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ABSTRACT: This study investigates the transmission dynamics of conjunctivitis using stochastic delay differential
equations (SDDEs). A delayed stochastic model is formulated by dividing the population into five distinct com-
partments: susceptible, exposed, infected, environmental irritants, and recovered individuals. The model undergoes
thorough analytical examination, addressing key dynamical properties including positivity, boundedness, existence,
and uniqueness of solutions. Local and global stability around the equilibrium points is studied with respect to the basic
reproduction number. The existence of a unique global positive solution for the stochastic delayed model is established.
In addition, a stochastic nonstandard finite difference scheme is developed, which is shown to be dynamically consistent
and convergent toward the equilibrium states. The scheme preserves the essential qualitative features of the model and
demonstrates improved performance when compared to existing numerical methods. Finally, the impact of time delays
and stochastic fluctuations on the susceptible and infected populations is analyzed.

KEYWORDS: Conjunctivitis disease; stochastic delay differential equations (SDDE’); existence and uniqueness;
unique global positivity; computational methods; results

1 Introduction

Conjunctivitis, often called pink eye, is a highly contagious disease. Infection of the conjunctiva is
generally a result of viruses, bacteria, and allergens. Some viruses can cause a precise conjunctivitis known
as acute hemorrhagic conjunctivitis (AHC). Bacterial conjunctivitis causes the speedy onset of conjunctiva
irritation, pufhiness of the eyelid, and a muggy release. Usually, signs advance mainly in a single eye and then
may extend to the next eye within 2 to 5 days. Three main viruses have been studied and built as the agents
responsible for acute hemorrhagic conjunctivitis (AHC): coxsackievirus A24 variation (CA24v), enterovirus
70, and adenovirus 11. Acute hemorrhagic conjunctivitis (AHC) can only occur in a human population and
is transmitted through human interaction with an infected specific object, like a towel used by a diseased
person. The discomfort of the eyes, sensitivity to light, sore eyes, tears, and pus discharge are some symptoms.
Antibiotic eye drops, sanitized passivity, quarantine, and permitting the infection to progress in 2-3 weeks are
operative ways to break the extent of conjunctivitis infection [1]. Recently, a significant outbreak occurred in
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different cities in Pakistan. It began in Karachi and spread to major cities. Almost one hundred thousand cases
were reported in Punjab. This massive outbreak of pink eye is a recent development in Pakistan’s history [2].

In 2024, Faisal et al. [3] examined the dynamics of conjunctivitis adenovirus using a unique tool
such as bifurcation. At the end, to support the dynamical results, they simulated their numerical result
very comprehensively. Gabriela et al. [4] conducted a study in 2024 using a basic Susceptible-Infectious-
Susceptible (SIS) model with introducing uncertainty through transmission parameters. They attained
conditions of extinction and existence using threshold constraints. They considered real-world problems and
proposed suitable uncertain parameters. In 2024, Essak [5] considered three types of uncertainty in their
study Lévy noise, Gaussian white noise, and telegraph noise to investigate their influence on the dynamics of
disease. Albani et al. [6] used the fact that model parameters evolve with time and showed the randomness
of sudden change. They proposed the jump-diffusion stochastic process. They presented their dynamical
analysis and compared it with the variation and jumps. They used real data for their simulation and claimed
their finding are accurate. In 2024, Ali et al. [7] considered a stochastic model for influenza dynamics and
also used accurate parameter values for their comprehensive understanding of influenza dynamics. They
used actual data for their simulation that supports their dynamic results. In 2014, Unyong et al. [8] suggested
and investigated a mathematical system for the dynamical stability of conjunctivitis with nonlinear incidence
terms considered. Finally, numerical results support the analytic results. In 2012, Sangsawang et al. [9]
investigated the system for the spread of Hemorrhagic Conjunctivitis. Numerical simulations of the system
demonstrate that the disease-free equilibrium and endemic are stable and unique. In 2006, Chowell et al. [10]
modeled the diffusion dynamics of AHC in an eruption of pink eye in the host population in Mexico.
Therefore, the effects of sustenance present a public health strategy and the efficient message of the eruption,
and community health evidence press statements that initiate beings on evading infection and encourage
them to pursue a clinical diagnosis. They studied epidemic models with well-known computational methods
based on stochastic differential equations with artificial decay terms in [11-13]. They studied well-known
stochastic models such as the stochastic within-host Chikungunya (CHIKV) virus model with saturated
incidence rate, Extinction, and the stationary distribution of the stochastic hepatitis B virus model, and a
Zika virus as a mosquito-borne transmitted disease with environmental fluctuations as presented in [14-16].
The approach aligns with recent works such as [17], where stochastic noise is interpreted as environmental
randomness impacting disease spread. Foundational contributions such as those in [18] provide detailed
bifurcation analysis of delay epidemic models, highlighting the critical role of time-lag in disease dynamics.
Similarly, reviews in [19,20] summarize analytical techniques for deterministic and stochastic delay systems,
particularly in biological contexts. Our model structure and analytical proofs draw on these theoretical
foundations, especially in establishing positivity, stability, and global existence. The authors studied the Split-
Step 6-Method for Stochastic Pantograph Differential Equations, focusing on convergence and mean-square
stability analysis, in [21].

