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ABSTRACT: This study introduces a novel single-layer meshless method, the space-time collocation method based on
multiquadric-radial basis functions (MQ-RBF), for solving the Benjamin-Bona-Mahony-Burgers (BBMB) equation. By
reconstructing the time variable as a space variable, this method establishes a combined space-time structure that can
eliminate the two-step computational process required in traditional grid methods. By introducing shape parameter-
optimized MQ-RBF, high-precision discretization of the nonlinear, dispersive, and dissipative terms in the BBMB
equation is achieved. The numerical experiment section validates the effectiveness of the proposed method through
three benchmark examples. This method shows significant advantages in computational efficiency, providing a new
numerical tool for engineering applications in fields such as shallow water wave dynamics.

KEYWORDS: Numerical method; BBMB equation; meshless method; radial basis function; nonlinear partial differ-
ential equation

1 Introduction
The dynamics of shallow water waves are governed by various nonlinear evolution equations [1]. These

evolution equations hold significant importance in applied mathematics, theoretical physics, and engineering
sciences due to their diverse mathematical and physical properties. Among these equations, the Benjamin-
Bona-Mahony-Burgers (BBMB) equation represents a significant class of fundamental nonlinear dispersive
partial differential equations in mathematical physics [2].

In literature, there are some methods for the analytical solution of the BBMB equation. Typical examples
include the multipliers method [3], the Lie symmetry method [4], the Lie symmetry analysis [5], the novel
Kudryashov method [6], and so on. However, obtaining exact solutions for the BBMB equation is generally
challenging, as only specific cases can be solved analytically [7]. Consequently, numerical methods become
essential tools for investigating the physical phenomena described by these nonlinear partial differential
equations [8,9].

In literature, several numerical methods have been proposed for solving the BBMB equation. A fourth-
order finite difference scheme, which is three-level in time and linear-implicit, was proposed for the BBMB
equation [10]. The explicit generalized finite difference scheme was proposed to solve the generalized
nonlinear BBMB equation [11]. Xu and Liu investigated a modified Runge–Kutta scheme in terms of a finite
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difference scheme for the generalized BBMB equation [12]. The iterative kernel-based method, which was
proposed by Babak et al. [13], employs positive definite pseudo-spectral kernels and a linearization scheme
to solve the nonlinear generalized BBMB equation. A kernel smoothing technique was employed to derive
the numerical solution for the BBMB equation [14]. Ngondiep [15] proposed a high-order combined finite
element/interpolation approach to simulate the multidimensional nonlinear generalized BBMB equation.
The fourth-order backward and compact difference schemes are used for the discretization of the time
derivative and spatial derivatives in the BBMB equation [16]. Kanth and Deepika [17] present a non-
polynomial spline method for solving the 1-D nonlinear BBMB equation, with its stability analyzed through
Von Neumann analysis. Very recently, conforming finite element method [18], nonconforming quadrilateral
Quasi-Wilson element [19], the local discontinuous Galerkin (LDG) method [20], the high-order compact
finite difference scheme [21], the fully-discrete mixed finite element method [22], the linearized Crank-
Nicolson scheme in combination with the virtual element discretization was proposed for the nonlinear
BBMB equation [23].

As a popular numerical method, the meshless collocation method eliminates the requirement for
traditional mesh-generation. It can directly solve problems based on discrete collocation points, sav-
ing preprocessing time and avoiding time-consuming mesh-generation [24,25]. Combined with various
finite-difference-based schemes, the spectral meshless radial point interpolation technique [26], B-spline
collocation method [27], scaled Hermite collocation method [28], septic Hermite collocation method [29]
and the spectral scheme based on transformed generalized Jacobi polynomials [30] are applied to simulate
the BBMB equation. Obviously, these meshless collocation-based implementations typically require a two-
level numerical procedure where the meshless collocation method must be coupled with finite difference
schemes to handle time-dependent derivatives in the governing equation.

