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ABSTRACT: Urban transportation planning involves evaluating multiple conflicting criteria such as accessibility,
cost-effectiveness, and environmental impact, often under uncertainty and incomplete information. These complex
decisions require input from various stakeholders, including planners, policymakers, engineers, and community
representatives, whose opinions may differ or contradict. Traditional decision-making approaches struggle to effectively
handle such bipolar and multivalued expert evaluations. To address these challenges, we propose a novel decision-
making framework based on Pythagorean fuzzy N-bipolar soft expert sets. This model allows experts to express both
positive and negative opinions on a multinary scale, capturing nuanced judgments with higher accuracy. It introduces
algebraic operations and a structured aggregation algorithm to systematically integrate and resolve conflicting expert
inputs. Applied to a real-world case study, the framework evaluated five urban transport strategies based on key criteria,
producing final scores as follows: improving public transit (−0.70), optimizing traffic signal timing (1.86), enhancing
pedestrian infrastructure (3.10), expanding bike lanes (0.59), and implementing congestion pricing (0.77). The results
clearly identify enhancing pedestrian infrastructure as the most suitable option, having obtained the highest final
score of 3.10. Comparative analysis demonstrates the framework’s superior capability in modeling expert consensus,
managing uncertainty, and supporting transparent multi-criteria group decision-making.

KEYWORDS: Pythagorean fuzzy N-bipolar soft expert sets; N-soft sets; pythagorean fuzzy sets; MCGDM; urban
transportation

1 Introduction

1.1 Research Background
Designing successful urban mobility system solutions is a problem of multifaceted complexity driven

by competing priorities such as cost, environmental conservation, optimal traffic flow, and social justice.
Decision-makers must balance inputs from a broad spectrum of stakeholders with varying concerns and
preferences, typically based on personal intuition or untested data. These complexities are compounded
further by the dynamic context of cities, where policy must be continuously adapted to respond to shifting
demands. As a result, conventional decision-making (DM) models—typically using strict or dichotomous
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logic—fall short to capture reality-based contexts’ complexities, and hence more and more reliance is being
placed on computational models capable of coping with uncertainty and vagueness.

A foundational mathematical approach for modeling such uncertainty and vagueness is fuzzy set (FS)
theory, introduced by Zadeh [1], which allows partial membership and captures the imprecision of human
reasoning. Intuitionistic FSs (IFSs), developed by Atanassov [2], extend FS by introducing independent
membership degrees (MDs) and non-membership degrees (NMDs). Yager’s Pythagorean FSs (PFSs) [3]
further generalize IFSs by allowing the squared sum of MDs and NMDs to be at most one, offering enhanced
flexibility. PFSs have gained wide recognition in multi-criteria group decision-making (MCGDM) due to
their expressive power, with applications in distance measures [4–6], structural modeling [7,8], and decision
support systems [9].

1.2 Related Work
Soft set (SS) theory, introduced by Molodtsov [10], provides a parameterized framework for uncertainty

modeling, independent of probabilistic or fuzzy principles. By associating elements with parameter sets, SSs
effectively handle vague and incomplete data. The framework was further developed by Maji et al. [11] and
Ali et al. [12], who formalized core operations. Extensions such as fuzzy SSs [13], intuitionistic fuzzy SSs [14],
and Pythagorean fuzzy SSs [15] have broadened its applicability. These hybrid models have been successfully
applied in medical diagnosis [16], multi-attribute aggregation [17], structural analysis [18], clustering [19],
and biological networks [20], highlighting their suitability for complex MCGDM environments [21].

Bipolarity reflects the dual nature of human reasoning, where evaluations consider both positive and
negative dimensions. Shabir and Naz [22] introduced bipolar soft sets (BSSs), extending SSs to accommodate
contradictory information. Subsequent refinements by Karaaslan and Karataş [23] and Mahmood and
Jaballah [24] improved operational definitions and adaptability. Fuzzy extensions [25,26] have enhanced
modeling precision. In particular, the works by Zeb et al. [27,28] stand out by developing advanced aggrega-
tion operators for fuzzy and Pythagorean fuzzy BSSs, significantly advancing practical DM methodologies.
Applications in decision models [29] and error-reduction frameworks [30] confirm the practical value of
these theoretical advances.

Many existing models rely on binary or real-valued evaluations within [0, 1], which often fail to reflect
symbolic or multilevel assessments used in real-world scenarios (e.g., star ratings or badges). To address
this, Fatimah et al. [31] introduced N-soft sets (NSSs), which support multinary or symbolic evaluations
linked to parameters. NSSs enable a more nuanced expression of uncertainty and preferences, applicable
to areas like three-way decision theory [32]. Further developments include aggregation methods [33,34],
m-polar NSSs [35], and M-parameterized topology-based models [36]. Bipolar extensions—such as bipolar
M-parameterized NSSs [37], N-bipolar soft sets (NBSSs) [38] and fuzzy NBSSs [39]—allow simultaneous
modeling of positive and negative information.

In situations that require the active involvement of multiple experts—each contributing unique insights
shaped by their individual backgrounds, expertise, and value systems—modeling and aggregating conflicting
or diverse opinions becomes a critical component of the DM process. Soft expert sets (SESs), introduced
by Alkhazaleh and Salleh [40], provide a foundational structure by embedding expert evaluations directly
into SS theory. This integration supports group DM under uncertainty, where collective judgments must be
synthesized despite partial knowledge, imprecise preferences, and subjective bias.

To better capture the nuances of expert-based assessments, several fuzzy generalizations have been
proposed, including fuzzy SESs (FSESs) [41], intuitionistic fuzzy SESs (IFSESs) [42], and Pythagorean fuzzy
SESs (PFSESs) [43], each offering richer semantics for expressing uncertainty through MDs and NMDs.
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These models have been further extended by incorporating bipolar reasoning, enabling the representation
of both favorable and unfavorable expert views within a unified framework. Notable developments in this
regard include bipolar SESs (BSESs) [44], fuzzy bipolar SESs (FBSESs) [45], and soft expert models built
upon multinary evaluations, such as (fuzzy) N-soft expert sets ((F)NSESs) [46] and their Pythagorean
counterparts, Pythagorean fuzzy NSESs (PFNSESs) [47].

Recent advances have combined the expressiveness of N-soft structures and expert and bipolar assess-
ment to generate models like N-bipolar soft expert sets (NBSESs) [48], fuzzy NBSESs (FNBSESs) [49], and
intuitionistic fuzzy NBSESs (IFNBSESs) [50]. These enhanced frameworks are designed to handle at the
same time symbolic or linguistic scales, bipolar assessments, various expert opinions, and various forms of
uncertainty. Collectively, these models constitute a comprehensive and integrated MCGDM methodology
that can more effectively represent real-world complexities than can classical methodologies. As they
currently exist, SESs and their modern extensions represent a powerful class of tools for implementing
consensus-based decision methods under uncertainty and multi-dimensionality conditions.

From a broader methodological standpoint, Kumar and Pamucar [51] presented a large-scale biblio-
metric analysis of MCGDM developments over the past two decades, highlighting the rise of hybrid fuzzy
methods and identifying application gaps across various sectors. The review confirms that while fuzzy
MCGDM methods have diversified in terms of structure and application, challenges remain in modeling
heterogeneous expert knowledge, symbolic preferences, and bipolar trade-offs.

In parallel, domain-specific applications of fuzzy and MCGDM methods for sustainable DM have
gained momentum. For instance, Nayeb-Pashaei et al. [52] applied the fuzzy logarithm methodology of
additive weights using triangular fuzzy numbers to identify and rank sustainability criteria in urban transport
systems. Their model effectively captures uncertainty in sustainability dimensions such as health, safety, and
emissions. However, it does not accommodate expert-level disagreement or contradictory evaluations, which
are often critical in sustainability planning.

These gaps motivate the development of Pythagorean fuzzy N-bipolar soft expert set (PFNBSES), which
uniquely integrates Pythagorean fuzzy logic with NBSES, allowing for more nuanced, expert-driven, and
context-sensitive sustainability DM frameworks.

1.3 Research Gap and Motivation
The motivation for developing the PFNBSES model is that DM environments in the real world are

growing more and more complex, particularly those involving multiple experts, uncertainty, bipolarity,
and qualitative diversity. Classical SS paradigms, as essential for handling uncertainty, cannot handle at
the same time bipolarity, multinary evaluation, and expert-based discrimination. BSSs handle dual-valued
information but are usually limited to binary evaluation. NSSs are supportive of multinary symbolic
evaluation but are not necessarily supportive of expert consensus or bipolar scales. SESs are supportive of
multiple expert opinions but are usually developed from lower-order fuzzy or intuitionistic structures.

This layered design enables PFNBSES to reflect the intrinsic dualities and subjectivities of modern
DM problems while maintaining computational rigor and interpretability. Its development is driven by the
practical need for a scalable, expressive, and expert-driven framework applicable to domains such as urban
planning, medical diagnostics, and cybersecurity.
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1.4 Novelties and Advantages of the Proposed Model
The PFNBSES model offers a unified and flexible framework that integrates Pythagorean fuzzy logic,

multinary evaluation scales, bipolar reasoning, and multi-expert aggregation. These features collectively
enable more nuanced, balanced, and reliable DM compared to existing SS-based models.

A detailed comparative analysis of PFNBSES’s strengths and advantages is provided in Section 5.2, where
its superior handling of uncertainty, expert diversity, and bipolarity is rigorously demonstrated.

This succinct overview highlights PFNBSES’s significant contribution to advancing MCGDM method-
ologies.

1.5 Objectives and Key Contributions
This study aims to develop a comprehensive DM framework for MCGDM environments characterized

by uncertainty, bipolar evaluations, and expert diversity. The PFNBSES model unifies and extends several
SS-based methodologies to improve flexibility, precision, and applicability. It addresses methodological gaps
in SSs, BSSs, and soft expert frameworks by incorporating Pythagorean fuzzy logic, multinary evaluation,
and expert consensus within a single model.

The main contributions of this paper are as follows:

• Formal definition of the PFNBSES model with foundational operations including union, intersection,
complement, agreement, and disagreement, supported by algebraic properties.

• Development of a complete algorithmic framework for MCGDM using PFNBSES, enabling systematic
processing of expert evaluations involving both positive and negative attributes.

• Application of the proposed model to a real-world case study in urban transportation strategy planning,
demonstrating its effectiveness in handling conflicting criteria and supporting transparent DM.

• Comparative analysis benchmarking PFNBSES against existing SS-based models, highlighting its
superior capability in addressing bipolarity, multinary evaluations, and expert involvement.

• Critical evaluation of the computational and practical challenges associated with PFNBSES to inform
future research and implementation.

These contributions collectively position PFNBSES as a significant advancement in soft computing-
based DM, especially in contexts requiring nuanced judgment, expert collaboration, and reconciliation of
conflicting objectives.

The remainder of the paper is organized as follows. Section 2 presents the foundational background
and literature review. Section 3 introduces the proposed PFNBSES model, detailing its formal struc-
ture and fundamental operations. Section 4 outlines the complete DM framework based on PFNBSES,
including a step-by-step algorithm and a case study in urban transportation planning. Section 5 offers
a critical assessment of PFNBSES, covering its advantages, comparative performance, and computational
considerations. Section 6 concludes the paper with key findings and directions for future research.

To summarize, the PFNBSES model addresses a critical need for more expressive and integrative
DM tools capable of handling symbolic, bipolar, and expert-based evaluations simultaneously. While the
model improves over existing frameworks in flexibility and structure, it may introduce computational
complexity and practical challenges in large-scale settings. Nonetheless, its potential impact spans multiple
domains—such as urban planning, healthcare, and risk analysis—where DM under conflicting, uncertain,
and multidimensional criteria is essential.
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2 Basic Definitions and Notation
This section presents the key notations and basic concepts used throughout the study. Let ¥ be the

universal set of alternatives (or objects), and H the set of attributes (or parameters). The ordered evaluation
scale is given by � = {0, 1, . . . , N − 1}, where N ∈ {2, 3, . . . }. Let E be the set of experts, and O = {0 =
disagree, 1 = agree} the set of opinions. Furthermore, we define Λ =H × E ×O, with λ ⊂ Λ.

Definition 1. [3] Let γ⊕, γ⊖ ∶ ¥ → [0, 1] be the membership and non-membership functions of ν ∈ ¥. Then,
ψ = {⟨ν, γ⊕(ν), γ⊖(ν)⟩ ∶ ν ∈ ¥} is called a PFS if 0 ≤ (γ⊕(ν))2 + (γ⊖(ν))2 ≤ 1.

Definition 2. [9] Let Ω = (ρ⊕, ρ⊖) be a Pythagorean fuzzy number (PFN). Then:

i. Its score value is S(Ω) = (ρ⊕)2 − (ρ⊖)2, with S(Ω) ∈ [−1, 1].
ii. Its accuracy value is A(Ω) = (ρ⊕)2 + (ρ⊖)2, with A(Ω) ∈ [0, 1].

Definition 3. [9] Let Ω1 = (ρ⊕1 , ρ⊖1 ) and Ω2 = (ρ⊕2 , ρ⊖2 ) be two PFNs, with score values S(Ω1), S(Ω2) and
accuracy values A(Ω1), A(Ω2). Then:

i. If S(Ω1) > S(Ω2), then Ω1 ≻ Ω2.
ii. If S(Ω1) = S(Ω2), then:

• if A(Ω1) > A(Ω2), then Ω1 ≻ Ω2;
• if A(Ω1) = A(Ω2), then Ω1 = Ω2.

Definition 4. [10] An SS is defined as a pair (ω,H), where ω ∶H → 2¥, and 2¥ denotes the family of all crisp
subsets of ¥. The pair can be expressed as

(ω,H) = {(h̵, ω(h̵)) ∶ h̵ ∈H, ω(h̵) ⊆ ¥}.

Definition 5. [40] An SES is defined as a pair (ω, λ), where ω ∶ λ → 2¥ and λ ⊂ Λ =H × E ×O. The SES can
be written as

(ω, λ) = {(t, ω(t)) ∶ t ∈ λ, ω(t) ⊆ ¥},

where t = (h̵, ς, o), with h̵ ∈H, ς ∈ E , and o ∈ O.

Definition 6. [40] The NOT set associated with a set λ, denoted by ¬λ, is expressed as ¬λ = {¬t ∣ t ∈ λ},
where ¬t = (¬h̵, ς, o) signifies the negation (opposite) of an element t = (h̵, ς, o) with h̵ ∈H, ς ∈ E , and
o ∈ O.