Model formation and its numerical simulations are the classical origins of studying the transmission
dynamics of infectious diseases because they allow us to understand the complex transmission dynamics of
any contagious disease. The trajectories of the deterministic model are idealistic, but the stochastic model
is closer to reality. This outcome matters for policymakers and concerned individuals. So, this study took
the deterministic model and reformulated it into a stochastic delayed conjunctivitis model, then studied
its stochastic behavior to understand the dynamics of the spread of disease, and an exponential delay was
introduced to understand the effect of delay on the spread of disease to get more optimal results to control the
disease. This work makes several novel contributions to the modeling and control of conjunctivitis epidemics:
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+  Model Innovation: The stochastic delayed compartment model for conjunctivitis is configured in a new
manner such that it incorporates artificial delay effects to reflect realistic intervention strategies such as
quarantine, delayed exposure, or behavioral response to symptoms.

o Theoretical Advancement: The model’s dynamical properties, including positivity, boundedness, exis-
tence, and uniqueness, were studied rigorously. Also, the authors studied local and global stability
conditions under biologically meaningful assumptions.

o Numerical Methodology: A completely new and original stochastic nonstandard finite difference
(NSED) method has been developed and analyzed. This method retains important dynamical properties,
ensures numerical positivity and convergence, and beats standard methods under larger time steps.

« Biological Insight: Artificial delays significantly reduce the number of infected individuals and increase
the susceptible population, with use as a control strategy. These findings are compatible with recent
public health approaches and have practical relevance to the model.

« Literature Integration: This paper contributes to filling the gap in existing literature by making an
extended union of stochastic dynamics, artificial delays, and conjunctivitis modeling under one united
framework, which is justified by the most recent epidemiological events and data.

+  Public Health Interpretation of Artificial Delay: The exponential delay term e #” incorporated in the
model captures realistic intervention strategies employed in controlling disease outbreaks. Specifically,
this form of delay accounts for the time lag between exposure and infectiousness, which can be influ-
enced by public health policies such as quarantine protocols, awareness campaigns, and social distancing
mandates. For instance, if an infected individual is identified and quarantined within a specific time
frame, the probability of disease transmission significantly drops, mimicking the effect of exponential
decay in contact or transmission rate. Thus, the model not only reflects the underlying biology but also
provides a quantitative framework for evaluating the timing and efficacy of such interventions.

The mathematical framework of this study is deeply rooted in functional analysis. This study employs
key results from functional analysis, including fixed point theory, operator norms, and stability criteria
in infinite-dimensional spaces, to establish existence, uniqueness, and positivity of solutions. These foun-
dational tools ensure the rigorous formulation and analysis of the stochastic delay differential equations
(SDDE:s) that govern the proposed model.

The following subdivisions comprise five sections: Section 1 briefly introduces the research disease and
literature review. Section 2 presents the derivation of the delayed mathematical model and its dynamical
properties, equilibrium points, and local-global behavior of the delayed system. Section 3 describes the
stochastic delayed model and the theorem-related unique global positive solution. Section 4 introduces the
selective numerical method, and presents the derived stochastic NSFD-related theorems. Lastly, Section 5
discusses numerical simulations among selective techniques and their convergence behavior around the
conjunctivitis present state with different step sizes. In addition, the discussion and conclusion are presented
in different sections.

2 Derivation of the Delayed Conjunctivitis Mathematical Model

This model is present in [1] in the deterministic form. This study investigates artificial delay effects and
stochastic behaviors to understand the realistic transmission dynamics. Delay-based interventions are used
to control the spread of disease. Because of the exponential growth of the disease population, the exponential
delay is employed to prevent disease transmission similarly. In [1], the human host population N(t) is divided
into five compartments S (¢), E.(t), I.(t), Ir(t), R(t) atany time t > 0, represent the individual susceptible,
individual exposed, individual infected, number of irritants, and individual recovered, respectively. The
saturated incidence in the system (1)-(5) with delayed effect represents the rate of change of susceptible
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individuals to infected individuals and artificial delay e 7 that can be any artificial tactics be used to
control the exponential growth of the transmission of the disease with counter artificial exponential-based
interventions for all T > 0 (see Fig. 1 and Table 1).
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Figure 1: Flow dynamics of the Conjunctivitis disease in a population

Table 1: Physical understanding of the parameters

Parameters Descriptions Values/Per day Source [1]
by The rate at which susceptible enlisted into the human 0.05 Assumed
inhabitants.
B, The rate at which susceptible procure the disease 2.081 (CFE) Assumed
through direct transmission. 5.081 (CPE)
B, The rate at which susceptible procure the disease 2.092 (CFE) Assumed
through indirect transmission. 5.092 (CPE)
m The rate of new disease infections in humans. 0.01 Assumed
m The rate of bacterial/viral infections present in 0.02 Assumed
irritants.
7 Natural death rate of human subpopulations. 0.05 Assumed
o The rate at which improvement becomes susceptible. 0.45 Assumed
T Rate of exposure to infected. 0.112 Assumed
4 The rate at which infected lose their visualization when 0.21 Assumed
left untreated.
y The rate at which infected become recovered. 0.142 Assumed
& The amount of diseased human aid to irritants or 0.3 Assumed
allergens.
n The natural net expiry rate of bacteria/virus 0.05 Assumed

The delayed conjunctivitis mathematical model is derived under the following assumptions.

o Direct and indirect transmission paths are taken.

« Individuals who recover again become susceptible to the disease.

o Individuals who lost their vision are considered.

o The host population is equally mixed.

o The natural death rate and birth rate are the same.

o The natural death rate and natural expiry rate of bacteria/viruses are approximately equal.
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Although most parameter values are directly adopted from [1], several minor modifications were made
to improve computational tractability and biological interpretability. Specifically, this study assumes that the
birth and natural death rates are equal (0.05/day), a common simplification in epidemic models to maintain
a stable total population in the absence of disease-related deaths. This assumption allows a clearer focus on
the disease-induced dynamics without the confounding effects of demographic growth or decline.