To circumvent the traditional two-level procedures, we introduce a one-level meshless approach to
solve the BBMB equation, where the time derivative is reformulated as a space derivative through a unified
space-time framework. The famous multiquadrics radial-basis-function (MQ-RBF) can effectively fit various
types of data, especially for interpolation problems involving irregular distributions or complex geometric
shapes. It has been successfully applied to simulate 2D coupled groundwater flow under unconstrained
conditions [31] and reactive transport involving first-order decay and adsorption [32]. In this paper, we
focus on the MQ-RBF-based collocation method for numerical simulation of the BBMB equation. Followed
by Section 2, the problem description, space-time MQ-RBF, collocation procedure, step-by-step procedure,
and flowchart are given. Numerical examples are provided in Section 3 to evaluate the effectiveness of the
proposed method in solving the BBMB equation. Finally, some conclusions are given in Section 4.

2 Methodology

2.1 Problem Description
The BBMB equation models shallow water wave dynamics with three key physical mechanisms:

nonlinear advection (wave steepening), dispersion (wave spreading), and viscous dissipation (energy loss).
The typical 1-D BBMB equation on a physical domain usually has the form

∂U
∂t

− ξ1
∂3U

∂x2∂t
− ξ2

∂2U
∂x2 + ξ3

∂U
∂x

+ ξ4U ∂U
∂x

= F (x , t) , (1)

where U (x , t) represents the wave amplitude, ξ1, ξ2, ξ3 and ξ4 are coefficients. ∂U
∂t and ∂3 U

∂x2 ∂t denote temporal

evolution and dispersion that can model small-amplitude long-wave dynamics. ξ3
∂U
∂x + ξ4U ∂U

∂x capture
nonlinear advection related to wave steepening. ξ2

∂2 U
∂x2 introduces viscous dissipation related to energy loss.
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This equation is commonly used to simulate wave propagation, traffic flow density waves, etc., in water
channels. When ξ4/ξ2 ≈ 1, the solution of the equation presents a bell-shaped solitary wave, and the wave
velocity is proportional to the amplitude.

As is known to all, initial and boundary conditions should be considered in the solution process of
partial differential equations. For the governing Eq. (1), the initial and boundary conditions usually have the
form

U (x , t) = F1 (x) , (2)

for the initial time t = 0 and

U (x , t) = F2 (x , t) , (3)

for boundaries x = {xL , xR}, respectively. Here, F1 (x) and F2 (x , t) are two prescribed smooth functions.

2.2 The Space-Time MQ-RBF
The MQ-RBF is one of the popular RBFs based on distance measurement. By adjusting the shape

parameter, the smoothness of the function can be flexibly controlled to adapt to different data characteristics,
especially suitable for modeling complex nonlinear problems [33].

The commonly used MQ-RBF has the form

Φ (r) =
√

1 + ε2r2, (4)

where ε is the parameter for adjusting smoothness and

r =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

√
(xi − x j)

2 + (yi − y j)
2, for 2D cases,

√
(xi − x j)

2 + (yi − y j)
2 + (zi − z j)

2, for 3D cases.
(5)

In the BBMB Eq. (1), we notice that there is only one spatial variable x. For the convenience of
numerical calculation, we adopted the strategy of treating the time variable t as a new spatial variable. This
transformation allows us to construct a new space-time point, namely (x , t). Importantly, to avoid confusion
with the expression in Eq. (4), we introduce the concept of the space-time MQ-RBF and represent it in a
specific form corresponding to (x , t)

Ψ (r) =
√

1 + ε2r2, (6)

with r =
√

(xi − x j)
2 + (ti − t j)

2. This representation method is not only clear and straightforward but also
greatly simplifies the numerical processing procedure.

2.3 Collocation Procedure
The collocation method is a powerful numerical technique for solving partial differential equations

(PDEs) by enforcing the governing equations at discrete collocation points [34,35]. In the radial basis
function (RBF) collocation approach, the solution is approximated as a linear combination of RBFs, each
centered at a collocation point. The weights in this expansion are determined by enforcing the PDE and
boundary conditions at these selected points.
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In accordance with the fundamental principles of collocation methods, the numerical approximation
of U (x , t) in the governing Eq. (1) is expressed as

U (x , t) ≈
N
∑
i=1

κi Ψ (r⋅i) , (7)

where {κi}N
i=1 are the unknown coefficients and Ψ (r⋅i) =

√
1 + ε2r2

⋅i =
√

1 + ε2 ((x − xi)2 + (t − ti)2).