Definition 7. A quadruple (μ, π, λ, N) is called:

i. an NBSES [48], if μ ∶ λ → 2¥×� and π ∶ ¬λ → 2¥×� such that for each t ∈ λ, there is a unique pair (ν, ♭t) ∈
¥ ×� with (ν, ♭t) ∈ μ(t), and for each ¬t ∈ ¬λ, a unique pair (ν, ♭¬t) ∈ ¥ ×� with (ν, ♭¬t) ∈ π(¬t),
satisfying ♭t +♭¬t ≤ N − 1, where ν ∈ ¥ and ♭t , ♭¬t ∈ �. Here, 2¥×� denotes the collection of all crisp
subsets of ¥ ×�.

ii. an FNBSES [49], if μ ∶ λ → F
¥×� and π ∶ ¬λ → F

¥×� such that for each t ∈ λ, there exists a unique
pair (ν, ♭t) ∈ ¥ ×� with ⟨(ν, ♭t), μ(ν, ♭t)⟩ ∈ μ(t), and for each ¬t ∈ ¬λ, a unique pair (ν, ♭¬t) ∈ ¥ ×
� with ⟨(ν, ♭¬t), π(ν, ♭¬t)⟩ ∈ π(¬t), satisfying 0 ≤ μ(ν, ♭t) + π(ν, ♭¬t) ≤ 1, where ν ∈ ¥, ♭t , ♭¬t ∈ �, and
μ(ν, ♭t), π(ν, ♭¬t) ∈ [0, 1]. Here, F¥×� denotes the set of all FSs defined over ¥ ×�.

iii. an IFNBSES [50], if μ ∶ λ → I
¥×� and π ∶ ¬λ → I

¥×� such that for each t ∈ λ, there is a unique pair
(ν, ♭t) ∈ ¥ ×� with ⟨(ν, ♭t), μ⊕(ν, ♭t), μ⊖(ν, ♭t)⟩ ∈ μ(t), and for each ¬t ∈ ¬λ, a unique pair (ν, ♭¬t) ∈
¥ ×� with ⟨(ν, ♭¬t), π⊕(ν, ♭¬t), π⊖(ν, ♭¬t)⟩ ∈ π(¬t), subject to 0 ≤ μ⊕(ν, ♭t) + π⊕(ν, ♭¬t) ≤ 1 and 0 ≤
μ⊖(ν, ♭t) + π⊖(ν, ♭¬t) ≤ 1, where ν ∈ ¥, ♭t , ♭¬t ∈ �, and all μ⊕(ν, ♭t), μ⊖(ν, ♭t), π⊕(ν, ♭¬t), π⊖(ν, ♭¬t) ∈
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[0, 1]. Clearly, μ⊕(ν, ♭t) and π⊕(ν, ♭¬t) are MDs, while μ⊖(ν, ♭t) and π⊖(ν, ♭¬t) are NMDs. Here, I¥×�

denotes the set of all IFSs on ¥ ×�.

3 Pythagorean Fuzzy N-Bipolar Soft Expert Sets
In this section, we introduce the PFNBSES model and define its fundamental operations, including the

null set, the whole set, complement, subset, equality, agree, disagree, union, and intersection. Each of these
operations is presented together with its associated algebraic properties.

Definition 8. A quadruple (ξ, ξ, λ, N) is called a PFNBSES if ξ ∶ λ → P
¥×� and ξ ∶ ¬λ → P

¥×�, such that for
every t ∈ λ, there exists a unique pair (ν, ♭t) ∈ ¥ ×� with ⟨(ν, ♭t), ξ

⊕

(ν, ♭t), ξ
⊖

(ν, ♭t)⟩ ∈ ξ(t), and for each
¬t ∈ ¬λ, there exists a unique pair (ν, ♭¬t) ∈ ¥ ×� such that ⟨(ν, ♭¬t), ξ⊕(ν, ♭¬t), ξ⊖(ν, ♭¬t)⟩ ∈ ξ(¬t), subject
to the following conditions:

0 ≤ (ξ
⊕

(ν, ♭t))2 + (ξ⊕(ν, ♭¬t))2 ≤ 1, (1)

0 ≤ (ξ
⊖

(ν, ♭t))2 + (ξ⊖(ν, ♭¬t))2 ≤ 1, (2)

where ν ∈ ¥, ♭t , ♭¬t ∈ �, and ξ
⊕

(ν, ♭t), ξ
⊖

(ν, ♭t), ξ⊕(ν, ♭¬t), ξ⊖(ν, ♭¬t) ∈ [0, 1]. Here, ξ
⊕

(ν, ♭t) and ξ⊕(ν, ♭¬t)
denote the MDs, while ξ

⊖

(ν, ♭t) and ξ⊖(ν, ♭¬t) represent the NMDs.

Henceforth, we consider the sets ¥ = {ν1 , ν2, . . . , νn}, H = {h̵1 , h̵2, . . . , h̵m}, and E = {ς1 , ς2, . . . , ςt}
to be finite, unless stated otherwise. Under this assumption, the PFNBSES (ξ, ξ, λ, N) can be efficiently
represented in a tabular format. In particular, we adopt the notations ξ(ti)(ν j) = ⟨♭i j t i

, ξ
⊕

i j , ξ
⊖

i j⟩ and

ξ(¬ti)(ν j) = ⟨♭i j
¬t i

, ξ⊕i j , ξ⊖i j⟩ as abbreviations for the elements ⟨(ν j , ♭i j t i
), ξ
⊕

(ν j , ♭i j t i
), ξ
⊖

(ν j , ♭i j t i
)⟩ ∈ ξ(ti)

and ⟨(ν j , ♭i j
¬t i
), ξ⊕(ν j , ♭i j

¬t i
), ξ⊖(ν j , ♭i j

¬t i
)⟩ ∈ ξ(¬ti), respectively. The associated tabular format is shown

in Table 1.

Table 1: Tabular representation of the PFNBSES (ξ, ξ, λ, N)

(ξ, ξ, λ, N) ν1 ν2 ⋅ ⋅ ⋅ νn

(h̵1 , ς1 , 1) ξ(h̵1 , ς1 , 1)(ν1) ξ(h̵1 , ς1 , 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ς1 , 1)(νn)
(h̵1 , ς2, 1) ξ(h̵1 , ς2, 1)(ν1) ξ(h̵1 , ς2, 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ς2, 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵1 , ςt , 1) ξ(h̵1 , ςt , 1)(ν1) ξ(h̵1 , ςt , 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ςt , 1)(νn)
(h̵2, ς1 , 1) ξ(h̵2, ς1 , 1)(ν1) ξ(h̵2, ς1 , 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵2, ς1 , 1)(νn)
(h̵2, ς2, 1) ξ(h̵2, ς2, 1)(ν1) ξ(h̵2, ς2, 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵2, ς2, 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵2, ςt , 1) ξ(h̵2, ςt , 1)(ν1) ξ(h̵2, ςt , 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵2, ςt , 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵m , ς1 , 1) ξ(h̵m , ς1 , 1)(ν1) ξ(h̵m , ς1 , 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵m , ς1 , 1)(νn)
(h̵m , ς2, 1) ξ(h̵m , ς2, 1)(ν1) ξ(h̵m , ς2, 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ς2, 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵m , ςt , 1) ξ(h̵m , ςt , 1)(ν1) ξ(h̵m , ςt , 1)(ν2) ⋅ ⋅ ⋅ ξ(h̵m , ςt , 1)(νn)
(h̵1 , ς1 , 0) ξ(h̵1 , ς1 , 0)(ν1) ξ(h̵1 , ς1 , 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ς1 , 0)(νn)

(Continued)
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Table 1 (continued)

(ξ, ξ, λ, N) ν1 ν2 ⋅ ⋅ ⋅ νn

(h̵1 , ς2, 0) ξ(h̵1 , ς2, 0)(ν1) ξ(h̵1 , ς2, 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ς2, 0)(νn)
⋮ ⋮ ⋮ ⋱ ⋮

(h̵1 , ςt , 0) ξ(h̵1 , ςt , 0)(ν1) ξ(h̵1 , ςt , 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ςt , 0)(νn)
(h̵2, ς1 , 0) ξ(h̵2, ς1 , 0)(ν1) ξ(h̵2, ς1 , 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵2, ς1 , 0)(νn)
(h̵2, ς2, 0) ξ(h̵2, ς2, 0)(ν1) ξ(h̵2, ς2, 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵2, ς2, 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵2, ςt , 0) ξ(h̵2, ςt , 0)(ν1) ξ(h̵2, ςt , 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵2, ςt , 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵m , ς1 , 0) ξ(h̵m , ς1 , 0)(ν1) ξ(h̵m , ς1 , 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵m , ς1 , 0)(νn)
(h̵m , ς2, 0) ξ(h̵m , ς2, 0)(ν1) ξ(h̵m , ς2, 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵1 , ς2, 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(h̵m , ςt , 0) ξ(h̵m , ςt , 0)(ν1) ξ(h̵m , ςt , 0)(ν2) ⋅ ⋅ ⋅ ξ(h̵m , ςt , 0)(νn)
(¬h̵1 , ς1 , 1) ξ(¬h̵1 , ς1 , 1)(ν1) ξ(¬h̵1 , ς1 , 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵1 , ς1 , 1)(νn)
(¬h̵1 , ς2, 1) ξ(¬h̵1 , ς2, 1)(ν1) ξ(¬h̵1 , ς2, 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵1 , ς2, 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵1 , ςt , 1) ξ(¬h̵1 , ςt , 1)(ν1) ξ(¬h̵1 , ςt , 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵1 , ςt , 1)(νn)
(¬h̵2, ς1 , 1) ξ(¬h̵2, ς1 , 1)(ν1) ξ(¬h̵2, ς1 , 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵2, ς1 , 1)(νn)
(¬h̵2, ς2, 1) ξ(¬h̵2, ς2, 1)(ν1) ξ(¬h̵2, ς2, 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵2, ς2, 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵2, ςt , 1) ξ(¬h̵2, ςt , 1)(ν1) ξ(¬h̵2, ςt , 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵2, ςt , 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵m , ς1 , 1) ξ(¬h̵m , ς1 , 1)(ν1) ξ(¬h̵m , ς1 , 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵m , ς1 , 1)(νn)
(¬h̵m , ς2, 1) ξ(¬h̵m , ς2, 1)(ν1) ξ(¬h̵m , ς2, 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵m , ς2, 1)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵m , ςt , 1) ξ(¬h̵m , ςt , 1)(ν1) ξ(¬h̵m , ςt , 1)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵m , ςt , 1)(νn)
(¬h̵1 , ς1 , 0) ξ(¬h̵1 , ς1 , 0)(ν1) ξ(¬h̵1 , ς1 , 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵1 , ς1 , 0)(νn)
(¬h̵1 , ς2, 0) ξ(¬h̵1 , ς2, 0)(ν1) ξ(¬h̵1 , ς2, 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵1 , ς2, 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵1 , ςt , 0) ξ(¬h̵1 , ςt , 0)(ν1) ξ(¬h̵1 , ςt , 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵1 , ςt , 0)(νn)
(¬h̵2, ς1 , 0) ξ(¬h̵2, ς1 , 0)(ν1) ξ(¬h̵2, ς1 , 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵2, ς1 , 0)(νn)
(¬h̵2, ς2, 0) ξ(¬h̵2, ς2, 0)(ν1) ξ(¬h̵2, ς2, 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵2, ς2, 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵2, ςt , 0) ξ(¬h̵2, ςt , 0)(ν1) ξ(¬h̵2, ςt , 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵2, ςt , 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵m , ς1 , 0) ξ(¬h̵m , ς1 , 0)(ν1) ξ(¬h̵m , ς1 , 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵m , ς1 , 0)(νn)
(¬h̵m , ς2, 0) ξ(¬h̵m , ς2, 0)(ν1) ξ(¬h̵m , ς2, 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵m , ς2, 0)(νn)

⋮ ⋮ ⋮ ⋱ ⋮
(¬h̵m , ςt , 0) ξ(¬h̵m , ςt , 0)(ν1) ξ(¬h̵m , ςt , 0)(ν2) ⋅ ⋅ ⋅ ξ(¬h̵m , ςt , 0)(νn)

To demonstrate the structure and functionality of our proposed model, we present the following
illustrative example.
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Example 1. Suppose a government agency seeks to identify the most secure cloud storage provider among
five candidates: ¥ = {ν1 , ν2, ν3, ν4, ν5}. A set of critical criteria is considered:

H = {h̵1 = data encryption quality, h̵2 = compliance with regulations, h̵3 = system availability},

along with their corresponding negative counterparts:

¬H = {¬h̵1 = encryption vulnerabilities, ¬h̵2 = non-compliance issues, ¬h̵3 = frequent downtimes}.

Initially, an internal IT team conducts a detailed assessment of all five providers based on the above
parameters and prepares a technical report. This report is then independently reviewed by a panel of
cybersecurity experts, denoted by E = {ς1 , ς2, ς3}. Each expert uses their domain knowledge to express their
evaluations symbolically over both the positive and negative criteria.

Each evaluation is expressed using a graded symbolic scale to capture the intensity of satisfaction or risk
associated with each parameter. The symbols used in Table 2 are interpreted as follows:

• “○” denotes extremely poor performance (very high risk or total lack of compliance).
• “∗” denotes below average performance (not meeting expectations or partially risky).
• “∗∗” denotes moderate performance (acceptable but with noticeable shortcomings).
• “∗ ∗ ∗” denotes good performance (satisfies most expectations with minor issues).
• “∗ ∗ ∗∗” denotes excellent performance (fully meets or exceeds expectations).

Table 2: Initial expert-based symbolic evaluation of cloud storage providers for cybersecurity

λ/¥ ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) ∗ ∗ ∗∗ ∗∗ ∗ ∗ ∗∗ ∗ ○
(h̵1 , ς2, 1) ∗ ∗∗ ∗∗ ∗ ∗ ∗ ○
(h̵1 , ς3, 1) ∗∗ ∗∗ ∗∗ ∗ ∗ ∗ ∗
(h̵2, ς1 , 1) ∗∗ ∗∗ ∗ ∗ ∗ ∗ ○
(h̵2, ς2, 1) ∗ ∗ ∗ ∗∗ ∗∗ ∗∗ ○
(h̵2, ς3, 1) ○ ∗ ∗ ∗ ∗∗ ∗∗ ∗∗
(h̵3, ς1 , 1) ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗∗ ∗∗
(h̵3, ς2, 1) ∗ ○ ∗ ∗ ∗ ○ ∗ ∗ ∗
(h̵3, ς3, 1) ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗
(h̵1 , ς1 , 0) ○ ∗∗ ○ ○ ∗
(h̵1 , ς2, 0) ∗ ∗∗ ∗∗ ○ ∗∗
(h̵1 , ς3, 0) ○ ∗ ∗∗ ∗ ∗
(h̵2, ς1 , 0) ∗ ○ ○ ∗∗ ∗∗
(h̵2, ς2, 0) ∗ ∗∗ ∗ ∗ ○
(h̵2, ς3, 0) ∗ ∗ ∗ ∗∗ ○ ∗∗ ∗∗
(h̵3, ς1 , 0) ∗ ∗ ∗ ∗ ∗
(h̵3, ς2, 0) ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗∗ ○
(h̵3, ς3, 0) ○ ○ ∗∗ ∗∗ ∗∗
(¬h̵1 , ς1 , 1) ○ ∗∗ ○ ∗∗ ○
(¬h̵1 , ς2, 1) ∗∗ ∗∗ ∗ ○ ○
(¬h̵1 , ς3, 1) ∗ ∗ ∗∗ ○ ○
(¬h̵2, ς1 , 1) ○ ∗ ○ ∗∗ ○

(Continued)
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Table 2 (continued)

λ/¥ ν1 ν2 ν3 ν4 ν5

(¬h̵2, ς2, 1) ∗ ∗∗ ○ ∗∗ ○
(¬h̵2, ς3, 1) ○ ○ ○ ∗∗ ∗
(¬h̵3, ς1 , 1) ∗ ∗ ∗ ∗ ∗
(¬h̵3, ς2, 1) ∗∗ ○ ∗ ○ ∗
(¬h̵3, ς3, 1) ∗ ∗ ∗∗ ∗∗ ∗∗
(¬h̵1 , ς1 , 0) ∗∗ ∗ ○ ○ ∗∗
(¬h̵1 , ς2, 0) ○ ∗ ∗ ∗ ∗ ∗ ∗
(¬h̵1 , ς3, 0) ∗ ∗ ∗ ∗∗ ∗ ∗∗ ∗∗
(¬h̵2, ς1 , 0) ∗∗ ○ ∗ ∗ ∗ ∗ ∗
(¬h̵2, ς2, 0) ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
(¬h̵2, ς3, 0) ∗ ∗∗ ∗ ∗ ∗
(¬h̵3, ς1 , 0) ∗∗ ∗∗ ○ ∗∗ ○
(¬h̵3, ς2, 0) ∗ ○ ∗∗ ∗ ○
(¬h̵3, ς3, 0) ○ ∗ ∗ ∗ ∗ ∗ ∗∗

Each symbolic grade is associated with a corresponding numerical value in the set � = {0, 1, 2, 3, 4}, as
follows:

• 0 corresponds to ○ (extremely poor).
• 1 corresponds to ∗ (below average).
• 2 corresponds to ∗∗ (moderate).
• 3 corresponds to ∗ ∗ ∗ (good).
• 4 corresponds to ∗ ∗ ∗∗ (excellent).