The model of the conjunctivitis delay differential equations is as follows:

dS(t) b, - BiSc()I(t—T)e #" _ B2Sc ()Ir(t) _

dt ! L+ mol (t-T) 1+ mIg(t) #Se(t) + oR(1) O
dE(t)  BiSc(D)I(t-T)e T BrS.(t)Ir(1)

T eml(-T) " Lem(r) O ED) )
B _ e (1)~ (y v+ £+0) (1) ®
A g1,y 1) "
RO 1) - (v o) R(D) .

Given that S.(0) > 0, E.(0) > 0, I.(0) > 0, Iz(0) > 0 and R(0) > 0, for all ¢ > 0 are the initial conditions,
T < t where T is delay effect.

2.1 Essential Properties
Theorem 1: (Positivity) For any given initial condition (Sc (0),E.(0),I.(0),Iz (0),R(0)) € R} then the
solution of system (1)-(5) for all time t > 0, (S¢ (t), E. (t),1.(t), Iz (t),R(¢t)) € R3.

Proof: If Sc(0)>0,E.(0)>0,1.(0)>0,Ig(0)>0,R(0)>0 and the norm |9 = Supiep,|9].
Then, Eq. (1) yields:

dSc _ [b /—;ISCIC -uT ﬁZScIR
dt 1+ mgylc 1+ mylg

—/ASC+0R],VtZO

dscz_[ Bilc ot BaIr

+ulS,Vt>0
dt 1+ mgylc 1+ mylg ‘u:I ‘

Billeloo  —ur . B2llrlw
InS, > - | ———=—¢7#" +

—+y:|t+c1,Vt20
L+ mo L] L+ my [ Ie] o

Billlclloo —uT ﬁZHIR”oo

SC >S (O) e_[1+m0|\IcHeo € 1+m|[IR ]l oo ‘u]t >0, Vit> 0, Sc(t) >0, Vt>0 (6)

Similarly, the following relationships from system (2)-(5) can be described:

E.>E(0)e (™M >0,V t>0 )
I.> 1, (0) e O+E+E+t 5 0 v > 0 (8)
IR>Ix(0) e >0,V t>0 ©)
R>R(0)e #+9t>0,v t>0 (10)

Egs. (6)-(10) are non-negative. Hence, the system (1)-(5) is positive V t > 0. O
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Theorem 2: (Boundedness) V't > 0, the trajectories of the system (1)-(5) with any given initial trajectories from
the set Q) persist around the set:

Q= {(sc (t),Ec (), I (1), I (t) ,R(t)) € R3:S. () + E. (t) + I (t) + Iz (t) + R(t) < %}
iftlirgloSup N(t) < % and y = 1.

Proof: After adding the system (1)-(5), the total population of the system is as follows:

ii—lj :bh—[JSC_["EC_#IC_(SIC_I/IIR_HR
dN
E Sbh—[/lsc_ﬂEc_/’lIc_qIR_”R
c%l < b, — uN,provided let y = 1
dN
— +uN<b
gt THY ST
The general solution
N(t)sﬂ+(N(o —ﬂ)e‘“f (11)
@ ¢

b
lim Sup N(t) < %
t—o00o ‘u

Now, any given initial trajectory N(0) < %’“, then tlim Sup N(t) < %’1. Hence, Q) is positively invariant.
Therefore, system (1)-(5) is locally Lipschitz. O

Theorem 3: (Existence and Uniqueness) The unique solution of system (1)-(5) exists piece-wise if it
satisfies linear growth and Lipschitz conditions and y = 1.

Proof: Define the norm |9, = Supiep, |9|. If L;, L; and w; be positive constants Vi = 1,2,3,4,5 for
the system (12) for uniqueness and existence, Eqs. (13) and (14) are satisfied, respectively.

Considering system (1)-(5) yields:
S! =F (S, E, I, Ig, R, t)
El =F (S, E., I, Ix, R, t)
Il =F(Se,Ec, I, Ip, R, t) , £ >0 (12)
T, = Fy (S, E, I, Ip, R, )
R' =F5(Sc, Ec, I, Ig, R, t)

Vi=1,2,3,4,5then

(S, ) < Li (IS +1). (13)
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|[Fi(S',t) - Fi($%, )| < L;|S' - §7. (14)
The uniqueness of Fq. (12) can be proved by satisfying Eq. (13) as follows:

_ BiSee ur PoSclx 2

F (Se,Ee I, In, R8P = |b —uS, + oR
| 1( ¢ ©feiR )| h 1+mOIC 1+m11R ‘u ¢

2 — 2
2 [Bil IScloo Melloo €T 1Bal” [Scll oo 1R oo

Fi(Se, Ec, I, In, R, )P < | |bu]? + +
i (Se B e ) | (T+mo|l])? 1+ m||Ir|,)?

2 2
16l 18el o + 1o Rm)

2 — 2
Bl IScloo [ elloo €7 1Bol” [1Seloo [T oo
(1+mo|lLef)? (1+m|Ir].0)?

|F1 (SC’ Eca Ic, IR, R, t)|2 <

+|uf? IISclloo)

2 2
[ba]” + 10" [ Rl o

1+

2 _ 2

Bol” ISell o el oo 72" Bl [Se oo 7R oo P IS
(1+mo[Ic] ) (1+m[Ir])? e

2 2
|bal” +lo]” R

The condition 5 o 3 <1,
B [Sclloo 2l oo €™ 1Bl |Scloo TR o0 P S|
(L+mo|Ic] ) (L+ mIr].,)? oo
[Fy (Ses e Ies Ins R 1) < Ly (1+[c[7) (1)

Similar,

2
Scl.e #T S.I

|F2 (SC)EC)IC)IR>R)t)|2: /31 alad + ﬁz cR —(T+‘L{)EC
1+ mgl, 1+ mIg

Bl 1S el oo el oo € 182l [Sell oo IR oo
(1+mof ] o)? (1 +m|Ir| o )?