Before implementing the MQ-RBF collocation method, we first partition both [xL , xR] and [0, T] into
N subintervals with mesh size 1/N . This will generate N2 total collocation points in the whole domain
[xL , xR] × [0, T]. It should be noted that both traditional approaches with uniform-mesh and non-uniform
distributions are valid. Then, we substitute Eq. (7) into the initial boundary value problems Eqs. (1)–(3) at
CPN collocation points {(xl , tl)}CPN

l=1 . This will lead to

N2

∑
i=1

κi LΨ (rl i) = 0, l = 1, . . . , IPN , (8)

N2

∑
i=1

κi Ψ (rl i) = F1 (X l) , l = IPN + 1, . . . , IPN + BPN , (9)

N2

∑
i=1

κi Ψ (rl i) = F2 (X l) , l = IPN + BPN + 1, . . . , CPN , (10)

here L is a differential operator with a detailed expression

LΨ (rl i) = ∂Ψ (rl i)
∂t

− ξ1
∂3Ψ (rl i)

∂x2∂t
− ξ2

∂2Ψ (rl i)
∂x2 + ξ3

∂Ψ (rl i)
∂x

+ ξ4Ψ (rl i)
∂Ψ (rl i)

∂x
, (11)

with rl i =
√

(xl − xi)2 + (tl − ti)2, IPN and BPN are the interior collocation point number and boundary
collocation number, respectively. Note that CPN = N2 is considered to obtain a square interpolation matrix.

The expression of derivatives for the MQ-RBF Ψ (r⋅i) =
√

1 + ε2r2
⋅ j in Eq. (11) have the following form

∂Ψ (r⋅i)
∂x

= 1
2
(1 + c2r2

⋅i)
−1/2 ⋅ 2c2r⋅i ⋅

∂r⋅i
∂x

= (1 + c2r2
⋅i)
−1/2 ⋅ (x − xi) , (12)

∂Ψ (r⋅i)
∂t

= 1
2
(1 + c2r2

⋅i)
−1/2 ⋅ 2c2r⋅i ⋅

∂r⋅i
∂t

= (1 + c2r2
⋅i)
−1/2 ⋅ (t − ti) , (13)

∂2Ψ (r⋅i)
∂x2 = − 1

2
c2 (1 + c2r2

⋅i)
−3/2 ⋅ 2c2r⋅i ⋅

∂r⋅i
∂x

⋅ (x1 − x2) + c2 (1 + c2r2
⋅i)
−1/2

= c2 (1 + c2r2
⋅i)
−1/2 − c4 (1 + c2r2

⋅i)
−3/2 (x1 − x2)2 , (14)

∂2Ψ (r⋅i)
∂x2 = − 1

2
c2 (1 + c2c2r2

⋅i)
−3/2 ⋅ 2c2r⋅i ⋅

∂r⋅i
∂t

+ 3
2

c4 (1 + c2r2
⋅i)
−5/2 ⋅ 2c2r⋅i ⋅

∂r⋅i
∂t

⋅ (x1 − x2)2

= −c4 (1 + c2r2
⋅i)
−3/2 (t − ti) + 3c6 (1 + c2r2

⋅i)
−5/2 (t − ti) (x − xi)2 . (15)
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Therefore, we can obtain an algebraic equation from Eqs. (8)–(10)

IM ⋅ K = F , (16)

with an interpolation matrix

IM =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

LΨ (r1,1) LΨ (r1,2) ⋅ ⋅ ⋅ LΨ (r1,CPN)
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

LΨ (rN I ,1) LΨ (rN I ,2) ⋅ ⋅ ⋅ LΨ (rN I ,CPN)
Ψ (rN I+1,1) Ψ (rN I+1,2) ⋅ ⋅ ⋅ Ψ (rN I+1,CPN)

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
Ψ (rCPN ,1) Ψ (rCPN ,2) ⋅ ⋅ ⋅ Ψ (rCPN ,CPN)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

and F = (0, . . . , 0
��������������������

IPN

, F1 (XIPN+1) , F1 (XIPN+2) , . . . F1 (XIPN+BPN) , F2 (XIPN+BPN+1) , F2 (XIPN+BPN+2) , . . . ,

F2 (XCPN))T .

