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ABSTRACT: The increasing prevalence of multi-view data has made multi-view clustering a crucial technique for
discovering latent structures from heterogeneous representations. However, traditional fuzzy clustering algorithms
show limitations with the inherent uncertainty and imprecision of such data, as they rely on a single-dimensional
membership value. To overcome these limitations, we propose an auto-weighted multi-view neutrosophic fuzzy
clustering (AW-MVNEFC) algorithm. Our method leverages the neutrosophic framework, an extension of fuzzy
sets, to explicitly model imprecision and ambiguity through three membership degrees. The core novelty of AW-
MVNEC lies in a hierarchical weighting strategy that adaptively learns the contributions of both individual data
views and the importance of each feature within a view. Through a unified objective function, AW-MVNFC jointly
optimizes the neutrosophic membership assignments, cluster centers, and the distributions of view and feature weights.
Comprehensive experiments conducted on synthetic and real-world datasets demonstrate that our algorithm achieves
more accurate and stable clustering than existing methods, demonstrating its effectiveness in handling the complexities
of multi-view data.
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1 Introduction

As data continues to grow across diverse domains, it is often gathered from numerous heterogeneous
sources or perspectives, each contributing unique and complementary information about the underlying
structure. Multi-view datasets are ubiquitous, found in areas such as multimedia applications (e.g., image-
text data), the Internet of Things (e.g., sensor readings), and healthcare (e.g., clinical records). These datasets
consist of data from different sources, modalities, or feature sets that describe the same set of entities. Each
view brings unique strengths and weaknesses and often differs in completeness, consistency, and relevance.
Although widely applied in practice, algorithms such as k-means [1], fuzzy clustering [2], spectral [3], and
hierarchical [4] tend to perform poorly when confronted with multi-view data [5].

To tackle the challenges posed by such heterogeneous data, multi-view clustering is now regarded as a
powerful approach that jointly utilizes information from all available views so as to achieve better clustering
results. In contrast to using a single view, multi-view clustering integrates complementary information across
views, thereby improving data understanding and clustering accuracy. Among various strategies, partition-
based hard clustering methods are widely adopted for their simplicity and computational efficiency. For
example, Ref. [6] introduced a robust variant using the ¢, ; norm to improve noise resistance. A low-rank
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tensor regularized graph fuzzy learning (LRTGFL) algorithm was introduced in Ref. [7] to handle multi-
view data. Subsequently, Ref. [8] proposed a two-level weighted k-means (TW-k-means) framework with
feature weighting, and Ref. [9] further advanced this line of work through TW-Co-k-means, enabling joint
optimization across different views. Ref. [10] enhanced k-means by incorporating multiple discriminative
subspaces, especially for high-dimensional data. Ref. [I1] applied nonnegative matrix factorization to
discover latent views, and Ref. [12] introduced mixture correntropy to mitigate noise effects. In more
recent studies, Ref. [13] presented the multi-view alternative hard c-means(MVAHCM) framework, which
incorporates both global (MVAHCM-GW) and local (MVAHCM-LW) weighting schemes to characterize
view importance. Subsequently, Ref. [14] made further progress by developing robust variants of multi-view
clustering methods, improving stability and accounting for intra-view contributions in noisy environments.
In addition, extensive research has been conducted on multi-view graph clustering [15-18], subspace
clustering [19-22], and spectral clustering [23-26]. However, these hard clustering approaches assign each
instance to a single cluster, lacking the flexibility to model uncertainty or overlapping area, an inherent
limitation in many real-world scenarios.

In contrast, fuzzy clustering methods offer a more adaptive framework by allowing samples to be
associated with several clusters at different membership levels, which is particularly suitable for ambiguous
or overlapping area in multi-view contexts. Among them, fuzzy c-means (FCM) [27] is a foundational
method. Various multi-view extensions of FCM [28,29] have been developed. WV-Co-FCM [30] introduced
view-level weighting to overcome the limitation of treating all views equally. Co-FW-MVECM [31] further
incorporated both view and feature weighting to reduce redundancy. Then in [32], a novel multi-view
picture fuzzy clustering is proposed that combines picture fuzzy sets and a dual-anchor graph method.
Ref. [33] proposed MVASM, employing sparse fuzzy partitioning to effectively model inter-view consensus.
Additionally, Ref. [34] extended fuzzy multi-view clustering into a federated setting for privacy-preserving
distributed data analysis, and Ref. [35] improved robustness within multi-view fuzzy clustering, where
exponential distance transformation is combined with adaptive weighting of views. Beyond FCM-based
frameworks, other soft-based multi-view clustering methods [36,37] have also shown promise in addressing
overlapping clusters and inter-view inconsistencies. Although these methods have significantly advanced the
field, many still rely solely on either hard or fuzzy partition schemes, limiting their capability to capture the
uncertainty and inconsistency often present in multi-view data.