(1 +mP1E].)

B> (Ser e Lo Ins RO < ([(7+ ) B ) | 1+

2 _ 2
Bil” Scloo [ Telloo €7 1ol [ Sclloo 7 oo
Mo |l lc ) my|{r )
(1+mofle]o)? 1+ m|Ir]o)?
(I(r+m) P Ecll o )

The condition

<1,

IE, (Se» Ee I, I, R, ) < L (1+ |Ec|2) (16)

IF3 (S, Ee» Iy Ijo R )P = [TE. = (y + p + £+ 8) Ic[

7 1B
IFs (Se» B Lo I RO < ([(p + p+ £+ 8) 1] o (1+ >
( ) (y+u+E+O) L]
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2
E
P IE e

The condition ————=S=
[(y+u+é+) Pl

B3 (Ses Ees Lo T R 1) < Ls (14 |L[?) (17)
[Fs (Ser EeoTes In R, D] = [€1 = 1l

[Fy (Ses Ees Lo T R ) < (187 12 + 11 1) )

& 1] ..
IFy (Se» Ees I, I Ry )P < [ T, (1 + M
7" [ 1k ] o

16 el oo

The condition =5 ,
PR o

|F4 (SC)EC)IC)IR)R) t)|2<L4 (1+|IR|2) (18)
|F5 (e Ee» I, In, R 1) [P = |ylc — (u + o) R

2 2 2
[Fs (Ses Ees Lo T R ) < (9 [ Le oo + (0 + 0) PRI )

2
I
|F5 (SC) Ec: Ic: IR; R, t)|2 < |(y + 0—)|2 R°° (1+ |y| H ;Hoo )
(u+ )" Rl

2
I,
I A

The condition —~—51=—
[(u+o)PIRl ~ 7

|Fs (Se, Ee, I, I, R, £)* < Ls (1 + |R|2) (19)
B 1Sl 1elog €™ 1Bl 1Se] o IR o
[bal” + o |RI., (1+mo|L,,)’ (14 mi|Iel.,)’
max (ﬁ# IScloo Mol 7 1Bl ISeloe Matlee |, 2, ) (I + WP 1E].) Loy
(1+ mo] L] .)? (1+ m|Ix] )2 =
o |Ec] . AR A

|+ E+ O Ll Inl* Izl (e + o) |RI,

Now, Lipschitz’s condition is verified for the existence as follows:

1 1
|Fi(Set) - Fi(S2,t)] = ‘(bh _ AiScle e HT BaScIr usl + aR)

1+mOIC 1+1’}111R
St S
-|0b _piScle. e_"T——ﬁ2 R ~uS?+oR
1+ mgylc 1+ mlg

1 _ 2 Billeloe™” B2 1R | oo 1_ Q2
[F1 (e, 1) = B (S5, 1)) < ( 1+ mg L] o T lem IR o )l
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|Ei (SL,t) - Fy (S2t)| < Ly Sk - S7| (20)

S.I 6_’“T ﬁzs IR /318 I e‘”T [325 IR
F El,t _F Ez’t — ﬁlCC + c —(t+ El _ ctc + c —(7+ EZ
‘ 2( ¢ ) 2( ¢ )‘ ‘( 1+mOIC 1+m11R ( [4) ¢ 1+mOIC 1+mlIR ( [/l) ¢

|F> (ELt) - F> (EL t)| < [(T+ ) + ws| |(EL - EZ)|

[Fx (Ec, t) = Fa (B )] < Lo |(E¢ - E2)| )
|Es (1L, 8) - Fs (I, t)| = [(tEc ~ (y+ u+ E+ O) L) = (TEc — (y + u + E+ 8) I2)|

|F3 (1L t) = B3 (I2,0)| < [(y + p + &+ 8) + ws |(IL - 12))|

|5 (IL,t) - F5 (I4,1)| < Ls (1L - I2)) (22)
s (I ) = Fa (s )| = (€1 = 1) = (81 = )|

|Fa (Ii> t) = Fa (I t)| < | + wa |(T - I3)|

|Fi(Igt) = Fa (I t)| < Lo |(Ix - IR)| (23)
|Fs (R',t) = Fs (R*,t)| = |(yIc - (u + o) R") = (yIc - (u + o) R*)]

|Fs (R',t) = Fs (R*,t)| < |(p + 0) + ws| | (R' = R?)|

|Fs (R',t) - F5 (R*,t)| < Ls |(R" - R?)| (24)

Egs. (15)-(19) indicate that systems (1)-(5) have unique solutions and Eqs. (20)-(24) have a sure
existence. O

2.2 Model Equilibrium

To obtain the condition where conjunctivitis dies out from the system (1)-(5) or becomes endemic.

b

Conjunctivitis free equilibrium (CFE) = C; = (S, EL, I, I}, R") = (—h, 0,0,0, 0) (25)
“

Conjunctivitis present equilibrium (CPE) = C, = (S}, EX, I}, I5, R) (26)

. (bp +0R*) (1+moI?) (1+mly)
‘ [311;“6‘/” (1 + mlllﬁ) + /321; (1 + m()IZ') +tu (1 + I’l’loI?) (1 + mlll’;)
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B BiSiIre T (1+ myI}) + BaSiTy (1+ mol))

E;
(L+moI?) (1+mIy) (z+ p)
I - Rop (7+ ) E; Ik &r R - yI:
Pibpe " n (u+0)

2.3 Reproduction Number

To determine the system’s reproductive number [22] of (1)-(5) using the following generation
matrix method.