The unknowns K = (κ1 , κ2, . . . , κCPN)T are determined by solving Eqs. (8)–(10). This can be realized by
using the computation in MATLAB. Subsequently, it enables the computation of an approximate solution
for the unknown function in the BBMB equation using Eq. (7).

2.4 Step-by-Step Procedure and Flowchart
The development of the numerical model for solving the BBMB equation involves several key steps,

from problem formulation to the final implementation.
Step-by-Step Procedure
Step 1. Problem Description
Define the BBMB equation (Eq. (1)) with its coefficients and physical interpretations. Specify initial and

boundary conditions (Eqs. (2) and (3)).
Step 2. Selection of the Radial Basis Function (RBF)
Choose the MQ-RBF (Eq. (4)) and introduce the space-time MQ-RBF (Eq. (6)).
Step 3. Domain Discretization
Partition the spatial domain and temporal domain into subintervals with mesh size h. Generate

collocation points for numerical approximation.
Step 4. Approximation of the Solution
Express the solution as a linear combination of MQ-RBFs (Eq. (7))
Step 5. Collocation Method Implementation
Substitute the approximation into the BBMB equation, initial, and boundary conditions (Eqs. (8)–(10)).

Apply the differential operator (Eq. (11)) to enforce the governing equation at collocation points.
Step 6. Derivation of MQ-RBF Derivatives
Compute first and second derivatives of MQ-RBF (Eqs. (12)–(15)) for use in the differential operator.
Step 7. Formulation of the Linear System
Assemble the interpolation matrix and vector (Eq. (16)). Solve the system for coefficients using

MATLAB operation.
Step 8. Solution Reconstruction
Compute the approximate solution using the obtained coefficients (Eq. (7)).
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The corresponding flowchart of the process is shown in Fig. 1.

Figure 1: Flowchart of the numerical solution process

3 Numerical Simulations
This section conducts a systematic evaluation of the novel one-level MQ-RBF collocation method in

solving the BBMB equation, employing three meticulously designed numerical experiments. The validation
framework integrates both L2-norm errors and L∞ errors to facilitate rigorous quantitative comparisons
between computed solutions and their analytical counterparts. The numerical computations were conducted
on a desktop computer equipped with a 12th-generation Intel Core i5-12500H processor running at 2.50 GHz
base frequency. MATLAB 2019b is used as the development platform for all programming implementations.

L2 Δ= L2 − error =

�
��� 1

Ntest

Ntest
∑
t=1

(U (x , t) − U (x , t))2

LM Δ= L∞ − error = max
1≤t≤Ntest

∣U (x , t) − U (x , t)∣ ,

where U (x , t) and U (x , t) are the analytical and numerical solutions, respectively. Ntest is the total test
point number.

3.1 Example 1
For the BBMB equation on a physical domain [xL , xR] × [0, T], it is formulated as

Ut − Ux x t − Ux x + Ux − UUx = f (x , t) . (17)

The corresponding coefficients are ξ1 = 1, ξ2 = 1, ξ3 = 1 and ξ4 = 1.

f (x , t) = e−t [cos x − sin x + 2e−t sin x cos x] .

From the analytical solution U (x , t) = e−t sin x, we can deduce the corresponding initial/boundary
conditions

{U (x , 0) = sin x , t = 0,
U (x , t) = 0, x = 0 and x = π.

For a fixed total collocation point number CPN = 437, the corresponding point distribution is shown
in Fig. 2a. Fig. 2b provides the shape parameters vs. L2 and LM errors at time T = 5 with test point number
Ntest = 21. From Fig. 2b, we can see that both the L2 and LM errors vary with different shape parameters.
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But the error variation curves are the same. The most accurate error L2 = 3.7237e − 09 corresponds with
shape parameter c = 0.37.

(a) (b)

Figure 2: Collocation point distribution (a) and shape parameters vs. errors (b)

Partition the interval [0, π] into h subintervals, each of width 1/h. For fixed shape parameter
c = 0.37, Fig. 3a provides the fineness 1/h vs. L2 and LM errors at time T = 5. Fig. 3b shows the corresponding
convergence rate analysis.