To address such limitations, neutrosophic set theory (NST) has been increasingly applied to clustering.
Ref. [38] first introduced the neutrosophic c-means (NCM) algorithm, which uses three membership degrees
to better represent each sample’s affiliation. Subsequent advancements include kernelized NCM for nonlinear
data [39], picture-neutrosophic trusted safe semi-supervised fuzzy clustering [40] and interval-valued NCM
for robust clustering under uncertainty [41]. Nevertheless, traditional NCM algorithms are limited to single-
view scenarios and thus cannot leverage complementary information from multiple views. To overcome this,
we previously proposed two multi-view neutrosophic c-means (MVNCM) algorithms (sum-to-1 constraint
and product-to-1 constraint), which incorporate view-level weighting into the NCM framework, allowing
adaptive evaluation of view importance and better modeling of uncertainty in multi-view environments [42].
Furthermore, one advantage of the product-to-1 constraint is that there is no need to add additional
parameter. Therefore, this paper will adopt the product-to-1 constraint.

We introduce a more granular and effective algorithm: auto-weighted multi-view neutrosophic fuzzy
clustering (AW-MVNEC). The proposed algorithm not only adaptively learns view-level weights but also
integrates feature-level weighting within each view, enabling a more refined representation of intra-view
structure. AW-MVNEC is formulated as a unified optimization problem, simultaneously learning cluster
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prototypes, neutrosophic memberships, view weights, and feature weights. The main contributions are
summarized as follows:

o We propose a novel AW-MVNEC clustering algorithm that jointly models uncertainty and imprecision
across multiple views.

o A new auto-weighted strategy is introduced, incorporating feature-level importance learning within
each view in addition to view-level weighting, thereby achieving finer-grained modeling of intra-
view contributions.

o  Comprehensive experiments on both simulated and real-world datasets demonstrate that the proposed
method consistently outperforms existing multi-view clustering techniques.

The structure of the study is outlined below. Section?2 gives an overview of NCM and
MVNCM, Section 3 introduces the AW-MVNEFC framework, Section 4 discusses the experimental findings,
and Section 5 closes with the conclusions.

2 Related Work
In this section, we will take a brief review of NCM [38] and MVNCM [42].

2.1 Neutrosophic c-Means Clustering

Consider a multi-view dataset X’ = {x;,X;, ..., Xy}, where each sample x; € RP . The dataset is clustered
into ¢ groups according to the discernment set Q = {w;, ..., w.}. The NCM algorithm achieves this by
minimizing the following objective function:

N ¢ N N
Inem(T,LE, V) = Z Z{@’ﬁj}lgnxi - VjHZ + Z{‘DZIi}ﬁ”xi ~Vimax|® + 67 2{03]—"1-}/"
i=1 i=1

i=1 j=1

Cc
27;]'4-1.,'-0-;,‘:1, 0<77‘,I,‘,.F,’<1 (1)
=1

with

Vo + vV,
Vinas = 220 @
pi=argmax(7;;), qi= argmax (7Tj;) )
oL e j#pinj=L e

where the terms 7;;, Z;, and F; represent the membership degrees of sample x; to the precise, boundary, and
noise clusters, respectively. Cluster centers are indicated by v;, while v;,,4x corresponds to the center of the
boundary cluster linked to x;. The indices p; and q; denote the clusters with the highest and second-highest
values of 7. The parameter § serves as a threshold for identifying outliers. Here, N and ¢ indicate the total
number of samples and clusters, respectively. The weighting factors are expressed as @;, @,, and @3, and the
exponent f3 holds the same definition as in the FCM method. The resulting cluster assignments are obtained
according to the following equations:

o Update neutrosophic partition matrix:

1

2\~ 7
Tij = a)l—D(HXz‘ -vi?) * (4)
1 L
Ii = i~ Vimax 2) F 5
o, Ui~ vimax?) (5)
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2.2 Multi-View Neutrosophic c-Means Clustering

Consider a multi-view dataset X’ = {Xj,X;, - -+, X} to be segmented into ¢ clusters within the frame-
work Q = {wy, ..., w.}. The s-th view of the dataset is represented as X; = {x; 5, Xz, -+, Xy, }, Where x; ; €
R, The MVNCM algorithm aims to minimize the following objective function:

S N ¢
Juvnem(T,LE, V1) =>"r, (Z Z{@lﬂj}ﬁuxi,s - Vj,s”2

s=1 i=1 j=1
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where r, indicates the weight assigned to the s-th view. The membership degrees of sample x; to the precise,
boundary (imprecise), and noise clusters are denoted by 7;;, Z;, and F;, respectively. The center of the j-th
cluster in view s is v; 5, and the center of the corresponding imprecise cluster for X; is viax,s. The variables
pi and q; identify the clusters with the maximum and second-maximum values of 7. § serves as a parameter
for detecting outliers. S means the number of views. The parameters @;, @,, @3, and other terms follow the
same definitions as in NCM. The clustering results are obtained through the following equations:

o Update neutrosophic partition matrix:

1

1 S B-1
ij @151-]' (SZ:; sH i,s ],SH ) ( )
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3 A Novel Multi-View Clustering Algorithm

Although the previous work, MVNCM, adaptively learns view-level weights and achieves promising
results, it is fundamentally limited by its inability to account for heterogeneity at the feature level. Real-
world multi-view data often contains noisy, redundant, or irrelevant features within each view, which can
significantly degrade clustering performance. To solve this critical limitation, we propose an improved
algorithm, AW-MVNEFC, which introduces a hierarchical dual-weighting strategy. For the first time,
this algorithm integrates feature-level weighting into the neutrosophic clustering framework, enabling
the algorithm to not only assess the importance of each view but also the relevance of individual features
within that view. This finer-grained control allows for a more robust and effective clustering solution,
especially in complex environments.

3.1 Objective Function

Given a multi-view dataset denoted by X = {Xj,X,, - -+, Xs}, the goal is to partition it into ¢ distinct
clusters represented by Q = {wy, ..., w.}. Each view s provides a representation X; = {X;s,X2,5, - > Xn,s }»
where each sample x; ; lies in the feature space RP:. The objective function of AW-MVNEC algorithm is
shown as follows:

O;

S N ¢
Jaw-mvnec(T,LEV,r,w) => "7, (Z > Z{wlﬂj}ﬁwo,s %10, = Vjious|)?

s=1 i=1 j=10=1
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Let r; denote the weight of the s-th view and w, ; the weight of the o-th feature in that view. For each
sample x;, 7;;, Z;, and F; indicate membership to the precise, boundary (imprecise), and noise clusters,
respectively. The cluster center corresponding to the j-th cluster, feature o, and view s is v, s, while Viyax,0,s
denotes the center of the imprecise cluster for x;. The indices p; and q; identify the clusters with the largest
and second-largest membership values. The parameter § serves as a threshold for outlier detection. S is the
number of views and O; is the number of features in the s-th view. All constants, including @, @, @3, f3,
follow the definitions in the original NCM framework.

3.2 Optimization

We follow the Lagrange multiplier method used in NCM [38] to optimize neutrosophic partition matrix,
cluster centers, view weights matrix, and feature weights in turn. The following is the derivation process:

(1) Updating T, I, and F with fixed V, r, and w

Since the derivation process of this step is highly similar to the method in NCM, the proof process is
omitted. We give the final optimization formula as follows:

1 S O 5 ﬁ
I3 (Z Z TsWo,s Hxi,o,s ~Vjo,s H ) (22)
1¢ij \s=10=1
1
S O ) TBT
;‘ (nglj (s; oz::l TsWo,s ”xi,o,s — Vimax,o0,s “ ) (23)

1

B
: 2
st ()

where the normalizing term &;; is defined as:

1 J

1 < 5 -1 1 S O 5 B
gij = 51 Z; Z T'sWo,s ”xi,ﬂ,s ~Vjo,s ” +— Z TsWo,s ||xi,o,s — Vimax,o,s ”
]:

1 S 5 p-1
+w—3(2r585) (25)
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(2) Updating V with fixed T, I F, r, and w

To minimize Jaw-mvnrc With respect to v; , s, we take the partial derivative and set it to zero:

oJ

an,O,S

N
=-2 Z rs{wlﬂj}ﬁwo,s(xi,o,s - Vj,o,s) =0 (26)
i=1

Then we obtain:

N
Z:l(@lﬂj)ﬁxi,o,s
Vios = l_N— (27)
a(wlﬁj)ﬂ

(3) Updating r while fixing T, I, F, V, and w

Lagrange multipliers u are introduced to enforce the constraint °_, 7, = 1. The associated Lagrangian
is defined as:

S
j(r,‘u) :jAW—MVNFC(T’I)F’Var>w)_,M(Hrs_l) (28)

s=1

To derive the necessary conditions, we set the partial derivatives of the Lagrangian function 7 with
respect to r; and the Lagrange multiplier u to zero:

aj N ¢ O 8 s N O s s
Z Z Z{a)lﬂj} Wo,s Hxi,o,s - Vj,o,s ” + Z Z{(DZIi} Wo,s ”xi,o,s — Vimax,o0,s ”
Jrs 4 j=10=1 i=1 0=1
N
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i=1 s
o
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ou H
Thus, we obtain from (29):
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Returning in (31), we have:
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(4) Updating w while fixing T, I, F, V, and r

The minimization of Jaw-mvNrc With respect to w, s constitutes an unconstrained optimization prob-
lem. To incorporate the normalization constraint on feature weights, we introduce the Lagrange multiplier
o, and define the corresponding Lagrangian function as:

O
j(w) Us) = jAW—MVNFC(T> I)F)V) I‘,W) — O (H Wo,s — 1) (35)

0=1

Then we set the derivatives of the Lagrangian function with respect to w, ; and o; to zero:

0 0
j (Z Z{(DIT } szos V]ost""Z{(DZI }ﬁszos Vtmaxos”2) =0 (36)

Bwo,s o Wo,s
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80 _Hwos_ B 7
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Thus, we obtain:
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Using (37) and (38):
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Returning in (39), we have:
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where

N ¢ N
Ho,s = Z Z{(Dl’ﬁj}ﬁ Hxi,o,s - Vj,o,s ”2 + Z{‘DZIi}ﬁ Hxi,o,s ~— Vimax,o,s ”2
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Fig. 1 and Algorithm 1 summarize AW-MVNEC algorithm in detail.

