size effects on beam bending response decreases as the beam’s thickness decreases. The
temperature is a factor that leads to an increase in deflection in nanobeams.

However, this study is limited to the case of simply supported beams and does not address beams with
other boundary conditions, which represents a limitation of this work. At the same time, the present study
provides a foundation for further investigations into more complex problems in mechanics, such as the
nonlinear dynamic behavior of nanobeams, heat conduction in beams, and the responses of nanobeams
containing crack-like defects.

Additional studies can investigate the mechanical reactions of different beam and nanoplate configura-
tions when subjected to various kinds of loads and in multi-physics situations.
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Appendix A
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