Theorem 4: The reproductive number of the system (1)-(5) is given by

T/)’lbhe_MT
R = 27
CTu(rrp) (prpu+E+0) @)

Proof: By the abovementioned method, three concerned compartments are considered, E., I, and R, under
the process hypothesis and overlooked both remaining.

Now,
be
el fo PO 0]re] [reu 0 0 1[E.
I | = “ I.|-| -t y+u+é+8 0 I,
R’ 0 0 0 R 0 - +0||R
o 0 0 Y “
bpe vt
0 Pibre
here, F, = 0 [6 0
0 0 0
T+ U 0 0
and V., =| -7 yp+u+&+5 0 |,
0 -y U+o

where F, = Transmission matrix at C;, V. = Transition matrix at C;.
Hence, by the largest eigenvalue of F. V.,
TBibye#T

W) (prurEro) -

Ry = P(Fchil) =

2.4 Stability Analysis

Now, the asymptotic behaviour of convergence for the system (1)-(5) is investigated locally and globally
around defined equilibrium states with the constraints of the reproductive number.
Theorem 5: (Local stability at C,) The system (1)-(5) around the Conjunctivitis free equilibrium point is locally

asymptotically stable if the reproductive number is less than one.

Proof: To prove this result, the Jacobian matrix of the right-side system (1)-(5) at C; = (%, 0,0,0, 0) is given
by:
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- _HT -
—u 0 _ﬁlbh: _ﬂZ:h .
Pibye " Baby
0 —(r+ 0
](Cl) — (T [’l) ‘I/l
0 T —-(y+u+&+9) 0 0
0 0 £ -1 0
| 0 0 y 0 ~(uto)l
For eigenvalue, | — AI| = 0,
—uT
o et b
Pibre " B2bn
0 —(r+p)-A PIoRZ P2mh 0
(t+u) P p =0 (28)
0 T —(y+u+é+9)-1 0 0
0 0 £ —n-A 0
0 0 y 0 -(p+0)-21
By expanding (28), A; = —p and A, = — (p + 0). The characteristic equation evaluates the remaining
eigenvalues of (28):
M+ AN+ AL+ A5=0 (29)

where Ay =—(ki+ky+ks), Ay =kiks+koks+kika(1-Ry), Az =—-kiksks (1-Ro) —7&k; and k; =
—(t+u), ka=—(y+u+&+9), ks=-n, kg = M, ks = ﬁ;ﬂ. Since A;A, > A3 and all A; >0 for
i=1,2,3 iff Ry <1. Then, Routh-Hurwitz criteria for the 3rd-order polynomial indicate that all the
eigenvalues of (29) have negative real parts. Hence, the system (1)-(5) at the Conjunctivitis-free equilibrium
point C; is locally asymptotically stable if Ry < 1. O

Theorem 6: (Local stability at C,) The system (1)-(5) around the Conjunctivitis present equilibrium point is
locally asymptotically stable if the reproductive number exceeds one.

Proof: To prove this result, the Jacobian matrix of system (1)-(5) at C, = (S}, EX, I¥, I}, R*) is given by:

J(SSELIT Ip, RY)

[ plie T Balp 0 CBSiett  BaSE s |
1+molf 1+ ml; (1+ moI*)? (1+m11§)2
PiSie ! L BSe () BiSie ! BaS; 0
=l armol:)? " (Lo mr ) Y Wem)? (lemp) (30)
0 T —(y+u+&+9) 0 0
0 0 £ 1y 0
i 0 0 Y 0 ~(u+0)]

Routh-Hurwitz criteria for the 5th-order polynomial exhibit that all the eigenvalues of (30) through
MATLAB have negative real parts. Hence, the system (1)-(5) at the conjunctivitis-present equilibrium point
C, is locally asymptotically stable if Ry > 1. O

Theorem 7: (Global stability at C,) The system (1)-(5) around the Conjunctivitis free equilibrium point is
globally asymptotically stable if the reproductive number is less than one.



3444 Comput Model Eng Sci. 2025;144(3)

Proof: Define Lyapunov function V: Q — R,

V(t) = log(%)

v 1

Y

dt ICX ¢

Z—Y:%X(TEC—()/+”+£+8)IC)

v Bibpe#Tt )
— <(y+u+é&+6 -1
ar SUTE )(Mw)(wwm)

i—‘;s(y+,u+f+8)(R0—l)

d—V <0
dt
if Ry <1
Hence, system (1)-(5) asymptotically converges around the Conjunctivitis Free State globally if
Ro<1l.O
Theorem 8: (Global stability at C,) The system (1)-(5) around the Conjunctivitis present equilibrium point is
globally asymptotically stable if the reproductive number is greater than one.

Proof: Describe Lyapunov function V: Q — R,

S E I
V=(SC—SC*—SC*log 1)+(EC—EC*—EC*1og 1)+(IC—IC*—IC*1og i)
S E. I,

c

* * IR * * R
+(IR—IR —Ir IOgI*)-F(R—R -R IOgF)
R

dV_ ] S\ ds. ] E.*\ dE. ] I.7\ dI. ] Ix*\ dig ] R*\ dR
E'[( ) sc) dt]+[( - EC) dt]+[( } IC)E]+[( } IR)E]+[( _E)E]
dvz[(sc—sc*)(@‘ﬁlke—ﬂ— Bl +ﬁ)]

SC 1+1’I’IOIC 1+ myly Sc

[ I.e #T I
4 (Ec _EC*) ﬂlsc c€ + /3286 R _ (T+y)
| EC (1+mOIC) EC (1+l’)’llIR)

+ :(IC ~1.%) (? —(y+u++ 5))] * [(IR 1) (% B ’1)]
" :(R—R*) (% —(u+ 0))]