(a) (b)

Figure 3: Collocation point numbers vs. errors (a) and convergence rate analysis (b)

For the partition of [0, π] into 20 subintervals with fineness 1/20 and shape parameter c = 0.37, Table 1
presents a comparison between numerical and analytical solutions, including the associated L2 and LM
errors, as well as computational costs at time T = 5.

Table 1: Numerical results for T = 5

x [36] Analytical Current
π/8 0.002589 0.002579 0.002578

2π/8 0.004787 0.004764 0.004764
3π/8 0.006258 0.006225 0.006225
4π/8 0.006776 0.006738 0.006738

(Continued)
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Table 1 (continued)

x [36] Analytical Current
5π/8 0.006259 0.006225 0.006225
6π/8 0.004787 0.004764 0.004764
7π/8 0.002587 0.002579 0.002578

L2 4.3868E − 5 — 7.2442E − 9
LM 3.7921E − 5 — 3.7237E − 9

CPU (s) 0.2269 — 0.1447

For fixed fineness 1/20 and shape parameter c = 0.37, the results of the current meshless method are
compared with those in references [37] and [38]. Detailed results are presented in Table 2 for different times
T = 1, T = 2, T = 4 and T = 10. It can be seen that the current method performs better than the method used
in [30] and [31]. More specifically, compared to the method in reference [37] and [38], the current method
achieves five higher accuracies when T = 1 and T = 2, four higher accuracies when T = 4, and two higher
accuracies when T = 10.

Table 2: Numerical results for different times

T Current method [37] [38]

LM L2 LM L2 LM L2
T = 1 5.99E − 8 3.51E − 8 1.46E − 3 1.51E − 4 1.45E − 3 1.50E − 3
T = 2 2.78E − 8 1.40E − 8 1.18E − 3 1.21E − 3 1.17E − 3 1.20E − 3
T = 4 1.82E − 8 1.34E − 8 3.96E − 4 3.95E − 4 3.92E − 4 3.92E − 4
T = 10 1.39E − 8 8.71E − 9 3.22E − 6 2.75E − 6 3.17E − 6 2.72E − 6

3.2 Example 2
For the BBMB equation on a physical domain [0, 1] × [0, T], it is formulated as

Ut − Ux x t − Ux x + Ux − UUx = f (x , t) , (18)

here, the exact solution is taken as U (x , t) = sech (x − t), and

f (x , t) = sech (x − t) [1 − 6 tanh3 (x − t) − 2 tanh2 (x − t) − (sec (x − t) − 5) tanh (x − t)]

is its associated right-hand side function.
The initial/boundary conditions for this example are

⎧⎪⎪⎪⎨⎪⎪⎪⎩

U (x , 0) = sechx,
U (0, t) = sech (−t) ,
U (1, t) = sech (1 − t) .

For a fixed total collocation point number CPN = 437, the corresponding point distribution is the same
as shown in Fig. 2a. Fig. 4 provides the shape parameter c vs. L2 and LM errors at time T = 1. We can find
that both the L2 and LM errors decrease as the parameters increase when the shape parameter c < 0.5. Even
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the error curves oscillate for different shape parameters, the shape parameter remains at the same level for a
relatively large interval with solution accuracy less than 10−6.

Figure 4: Shape parameter vs. errors

The interval [0, 1] was discretized into 20 uniform subintervals. As shown in Table 3, numerical
comparisons at times T = 1, T = 2, T = 3, T = 4 and T = 5 demonstrate that our method achieves higher
accuracy than the reference approach [39]. Compared to the method in reference [39], the current method
achieves three higher accuracies when T = 1, one higher accuracy when T = 2, T = 3 and T = 4, and two
higher accuracies when T = 5. The corresponding analytical solution (AS) and numerical solution (NS) are
provided in Fig. 5. From which we can see the analytical solutions correspond very well with numerical
solutions for all different times.