3

Start

! }

1. Input dataset X = {X1 ,X5,..., 5. Update the neutrosophic partition

Xs}. matrix T, I, F.

| |

2. Initialize number of clusters c,
and parameters B, &;, W1, Wy, W3.

|

3. Initialize neutrosophic partition
matrix T, I, F, cluster centers
matrix V, view weights r and

feature weights W. |
I

4. Compute the center of the
imprecise cluster Vimqy -

6. Update cluster centers matrix V.

7. Update view weights r.

—

8. Update feature weights W.

|

If converges

"l

End

Figure 1: Flow diagram of AW-MVNFC

3.3 Computational Complexity Analysis

3539

(41)

In this section, we provide a time complexity analysis for the AW-MVNEFC algorithm, summarized in
Algorithm 1. The computational bottleneck is associated with updating the neutrosophic partition matrix,
which operates in O(S - O; - N - (¢ + 2)) time, where N, ¢, S, and O, denote the number of samples, clusters,
views, and features, respectively. For f iterations, the overall complexity is O(t-S - Os - N - (¢ + 2)).

Algorithm 1: AW-MVNEFC

Require: X = {X},X,,...,Xs}, ¢ 3, &5, w1, w2, w3
Ensure: T,LLF,V,r, W

1: Initialize V°, r°, W°, T 1°, and F°.

2: while not converged do

3: fori=1,...,Ndo
Vpios T Vg0,

4: Vimax,o,s =
,0, b
5: end for
6: fori=1,...,Ndo
7: forj=1,...,cdo
1
1 S % 2 kS
8: 77;’ = oEs 22 TsWos ‘xi,o,s ~Vjo,s ”
" \s=10=1
9: end for 1
1 3. & 2 ks
10: Ii = m Z TsWo s ”xi,o,s — Vimax,o,s “
s=1o=1

1 S 5 Bl
11: ./—"i = (Dsgij Z 1’585

(Continued)
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Algorithm 1 (continued)

12: end for
13: fors=1,...,Sdo
14: forj=1,...,cdo

N
2((017@‘ )ﬁxi,u,s

15: Vj,o,s =- N
;(wlﬁj)ﬁ

16: end for

17:  end for

18: fors=1,...,Sdo
19: rs =

s \§
(ng)
=1
20: end for
21: fors=1,...Sdo
22: foro=1...0;do

o; o5
(fi )
23: Wo,s = U_,H—M
24: end for
25:  end for

26: end while

4 Experiment
4.1 Experimental Setting

For evaluation, the AW-MVNEC algorithm is benchmarked against nine contemporary multi-view
clustering techniques: Co-FCM [30], WV-Co-FCM [30], TW-Co-k-means [9], Co-FW-MVFCM [31],
MVASM [33], FedMVECM [34], MVAHCM-GW [13], MVAHCM-LW [13],and MVNCM [42]. Specifically,
TW-Co-k-means, MVAHCM-GW, and MVAHCM-LW represent hard-partition approaches, while Co-
FCM, WV-Co-FCM, Co-FW-MVECM, MVASM, and FedMVFCM correspond to soft-partition methods.
MVNCM stands for neutrosophic clustering method and also represents a degenerate version of AW-
MVNEC without considering feature weights.

The optimal parameters are determined via a grid-search procedure, based on achieving the maximum
clustering performance. For the comparative algorithms mentioned above, the parameter search ranges and
default configurations are set in accordance with the recommendations provided in their respective original
papers. More precisely, the weighting exponent f3 is varied within the range of 1.1 to 2.0, incremented by 0.1,
as part of the default parameter configuration. The weight factors @;, @,, and @; are fine-tuned within the
discrete set {0.01, 0.02, ..., 0.97, 0.98} to achieve optimal performance. The value of §;, which influences the
assignment of samples to the noise cluster, is selected from the set {1072,107%,10°,10',10°}.

For a comprehensive assessment of AW-MVNEFC and the comparative algorithms on multi-view data,
we utilize six standard evaluation metrics: Accuracy (ACC), Normalized Mutual Information (NMI), Rand
Index (RI), F1 score (F1), Fowlkes-Mallows Index (FMI), and Jaccard Index (JI). In general, larger values of
these metrics correspond to better clustering performance.