According to Definition 7 (ii), the tabular representation of the 5BSES (μ, π, λ, 5) is presented in Table 3.

Table 3: Tabular form of the 5BSES (μ, π, λ, 5)

(μ, π, λ, 5) ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) 4 2 4 1 0
(h̵1 , ς2, 1) 1 2 2 3 0
(h̵1 , ς3, 1) 2 2 2 3 1
(h̵2, ς1 , 1) 2 2 3 1 0
(h̵2, ς2, 1) 3 2 2 2 0
(h̵2, ς3, 1) 0 1 4 2 2
(h̵3, ς1 , 1) 3 3 2 2 2
(h̵3, ς2, 1) 1 0 3 0 3
(h̵3, ς3, 1) 3 3 2 1 1
(h̵1 , ς1 , 0) 0 2 0 0 1
(h̵1 , ς2, 0) 1 2 2 0 2
(h̵1 , ς3, 0) 0 1 2 1 1
(h̵2, ς1 , 0) 1 0 0 2 2
(h̵2, ς2, 0) 1 2 1 1 0

(Continued)
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Table 3 (continued)

(μ, π, λ, 5) ν1 ν2 ν3 ν4 ν5

(h̵2, ς3, 0) 3 2 0 2 2
(h̵3, ς1 , 0) 1 1 1 1 1
(h̵3, ς2, 0) 3 4 1 2 0
(h̵3, ς3, 0) 0 0 2 2 2
(¬h̵1 , ς1 , 1) 0 2 0 2 0
(¬h̵1 , ς2, 1) 2 2 1 0 0
(¬h̵1 , ς3, 1) 1 1 2 0 0
(¬h̵2, ς1 , 1) 0 1 0 2 0
(¬h̵2, ς2, 1) 1 2 0 2 0
(¬h̵2, ς3, 1) 0 0 0 2 1
(¬h̵3, ς1 , 1) 1 1 1 1 1
(¬h̵3, ς2, 1) 2 0 1 0 1
(¬h̵3, ς3, 1) 1 1 2 2 2
(¬h̵1 , ς1 , 0) 2 1 0 0 2
(¬h̵1 , ς2, 0) 0 1 1 3 1
(¬h̵1 , ς3, 0) 3 2 1 2 2
(¬h̵2, ς1 , 0) 2 0 3 1 1
(¬h̵2, ς2, 0) 3 1 3 1 4
(¬h̵2, ς3, 0) 1 2 1 1 1
(¬h̵3, ς1 , 0) 2 2 0 2 0
(¬h̵3, ς2, 0) 1 0 2 1 0
(¬h̵3, ς3, 0) 0 3 1 1 2

To achieve a thorough assessment, the experts express their evaluations of the systems in the form of
a PF5BSES. Following the predefined grading scheme, they assign MDs and NMDs in accordance with the
principles of PFSs, as illustrated in Table 4.

Table 4: Evaluation grades and associated criteria

Grade Criterion

♭t = 0 0.0 ≤ (ξ
⊕

(ν, ♭t))2 + (ξ
⊖

(ν, ♭t))2 < 0.2
♭t = 1 0.2 ≤ (ξ

⊕

(ν, ♭t))2 + (ξ
⊖

(ν, ♭t))2 < 0.4
♭t = 2 0.4 ≤ (ξ

⊕

(ν, ♭t))2 + (ξ
⊖

(ν, ♭t))2 < 0.6
♭t = 3 0.6 ≤ (ξ

⊕

(ν, ♭t))2 + (ξ
⊖

(ν, ♭t))2 < 0.8
♭t = 4 0.8 ≤ (ξ

⊕

(ν, ♭t))2 + (ξ
⊖

(ν, ♭t))2 ≤ 1.0

Grade Criterion

♭¬t = 0 0.0 ≤ (ξ⊕(ν, ♭¬t))2 + (ξ⊖(ν, ♭¬t))2 < 0.2
♭¬t = 1 0.2 ≤ (ξ⊕(ν, ♭¬t))2 + (ξ⊖(ν, ♭¬t))2 < 0.4
♭¬t = 2 0.4 ≤ (ξ⊕(ν, ♭¬t))2 + (ξ⊖(ν, ♭¬t))2 < 0.6

(Continued)
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Table 4 (continued)

Grade Criterion

♭¬t = 3 0.6 ≤ (ξ⊕(ν, ♭¬t))2 + (ξ⊖(ν, ♭¬t))2 < 0.8
♭¬t = 4 0.8 ≤ (ξ⊕(ν, ♭¬t))2 + (ξ⊖(ν, ♭¬t))2 ≤ 1.0

Therefore, the PF5BSES is displayed in Table 5.

Table 5: Expert judgments for cloud storage security providers in the form of a PF5BSES (ξ, ξ, λ, 5)

(ξ, ξ, λ, 5) ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) ⟨4, 0.9, 0.2⟩ ⟨2, 0.5, 0.4⟩ ⟨4, 0.8, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.1, 0.4⟩
(h̵1 , ς2, 1) ⟨1, 0.2, 0.5⟩ ⟨2, 0.2, 0.6⟩ ⟨2, 0.5, 0.5⟩ ⟨3, 0.7, 0.4⟩ ⟨0, 0.1, 0.1⟩
(h̵1 , ς3, 1) ⟨2, 0.6, 0.3⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨3, 0.8, 0.3⟩ ⟨1, 0.5, 0.3⟩
(h̵2, ς1 , 1) ⟨2, 0.3, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨3, 0.8, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.1, 0.4⟩
(h̵2, ς2, 1) ⟨3, 0.8, 0.2⟩ ⟨2, 0.4, 0.6⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨0, 0.1, 0.3⟩
(h̵2, ς3, 1) ⟨0, 0.1, 0.4⟩ ⟨1, 0.5, 0.0⟩ ⟨4, 1.0, 0.0⟩ ⟨2, 0.7, 0.2⟩ ⟨2, 0.3, 0.7⟩
(h̵3, ς1 , 1) ⟨3, 0.6, 0.6⟩ ⟨3, 0.7, 0.5⟩ ⟨2, 0.1, 0.7⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.6, 0.3⟩
(h̵3, ς2, 1) ⟨1, 0.2, 0.5⟩ ⟨0, 0.1, 0.4⟩ ⟨3, 0.6, 0.5⟩ ⟨0, 0.1, 0.3⟩ ⟨3, 0.6, 0.6⟩
(h̵3, ς3, 1) ⟨3, 0.8, 0.2⟩ ⟨3, 0.6, 0.5⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩
(h̵1 , ς1 , 0) ⟨0, 0.0, 0.4⟩ ⟨2, 0.7, 0.3⟩ ⟨0, 0.1, 0.4⟩ ⟨0, 0.1, 0.3⟩ ⟨1, 0.0, 0.5⟩
(h̵1 , ς2, 0) ⟨1, 0.3, 0.4⟩ ⟨2, 0.5, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.2⟩ ⟨2, 0.5, 0.5⟩
(h̵1 , ς3, 0) ⟨0, 0.0, 0.3⟩ ⟨1, 0.3, 0.5⟩ ⟨2, 0.2, 0.6⟩ ⟨1, 0.1, 0.6⟩ ⟨1, 0.3, 0.4⟩
(h̵2, ς1 , 0) ⟨1, 0.2, 0.5⟩ ⟨0, 0.1, 0.4⟩ ⟨0, 0.0, 0.1⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.5, 0.5⟩
(h̵2, ς2, 0) ⟨1, 0.2, 0.5⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨1, 0.3, 0.4⟩ ⟨0, 0.3, 0.3⟩
(h̵2, ς3, 0) ⟨3, 0.7, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.2⟩ ⟨2, 0.6, 0.2⟩ ⟨2, 0.6, 0.3⟩
(h̵3, ς1 , 0) ⟨1, 0.1, 0.6⟩ ⟨1, 0.1, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.1, 0.5⟩
(h̵3, ς2, 0) ⟨3, 0.7, 0.5⟩ ⟨4, 0.8, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.1, 0.1⟩
(h̵3, ς3, 0) ⟨0, 0.1, 0.3⟩ ⟨0, 0.3, 0.2⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.3, 0.7⟩ ⟨2, 0.7, 0.2⟩
(¬h̵1 , ς1 , 1) ⟨0, 0.0, 0.1⟩ ⟨2, 0.7, 0.3⟩ ⟨0, 0.1, 0.0⟩ ⟨2, 0.6, 0.3⟩ ⟨0, 0.1, 0.1⟩
(¬h̵1 , ς2, 1) ⟨2, 0.6, 0.2⟩ ⟨2, 0.6, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.4⟩ ⟨0, 0.1, 0.4⟩
(¬h̵1 , ς3, 1) ⟨1, 0.3, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨2, 0.4, 0.6⟩ ⟨0, 0.0, 0.4⟩ ⟨0, 0.0, 0.4⟩
(¬h̵2, ς1 , 1) ⟨0, 0.1, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.3, 0.3⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.1, 0.4⟩
(¬h̵2, ς2, 1) ⟨1, 0.4, 0.3⟩ ⟨2, 0.5, 0.5⟩ ⟨0, 0.2, 0.3⟩ ⟨2, 0.7, 0.1⟩ ⟨0, 0.1, 0.3⟩
(¬h̵2, ς3, 1) ⟨0, 0.1, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.6, 0.2⟩ ⟨1, 0.1, 0.6⟩
(¬h̵3, ς1 , 1) ⟨1, 0.4, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.4⟩
(¬h̵3, ς2, 1) ⟨2, 0.1, 0.7⟩ ⟨0, 0.1, 0.4⟩ ⟨1, 0.5, 0.2⟩ ⟨0, 0.1, 0.3⟩ ⟨1, 0.2, 0.4⟩
(¬h̵3, ς3, 1) ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.4⟩ ⟨2, 0.3, 0.6⟩ ⟨2, 0.7, 0.3⟩ ⟨2, 0.3, 0.7⟩
(¬h̵1 , ς1 , 0) ⟨2, 0.6, 0.2⟩ ⟨1, 0.4, 0.4⟩ ⟨0, 0.1, 0.1⟩ ⟨0, 0.1, 0.3⟩ ⟨2, 0.7, 0.2⟩
(¬h̵1 , ς2, 0) ⟨0, 0.0, 0.0⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨3, 0.7, 0.4⟩ ⟨1, 0.1, 0.5⟩
(¬h̵1 , ς3, 0) ⟨3, 0.6, 0.6⟩ ⟨2, 0.6, 0.4⟩ ⟨1, 0.1, 0.6⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.4, 0.6⟩
(¬h̵2, ς1 , 0) ⟨2, 0.3, 0.7⟩ ⟨0, 0.4, 0.1⟩ ⟨3, 0.6, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩
(¬h̵2, ς2, 0) ⟨3, 0.6, 0.6⟩ ⟨1, 0.6, 0.1⟩ ⟨3, 0.6, 0.5⟩ ⟨1, 0.2, 0.4⟩ ⟨4, 0.8, 0.5⟩
(¬h̵2, ς3, 0) ⟨1, 0.2, 0.5⟩ ⟨2, 0.5, 0.4⟩ ⟨1, 0.4, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.3, 0.4⟩

(Continued)
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Table 5 (continued)

(ξ, ξ, λ, 5) ν1 ν2 ν3 ν4 ν5

(¬h̵3, ς1 , 0) ⟨2, 0.7, 0.2⟩ ⟨2, 0.7, 0.3⟩ ⟨0, 0.0, 0.3⟩ ⟨2, 0.6, 0.2⟩ ⟨0, 0.0, 0.0⟩
(¬h̵3, ς2, 0) ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.2⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.5, 0.3⟩ ⟨0, 0.1, 0.1⟩
(¬h̵3, ς3, 0) ⟨0, 0.1, 0.2⟩ ⟨3, 0.7, 0.4⟩ ⟨1, 0.3, 0.4⟩ ⟨1, 0.4, 0.3⟩ ⟨2, 0.5, 0.4⟩

We now introduce a set of fundamental operations defined on PFNBSESs. These operations include
the null and whole sets, subset relation, equality, agree and disagree notions, complement as well as union
and intersection.

Definition 9. A PFNBSES (ξ
N

, ξN, λ, N) is called a relative null set if, for all t ∈ λ and ν ∈ ¥, we have

ξ
N

(t)(ν) = ⟨0, 0.0, 1.0⟩, and for all ¬t ∈ ¬λ and ν ∈ ¥, we have ξN(¬t)(ν) = ⟨N − 1, 1.0, 0.0⟩.

Definition 10. A PFNBSES (ξ
W

, ξW, λ, N) is called a relative whole set if, for all t ∈ λ and ν ∈ ¥, we have

ξ
W

(t)(ν) = ⟨N − 1, 1.0, 0.0⟩, and for all ¬t ∈ ¬λ and ν ∈ ¥, we have ξW(¬t)(ν) = ⟨0, 0.0, 1.0⟩.

Definition 11. A PFNBSES (ξ1 , ξ1 , λ1 , N) is said to be a subset of (ξ2, ξ2, λ2, N), denoted by (ξ1 , ξ1 , λ1 , N)
⊆̂ (ξ2, ξ2, λ2, N), if the following conditions are satisfied:

1. λ1 ⊆ λ2.
2. For every t ∈ λ1 and ν ∈ ¥: ♭1 t ≤ ♭2 t , ξ

⊕

1 (ν, ♭1 t) ≤ ξ
⊕

2 (ν, ♭2 t), and ξ
⊖

2 (ν, ♭2 t) ≤ ξ
⊖

1 (ν, ♭1 t), where
⟨(ν, ♭1 t), ξ

⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
3. For every ¬t ∈ ¬λ1 and ν ∈ ¥: ♭2¬t ≤ ♭1¬t , ξ⊕2 (ν, ♭2¬t) ≤ ξ⊕1 (ν, ♭1¬t), and ξ⊖1 (ν, ♭1¬t) ≤ ξ⊖2 (ν, ♭2¬t), where

⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).

Definition 12. Two PFNBSESs (ξ1 , ξ1 , λ1 , N) and (ξ2, ξ2, λ2, N) are said to be equal if both (ξ1 , ξ1 , λ1 , N) ⊆̂
(ξ2, ξ2, λ2, N) and (ξ2, ξ2, λ2, N) ⊆̂ (ξ1 , ξ1 , λ1 , N) are satisfied.