Using the right side of the system (1)-(5):

by, Pule T Byl , OR
SC* 1+ myl, 1+ mlg SC*

‘u:
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ﬁlsclce_HT " ﬁzScIR

(r+u)= ES (1+mol.)  E.* (1+ milg)
E,
(y+u+&+9)= ;
3P
-

> s (2 E - (& 25)]
Se S Se Sc

+|(E. - E.*) PiSclee™  PBoSclx /ilScIce‘”T . *ﬁZScIR
Ef(l+m01f3) EC(1+mlIR) Ec (1+MOIC) EC (1+7’}11[R)

o (= N0 (G- () [0 (- ()

av bh oR
2o l(se-sH| - (=S ) ——— (S, - S!
dt [( C)( S&Se ) SESe ( )):|

+—<EC—E:>( _BiSdee —E)—M—JR@—ED)]

| E*E. (1+mol,.) E*E. (1+myIy)

ol (g )|+ [t (5 01|

o[ (r- R)( )’IC = (R~ R))]
av bh oR 2 PiScIetT

~ = R Se-8F) - —22”  _(E.-E)’
dt ss( )scsc( ) EC*EC(1+mOI)( )
ﬁzSIR E *\2 )’c
———F————(E.-E})" - I.-1) - IR -1z)" - R-R”
“EE (o BB e 1) F (- ) - LE(R-R)?
A
dt

Hence, by LaSalle’s invariance principle, at C, system is globally asymptotically stable in the feasible
region Q. O

3 Stochastic Delayed Conjunctivitis Model

Now, the stochastic behavior of the system (1)-(5) is derived by the non-parametric perturbation
method for more realistic optimal outcomes. So, by non-parametric perturbation technique [23], the
system (1)-(5) becomes:
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i i
ds. = [bh - ﬁls—ce_”T - M—R - uS. + O'R] dt+ 01S.dB(t)
1+ mgylc 1+ mlg

S.I S.I
dE, = [he_ﬂ + /32—CR -(r+ y)EC] dt + 0,E.dB(t)
1+ myl, 1+ mlg

I.=[1E.— (y+pu+&+9)Ic]dt + o31.dB(t)
dlp = [fIC - ﬂIR] dt + O'4IRdB(t)
dR =[ylc — (u+ 0)R]dt + osRdB(t)

(31)

Given that S¢(0) > 0, Ec(0) > 0, Ic(0) > 0, Iz(0) > 0 and R(0) > 0, for all ¢ > 0 are the initial conditions,
T < t where T is the delay effect, 01, 0, 03, 04, 05 are the stochastic terms for each subdivision of the system,
and B(t) is the Brownian motion. The system (31) is non-integrable because of Brownian motion B(?).
Unique Global Positivity

To prove the system (31) of SDDEs, U(¢) = (S.(t), E.(t),1.(t),Ir(t), R(t)) not explode to infinity in
a finite time. For any given initial condition, the coefficient should satisfy both the local Lipschitz and linear
growth conditions.

The coefficient of the system (31) is locally Lipschitz (Theorem 5.2.8, [24]), but it has a linear growth
property. Thus, it can explode to infinity at a finite time. To prove a unique global solution, it is enough to
prove 7, = oo almost sure.

Theorem 9: For system (31) any given initial value (S.(0), E.(0),1.(0),Iz(0), R(0)) € R, there is a unique
solution (S.(t), Ec(t),1.(t), Ir(t), R(t)) on t > 0 and will remain in R} almost sure.

Proof: Since the coefficient of the system (31) is locally Lipschitz, a unique maximal local solution exists for
any given initial condition.

Suppose po > 0 be suitably outsized that any given initial condition lying within the interval [ﬁ, po].
Now, for each integer p > py, a sequence of local stopping times is defined as follows:

1
7 :inf{te [0,T6]1; > U, (t) 2p,f0rsomei=1,2,...,5}
Too :pli—>n;loTp =inf {t € [0,7.]:0> U; (t) > oo, for somei =1,2,...,5} (32)

inf ({}) = oo ({} is the empty set). 7, is an increasing sequence as p — oo. Then, 7o, < 7, a.5. T is
explosion time. To complete the proof, it is enough to show 7., = co almost sure.

Prove this result by contradiction, then there exists J > 0 and 9 € (0, 1) such that:

P{r<J}>9 (33)
This, there is an integer p; > po such that:

P{r,<J}>9Yp>p (34)

For any K such that K —1-log K > 0, a positive definite function can be defined as follows:
C’- function V: RS — R, can be defined by

V=(S-1-logS,)+(E.—1-1ogE;)+ (I, —1-1logI.) + (Ix —1-logIz) + (R-1-1logR)
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The following can be calculated using Ito’s formula:

av = (1= )as.+ (1= L) aro+ (1= L) ar+ (1- L) ane (1- L) ars 2o
Se E. I I R 2

R

=dV = (1 - i) [(bh - PiSelc e HT _ PaSclr —uS. + O'R) dt + 0,S.dB (t)]
1+ mgylc 1+ mlg

1- i) [(%e” + % -(t+uw) EC) dt+ 0,E.dB (t)]

) (B~ (y+ p+ £+ 8) Ic) dt + 03[ dB (1)]

- ) [(EL, - nlx) dt + 04IxdB ()]
+ (1 - E) [(yIc - (u+0)R)dt+osRdB(t)] + gazdt

— dV < (bh +4pu+T+y+E+S+n+o+ goz) dt + 0,S.dB(t) + 0,E.dB(t) + 051.dB(t)
+ 04IrdB (t) + 05RdB(t)

IfP=b,+4u+1+y+E+8+n+0+5/20% then the equation can be written as follows:

dV < Pdt + 01S.dB(t) + 0,E.dB(t) + 031.dB(t) + 04IrdB (t) + o0sRdB(t)