4.2 Experimental Results on Synthetic Multi-View Datasets

To rigorously evaluate the effectiveness of AW-MVNEC, we construct a synthetic dataset (SD) and
conduct a comparative analysis against eight representative multi-view clustering algorithms, comprising
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Co-FCM, WV-Co-FCM, TW-Co-k-means, MVASM, MVAHCM-GW, MVHACM-LW, and MVNCM. The
assessment focuses on both hard and soft partitioning capabilities derived from the neutrosophic framework.
Performance is quantitatively measured using the indices R, and R;, with detailed results presented in the
captions of each corresponding subfigure.

Asillustrated in Fig. 2, we construct a synthetic dataset consisting of two distinct views, each comprising
three clusters of unequal sizes, denoted as 6, 0,, and 05. Specifically, 0, contains 2000 samples, 0, includes
1500 samples, and 65 comprises 1000 samples, where each sample is represented by two-dimensional features.

View 1: The clusters are assumed to follow Gaussian distributions, each with distinct mean vectors y;
and covariance matrices X; for i = 1,2, 3:

020 0
_ T _
m=0.1)" Zl’[ 0 0.20]’

010 0
_ T _
= (17,17 X [ 0 0.10]’

0.05 0
= )1 Ta Z = *
pa= (315 % [ 0 0.05]

Additionally, three outliers are added at coordinates (-2,0.875), (-2,1.125), and (-1.75,1.125) to
simulate noise.

View 2: In a similar manner, each cluster is modeled as a Gaussian distribution characterized with the
following parameters:

0.20 0.20
w=(03)7, % [ ]

0.20 0.40
0.10 0.10

- (17,55)7, %= :
ba=(17,55)% % [0.10 0.20]

0.05 0.05
_ T _
H=(375)5 I [0.05 0.10]‘

Three additional outliers are placed at positions (-2, 8), (-2, 8.25), and (-1.75, 8.25).

123

RS ] | o

G o
-1

-2 -1 0 1 2 3 -4 -3 -2 0 1 2 3 4 5

(a)View 1 (b)View 2

Figure 2: Synthetic dataset from two views
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Figs. 3 and 4 provide a visual representation of the clustering results obtained by the eight algorithms
under evaluation, enabling a comparative analysis of their performance on the constructed dataset.

As illustrated in Figs. 3a and 4a, Co-FCM exhibits a clear performance deficiency due to its equal
treatment of all views, failing to leverage view-specific information. The results presented in Figs. 3¢,f,g
and 4¢,f,g indicate that clustering methods based on hard partitions tend to misclassify samples near cluster
boundaries. In contrast, soft partition-based methods, shown in Figs. 3b,d,e and 4b,d,e, offer improved
interpretability by accommodating uncertainty during assignment. However, despite this advantage, they
still encounter difficulties in resolving overlapping clusters and often misallocate outliers.

Within the framework of neutrosophic partition, Figs. 3h,i and 4h,i demonstrate that the MVNCM
and AW-MVNEC algorithms exhibit superior capability in managing both the imprecision and uncertainty
arising from overlapping clusters. These algorithms proficiently assign ambiguous samples to an imprecise
cluster-visualized by yellow plus markers, while simultaneously identifying and labeling the three outliers
using magenta pentagram symbols. Notably, this ability to effectively detect outliers is a distinct advantage
of the proposed neutrosophic clustering and is not observed in the compared algorithms. Compared to
MVNCM, the proposed AW-MVNFC incorporates not only view-specific weights but also adaptive feature
weighting. This enhancement leads to a notable reduction in mis-assignments relative to MVNCM and other
competing algorithms.

(d)Co-FW-MVFCM (e)MVASM (f)MVAHCM-GW

(8)MVAHCM-LW (h)MvNCM (i) AW-MVNFC

‘ o O By [} imprecision  { misassigned  « outliers ‘

Figure 3: Clustering results of nine clustering algorithms in view 1
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(h)MmvNCM (1)) AW-MVNEC

‘ o 6 ¢ 6 [°2) imprecision ¢ misassigned = outliers ‘

Figure 4: Clustering results of nine clustering algorithms in view 2

4.3 Experimental Results on Real-World Multi-View Datasets

An extensive experimental study was performed to assess the performance of the newly proposed
AW-MVNEC algorithm in comparison with thirteen state-of-the-art multi-view clustering algorithms. The
experiment is carried out using five diverse real-world datasets: IS [43], Forest Type [13], Prokaryotic
Phyla [36], MSRCvl [31], Seeds' and Caltech101-7 [31], with the basic details provided in Table 1. We
normalize all raw data to make the values between 0 and 1.

1https://archivc.ics.uci.cdu/ml/datascts/secds (accessed on 02 September 2025).


https://archive.ics.uci.edu/ml/datasets/seeds
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Table 1: Details of the real-world multi-view datasets employed

Dataset Samples  Clusters Views Features

IS 2310 7 2 9
10
Forest Type 326 4 2 9
18
ProP 551 4 3 393

438
MSRCv1 210 7 4 24
512
256
254
Seeds 210 3 2 3

Caltech101-7 1474 7 6 48
40

254

1984

512

928

Clustering performance is evaluated using six distinct metrics: ACC, NMI, RI, F1, FMI and JI. Tables 2-7
summarize the experimental outcomes, with the highest-ranking algorithms highlighted in bold and the
second-highest in underline. A detailed analysis of these outcomes leads to several key observations.