Definition 13. Let (ξ, ξ, λ, N) be a PFNBSES. The positive agree, denoted as (ξ, ξ, λ, N)+1 , is a subset of
(ξ, ξ, λ, N) and is defined as:

(ξ, ξ, λ, N)+1 = {ξ
+1(t) ∣ t ∈H × E × {1}}. (3)

Definition 14. Let (ξ, ξ, λ, N) be a PFNBSES. The positive disagree, denoted as (ξ, ξ, λ, N)+0 , is a subset of
(ξ, ξ, λ, N) and is formulated as:

(ξ, ξ, λ, N)+0 = {ξ
+0(t) ∣ t ∈H × E × {0}}. (4)

Definition 15. Consider a PFNBSES (ξ, ξ, λ, N). The negative agree, represented as (ξ, ξ, λ, N)−1 , is a subset
of (ξ, ξ, λ, N) given by:

(ξ, ξ, λ, N)−1 = {ξ−1(¬t) ∣ ¬t ∈ ¬H × E × {1}}. (5)
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Definition 16. Given a PFNBSES (ξ, ξ, λ, N), the negative disagree, symbolized by (ξ, ξ, λ, N)−0 , is a subset
of (ξ, ξ, λ, N) and is defined as:

(ξ, ξ, λ, N)−0 = {ξ−0(¬t) ∣ ¬t ∈ ¬H × E × {0}}. (6)

Definition 17. The complement of (ξ, ξ, λ, N), denoted by (ξ, ξ, λ, N)ĉ , is defined as (ξ, ξ, λ, N)ĉ =

(ξ
ĉ
, ξĉ , λ, N), where for each t ∈ λ and ν ∈ ¥, it holds that ξ

ĉ
(t) = ξ(¬t), meaning ♭ĉ

t = ♭¬t , ξ
⊕ ĉ
(ν, ♭t) =

ξ⊕(ν, ♭¬t), and ξ
⊖ ĉ
(ν, ♭t) = ξ⊖(ν, ♭¬t). Likewise, for every ¬t ∈ ¬λ and ν ∈ ¥, we have ξĉ(¬t) = ξ(t), i.e.,

♭ĉ
¬t = ♭t , ξ⊕

ĉ(ν, ♭¬t) = ξ
⊕

(ν, ♭t), and ξ⊖
ĉ(ν, ♭¬t) = ξ

⊖

(ν, ♭t).

Definition 18. The extended union of (ξ1 , ξ1 , λ1 , N1) and (ξ2, ξ2, λ2, N2) is denoted and defined as
(ξ1 , ξ1 , λ1 , N1) ∪̂ê (ξ2, ξ2, λ2, N2) = (ξ, ξ, λ1 ∪ λ2, max(N1 , N2)), where for all t ∈ λ1 ∪ λ2:

ξ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if t ∈ λ1/λ2,
ξ2(t), if t ∈ λ2/λ1 ,

⟨

(ν, max{♭1 t , ♭2 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)},

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if t ∈ λ1 ∩ λ2,
(7)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
Similarly, for all ¬t ∈ ¬λ1 ∪ ¬λ2:

ξ(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if ¬t ∈ ¬λ1/¬λ2,
ξ2(¬t), if ¬t ∈ ¬λ2/¬λ1 ,

⟨
(ν, min{♭1¬t , ♭2¬t}),
min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)},
max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if ¬t ∈ ¬λ1 ∩ ¬λ2,
(8)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).

Definition 19. The extended intersection of (ξ1 , ξ1 , λ1 , N1) and (ξ2, ξ2, λ2, N2) is denoted and defined as
(ξ1 , ξ1 , λ1 , N1) ∩̂ê (ξ2, ξ2, λ2, N2) = (ξ, ξ, λ1 ∪ λ2, max(N1 , N2)), where for all t ∈ λ1 ∪ λ2:

ξ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if t ∈ λ1/λ2,
ξ2(t), if t ∈ λ2/λ1 ,

⟨

(ν, min{♭1 t , ♭2 t}),

min{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)},

max{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if t ∈ λ1 ∩ λ2,
(9)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
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Similarly, for all ¬t ∈ ¬λ1 ∪ ¬λ2:

ξ(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if ¬t ∈ ¬λ1/¬λ2,
ξ2(¬t), if ¬t ∈ ¬λ2/¬λ1 ,

⟨
(ν, max{♭1¬t , ♭2¬t}),
max{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)},
min{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if ¬t ∈ ¬λ1 ∩ ¬λ2,
(10)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).

Definition 20. The restricted union of (ξ1 , ξ1 , λ1 , N1) and (ξ2, ξ2, λ2, N2) is denoted and defined as
(ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ2, ξ2, λ2, N2) = (ξ, ξ, λ1 ∩ λ2, max(N1 , N2)), where for all t ∈ λ1 ∩ λ2 ≠ ∅:

ξ(t) = ⟨(ν, max{♭1 t , ♭2 t}), max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)}, min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}⟩, (11)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
Similarly, for all ¬t ∈ ¬λ1 ∩ ¬λ2 ≠ ∅:

ξ(¬t) = ⟨(ν, min{♭1¬t , ♭2¬t}), min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)}, max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}⟩, (12)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).

Definition 21. The restricted intersection of (ξ1 , ξ1 , λ1 , N1) and (ξ2, ξ2, λ2, N2) is denoted and defined as
(ξ1 , ξ1 , λ1 , N1) ∩̂r̂ (ξ2, ξ2, λ2, N2) = (ξ, ξ, λ1 ∩ λ2, max(N1 , N2)), where for all t ∈ λ1 ∩ λ2 ≠ ∅:

ξ(t) = ⟨(ν, min{♭1 t , ♭2 t}), min{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)}, max{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}⟩, (13)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
Similarly, for all ¬t ∈ ¬λ1 ∩ ¬λ2 ≠ ∅:

ξ(¬t) = ⟨(ν, max{♭1¬t , ♭2¬t}), max{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)}, min{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}⟩, (14)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).

Next, we present several key propositions that describe essential algebraic properties of the PFNBSES
model, including complementarity, commutativity, associativity, distributivity, absorption, and De Morgan’s
laws, which together establish the foundational structure of the framework.

Proposition 1. Let (ξ, ξ, λ, N) be a PFNBSES, and let (ξ
N

, ξN, λ, N) and (ξ
W

, ξW, λ, N) represent the relative
null and relative whole, respectively. Then,

1. ((ξ, ξ, λ, N)ĉ)ĉ = (ξ, ξ, λ, N).
2. (ξ

N

, ξN, λ, N)ĉ = (ξ
W

, ξW, λ, N).
3. (ξ

W

, ξW, λ, N)ĉ = (ξ
N

, ξN, λ, N).

Proof. Straightforward. ◻
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Proposition 2. Let (ξ1 , ξ1 , λ1 , N1), (ξ2, ξ2, λ2, N2), and (ξ3, ξ3, λ3, N3) be PFN1BSES, PFN2BSES, and
PFN3BSES, respectively. Let ⊛ ∈ {∪̂ê , ∩̂ê , ∪̂r̂ , ∩̂r̂}, then

1. (ξ1 , ξ1 , λ1 , N1) ⊛ (ξ2, ξ2, λ2, N2) = (ξ2, ξ2, λ2, N2) ⊛ (ξ1 , ξ1 , λ1 , N1).
2. (ξ1 , ξ1 , λ1 , N1) ⊛ ((ξ2, ξ2, λ2, N2) ⊛ (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ⊛ (ξ2, ξ2, λ2, N2)) ⊛

(ξ3, ξ3, λ3, N3).

Proof. Straightforward. ◻

Proposition 3. Let (ξ1 , ξ1 , λ, N) and (ξ2, ξ2, λ, N) be two PFNBSESs. Then,

1. (ξ1 , ξ1 , λ, N) ∪̂ê (ξ2, ξ2, λ, N) = (ξ1 , ξ1 , λ, N) ∪̂r̂ (ξ2, ξ2, λ, N).
2. (ξ1 , ξ1 , λ, N) ∩̂ê (ξ2, ξ2, λ, N) = (ξ1 , ξ1 , λ, N) ∩̂r̂ (ξ2, ξ2, λ, N).

Proof. Straightforward. ◻

Proposition 4. Let (ξ1 , ξ1 , λ1 , N) and (ξ2, ξ2, λ2, N) be two PFNBSESs. Then,

1. ((ξ1 , ξ1 , λ1 , N) ∪̂ê (ξ2, ξ2, λ2, N))ĉ = (ξ1 , ξ1 , λ1 , N)ĉ ∩̂ê (ξ2, ξ2, λ2, N)ĉ .

2. ((ξ1 , ξ1 , λ1 , N) ∩̂ê (ξ2, ξ2, λ2, N))ĉ = (ξ1 , ξ1 , λ1 , N)ĉ ∪̂ê (ξ2, ξ2, λ2, N)ĉ .

3. ((ξ1 , ξ1 , λ1 , N) ∪̂r̂ (ξ2, ξ2, λ2, N))ĉ = (ξ1 , ξ1 , λ1 , N)ĉ ∩̂r̂ (ξ2, ξ2, λ2, N)ĉ .

4. ((ξ1 , ξ1 , λ1 , N) ∩̂r̂ (ξ2, ξ2, λ2, N))ĉ = (ξ1 , ξ1 , λ1 , N)ĉ ∪̂r̂ (ξ2, ξ2, λ2, N)ĉ .

Proof. (1) Let (ξ1 , ξ1 , λ1 , N) ∪̂ê (ξ2, ξ2, λ2, N) = (ξ3, ξ3, λ1 ∪ λ2, N). Then, ((ξ1 , ξ1 , λ1 , N)∪̂ê (ξ2, ξ2, λ2,

N))ĉ = (ξ3, ξ3, λ1 ∪ λ2, N)ĉ = (ξ
ĉ
3, ξĉ

3, λ1 ∪ λ2, N). For all t ∈ λ1 ∪ λ2:

ξ3(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if t ∈ λ1/λ2,
ξ2(t), if t ∈ λ2/λ1 ,

⟨

(ν, max{♭1 t , ♭2 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)},

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if t ∈ λ1 ∩ λ2,
(15)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
Similarly, for all ¬t ∈ ¬λ1 ∪ ¬λ2:

ξ3(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if ¬t ∈ ¬λ1/¬λ2,
ξ2(¬t), if ¬t ∈ ¬λ2/¬λ1 ,

⟨
(ν, min{♭1¬t , ♭2¬t}),
min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)},
max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if ¬t ∈ ¬λ1 ∩ ¬λ2,
(16)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).
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Then, for all t ∈ λ1 ∪ λ2:

ξ
ĉ
3(t) = ξ3(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if t ∈ λ1/λ2,
ξ2(¬t), if t ∈ λ2/λ1 ,

⟨
(ν, min{♭1¬t , ♭2¬t}),
min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)},
max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if t ∈ λ1 ∩ λ2.
(17)

Similarly, for all ¬t ∈ ¬λ1 ∪ ¬λ2:

ξĉ
3(¬t) = ξ3(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if ¬t ∈ ¬λ1/¬λ2,
ξ2(t), if ¬t ∈ ¬λ2/¬λ1 ,

⟨

(ν, max{♭1 t , ♭2 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)},

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if ¬t ∈ ¬λ1 ∩ ¬λ2.
(18)

On the other hand, let (ξ1 , ξ1 , λ1 , N)ĉ ∩̂ê (ξ2, ξ2, λ2, N)ĉ = (ξ4, ξ4, λ1 ∪ λ2, N). For all t ∈ λ1 ∪ λ2:

ξ4(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ
ĉ
1(t), if t ∈ λ1/λ2,

ξ
ĉ
2(t), if t ∈ λ2/λ1 ,

⟨

(ν, min{♭ĉ
1 t , ♭

ĉ
2 t}),

min{ξ
⊕ĉ
1 (ν, ♭ĉ

1 t), ξ
⊕ĉ
2 (ν, ♭ĉ

2 t)} ,

max{ξ
⊖ĉ
1 (ν, ♭ĉ

1 t), ξ
⊖ĉ
2 (ν, ♭ĉ

2 t)}

⟩ , if t ∈ λ1 ∩ λ2.

(19)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if t ∈ λ1/λ2,
ξ2(¬t), if t ∈ λ2/λ1 ,

⟨
(ν, min{♭1¬t , ♭2¬t}),
min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)} ,
max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if t ∈ λ1 ∩ λ2.
(20)

Similarly, for all ¬t ∈ ¬λ1 ∪ ¬λ2:

ξ4(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξĉ
1(¬t), if ¬t ∈ ¬λ1/¬λ2,

ξĉ
2(¬t), if ¬t ∈ ¬λ2/¬λ1 ,

⟨

(ν, max{♭ĉ
1¬t , ♭

ĉ
2¬t}),

max{ξ⊕ĉ
1 (ν, ♭ĉ

1¬t), ξ⊕ĉ
2 (ν, ♭ĉ

2¬t)} ,

min{ξ⊖ĉ
1 (ν, ♭ĉ

1¬t), ξ⊖ĉ
2 (ν, ♭ĉ

2¬t)}
⟩ , if ¬t ∈ ¬λ1 ∩ ¬λ2.

(21)
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=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if ¬t ∈ ¬λ1/¬λ2,
ξ2(t), if ¬t ∈ ¬λ2/¬λ1 ,

⟨

(ν, max{♭1 t , ♭2 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)} ,

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if ¬t ∈ ¬λ1 ∩ ¬λ2.
(22)

Since (ξ3, ξ3, λ1 ∪ λ2, N)ĉ and (ξ4, ξ4, λ1 ∪ λ2, N) are equivalent for all t ∈ λ1 ∪ λ2 and ¬t ∈ ¬λ1 ∪ ¬λ2,
the proof follows.

The remaining parts can be demonstrated in a comparable manner. ◻

Proposition 5. Let (ξ1 , ξ1 , λ1 , N) and (ξ2, ξ2, λ2, N) be two PFNBSESs. Then

1. (ξ1 , ξ1 , λ1 , N) ∪̂ê ((ξ1 , ξ1 , λ1 , N) ∩̂r̂ (ξ2, ξ2, λ2, N)) = (ξ1 , ξ1 , λ1 , N).
2. (ξ1 , ξ1 , λ1 , N) ∩̂ê ((ξ1 , ξ1 , λ1 , N) ∪̂r̂ (ξ2, ξ2, λ2, N)) = (ξ1 , ξ1 , λ1 , N).
3. (ξ1 , ξ1 , λ1 , N) ∪̂r̂ ((ξ1 , ξ1 , λ1 , N) ∩̂ê (ξ2, ξ2, λ2, N)) = (ξ1 , ξ1 , λ1 , N).
4. (ξ1 , ξ1 , λ1 , N) ∩̂r̂ ((ξ1 , ξ1 , λ1 , N) ∪̂ê (ξ2, ξ2, λ2, N)) = (ξ1 , ξ1 , λ1 , N).

Proof. (1) Suppose that (ξ1 , ξ1 , λ1 , N) ∩̂r̂ (ξ2, ξ2, λ2, N) = (ξ3, ξ3, λ1 ∩ λ2, N). Then, for all t ∈ λ1 ∩ λ2:

ξ3(t) = ⟨(ν, min{♭1 t , ♭2 t}), min{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)}, max{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}⟩, (23)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t).
Similarly, for all ¬t ∈ ¬λ1 ∪ ¬λ2:

ξ3(¬t) = ⟨(ν, max{♭1¬t , ♭2¬t}), max{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)}, min{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)})⟩, (24)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t).