After integrating from 0 to 7, A j, where p is a positive constant, yields

AV (5c5), B (5) 1 (5), Tk (5), R (5))
< Tpf/\des

TpAj
+ 1 (01SedB (s) + 0EcdB (s) + 051.dB (s) + o4IrdB (s) + 0sRdB (s))
0

3447

(35)

Using the fact E(fot dB (s)) =0, where 7, A j = min (Tp, ]), integrating Eq. (35) and taking the expec-

tations, yields

EV (Sc(tp A j)s Ec(tp A §),Ic(tp A ) IR(Tp A ), R(Tp A ) = V (Sc(0), Ec(0),1c(0), Ir (0), R(0)) < PT
EV (Sc(tp A j), Ec(tp A §),Ic(tp A ) IR(Tp A ), R(Tp A ) < V (Sc(0), Ec(0),1(0), Iz (0),R(0)) + PT

Setv, = {1, <J} for p > p;, and from (34), then P(v,) > 9, for every h € v, there are some i such that

u;(vp, h) equals either p or % fori=1,2,3,4,5.

Hence, V (S:(tp A j),Ec(tp A j)Ic(tp A ) Ir(Tp A j),R(7p A §)) is less than min{p—l—lnp,

1 _q1_1nl
p 1 lnp}’

= V(8:(0),Ec (0),1c(0), 1 (0),R(0)) + PT > E (L, (1) V (Sc (7p)  Ec (7). Le (75) . I (75) . R (7))

>{min(p—1—lnp l—l—lnl)}
i P P

(36)
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The indicator function is represented by I,, () of v,. As, m — oo
V (S:(0),E.(0),1.(0),Ir(0),R(0)) + PT = o0

It tends to be a contradiction because
V (8:(0),E.(0),1.(0),Izr(0),R(0)) + PT < o0

here, 7o, = inf ({}) = 0. S0, To = coalmost sure. Therefore, the system (31) will explode to infinity in
infinite time. O

4 Numerical Procedure

This section presents the numerical competitive analysis for the stochastic delayed conjunctivitis
model (31) among three standard and one nonstandard method. In which for all » € N and H > 0 uniform
partition of the interval [0, H] of N sub-intervals, let us define step size h = % and t, = nh for all
nely, where Iy={0,1,2,...,N}. Initial condition S, (0)=0.2,E.(0)=0.4,1.(0)=0.1,1x(0) =

0., R(0) =0.2.

4.1 Transition Probabilities of the Model
IfU(t) = (S, Ec, Ie, Ir, R)', and the number of chances of an event is listed in Table 2:

Table 2: Transition probabilities of the model

T; = Transition P; = Probabilities
T,=[1 0 00 o] P, = by, At
e 1o o R (T S
T;=[-1 0 00 0] Py = uS At
T,=[1 0 00 -1] P, = 0RAt
Ts=[0 -1 10 o] Ps = 7E, At
Te=[0 -1 00 0] Pg = puE At
T,=[0 0 -10 1] P; = yIcAt
Ts=[0 0 -10 0] Py = ulcAt
To=[0 0 -1 0] Py = ElcAt
Tp=[0 0 -10 0] Py = SIcAt
Ty=[0 0 0-1 0] Py = nlgAt
Tp=[0 0 00 -1] Py, = uRAt
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The expectation and variance of the system (31) can be described as follows:

_ ﬂlScICe_MT _ ﬁ2ScIR

b - uS,+0R
" 1+m01c 1+ mlg Uoet @
12 BiScIce™*T  BiS.Ig
- E
Expectation = E* [AU] = ZPiTi = 1+ molc + 1+ mylg (t+u)E. At
=1 TE. - (y+u+&+0)Ic
EIC - WIR
i ylc—(u+0)R ]

12
Var = E*[AUAU" | = Y P[T][Ti]"
i=1

Iy I, 0 0 Is

Iy I, Iy 0 0
=0 Iy Iz I34 I35 |At

0 0 Iyz Iy O

Iy, 0 I3 0 Iss

Ii =P+ Py +P3+Py, Lip=-Py, Iis=-Py, Iy=-Py, Ipp=Py+Ps+Ps, Iz=-Ps5, I3 =-Ps,
I33=P5+P; +Pg+ Py + Py, I[34=-Py, I35=-P;, Iy3=-Pg, I44=Pyg+Py, I51=-Py, Is3=-P;
Is5 = P4 + Py + Pyp.

If Drift = H (U (), t) = =12%, Diffusion = K (U(t),t) = \/ E 1894 then

du (t) dB(t)
dt Cdt

=H((U(t),t) +K(U (1),t) (37)

Eq. (37) is the stochastic differential equation with initial condition S, (0) = 0.2,E. (0) = 0.4,1.(0) =
0.1,I (0) = 0.3, and non-integrable B(t) is the Brownian motion.

4.2 Euler-Maruyama Technique

In this technique, the weak order of convergence with weak order one under sufficient smoothness
property [25] is higher than the firm order of convergence with substantial order 0.5 under Lipschitz and
bounded growth properties on H and K of equation [26,27].

AU =H (U(t),t) At + K(U(t),t) AB, (38)

With initial condition U (#y) = Up. The random process AB,, is independent of distinct, discrete time
intervals with 0=ty < t; <t,... <ty = H with the standard normally distributed random process, i.e.,
AB, ~\/ty+1 — t,N(0,1). Where, At = t,,; — t, and AB,, = B,4,; — B, Vn e Iy.