Table 2: Clustering results of the used real-world datasets on ACC

Datasets

Algorithms

IS Forest type ProP MSRCvl Seeds Caltechl01-7
Co-FCM 0.6571 0.7285 0.4555 0.5905 0.8476 0.6140
WV-Co-FCM 0.6697 0.7706 0.5481 0.6143 0.8484 0.6798
TW-Co-k-means 0.6706 0.7686 0.5626 0.6238 0.8762 0.4233
Co-FW-MVECM  0.6290 0.7380 0.4936 0.5048 0.7905 0.4735
MVASM 0.6024 0.7744 0.5090 0.6381 0.8619 0.5389
FedMVFCM 0.6619 0.7832 0.4900 0.4000 0.8857 0.3908
MVAHCM-GW 0.6553 0.7908 0.5650 0.4905 0.8857 0.4239
MVAHCM-LW 0.6437 0.8184 0.5917 0.5048 0.8857 0.4261
MVNCM 0.6909 0.7801 0.6152 0.6476  0.8905 0.7225
AW-MVNEC 0.6823 0.8381 0.6370 0.7000 0.8905 0.7415
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Table 3: Clustering results of the used real-world datasets on NMI

. Datasets
Algorithms
IS Foresttype ProP MSRCvl Seeds Caltechl01-7
Co-FCM 0.6041 0.4568 0.2246  0.4811  0.6710 0.3138

WV-Co-FCM 0.6099 0.5359 0.3126 0.4922  0.6406 0.3408
TW-Co-k-means  0.6120 0.5417 03069  0.5774  0.6665 0.4811
Co-FW-MVEFCM  0.6474 0.4999 0.2877  0.4005  0.5454 0.3977
MVASM 0.6287 0.5393 0.2791 0.4912 0.6107 0.1391
FedMVFCM 0.6435 0.5453 0.2869  0.2337 0.6578 0.2170
MVAHCM-GW  0.6122 0.5597 0.3476  0.4748  0.6609 0.4524
MVAHCM-LW  0.6402 0.5787 0.3252 0.5194 0.6578 0.3975
MVNCM 0.6382 0.5447 0.2897  0.4838  0.6735 0.3709

AW-MVNEC 0.6708 0.6331 0.3047 0.5956 0.6738 0.3615

Table 4: Clustering results of the used real-world datasets on RI

. Datasets
Algorithms
IS Foresttype ProP MSRCvl Seeds Caltechl01-7

Co-FCM 0.8665 0.7672 0.5622  0.8315  0.8354 0.6749

WV-Co-FCM 0.8781 0.7919 0.6388  0.8378  0.8351 0.7053

TW-Co-k-means  0.8788 0.7888 0.6359  0.8499  0.8566 0.7099

Co-FW-MVEFCM  0.8692 0.7748 0.6224 0.8127 0.7896 0.7019

MVASM 0.8661 0.7922 0.5983 0.4912 0.8367 0.5696

FedMVFCM 0.8823 0.7959 0.6244  0.7827  0.8625 0.6423

MVAHCM-GW  0.8752 0.8065 0.6356  0.8626  0.8633 0.7116

MVAHCM-LW  0.8822 0.8226 0.6452  0.8700  0.8625 0.6984

MVNCM 0.8724 0.7964 0.6281  0.8568  0.8641 0.7477

AW-MVNEC 0.8776 0.8556 0.6579 0.8818 0.8668 0.7146

Table 5: Clustering results of the used real-world datasets on F1

. Datasets
Algorithms
IS Forest type ProP MSRCvl Seeds Caltech101-7
Co-FCM 0.5711 0.5808 0.4414 0.4651 0.7627 0.5610
WV-Co- 0.5740 0.6245 0.4449 0.4814 0.7603 0.6178
FCM
TW-Co-k- 0.5760 0.6283 0.4549 0.4904 0.7847 0.4822
means
Co-FW- 0.5724 0.5911 0.4176 0.3537 0.6899 0.4661
MVECM
MVASM 0.5602 0.6299 0.4452 0.4895 0.7537 0.4683
FedMVFCM 0.6031 0.6408 0.4212 0.2610 0.7923 0.3805

(Continued)
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Table 5 (continued)