Now, let (ξ1 , ξ1 , λ1 , N) ∪̂ê (ξ3, ξ3, λ1 ∩ λ2, N) = (ξ4, ξ4, λ1 ∪ (λ1 ∩ λ2), N) = (ξ4, ξ4, λ1 , N). Then, for all
t ∈ λ1 ∪ (λ1 ∩ λ2):

ξ4(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if t ∈ λ1/(λ1 ∩ λ2),
ξ3(t), if t ∈ (λ1 ∩ λ2)/λ1 = ∅,

⟨

(ν, max{♭1 t , ♭3 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

3 (ν, ♭3 t)} ,

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

3 (ν, ♭3 t)}

⟩ , if t ∈ λ1 ∩ (λ1 ∩ λ2).
(25)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(t), if t ∈ λ1/(λ1 ∩ λ2),

⟨

(ν, max{♭1 t , min{♭1 t , ♭2 t}}),

max{ξ
⊕

1 (ν, ♭1 t), min{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)}} ,

min{ξ
⊖

1 (ν, ♭1 t), max{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}}

⟩ , if t ∈ λ1 ∩ (λ1 ∩ λ2),
(26)

where ⟨(ν, ♭3 t), ξ
⊕

3 (ν, ♭3 t), ξ
⊖

3 (ν, ♭3 t)⟩ ∈ ξ3(t).
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Similarly, for all ¬t ∈ ¬λ1 ∪ (¬λ1 ∩ ¬λ2):

ξ4(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if ¬t ∈ ¬λ1/(¬λ1 ∩ ¬λ2),
ξ3(¬t), if ¬t ∈ (¬λ1 ∩ ¬λ2)/¬λ1 = ∅,

⟨

(ν, min{♭1¬t , ♭3¬t}),

min{ξ⊕1 (ν, ♭1¬t), ξ⊕3 (ν, ♭3¬t)} ,

max{ξ⊖1 (ν, ♭1¬t), ξ⊖3 (ν, ♭3¬t)}
⟩ , if ¬t ∈ ¬λ1 ∩ (¬λ1 ∩ ¬λ2).

(27)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1(¬t), if ¬t ∈ ¬λ1/(¬λ1 ∩ ¬λ2),

⟨
(ν, min{♭1¬t , max{♭1¬t , ♭2¬t}}),
min{ξ⊕1 (ν, ♭1¬t), max{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)}} ,
max{ξ⊖1 (ν, ♭1¬t), min{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}}

⟩ , if ¬t ∈ ¬λ1 ∩ (¬λ1 ∩ ¬λ2),
(28)

where ⟨(ν, ♭3¬t), ξ⊕3 (ν, ♭3¬t), ξ⊖3 (ν, ♭3¬t)⟩ ∈ ξ3(¬t).
Hence,

ξ4(t) = { ξ1(t), if t ∈ λ1/(λ1 ∩ λ2)
ξ1(t), if t ∈ λ1 ∩ λ2

(29)

and

ξ4(¬t) = { ξ1(¬t), if ¬t ∈ ¬λ1/(¬λ1 ∩ ¬λ2)
ξ1(¬t), if ¬t ∈ ¬λ1 ∩ ¬λ2. (30)

Therefore, (ξ1 , ξ1 , λ1 , N) ∪̂ê ((ξ1 , ξ1 , λ1 , N) ∩̂r̂ (ξ2, ξ2, λ2, N)) = (ξ1 , ξ1 , λ1 , N).
The other parts can be explained similarly. ◻

Proposition 6. Let (ξ1 , ξ1 , λ1 , N1), (ξ2, ξ2, λ2, N2), and (ξ3, ξ3, λ3, N3) be PFN1BSES, PFN2BSES, and
PFN3BSES, respectively. Then,

1. (ξ1 , ξ1 , λ1 , N1) ∪̂ê ((ξ2, ξ2, λ2, N2) ∩̂r̂ (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ∪̂ê (ξ2, ξ2, λ2, N2)) ∩̂r̂

((ξ1 , ξ1 , λ1 , N1) ∪̂ê (ξ3, ξ3, λ3, N3)).
2. (ξ1 , ξ1 , λ1 , N1) ∩̂ê ((ξ2, ξ2, λ2, N2) ∪̂r̂ (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ∩̂ê (ξ2, ξ2, λ2, N2)) ∪̂r

((ξ1 , ξ1 , λ1 , N1) ∩̂ê (ξ3, ξ3, λ3, N3)).
3. (ξ1 , ξ1 , λ1 , N1) ∪̂r̂ ((ξ2, ξ2, λ2, N2) ∩̂ê (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ2, ξ2, λ2, N2)) ∩̂ê

((ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ3, ξ3, λ3, N3)).
4. (ξ1 , ξ1 , λ1 , N1) ∩̂r̂ ((ξ2, ξ2, λ2, N2) ∪̂ê (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ∩̂r̂ (ξ2, ξ2, λ2, N2)) ∪̂ê

((ξ1 , ξ1 , λ1 , N1) ∩̂r̂ (ξ3, ξ3, λ3, N3)).
5. (ξ1 , ξ1 , λ1 , N1) ∪̂r̂ ((ξ2, ξ2, λ2, N2) ∩̂r̂ (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ2, ξ2, λ2, N2)) ∩̂r̂

((ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ3, ξ3, λ3, N3)).
6. (ξ1 , ξ1 , λ1 , N1) ∩̂r̂ ((ξ2, ξ2, λ2, N2) ∪̂r̂ (ξ3, ξ3, λ3, N3)) = ((ξ1 , ξ1 , λ1 , N1) ∩̂r̂ (ξ2, ξ2, λ2, N2)) ∪̂r̂

((ξ1 , ξ1 , λ1 , N1) ∩̂r̂ (ξ3, ξ3, λ3, N3)).

Proof. (3) Suppose that ((ξ2, ξ2, λ2, N2) ∩̂ê (ξ3, ξ3, λ3, N3)) = (ξ4, ξ4, λ2 ∪ λ3, max(N2, N3)). Then, for all
t ∈ λ2 ∪ λ3:
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ξ4(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ2(t), if t ∈ λ2/λ3,
ξ3(t), if t ∈ λ3/λ2,

⟨

(ν, min{♭2 t , ♭3 t}),

min{ξ
⊕

2 (ν, ♭2 t), ξ
⊕

3 (ν, ♭3 t)} ,

max{ξ
⊖

2 (ν, ♭2 t), ξ
⊖

3 (ν, ♭3 t)}

⟩ , if t ∈ λ2 ∩ λ3,
(31)

where ⟨(ν, ♭2 t), ξ
⊕

2 (ν, ♭2 t), ξ
⊖

2 (ν, ♭2 t)⟩ ∈ ξ2(t) and ⟨(ν, ♭3 t), ξ
⊕

3 (ν, ♭3 t), ξ
⊖

3 (ν, ♭3 t)⟩ ∈ ξ3(t).
Similarly, for all ¬t ∈ ¬λ2 ∪ ¬λ3:

ξ4(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ2(¬t), if ¬t ∈ ¬λ2/¬λ3,
ξ3(¬t), if ¬t ∈ ¬λ3/¬λ2,

⟨

(ν, max{♭2¬t , ♭3¬t}),

max{ξ⊕2 (ν, ♭2¬t), ξ⊕3 (ν, ♭3¬t)} ,

min{ξ⊖2 (ν, ♭2¬t), ξ⊖3 (ν, ♭3¬t)}
⟩ , if ¬t ∈ ¬λ2 ∩ ¬λ3,

(32)

where ⟨(ν, ♭2¬t), ξ⊕2 (ν, ♭2¬t), ξ⊖2 (ν, ♭2¬t)⟩ ∈ ξ2(¬t) and ⟨(ν, ♭3¬t), ξ⊕3 (ν, ♭3¬t), ξ⊖3 (ν, ♭3¬t)⟩ ∈ ξ3(¬t).

Let (ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ4, ξ4, λ2 ∪ λ3, max(N2, N3)) = (ξ5, ξ5, λ1 ∩ (λ2 ∪ λ3), max(N1 , max(N2, N3))
= (ξ5, ξ5, ζ1 ∪ ζ2, max(N1 , N2, N3)) where ζ1 = λ1 ∩ λ2 and ζ2 = λ1 ∩ λ3. Then, for all t ∈ ζ1 ∪ ζ2:

ξ5(t) = ⟨(ν, max{♭1 t , ♭4 t}), max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

4 (ν, ♭4 t)}, min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

4 (ν, ♭4 t)}⟩, (33)

where ⟨(ν, ♭1 t), ξ
⊕

1 (ν, ♭1 t), ξ
⊖

1 (ν, ♭1 t)⟩ ∈ ξ1(t) and ⟨(ν, ♭4 t), ξ
⊕

4 (ν, ♭4 t), ξ
⊖

4 (ν, ♭4 t)⟩ ∈ ξ4(t).
Similarly, for all ¬t ∈ ¬ζ1 ∪ ¬ζ2:

ξ5(¬t) = ⟨(ν, min{♭1¬t , ♭4¬t}), min{ξ⊕1 (ν, ♭1¬t), ξ⊕4 (ν, ♭4¬t)}, max{ξ⊖1 (ν, ♭1¬t), ξ⊖4 (ν, ♭4¬t)}⟩, (34)

where ⟨(ν, ♭1¬t), ξ⊕1 (ν, ♭1¬t), ξ⊖1 (ν, ♭1¬t)⟩ ∈ ξ1(¬t) and ⟨(ν, ♭4¬t), ξ⊕4 (ν, ♭4¬t), ξ⊖4 (ν, ♭4¬t)⟩ ∈ ξ4(¬t).
Hence, for all t ∈ ζ1 ∪ ζ2:

ξ5(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨

(ν, max{♭1 t , ♭2 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)} ,

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if t ∈ ζ1/ζ2,

⟨

(ν, max{♭1 t , ♭3 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

3 (ν, ♭3 t)} ,

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

3 (ν, ♭3 t)}

⟩ , if t ∈ ζ2/ζ1 ,

⟨

(ν, max{♭1 t , min{♭2 t , ♭3 t}}),

max{ξ
⊕

1 (ν, ♭1 t), min{ξ
⊕

2 (ν, ♭2 t), ξ
⊕

3 (ν, ♭3 t)}} ,

min{ξ
⊖

1 (ν, ♭1 t), max{ξ
⊖

2 (ν, ♭2 t), ξ
⊖

3 (ν, ♭3 t)}}

⟩ , if t ∈ ζ1 ∩ ζ2.

(35)
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Similarly, for all ¬t ∈ ¬ζ1 ∪ ¬ζ2:

ξ5(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨
(ν, min{♭1¬t , ♭2¬t}),
min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)} ,
max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if ¬t ∈ ¬ζ1/¬ζ2,

⟨

(ν, min{♭1¬t , ♭3¬t}),

min{ξ⊕1 (ν, ♭1¬t), ξ⊕3 (ν, ♭3¬t)} ,

max{ξ⊖1 (ν, ♭1¬t), ξ⊖3 (ν, ♭3¬t)}
⟩ , if ¬t ∈ ¬ζ2/¬ζ1 ,

⟨

⟨(ν, min{♭1¬t , max{♭2¬t , ♭3¬t}}),

min{ξ⊕1 (ν, ♭1¬t), max{ξ⊕2 (ν, ♭2¬t), ξ⊕3 (ν, ♭3¬t)}} ,

max{ξ⊖1 (ν, ♭1¬t), min{ξ⊖2 (ν, ♭2¬t), ξ⊖3 (ν, ♭3¬t)}}⟩
⟩ , if ¬t ∈ ¬ζ1 ∩ ¬ζ2.

(36)

On the other hand, let (ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ2, ξ2, λ2, N2) = (ξ6, ξ6, λ1 ∩ λ2, max(N1 , N2)). Then, for all
t ∈ λ1 ∩ λ2:

ξ6(t) = ⟨(ν, max{♭1 t , ♭2 t}), max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)}, min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}⟩. (37)

Similarly, for all ¬t ∈ ¬ζ1 ∪ ¬ζ2:

ξ6(¬t) = ⟨(ν, min{♭1¬t , ♭2¬t}), min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)}, max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}⟩. (38)

Next, let (ξ1 , ξ1 , λ1 , N1) ∪̂r̂ (ξ3, ξ3, λ3, N3) = (ξ7, ξ7, λ1 ∩ λ2, max(N1 , N2)). Then, for all t ∈ λ1 ∩ λ3:

ξ7(t) = ⟨(ν, max{♭1 t , ♭3 t}), max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

3 (ν, ♭3 t)}, min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

3 (ν, ♭3 t)}⟩. (39)

Similarly, for all ¬t ∈ ¬ζ1 ∪ ¬ζ2:

ξ7(¬t)(ν) = ⟨(ν, min{♭1¬t , ♭3¬t}), min{ξ⊕1 (ν, ♭1¬t), ξ⊕3 (ν, ♭3¬t)}, max{ξ⊖1 (ν, ♭1¬t), ξ⊖3 (ν, ♭3¬t)}⟩. (40)

Now, suppose that (ξ6, ξ6, λ1 ∩ λ2, max(N1 , N2)) ∩̂ê (ξ7, ξ7, λ1 ∩ λ3, max(N1 , N3)) = (ξ8, ξ8, ζ1 ∪
ζ2, max(N1 , N2, N3)) where ζ1 = λ1 ∩ λ2 and ζ2 = λ1 ∩ λ3. Then, for all t ∈ ζ1 ∪ ζ2:

ξ8(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ6(t), if t ∈ ζ1/ζ2,
ξ7(t), if t ∈ ζ2/ζ1 ,

⟨

(ν, min{♭6 t , ♭7 t}),

min{ξ
⊕

6 (ν, ♭6 t), ξ
⊕

7 (ν, ♭7 t)} ,

max{ξ
⊖

6 (ν, ♭6 t), ξ
⊖

7 (ν, ♭7 t)}

⟩ , if t ∈ ζ1 ∩ ζ2.
(41)
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=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨

(ν, max{♭1 t , ♭2 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)} ,

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)}

⟩ , if t ∈ ζ1/ζ2,

⟨

(ν, max{♭1 t , ♭3 t}),

max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

3 (ν, ♭3 t)} ,

min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

3 (ν, ♭3 t)}

⟩ , if t ∈ ζ2/ζ1 ,

⟨

(ν, min{max{♭1 t , ♭2 t}, max{♭1 t , ♭3 t}}),

min{max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

2 (ν, ♭2 t)} , max{ξ
⊕

1 (ν, ♭1 t), ξ
⊕

3 (ν, ♭3 t)}} ,

max{min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

2 (ν, ♭2 t)} , min{ξ
⊖

1 (ν, ♭1 t), ξ
⊖

3 (ν, ♭3 t)}}

⟩ , if t ∈ ζ1 ∩ ζ2,

(42)

where ⟨(ν, ♭6 t), ξ
⊕

6 (ν, ♭6 t), ξ
⊖

6 (ν, ♭6 t)⟩ ∈ ξ6(t) and ⟨(ν, ♭7 t), ξ
⊕

7 (ν, ♭7 t), ξ
⊖

7 (ν, ♭7 t)⟩ ∈ ξ7(t).
Similarly, for all ¬t ∈ ¬ζ1 ∪ ¬ζ2:

ξ8(¬t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ6(¬t), if ¬t ∈ ¬ζ1/¬ζ2,
ξ7(¬t), if ¬t ∈ ¬ζ2/¬ζ1 ,

⟨

(ν, max{♭6¬t , ♭7¬t}),

max{ξ⊕6 (ν, ♭6¬t), ξ⊕7 (ν, ♭7¬t)} ,

min{ξ⊖6 (ν, ♭6¬t), ξ⊖7 (ν, ♭7¬t)}
⟩ , if ¬t ∈ ¬ζ1 ∩ ¬ζ2.