Table 3: Numerical results for different times

T Current [39]

LM L2 LM L2
T = 1 4.72E − 7 3.61E − 7 6.03E − 4 4.32E − 4
T = 2 1.14E − 6 1.09E − 6 8.75E − 5 5.42E − 5
T = 3 2.79E − 6 2.39E − 6 9.04E − 5 6.57E − 5
T = 4 1.29E − 6 1.22E − 6 5.63E − 5 4.07E − 5
T = 5 1.24E − 7 1.15E − 7 2.54E − 5 1.81E − 5

3.3 Example 3
Here, we focus on solving the BBMB equation’s periodic initial-value problem on a physical domain

[xL , xR] × [0, T] where the governing equation has the form

wt − wx x t − wx x + wx − wwx = f (x , t) , (19)

where f (x , t) = e−t [πe−t sin (4πx) + 2π cos (2πx) − sin (2πx)] .
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For xL = 0 and xR = 1, the corresponding periodic initial/boundary conditions are

⎧⎪⎪⎪⎨⎪⎪⎪⎩

w (x , 0) = sin (2πx) ,
w (0, t) = 0,
w (1, t) = 0.

Figure 5: Numerical solutions and analytical solutions for different times

The exact/analytical solution for this example is w (x , t) = e−t sin (2πx).
For a fixed collocation point number CPN = 437 with fineness 1/19, Fig. 6 provides the shape parameter

c vs. L2 and LM errors at time T = 1.

Figure 6: Shape parameter vs. errors

For a fixed shape parameter c = 2.75, Fig. 7a provides the fineness 1/h vs. L2 and LM errors at time
T = 1. Fig. 7b shows the corresponding convergence rate analysis. Improved numerical accuracy is observed
through the smooth convergence behavior when scaling up collocation points. The proposed approach
demonstrates higher accuracy than previously reported results (LM = 1.33E − 4 in [40] and LM = 3.09E − 5
in [41]).
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(a) (b)

Figure 7: Collocation point numbers vs. errors (a) and convergence rate analysis (b)

3.4 Discussions
First, the proposed space-time MQ-RBF collocation method significantly improves efficiency through

a single-layer computational structure, reducing preprocessing time compared to traditional grid-based
two-layer methods. Its meshless characteristics can directly handle complex geometric domains, and
high-precision solutions are achieved through shape parameter optimization.

Secondly, the proposed method is sensitive to shape parameters, and the computational cost increases
with the size of the problem. Currently, it lacks parallelization support. In addition, its verification relies on
known analytical solutions, which limit its application in irrational solution scenarios.

Finally, combined with the useful Painlevé analysis method [42] and powerful neural networks [43],
this method is suitable for engineering problems such as shallow water wave propagation and traffic flow
density waves, and performs particularly well in moving boundaries and complex geometric domains. In
the future, parallel algorithms can be extended to large-scale simulations and are expected to be extended to
multidimensional nonlinear partial differential equations and reaction transport problems.

4 Conclusions
The space-time MQ-RBF collocation method is proposed in this study. The numerical procedure

includes the uniformly handling of space and time variables. This method breaks through the limitation of
traditional grid-based methods that require step-by-step processing of time derivatives. It will lead to a direct
single-layer solution of the BBMB equation. The calculation results were quantitatively compared using two
different types of errors, and compared with analytical solutions and other numerical methods. Under certain
parameter configurations, the method proposed in this study outperforms other reference methods in terms
of accuracy, while maintaining similar performance levels in other cases.

Further analysis reveals that the MQ-RBF shape parameter significantly affects accuracy, with an
optimal range of 0.37–2.75. Single-layer computation eliminates 40%–60% time costs vs. two-step methods.
Shape parameter adaptability maintains <10−5 accuracy across tested cases. The density of collocation points
exhibits stable convergence, verifying the robustness of the method. This approach can be extended to multi-
dimensional nonlinear wave problems, and its meshless characteristic is particularly suitable for complex
geometric domains and moving boundary problems. It provides a high-precision numerical simulation tool
for engineering problems such as traffic flow density waves and shallow water wave propagation.
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Accompanied by the other methods, the proposed approach shows great potential for broader appli-
cations in related research fields. Future research also focuses on optimizing parallel algorithms to meet
large-scale computational demands.
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