. Datasets
Algorithms
IS Forest type ProP MSRCvl Seeds Caltech101-7
MVAHCM- 0.5732 0.6725 0.4543 0.5143 0.7936 0.4737
GW
MVAHCM- 0.5896 0.6844 0.4523 0.5555 0.7923 0.4498
Lw
MVNCM 0.5979 0.6371 0.4842 0.4880 0.7960 0.6745
AW- 0.6177 0.7658 0.5184 0.5809 0.7992 0.6747
MVNEC
Table 6: Clustering results of the used real-world datasets on FMI
Algorithms Datasets
IS Forest type ProP MSRCv1 Seeds Caltech101-7
Co-FCM 0.5732 0.5808 0.4414 0.4685 0.7636 0.5614
WYV-Co- 0.5740 0.6246 0.4552 0.4844 0.7610 0.6178
FCM
TW-Co-k- 0.5761 0.6284 0.4625 0.4912 0.7847 0.5204
means
Co-FW- 0.5737 0.5913 0.4277 0.3540 0.6902 0.5040
MVFCM
MVASM 0.5617 0.6299 0.4477 0.4897 0.7537 0.4698
FedMVFCM 0.6036 0.6408 0.4313 0.2614 0.7923 0.4038
MVAHCM- 0.5736 0.6746 0.4622 0.5210 0.7936 0.5184
GW
MVAHCM- 0.5897 0.6844 0.4634 0.5654 0.7923 0.4922
w
MVNCM 0.6010 0.6372 0.4864 0.4880 0.7960 0.6746
AW- 0.6214 0.7677 0.5216 0.5810 0.7992 0.6797
MVNEC
Table 7: Clustering results of the used real-world datasets on JI
Algorithms Datasets
IS Forest Type ProP MSRCvl Seeds Caltech101-7
Co-FCM 0.3997 0.4092 0.2832 0.3031 0.6164 0.3898
WV-Co- 0.4026 0.4541 0.2861 0.3170 0.6151 0.4470
FCM
TW-Co-k- 0.4045 0.4581 0.2944 0.3249 0.6457 0.3177
means

(Continued)
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Table 7 (continued)

. Datasets
Algorithms
IS Forest Type ProP MSRCv1 Seeds Caltech101-7
Co-FW- 0.4009 0.4196 0.2639 0.2149 0.5266 0.3038
MVEFCM
MVASM 0.3897 0.4598 0.2865 0.3240 0.6047 0.3062
FedMVFCM 0.4318 0.4715 0.2668 0.1501 0.6561 0.2349
MVAHCM- 0.4025 0.5069 0.2941 0.3462 0.6578 0.3111
GW
MVAHCM- 0.4181 0.5202 0.2923 0.3845 0.6561 0.2902
Lw
MVNCM 0.4264 0.4675 0.3175 0.3228 0.6611 0.5089
AW- 0.4468 0.6204 0.3499 0.4094 0.6656 0.5091
MVNEFC

First, the proposed AW-MVNEC achieves superior performance compared to most baseline methods
with respect to ACC, NMI, RI, F1, FMI and ]I across five multi-view datasets. The observed clustering
performance indicates that adaptively learning view and feature weights enables precise quantification of
the roles played by each view and feature in the clustering process. The key advantage of AW-MVNEFC
is that it integrates neutral partitioning, which enables the model to explicitly represent uncertainty and
imprecision in the clustering process. This capability greatly reduces the risk of cluster assignment errors,
making AW-MVNEC particularly suitable for applications requiring high-stakes or critical decisions.

Second, compared with MVNCM, the proposed AW-MVNEC algorithm not only retains the original
view-level weighting mechanism but also introduces a novel feature-level weighting strategy. This enhance-
ment enables AW-MVNEC to assess the contribution of each individual feature with finer granularity.
By capturing the differential importance of features within and across views, the method demonstrates
heightened sensitivity to feature relevance, leading to more accurate clustering outcomes. Consequently, AW-
MVNEC exhibits improved efficiency and effectiveness in handling complex multi-view data where both
inter-view and intra-view information play critical roles.

To validate the effectiveness of the proposed auto-weighted mechanism, AW-MVNEFC is evaluated
on datasets including MSRCvl, Seeds and Caltech101-7, with its ability to jointly assign view weights and
feature weights. As depicted in Figs. 5-8, the model allocates varying weights to different views based on
their global discriminative relevance, while simultaneously learning fine-grained feature weights that capture
the local importance of individual attributes. This hierarchical weighting strategy enables more nuanced
representation learning and contributes to improved clustering accuracy.
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4.4 Parameter Analysis

In this section, we investigate the impact of variations in the parameter f on the clustering results.
Specifically, we analyze how adjustments to  influence the quality of the resulting clusters, and examine the
resulting changes in key clustering metrics.

To assess the impact of the parameter 3 on clustering performance, we fix the weights @;, @,, and
@3 to their optimal values and systematically vary  within the range 1.1 to 2.0 with an interval of 0.1.
The corresponding results for ACC, NMI, RI, F1, FMI and JI on ProP, MSRCvl and Caltech101-7 datasets
are illustrated in Fig. 9 for the proposed AW-MVNEC. The experimental findings indicate that 8 exerts
a considerable influence on clustering outcomes, as it governs the sparsity level within the neutrosophic

partition. Appropriately tuning f3 can lead to marked improvements in the clustering quality of the algorithm
across different datasets.