(43)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨
(ν, min{♭1¬t , ♭2¬t}),
min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)} ,
max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)}

⟩ , if ¬t ∈ ¬ζ1/¬ζ2,

⟨

(ν, min{♭1¬t , ♭3¬t}),

min{ξ⊕1 (ν, ♭1¬t), ξ⊕3 (ν, ♭3¬t)} ,

max{ξ⊖1 (ν, ♭1¬t), ξ⊖3 (ν, ♭3¬t)}
⟩ , if ¬t ∈ ¬ζ2/¬ζ1 ,

⟨

(ν, max{min{♭1¬t , ♭2¬t}, min{♭1¬t , ♭3¬t}}),

max{min{ξ⊕1 (ν, ♭1¬t), ξ⊕2 (ν, ♭2¬t)} , min{ξ⊕1 (ν, ♭1¬t), ξ⊕3 (ν, ♭3¬t)}} ,

min{max{ξ⊖1 (ν, ♭1¬t), ξ⊖2 (ν, ♭2¬t)} , max{ξ⊖1 (ν, ♭1¬t), ξ⊖3 (ν, ♭3¬t)}}
⟩ , if ¬t ∈ ¬ζ1 ∩ ¬ζ2,

(44)

where ⟨(ν, ♭6¬t), ξ⊕6 (ν, ♭6¬t), ξ⊖6 (ν, ♭6¬t)⟩ ∈ ξ6(¬t) and ⟨(ν, ♭7¬t), ξ⊕7 (ν, ♭7¬t), ξ⊖7 (ν, ♭7¬t)⟩ ∈ ξ7(¬t).

Since (ξ5, ξ5, ζ1 ∪ ζ1 , max(N1 , N2, N3)) and (ξ8, ξ8, ζ1 ∪ ζ2, max(N1 , N2, N3)) are equivalent for all t ∈
ζ1 ∪ ζ2 and ¬t ∈ ¬ζ1 ∪ ¬ζ2, the proof follows.

The other parts can be illustrated similarly. ◻

4 PFNBSES-Based Approach for Decision-Making: Methodology and Case Study
This section presents a comprehensive framework for MCGDM based on the PFNBSES model. By

utilizing expert judgments encoded within the PFNBSES structure, the framework facilitates systematic
comparison among alternatives to identify the most suitable option. We first detail the stepwise algorithm
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that guides the DM process, accompanied by a flowchart to enhance comprehension (see Algorithm 1
and Fig. 1). Following this, we demonstrate the practical utility of the PFNBSES framework through a real-
world case study focused on urban transportation planning, showcasing how the model supports balanced
and transparent evaluation of competing strategies across multiple positive and negative criteria.

Figure 1: Flowchart of the proposed PFNBSES algorithm (Algorithm 1)

4.1 Decision-Making Framework
In this subsection, we outline the step-by-step procedure for performing DM using the PFNBSES

model. The proposed algorithm systematically processes expert evaluations encoded in the PFNBSES to
calculate comparative scores for each alternative, enabling the selection of the most appropriate choice. To
aid understanding, each stage of the procedure is visually depicted with a flowchart immediately following
the algorithm.
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To make the calculations easier, we first organize expert evaluations as ordered triples like ξ(ti)(ν j) =
⟨♭i j t i

, ξ
⊕

i j , ξ
⊖

i j⟩ and ξ(¬ti)(ν j) = ⟨♭i j
¬t i

, ξ⊕i j , ξ⊖i j⟩ in tables. Then, each triple is converted into a single score
value, denoted as νi j, which simplifies the data and helps us compare and combine the expert opinions to
find the best alternative.

Algorithm 1: PFNBSES-based decision-making procedure
1: Input:

i. ¥: Set of alternatives.
ii. H: Set of decision parameters.
iii. E : Group of experts involved in the evaluation.
iv. O = {0 = disagree, 1 = agree}: Binary opinion set.
v. The PFNBSES (ξ, ξ, λ, N), where λ ⊂ Λ, with Λ =H × E ×O.

2: Procedure:
i. Identify the four evaluation categories:

• Positive agree: (ξ, ξ, λ, N)+1

• Positive disagree: (ξ, ξ, λ, N)+0

• Negative agree: (ξ, ξ, λ, N)−1

• Negative disagree: (ξ, ξ, λ, N)−0

ii. For each category, extract the associated PFNs and compute their score values using Definition 2.
iii. For each j, compute:

ε⊕1
j = ∑

i
νi j from (ξ, ξ, λ, N)+1 , (45)

ε⊕0
j = ∑

i
νi j from (ξ, ξ, λ, N)+0 , (46)

ε⊖1
j = ∑

i
νi j from (ξ, ξ, λ, N)−1 , (47)

ε⊖0
j = ∑

i
νi j from (ξ, ξ, λ, N)−0 . (48)

iv. Calculate the overall score for each j:

� j=�⊕j − �⊖j , (49)

where

�⊕j =ε⊕1
j − ε⊕0

j , (50)

and

�⊖j =ε⊖1
j − ε⊖0

j . (51)

v. Find l such that

�l= max
j

� j . (52)

3: Output: The alternative νl ∈ ¥ with the highest final score �l .
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4.2 Planning Strategies for Urban Transportation: A Case Study
Several recent studies have explored sustainable urban transportation using MCGDM frameworks.

To contextualize our case study and highlight the added value of PFNBSES, we compare it with recent
approaches. Nayeb-Pashaei et al. [52] employed a fuzzy additive weighting method to identify key sustainabil-
ity criteria, focusing on social and environmental aspects but lacking multi-expert aggregation and symbolic
scale handling. Romero-Ania et al. [53] classified urban public transport vehicles based on economic and
environmental criteria, emphasizing expert judgment but relying on threshold-based sorting. Alkharabsheh
et al. [54] addressed uncertainty in transport quality assessment, focusing on user satisfaction and pollution
control but depending on non-expert input and lacking bipolar reasoning. Kundu et al. [55] proposed a fuzzy
group DM model for transit mode selection, offering robustness checks yet relying on fuzzy membership
values without explicit bipolar logic. Zeb et al. [56] introduced a q-rung orthopair fuzzy SS approach for
urban housing location, enhancing membership flexibility and stability analysis, though their model centers
on spatial growth rather than expert-driven transport strategy evaluation.

In comparison, the PFNBSES framework uniquely integrates Pythagorean fuzzy logic with NBSES the-
ory to address complex evaluations involving multilevel symbolic scales, expert disagreement, and nuanced
criteria interpretation, offering a more robust and flexible solution for sustainable transport planning.

To demonstrate the practical advantages of PFNBSES in this domain, we now apply it to a real-
world-inspired case involving urban transportation strategies. This application illustrates how the model
manages multidimensional criteria, integrates diverse expert judgments, and supports sustainable planning
under uncertainty.

Urban transportation planning is a critical component of sustainable city development, directly impact-
ing economic vitality, environmental health, and residents’ quality of life. As cities grow and populations
increase, planners face mounting challenges to design transportation systems that are efficient, accessible,
and environmentally responsible. Key concerns include mitigating traffic congestion, reducing greenhouse
gas emissions, ensuring safety for all users, and making transportation affordable and equitable across diverse
communities. The set of alternatives and attributes were collaboratively defined by the expert panel based on
current urban planning priorities, stakeholder needs, and sustainability goals outlined by the metropolitan
city council’s transport division.

Effective urban transportation planning requires a holistic approach that balances multiple criteria
simultaneously. These criteria often conflict: for example, a strategy that significantly improves accessibility
might involve high costs or potential environmental trade-offs. Moreover, the social impact of transportation
initiatives must be considered alongside technical and economic factors. To navigate this complexity,
decision-makers rely on multidisciplinary panels of experts, including urban planners, environmental
scientists, economists, and public safety officials.

Experts assess proposed transportation strategies through a rigorous evaluation process considering a
variety of performance metrics. The objective is to identify strategies that not only deliver optimal mobility
solutions but also align with broader urban sustainability goals. These evaluations must weigh positive
attributes such as improved accessibility and reduced emissions against potential negative consequences such
as increased costs or safety risks.

In this context, we consider five distinct transportation strategies currently under review for a mid-sized
metropolitan area:

¥ = {ν1 , ν2, ν3, ν4, ν5}.

Each strategy νi corresponds to a specific initiative, for example:
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• ν1: Expanding bus routes to underserved neighborhoods,
• ν2: Introducing a city-wide bike-sharing program,
• ν3: Enhancing pedestrian infrastructure including sidewalks and crosswalks,
• ν4: Implementing congestion pricing in central business districts,
• ν5: Installing additional electric vehicle charging stations.

To evaluate these strategies, a set of core criteria is defined, representing the primary goals of the
transportation plan:

H = {h̵1 , h̵2, h̵3},

where:

• h̵1: Accessibility—the degree to which the strategy enables convenient and equitable use by all
demographics, including persons with disabilities, elderly populations, and economically disadvan-
taged groups,

• h̵2: Cost-Effectiveness—the relationship between financial investment and expected benefits, reflecting
budget constraints and economic sustainability,

• h̵3: Environmental Impact—the strategy’s potential to reduce harmful emissions, improve air quality,
and contribute to climate change mitigation.

Importantly, planners must also consider complementary aspects — the risks and limitations that may
accompany each strategy. These negative criteria are captured as:

¬H = {¬h̵1 ,¬h̵2,¬h̵3},

highlighting issues such as limited accessibility in certain neighborhoods, excessive costs beyond budget,
and potential environmental hazards that might undermine overall effectiveness.

A group of transportation experts,

E = {ς1 , ς2, ς3},

comprising professionals with the following expertise:

• ς1: Urban Planning Engineer,
• ς2: Environmental Scientist,
• ς3: Public Safety Specialist,

each examines every transportation strategy νk against all criteria and their negations, offering opinions
drawn from the set

O = {0 = disagree, 1 = agree}.

The experts’ initial evaluations use symbolic notations to indicate performance levels:

• ○ denotes extremely poor performance, indicating very high risk or a total failure to meet the criterion,
• Multiple ∗ symbols represent varying levels of positive performance or agreement, with the number of

symbols indicating increasing degrees of compliance or approval.

This symbolic system allows nuanced expert evaluations to be captured succinctly, accommodating the
inherent uncertainty and gradation in real-world assessments.
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The expert assessments for each strategy, criterion, and opinion are compiled in Table 6, forming the
basis for applying the PFNBSES framework. This framework integrates these evaluations to support robust
MCGDM, enabling planners to rank strategies by balancing benefits and risks. Note that the ratings are
illustrative and assumed for demonstration; in practice, they should be obtained through structured expert
elicitation or real data, which the PFNBSES framework can readily incorporate.

Table 6: Initial evaluation of urban transportation strategies

λ/¥ ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) ∗ ∗ ∗ ∗∗ ∗ ∗ ∗∗ ∗∗ ∗∗
(h̵1 , ς2, 1) ∗ ∗ ∗ ∗ ○ ∗ ∗ ∗ ∗
(h̵1 , ς3, 1) ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
(h̵2, ς1 , 1) ∗ ∗ ∗ ∗∗ ∗∗ ∗∗ ∗
(h̵2, ς2, 1) ∗ ∗ ∗ ○ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗
(h̵2, ς3, 1) ○ ∗∗ ∗ ∗ ∗∗ ∗∗ ∗∗
(h̵3, ς1 , 1) ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗
(h̵3, ς2, 1) ∗∗ ○ ∗ ∗ ∗ ∗ ∗
(h̵3, ς3, 1) ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
(h̵1 , ς1 , 0) ∗ ∗∗ ○ ∗∗ ∗
(h̵1 , ς2, 0) ∗∗ ∗ ∗ ∗ ∗∗
(h̵1 , ς3, 0) ∗ ∗ ∗ ∗ ∗ ○ ∗ ∗ ∗
(h̵2, ς1 , 0) ○ ∗ ○ ∗ ∗ ∗ ∗
(h̵2, ς2, 0) ○ ○ ∗ ∗ ∗
(h̵2, ς3, 0) ∗ ∗ ∗ ∗∗ ○ ∗∗ ∗
(h̵3, ς1 , 0) ∗ ∗ ∗ ∗ ∗ ∗∗ ○
(h̵3, ς2, 0) ∗∗ ∗∗ ∗ ∗ ∗ ∗ ∗
(h̵3, ς3, 0) ∗ ○ ∗ ○ ∗∗
(¬h̵1 , ς1 , 1) ○ ∗ ○ ∗∗ ∗∗
(¬h̵1 , ς2, 1) ∗∗ ∗ ∗ ∗ ∗ ∗ ∗∗
(¬h̵1 , ς3, 1) ∗∗ ∗∗ ∗ ∗ ∗∗
(¬h̵2, ς1 , 1) ∗ ∗ ∗∗ ∗ ∗∗
(¬h̵2, ς2, 1) ○ ∗∗ ∗ ∗ ∗
(¬h̵2, ς3, 1) ∗ ∗ ∗∗ ∗∗ ○ ∗∗ ∗
(¬h̵3, ς1 , 1) ∗ ∗ ∗ ∗ ∗ ∗∗ ○
(¬h̵3, ς2, 1) ∗ ○ ∗ ∗∗ ∗ ∗ ∗
(¬h̵3, ς3, 1) ∗ ∗ ∗ ∗ ∗∗
(¬h̵1 , ς1 , 0) ∗ ∗ ∗ ∗∗ ○ ∗∗ ∗
(¬h̵1 , ς2, 0) ∗ ∗∗ ∗ ∗∗ ∗∗
(¬h̵1 , ς3, 0) ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ○
(¬h̵2, ς1 , 0) ∗∗ ∗∗ ∗∗ ∗∗ ○
(¬h̵2, ς2, 0) ∗ ∗ ∗∗ ∗∗ ∗∗ ∗∗ ∗∗
(¬h̵2, ς3, 0) ○ ∗ ∗ ∗ ∗ ∗∗ ∗∗
(¬h̵3, ς1 , 0) ∗∗ ∗ ∗ ∗ ∗ ∗ ∗∗
(¬h̵3, ς2, 0) ∗∗ ∗ ∗∗ ∗∗ ○
(¬h̵3, ς3, 0) ∗∗ ∗∗ ∗ ∗ ○
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The symbolic evaluations are converted into numerical values from 0 to 4 following the approach
outlined in Example 1, and the results are interpreted based on the grading intervals defined in Table 4. The
PF5BSES matrix is presented in Table 7.