Clustering performance

1 0 1 0 1
1.5 1.6 1.7 18 1.9 2 1.1 12 1.3 14 1.5 1.6 1.7 18 1.9 2 1.1 12 1.3 14 1.5 1.6 1.7 18 1.9 2
The value of B The value of B The value of B

(a)Prop (b)MSRCv1 (c)Caltech101-7
Figure 9: Clustering results of different 8 on the ProP, MSRCv1 and Caltech101-7 datasets

4.5 Statistical Analysis

In order to determine the statistical significance of performance differences between the proposed
AW-MVNEC algorithm and competing approaches, we employ the Friedman-Nemenyi test following the
procedure in [43]. The average ranks (AR) of the ten algorithms across all multi-view datasets, evaluated by
Across all multi-view datasets, the ten algorithms were evaluated and their average ranks (AR) determined
by ACC, NML RI, F1, FMI, and JI, are reported in Table 8.
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To begin, the value of 7 for the Friedman test is computed using the following formula:

_ 12Np ,  Kp(Kp+1)?
o s (Sam -5
_ (NF - 1)‘[')(2 (43)

NF(KF—I) —TXz

In this context, Kr refers to the total number of algorithms considered, while Ny corresponds to the
number of datasets involved. Specifically, our evaluation includes ten algorithms applied to six datasets,
giving Kr = 10 and Nf = 6. The test statistic 77 is computed with reference to the chi-square distribution,
considering the degrees of freedom (Kp—1) and (Kp—1) (Ng—1). At the 95% confidence level, the
corresponding critical value is obtained as F ¢5((10 — 1), (10 — 1) - (6 — 1)) = 2.0960. Notably, the computed
critical value is considerably lower than the observed 7y statistic, which are 7 = 5.5544 w.r.t ACC, 75 = 3.0292
w.r.t NMI, 7r = 71971 w.r.t RI, 7 = 7.9525 w.r.t F1, 7f = 7.5158 w.r.t FMI and 1 = 7.5475 w.r.t JI. This indicates
that the differences among the ten evaluated algorithms are statistically significant at the 5% significance level.

Table 8: The average rank AR; of each algorithm across all multi-view datasets

Metrics Co-FCM WV-Co- TW-Co- Co-FW- MVASM FedMVFCM MVAHCM- MVAHCM- MVNCM AW-
FCM k-means MVFCM GW Lw MVNEC
ACC 7.5000 5.5000 5.8333 8.2500 6.3333 7.0000 5.8333 5.2500 2.2500 1.2500
NMI 8.0000 6.5000 4.1667 6.6667 7.6667 6.7500 4.3333 3.5833 4.8333 2.5000
RI 8.8333 5.8333 5.1667 8.3333 7.8333 6.0833 3.8333 3.2500 4.0000 1.8333
F1 7.6667 6.1667 5.1667 9.0000 7.3333 6.7500 4.3333 4.4167 3.1667 1.0000
FMI 7.6667 6.3333 5.1667 8.6667 7.6667 6.5833 4.6667 3.9167 3.3333 1.0000
J1 7.6667 6.5000 5.0000 9.0000 71667 6.5833 4.3333 4.4167 3.3333 1.0000

Subsequently, a Nemenyi post-hoc test is conducted following the Friedman test. The outcomes are
illustrated in Fig. 10, where each horizontal line represents a clustering algorithm: the midpoint indicates its
average rank, while the line length corresponds to the critical difference (CD). The CD is computed as follows:

KF(KF + 1)

CD =4, 6Ny

(44)

The critical value g4, linked to K, is calculated as 3.1640 for Kr = 10 and a significance level of « = 0.05.
From this, the corresponding critical difference (CD) is obtained as 5.5307. This result highlights that the
proposed AW-MVNEC significantly outperform the other algorithms under comparison.
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Figure 10: Friedman test graph in terms of ACC, NMI, RI, F1, FMI and JI

5 Conclusion

In this study, we present AW-MVNEC, a new auto-weighted multi-view neutrosophic fuzzy clustering
algorithm designed with adaptive learning of view and feature weights. Building upon the MVNCM
algorithm, the proposed clustering algorithm incorporate feature-level weights, effectively learning the
varying contributions of views and features. This fine-grained weighting enhances the algorithm’s ability
to handle imprecision and uncertainty in cluster assignments. We formulate the objective functions for
the proposed methods and introduce an iterative optimization strategy to obtain their solutions efficiently.
Experiments conducted on synthetic and real-world datasets confirm the performance of the proposed
methods, along with a sensitivity analysis of key parameters, which provide strong evidence of the efficiency
and stability of our proposed methods. However, to avoid excessive computational burden, we only consider
the imprecise clusters between two different singleton clusters, but not the imprecise clusters that may occur
between multiple clusters. In future work, we aim to propose an adaptive multi-view clustering that includes
different imprecise clusters, and explore its performance in real-world application scenarios.
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