Table 7: Tabular representation of the PF5BSES (ξ, ξ, λ, 5)

(ξ, ξ, λ, 5) ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) ⟨3, 0.6, 0.5⟩ ⟨2, 0.5, 0.5⟩ ⟨4, 1.0, 0.0⟩ ⟨2, 0.7, 0.3⟩ ⟨2, 0.4, 0.5⟩
(h̵1 , ς2, 1) ⟨1, 0.2, 0.4⟩ ⟨3, 0.7, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨3, 0.3, 0.8⟩ ⟨1, 0.3, 0.4⟩
(h̵1 , ς3, 1) ⟨2, 0.4, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨3, 0.7, 0.4⟩ ⟨3, 0.4, 0.7⟩ ⟨1, 0.3, 0.4⟩
(h̵2, ς1 , 1) ⟨3, 0.8, 0.2⟩ ⟨2, 0.7, 0.1⟩ ⟨2, 0.5, 0.4⟩ ⟨2, 0.2, 0.6⟩ ⟨1, 0.1, 0.6⟩
(h̵2, ς2, 1) ⟨3, 0.0, 0.8⟩ ⟨0, 0.1, 0.3⟩ ⟨3, 0.5, 0.7⟩ ⟨2, 0.7, 0.1⟩ ⟨3, 0.7, 0.4⟩
(h̵2, ς3, 1) ⟨0, 0.0, 0.4⟩ ⟨2, 0.5, 0.5⟩ ⟨4, 0.9, 0.0⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.6, 0.2⟩
(h̵3, ς1 , 1) ⟨3, 0.6, 0.6⟩ ⟨3, 0.8, 0.3⟩ ⟨1, 0.1, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨3, 0.7, 0.4⟩
(h̵3, ς2, 1) ⟨2, 0.4, 0.6⟩ ⟨0, 0.0, 0.3⟩ ⟨3, 0.8, 0.0⟩ ⟨1, 0.4, 0.4⟩ ⟨1, 0.5, 0.3⟩
(h̵3, ς3, 1) ⟨2, 0.4, 0.5⟩ ⟨3, 0.6, 0.5⟩ ⟨3, 0.8, 0.1⟩ ⟨3, 0.2, 0.8⟩ ⟨2, 0.6, 0.3⟩
(h̵1 , ς1 , 0) ⟨1, 0.2, 0.4⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.0, 0.5⟩
(h̵1 , ς2, 0) ⟨2, 0.6, 0.3⟩ ⟨1, 0.3, 0.5⟩ ⟨1, 0.5, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.5, 0.4⟩
(h̵1 , ς3, 0) ⟨1, 0.0, 0.6⟩ ⟨3, 0.7, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.3⟩ ⟨3, 0.6, 0.6⟩
(h̵2, ς1 , 0) ⟨0, 0.0, 0.1⟩ ⟨1, 0.1, 0.5⟩ ⟨0, 0.0, 0.2⟩ ⟨1, 0.2, 0.5⟩ ⟨3, 0.5, 0.6⟩
(h̵2, ς2, 0) ⟨0, 0.1, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨1, 0.1, 0.6⟩ ⟨1, 0.1, 0.6⟩ ⟨1, 0.2, 0.4⟩
(h̵2, ς3, 0) ⟨3, 0.8, 0.2⟩ ⟨2, 0.5, 0.5⟩ ⟨0, 0.1, 0.4⟩ ⟨2, 0.5, 0.4⟩ ⟨1, 0.3, 0.5⟩
(h̵3, ς1 , 0) ⟨1, 0.2, 0.4⟩ ⟨1, 0.4, 0.3⟩ ⟨3, 0.6, 0.5⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.3⟩
(h̵3, ς2, 0) ⟨2, 0.6, 0.3⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.0, 0.6⟩ ⟨3, 0.8, 0.3⟩
(h̵3, ς3, 0) ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.4⟩ ⟨1, 0.3, 0.5⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.4, 0.6⟩
(¬h̵1 , ς1 , 1) ⟨0, 0.1, 0.4⟩ ⟨1, 0.2, 0.4⟩ ⟨0, 0.0, 0.3⟩ ⟨2, 0.7, 0.3⟩ ⟨2, 0.5, 0.5⟩
(¬h̵1 , ς2, 1) ⟨2, 0.7, 0.3⟩ ⟨1, 0.3, 0.4⟩ ⟨3, 0.8, 0.2⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.6, 0.4⟩
(¬h̵1 , ς3, 1) ⟨2, 0.4, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.5, 0.3⟩ ⟨2, 0.6, 0.2⟩
(¬h̵2, ς1 , 1) ⟨1, 0.3, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.6, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.4, 0.6⟩
(¬h̵2, ς2, 1) ⟨0, 0.0, 0.2⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.2, 0.4⟩ ⟨1, 0.4, 0.2⟩ ⟨1, 0.2, 0.5⟩
(¬h̵2, ς3, 1) ⟨4, 0.9, 0.0⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.0⟩ ⟨2, 0.5, 0.4⟩ ⟨1, 0.3, 0.4⟩
(¬h̵3, ς1 , 1) ⟨1, 0.4, 0.4⟩ ⟨1, 0.3, 0.4⟩ ⟨3, 0.7, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.4⟩
(¬h̵3, ς2, 1) ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.1⟩ ⟨1, 0.3, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨3, 0.8, 0.1⟩
(¬h̵3, ς3, 1) ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨1, 0.3, 0.5⟩ ⟨2, 0.6, 0.4⟩
(¬h̵1 , ς1 , 0) ⟨3, 0.6, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.2, 0.4⟩
(¬h̵1 , ς2, 0) ⟨1, 0.0, 0.6⟩ ⟨2, 0.3, 0.7⟩ ⟨1, 0.5, 0.0⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.5, 0.5⟩
(¬h̵1 , ς3, 0) ⟨2, 0.6, 0.3⟩ ⟨1, 0.3, 0.5⟩ ⟨3, 0.6, 0.5⟩ ⟨3, 0.6, 0.6⟩ ⟨0, 0.1, 0.2⟩
(¬h̵2, ς1 , 0) ⟨2, 0.5, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨2, 0.3, 0.6⟩ ⟨2, 0.1, 0.7⟩ ⟨0, 0.0, 0.4⟩
(¬h̵2, ς2, 0) ⟨4, 0.8, 0.5⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.7, 0.3⟩
(¬h̵2, ς3, 0) ⟨0, 0.0, 0.4⟩ ⟨1, 0.2, 0.4⟩ ⟨3, 0.8, 0.0⟩ ⟨2, 0.6, 0.4⟩ ⟨2, 0.6, 0.3⟩
(¬h̵3, ς1 , 0) ⟨2, 0.5, 0.5⟩ ⟨3, 0.7, 0.4⟩ ⟨1, 0.3, 0.5⟩ ⟨1, 0.0, 0.6⟩ ⟨2, 0.6, 0.2⟩
(¬h̵3, ς2, 0) ⟨2, 0.5, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.0, 0.4⟩
(¬h̵3, ς3, 0) ⟨2, 0.6, 0.3⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.2, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.4⟩



3520 Comput Model Eng Sci. 2025;144(3)

The following steps outline the PFNBSES DM procedure applied to the case study:

• Step 1: After specifying the inputs—alternatives, decision parameters, and expert group—we identify
each of the PFNBSES evaluation categories: (ξ, ξ, λ, 5)+1 , (ξ, ξ, λ, 5)+0 , (ξ, ξ, λ, 5)−1 , and (ξ, ξ, λ, 5)−0 ,
as shown in Tables 8 through 11.

• Step 2: We extract the PFNs from each subset identified in Step 1 and compute their score values using
Definition 2. Results are summarized in Tables 12 through 15.

• Step 3: Using the computed PFN scores, we aggregate positive and negative scores separately to form
intermediate summary tables (Tables 16 and 17).

• Step 4: Finally, we compute the net score for each alternative by subtracting the aggregated negative
scores from the aggregated positive scores. The alternative with the highest net score is identified as
optimal. The computed scores are summarized in Table 18.

Table 8: Tabular form of (ξ, ξ, λ, 5)+1

(ξ, ξ, λ, 5)+1 ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) ⟨3, 0.6, 0.5⟩ ⟨2, 0.5, 0.5⟩ ⟨4, 1.0, 0.0⟩ ⟨2, 0.7, 0.3⟩ ⟨2, 0.4, 0.5⟩
(h̵1 , ς2, 1) ⟨1, 0.2, 0.4⟩ ⟨3, 0.7, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨3, 0.3, 0.8⟩ ⟨1, 0.3, 0.4⟩
(h̵1 , ς3, 1) ⟨2, 0.4, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨3, 0.7, 0.4⟩ ⟨3, 0.4, 0.7⟩ ⟨1, 0.3, 0.4⟩
(h̵2, ς1 , 1) ⟨3, 0.8, 0.2⟩ ⟨2, 0.7, 0.1⟩ ⟨2, 0.5, 0.4⟩ ⟨2, 0.2, 0.6⟩ ⟨1, 0.1, 0.6⟩
(h̵2, ς2, 1) ⟨3, 0.0, 0.8⟩ ⟨0, 0.1, 0.3⟩ ⟨3, 0.5, 0.7⟩ ⟨2, 0.7, 0.1⟩ ⟨3, 0.7, 0.4⟩
(h̵2, ς3, 1) ⟨0, 0.0, 0.4⟩ ⟨2, 0.5, 0.5⟩ ⟨4, 0.9, 0.0⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.6, 0.2⟩
(h̵3, ς1 , 1) ⟨3, 0.6, 0.6⟩ ⟨3, 0.8, 0.3⟩ ⟨1, 0.1, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨3, 0.7, 0.4⟩
(h̵3, ς2, 1) ⟨2, 0.4, 0.6⟩ ⟨0, 0.0, 0.3⟩ ⟨3, 0.8, 0.0⟩ ⟨1, 0.4, 0.4⟩ ⟨1, 0.5, 0.3⟩
(h̵3, ς3, 1) ⟨2, 0.4, 0.5⟩ ⟨3, 0.6, 0.5⟩ ⟨3, 0.8, 0.1⟩ ⟨3, 0.2, 0.8⟩ ⟨2, 0.6, 0.3⟩

Table 9: Tabular form of (ξ, ξ, λ, 5)+0

(ξ, ξ, λ, 5)+0 ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 0) ⟨1, 0.2, 0.4⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.0, 0.5⟩
(h̵1 , ς2, 0) ⟨2, 0.6, 0.3⟩ ⟨1, 0.3, 0.5⟩ ⟨1, 0.5, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.5, 0.4⟩
(h̵1 , ς3, 0) ⟨1, 0.0, 0.6⟩ ⟨3, 0.7, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.3⟩ ⟨3, 0.6, 0.6⟩
(h̵2, ς1 , 0) ⟨0, 0.0, 0.1⟩ ⟨1, 0.1, 0.5⟩ ⟨0, 0.0, 0.2⟩ ⟨1, 0.2, 0.5⟩ ⟨3, 0.5, 0.6⟩
(h̵2, ς2, 0) ⟨0, 0.1, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨1, 0.1, 0.6⟩ ⟨1, 0.1, 0.6⟩ ⟨1, 0.2, 0.4⟩
(h̵2, ς3, 0) ⟨3, 0.8, 0.2⟩ ⟨2, 0.5, 0.5⟩ ⟨0, 0.1, 0.4⟩ ⟨2, 0.5, 0.4⟩ ⟨1, 0.3, 0.5⟩
(h̵3, ς1 , 0) ⟨1, 0.2, 0.4⟩ ⟨1, 0.4, 0.3⟩ ⟨3, 0.6, 0.5⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.3⟩
(h̵3, ς2, 0) ⟨2, 0.6, 0.3⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.0, 0.6⟩ ⟨3, 0.8, 0.3⟩
(h̵3, ς3, 0) ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.4⟩ ⟨1, 0.3, 0.5⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.4, 0.6⟩
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Table 10: Tabular form of (ξ, ξ, λ, 5)−1

(ξ, ξ, λ, 5)−1 ν1 ν2 ν3 ν4 ν5

(¬h̵1 , ς1 , 1) ⟨0, 0.1, 0.4⟩ ⟨1, 0.2, 0.4⟩ ⟨0, 0.0, 0.3⟩ ⟨2, 0.7, 0.3⟩ ⟨2, 0.5, 0.5⟩
(¬h̵1 , ς2, 1) ⟨2, 0.7, 0.3⟩ ⟨1, 0.3, 0.4⟩ ⟨3, 0.8, 0.2⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.6, 0.4⟩
(¬h̵1 , ς3, 1) ⟨2, 0.4, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.5, 0.3⟩ ⟨2, 0.6, 0.2⟩
(¬h̵2, ς1 , 1) ⟨1, 0.3, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.6, 0.3⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.4, 0.6⟩
(¬h̵2, ς2, 1) ⟨0, 0.0, 0.2⟩ ⟨2, 0.4, 0.5⟩ ⟨1, 0.2, 0.4⟩ ⟨1, 0.4, 0.2⟩ ⟨1, 0.2, 0.5⟩
(¬h̵2, ς3, 1) ⟨4, 0.9, 0.0⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.0⟩ ⟨2, 0.5, 0.4⟩ ⟨1, 0.3, 0.4⟩
(¬h̵3, ς1 , 1) ⟨1, 0.4, 0.4⟩ ⟨1, 0.3, 0.4⟩ ⟨3, 0.7, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨0, 0.0, 0.4⟩
(¬h̵3, ς2, 1) ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.1⟩ ⟨1, 0.3, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨3, 0.8, 0.1⟩
(¬h̵3, ς3, 1) ⟨1, 0.2, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨1, 0.3, 0.4⟩ ⟨1, 0.3, 0.5⟩ ⟨2, 0.6, 0.4⟩

Table 11: Tabular form of (ξ, ξ, λ, 5)−0

(ξ, ξ, λ, 5)−0 ν1 ν2 ν3 ν4 ν5

(¬h̵1 , ς1 , 0) ⟨3, 0.6, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.0, 0.4⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.2, 0.4⟩
(¬h̵1 , ς2, 0) ⟨1, 0.0, 0.6⟩ ⟨2, 0.3, 0.7⟩ ⟨1, 0.5, 0.0⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.5, 0.5⟩
(¬h̵1 , ς3, 0) ⟨2, 0.6, 0.3⟩ ⟨1, 0.3, 0.5⟩ ⟨3, 0.6, 0.5⟩ ⟨3, 0.6, 0.6⟩ ⟨0, 0.1, 0.2⟩
(¬h̵2, ς1 , 0) ⟨2, 0.5, 0.4⟩ ⟨2, 0.4, 0.5⟩ ⟨2, 0.3, 0.6⟩ ⟨2, 0.1, 0.7⟩ ⟨0, 0.0, 0.4⟩
(¬h̵2, ς2, 0) ⟨4, 0.8, 0.5⟩ ⟨2, 0.5, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨2, 0.6, 0.3⟩ ⟨2, 0.7, 0.3⟩
(¬h̵2, ς3, 0) ⟨0, 0.0, 0.4⟩ ⟨1, 0.2, 0.4⟩ ⟨3, 0.8, 0.0⟩ ⟨2, 0.6, 0.4⟩ ⟨2, 0.6, 0.3⟩
(¬h̵3, ς1 , 0) ⟨2, 0.5, 0.5⟩ ⟨3, 0.7, 0.4⟩ ⟨1, 0.3, 0.5⟩ ⟨1, 0.0, 0.6⟩ ⟨2, 0.6, 0.2⟩
(¬h̵3, ς2, 0) ⟨2, 0.5, 0.5⟩ ⟨1, 0.2, 0.5⟩ ⟨2, 0.4, 0.6⟩ ⟨2, 0.5, 0.4⟩ ⟨0, 0.0, 0.4⟩
(¬h̵3, ς3, 0) ⟨2, 0.6, 0.3⟩ ⟨2, 0.4, 0.6⟩ ⟨1, 0.2, 0.4⟩ ⟨1, 0.2, 0.5⟩ ⟨0, 0.0, 0.4⟩

Table 12: Score values of PFNs in (ξ, ξ, λ, 5)+1 and the corresponding calculations of ε⊕1
j = ∑i νi j

(ξ, ξ, λ, 5)+1 ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 1) 0.11 0.00 1.00 0.40 −0.09
(h̵1 , ς2, 1) −0.12 0.33 −0.16 −0.55 −0.07
(h̵1 , ς3, 1) −0.09 −0.07 0.33 −0.33 −0.07
(h̵2, ς1 , 1) 0.60 0.48 0.09 −0.32 −0.35
(h̵2, ς2, 1) −0.64 −0.08 −0.24 0.48 0.33
(h̵2, ς3, 1) −0.16 0.00 0.81 0.27 0.32
(h̵3, ς1 , 1) 0.00 0.55 −0.35 0.09 0.33
(h̵3, ς2, 1) −0.20 −0.09 0.64 0.00 0.16
(h̵3, ς3, 1) −0.09 0.11 0.63 −0.60 0.27

ε⊕1
j = ∑i νi j ε⊕1

1 = −0.59 ε⊕1
2 = 1.23 ε⊕1

3 = 2.75 ε⊕1
4 = −0.56 ε⊕1

5 = 0.83
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Table 13: Score values of PFNs in (ξ, ξ, λ, 5)+0 and the corresponding calculations of ε⊕0
j = ∑i νi j

(ξ, ξ, λ, 5)+0 ν1 ν2 ν3 ν4 ν5

(h̵1 , ς1 , 0) −0.12 0.09 −0.16 −0.09 −0.25
(h̵1 , ς2, 0) 0.27 −0.16 0.16 −0.21 0.09
(h̵1 , ς3, 0) −0.36 0.33 −0.21 −0.09 0.00
(h̵2, ς1 , 0) −0.01 −0.24 −0.04 −0.21 −0.11
(h̵2, ς2, 0) −0.15 −0.16 −0.35 −0.35 −0.12
(h̵2, ς3, 0) 0.60 0.00 −0.15 0.09 −0.16
(h̵3, ς1 , 0) −0.12 0.07 0.11 −0.09 −0.09
(h̵3, ς2, 0) 0.27 −0.09 −0.21 −0.36 0.55
(h̵3, ς3, 0) −0.21 −0.16 −0.16 −0.16 −0.20

ε⊕0
j = ∑i νi j ε⊕0

1 = 0.17 ε⊕0
2 = −0.32 ε⊕0

3 = −1.01 ε⊕0
4 = −1.47 ε⊕0

5 = −0.29

Table 14: Score values of PFNs in (ξ, ξ, λ, 5)−1 and the corresponding calculations of ε⊖1
j = ∑i νi j

(ξ, ξ, λ, 5)−1 ν1 ν2 ν3 ν4 ν5

(¬h̵1 , ς1 , 1) −0.15 −0.12 −0.09 0.40 0.00
(¬h̵1 , ς2, 1) 0.40 −0.07 0.60 −0.21 0.20
(¬h̵1 , ς3, 1) −0.09 −0.20 −0.21 0.16 0.32
(¬h̵2, ς1 , 1) −0.07 −0.21 0.27 −0.21 −0.20
(¬h̵2, ς2, 1) −0.04 −0.09 −0.12 0.12 −0.21
(¬h̵2, ς3, 1) 0.81 −0.09 0.00 0.09 −0.07
(¬h̵3, ς1 , 1) 0.00 −0.07 0.33 −0.09 −0.16
(¬h̵3, ς2, 1) −0.21 −0.01 −0.16 −0.20 0.63
(¬h̵3, ς3, 1) −0.21 −0.21 −0.07 −0.16 0.20

ε⊖1
j = ∑i νi j ε⊖1

1 = 0.44 ε⊖1
2 = −1.07 ε⊖1

3 = 0.55 ε⊖1
4 = −0.10 ε⊖1

5 = 0.71

Table 15: Score values of PFNs in (ξ, ξ, λ, 5)−0 and the corresponding calculations of ε⊖0
j = ∑i νi j

(ξ, ξ, λ, 5)−0 ν1 ν2 ν3 ν4 ν5

(¬h̵1 , ς1 , 0) 0.00 0.09 −0.16 −0.20 −0.12
(¬h̵1 , ς2, 0) −0.36 −0.40 0.25 0.27 0.00
(¬h̵1 , ς3, 0) 0.27 −0.16 0.11 0.00 −0.03
(¬h̵2, ς1 , 0) 0.09 −0.09 −0.27 −0.48 −0.16
(¬h̵2, ς2, 0) 0.39 0.00 −0.20 0.27 0.40
(¬h̵2, ς3, 0) −0.16 −0.12 0.64 0.20 0.27
(¬h̵3, ς1 , 0) 0.00 0.33 −0.16 −0.36 0.32
(¬h̵3, ς2, 0) 0.00 −0.21 −0.20 0.09 −0.16
(¬h̵3, ς3, 0) 0.27 −0.20 −0.12 −0.21 −0.16

ε⊖0
j = ∑i νi j ε⊖0

1 = 0.50 ε⊖0
2 = −0.76 ε⊖0

3 = −0.11 ε⊖0
4 = −0.42 ε⊖0

5 = 0.36
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Table 16: Positive score table

ε⊕1
j = ∑i νi j ε⊕0

j = ∑i νi j �⊕j = ε⊕1
j − ε⊕0

j

ε⊕1
1 = −0.59 ε⊕0

1 = 0.17 �⊕1 = −0.76
ε⊕1

2 = 1.23 ε⊕0
2 = −0.32 �⊕2 = 1.55

ε⊕1
3 = 2.75 ε⊕0

3 = −1.01 �⊕3 = 3.76
ε⊕1

4 = −0.56 ε⊕0
4 = −1.47 �⊕4 = 0.91

ε⊕1
5 = 0.83 ε⊕0

5 = −0.29 �⊕5 = 1.12

Table 17: Negative score table

ε⊖1
j = ∑i νi j ε⊖0

j = ∑i νi j �⊖j = ε⊖1
j − ε⊖0

j

ε⊖1
1 = 0.44 ε⊖0

1 = 0.50 �⊖1 = −0.06
ε⊖1

2 = −1.07 ε⊖0
2 = −0.76 �⊖2 = −0.31

ε⊖1
3 = 0.55 ε⊖0

3 = −0.11 �⊖3 = 0.66
ε⊖1

4 = −0.10 ε⊖0
4 = −0.42 �⊖4 = 0.32

ε⊖1
5 = 0.71 ε⊕0

5 = 0.36 �⊖5 = 0.35

Table 18: Final score table

�⊕j = ε⊕1
j − ε⊕0

j �⊖j = ε⊖1
j − ε⊖0

j � j = �⊕j − �⊖j

�⊕1 = −0.76 �⊖1 = −0.06 �1= −0.70
�⊕2 = 1.55 �⊖2 = −0.31 �2= 1.86
�⊕3 = 3.76 �⊖3 = 0.66 �3= 3.10
�⊕4 = 0.91 �⊖4 = 0.32 �4= 0.59
�⊕5 = 1.12 �⊖5 = 0.35 �5= 0.77

As shown in Table 18, the highest net score is max � j = 3.10 corresponding to strategy ν3, which involves
enhancing pedestrian infrastructure. Therefore, strategy ν3 is identified as the most suitable alternative under
the given evaluation framework.

This result highlights the effectiveness of the PFNBSES model in addressing conflicting criteria and
varied expert opinions. Urban transportation planning inherently involves trade-offs—for example, balanc-
ing cost-effectiveness against accessibility. Experts from different fields may place differing emphasis on
these aspects. The bipolar structure of PFNBSES simultaneously captures positive and negative evaluations,
while its Pythagorean fuzzy scale allows for degrees of agreement, disagreement, and hesitation. This dual
consideration preserves diverse viewpoints and integrates them into a balanced DM process, better reflecting
real-world complexities. Thus, PFNBSES supports planners in making nuanced, data-driven decisions amid
uncertainty and diverse expert judgments.

Fig. 2 visually depicts the positive (�⊕j ) and negative (�⊖j ) components of the scores for each trans-
portation strategy. It illustrates how each alternative’s total score results from the interplay of supporting and
opposing factors.

Fig. 3 shows the final net scores � j for all strategies, clearly indicating the leading position of strategy ν3.
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Figure 2: Positive and negative score components for each transportation strategy ν j

Figure 3: Final overall net scores � j for each transportation strategy ν j

5 Assessment and Analysis of the PFNBSES Model
This section evaluates the proposed PFNBSES model by benchmarking it against existing SS-based

frameworks, analyzing its distinctive strengths, and discussing its limitations and future research directions.
In particular, we demonstrate how PFNBSES builds upon and complements recent DM methods reported
in the literature, as shown in both the benchmarking table and the case study application. This structured
analysis illustrates how PFNBSES advances the state of the art in MCGDM under uncertainty and conflicting
expert opinions.

5.1 Benchmarking PFNBSES against Existing SS Models
To clearly demonstrate the advancements of the proposed PFNBSES model, this subsection presents a

detailed benchmarking analysis against a comprehensive set of existing SS-based frameworks. The models are
grouped into four main categories: Soft Sets, Bipolar Soft Sets, N-Soft Sets, and N-Bipolar Soft Sets. Within
each category, we include both foundational models and their subsequent extensions.

The evaluation criteria focus on several critical dimensions relevant to DM complexity, including
membership type and superiority, parameterization support, evaluation type and scale, bipolar reasoning
capability, and expert involvement. Table 19 provides a concise yet comprehensive overview, highlighting
how PFNBSES synthesizes and extends desirable features from prior models.
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Table 19: Benchmarking PFNBSES against original models and their extensions across SS model groups

Model
group

Model Membership
type

Membership
superiority

Parameterization
support

Evaluation
type

Evaluation
scale

Bipolar
capability

Expert
involvement

Soft sets

SS [10] None – Yes Discrete Binary No Single
SES [40] None – Yes Discrete Binary No Multiple
FSES [41] F Low Yes Continuous Binary No Multiple

IFSES [42] IF Medium Yes Continuous Binary No Multiple
PFSES [43] PF High Yes Continuous Binary No Multiple

Bipolar soft
sets

BSS [22] None – Yes Discrete Binary Yes Single
BSES [44] None – Yes Discrete Binary Yes Multiple

FBSES [45] F Low Yes Continuous Binary Yes Multiple

N-Soft sets

NSS [31] None – Yes Discrete Multinary No Single
NSES [46] None – Yes Discrete Multinary No Multiple

FNSES [46] F Low Yes Continuous Multinary No Multiple
IFNSES [47] IF Medium Yes Continuous Multinary No Multiple
PFNSES [47] PF High Yes Continuous Multinary No Multiple

N-Bipolar
soft sets

NBSS [38] None – Yes Discrete Multinary Yes Single
NBSES [48] None – Yes Discrete Multinary Yes Multiple

FNBSES [49] F Low Yes Continuous Multinary Yes Multiple
IFNBSES [50] IF Medium Yes Continuous Multinary Yes Multiple

PFNBSES
(Proposed)

PF High Yes Continuous Multinary Yes Multiple

This structured comparison underscores the evolutionary progression in SS theory and decisively
positions PFNBSES at the intersection of these developments. By accommodating richer evaluation
schemes, managing simultaneous positive and negative opinions, and integrating multi-expert input,
PFNBSES resolves previous limitations and better aligns with the multifaceted nature of modern decision
environments.

5.2 Key Features and Strengths of the PFNBSES Model
Building upon the detailed benchmarking analysis, this subsection synthesizes the core advantages that

distinguish PFNBSES and underpin its superior performance in MCGDM contexts.

• Pythagorean Fuzzy Representation: Leveraging PFSs provides enhanced modeling capacity to capture
uncertainty more flexibly and expressively than classical FSs or IFSs.

• Multinary Evaluation Scale: Supporting continuous and symbolic evaluation schemes empowers
experts to provide more granular and nuanced judgments compared to binary or discrete scales.

• Comprehensive Bipolar Reasoning: PFNBSES fully incorporates bipolarity, enabling simultaneous
modeling of positive and negative expert evaluations—a critical capability for addressing the inherent
duality of complex decision problems.

• Robust Multi-Expert Involvement: By facilitating aggregation and conflict reconciliation among
multiple experts, PFNBSES enhances consensus reliability and better reflects diverse perspectives.

• Scalability and Interpretability: Designed to balance computational efficiency with transparent reason-
ing, the model is well-suited for practical applications requiring clear and justifiable decision support.

• Conflict Resolution via Bipolar Pythagorean Fuzzy Logic: Uniquely, PFNBSES combines bipolar
reasoning with Pythagorean fuzzy logic to effectively reconcile contradictory evaluations within and
across expert opinions, enhancing decision robustness.

• Sensitivity to Expert Inputs: Since PFNBSES uses binary expert opinions (i.e., 1= agree and 0=disagree)
for each parameter, its sensitivity mainly arises from shifts in the number of agreeing or disagreeing
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experts per criterion. While minor changes in individual opinions do not drastically alter outcomes,
changes in group consensus can impact final rankings, highlighting the importance of balanced and
well-selected expert involvement.

Collectively, these strengths equip PFNBSES to tackle the increasing complexity, uncertainty, and
diversity of real-world MCGDM challenges, establishing it as a significant advancement over prior
SS-based approaches.

5.3 Computational and Practical Challenges of PFNBSES
While the PFNBSES model offers significant advantages in expressiveness and DM accuracy, it

also presents some computational and practical challenges. The application of Pythagorean fuzzy opera-
tions increases computational complexity, which may require substantial processing power for large-scale
problems. Furthermore, obtaining detailed continuous-scale evaluations from multiple experts can be time-
intensive and demands careful coordination. The model’s sensitivity to variations in group consensus further
underscores the importance of expert selection and balanced participation to ensure stable and reliable DM
outcomes. Despite these challenges, the ability of PFNBSES to capture nuanced expert input and manage
uncertainty effectively supports its continued development and optimization.

6 Conclusions and Future Direction
This paper introduced the PFNBSES model as an innovative and comprehensive framework for

urban transportation strategy planning. The model effectively addresses DM scenarios characterized by
conflicting criteria, uncertainty, and the integration of multiple expert opinions. By facilitating graded
bipolar evaluations on a continuous multinary scale, PFNBSES captures the subtle trade-offs inherent in
complex assessments. Key operations—such as union, intersection, complement, and agreement—were
formalized to provide a solid algebraic foundation. Additionally, a stepwise DM algorithm was developed and
demonstrated through a case study on sustainable urban transportation planning, showcasing the model’s
practical applicability. Comparative analysis confirms that PFNBSES surpasses existing SS approaches in
flexibility, expressiveness, and support for multi-expert evaluations.

Nevertheless, certain computational and practical challenges remain to be addressed in future research.
The inherent complexity of Pythagorean fuzzy operations may lead to increased computational demands,
highlighting the need to develop more efficient algorithms or approximation techniques that reduce process-
ing time without significant loss of accuracy. Additionally, collecting detailed continuous-scale evaluations
from multiple experts can be time-consuming and may introduce coordination difficulties; hence, future
work could explore streamlined elicitation methods or expert consensus techniques–such as grouping or
weighting schemes–to facilitate scalable and reliable data acquisition. Addressing these challenges will
further enhance the applicability and effectiveness of PFNBSES in large-scale and real-time DM scenarios.
Moreover, integrating machine learning algorithms–such as clustering, pattern recognition, or predictive
modeling–could help automatically learn from historical data to refine parameter weights, expert consensus,
and recommendations. Finally, extending the framework to other FS types, such as q-rung orthopair FSs,
represents a promising direction to increase its flexibility and applicability.
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