4.3 Stochastic Euler Method

The stochastic Euler method can be formulated from the system (31) with given initial conditions
S:(0)=0.2,E.(0)=0.4,1. (0) =0.1,Ig (0) = 0.1, R(0) = 0.2 as follows:
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_BiSiIze T RSty

Sttt =8I +h [bh —pSE +oR" + Uls?ABn]

1+ mgl" 1+ mI}
snn -uT st
gt =g | BSCIee L PS (yypny ,EraB,
1+ moI? 1+ mllg (39)

I =T+ h[1E! = (y+ u+ &+ O)I + 03I AB, ]
I = 10+ h[ED" — It + 0,1 AB,,
R"™1 =R"+ h [)/I? _ ([4 + 0—) R™ + O'SR”ABH]

where, n=0,1,2,...,N and AB,, = B,,.; — B,Vn € Iy is a standard normally distributed random process,

i.e., ABy ~ /Fnr1 — InN(0,1).

4.4 Stochastic Runge-Kutta Method

The stochastic Runge-Kutta method of order four can be derived from the system (31) with given initial
condition S, (0) = 0.2,E.(0) =0.4,1.(0) =0.1, Iz (0) = 0.1, R(0) = 0.2 as follows:

Stage 1
Piselie  BaSiIy
1+ myl? 1+mly

o[BSt gty
1+ 1’}’10[? 1+1’Yl11£

ki=h [bh —uS!' + oR" + alszB,,]

- (t+p)Er+ O'ZE?AB,,]
my=h[tE" — (y+pu+ &+ 8)I" + 031" AB, ]

m = h[&I! -yl + 043 AB, ]

pr=h[yl! —(u+0)R"+05R"AB,|

Stage 2
B ) (e A )
ko=h|by - p - " —,u(Sf+—1)+0(R”+—1)+01(Sf+—1)AB,,
1+ mo IZ’+71 1+m1(1}’§+?1 2 2 2
B SZ’+& s M) et g, SZ’+& n+
2 2 2 2 h kL
L=h . —(T+y)(Ef+f)+az(Ef+f)AB,,
1+m0(1’3+%) 1+m1(1;+%) 2 2

m2:h[T(EZ’+%)—(y+y+E+6)(If+%)+a3(lf+%)ABn:|

n m n n n n
nZ:h[E(IC +71)—11(IR+?1)+04(IR+31)AB”]

pz:h[y(1?+%)—(y+a)(R”+%)+cfs(R”+%)AB,,]
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Stage 3
A (Sf i %) (I? i H;Z)eiﬂ P (S? i %) (Iﬁ i %) k> D2 k,
ks=h|b, - - —ulSi+—=)+0 R’1+—)+01(S?+—)AB,1
my ny 2 2
1+m0(1?+7) 1+M1(I§+7)
ﬁl(S?Jr%)(I:Jrn;Z)e_ﬂ [32(8?+%)(I}2+%) l 1
L=h 4 e (B2 +02(E3:+£)A3n
1+m (I”+m2) 1+m (I”+n2) 2 2
olle +— (g + =
2 2

m3=h[T(E?+%2)—(y+y+£+8)([f+%)+o~3(1?+%)AB,1]
n m n n n n
m:h[f([c+72)711(IR+?2)+04(1R+72)AB,,]

p3:h[y(Ij'Jr%)—(‘uﬂr)(R"+%)+05(R"+%)AB,1]

Stage 4
Pi (S +ks) (1L +ms) e Bo(S{ + ks) (I + 1) ]
ki=h|b, - - —u(S?"+ks)+o(R"+ +01(S” + k3)AB,
! [ " 1+ mg (I + m3) 1+ my (It +n3) u(Se +ka) + o ps) - o(Se+ks)
Bu(SE +ks) (I +m3)e ™ Ba(SE+ ks) (I + )
- - E"+1 E" + 13)AB,
b h[ 1+ mo(I? + mj3) " 1+ m (I +n3) (v ) (B + 1)+ 02(Ee + )

my=h[t(El +1) - (y+u+&+8)(I7 + m3) + o5(I' + m3)AB, ]

ng = h[E(I? +m3) — n(If + n3) + 04(Ix + n3)AB, ]

pa=hly(I} +m3) = (u+0) (R" +p3) +05(R" + p3)AB, ]
Final stage
SIH = 8P+ 2 (ky + 2ky + 2k; + ky)
EI'=El'+ t(h+2L + 2L+ 1y)
I?+1:I?+%(m1+2m2+2m3+m4) (40)

n+l _ yn 1
IR —IR+E(1’11+21’12+21’13+1’14)

Rn+1 =R" + é(Pl + 2P2 + 2p3 +p4)

where, n =0,1,2,...,N and AB,, = B,4; — B, Vn € Iy is a standard normally distributed random process,

i.e, AB, ~ \/tn+1 — t.N(0,1).

4.5 Stochastic Nonstandard Finite Difference Method

The proposed stochastic NSFD method [28,29] of the non-parametric perturbation stochastic sys-
tem (31) can be expressed in the following manner, with given initial condition S.(0) =0.2,E.(0) =
0.4,1, (0) = 0.1, Iz (0) = 0.1, R (0) = 0.2.

SE-SE RSt posit

—uS" + 6R" + 0,S" AB
h Y e melr TemIn 6 12 20
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S!+ ¢ (h) (b, +0R"+0S!AB,)

Sn+1 — (41)
Cc n —‘uT I}’l
1+ ¢ (h) Pilce + Polk +u
1+ moI? 1+ mllﬁ
Similarly,
nyn ,—uT snn
Eg+¢(h)(ﬂls‘f[ce o PScl +02E?A3n)
prl _ 1+ mol™ 1+ myl} (42)
© 1+ ¢ (h)(t+u)
1+ ¢(h)(y+ru+E+9)
e i 9 () (817 + 0 13AB,) )
: 1+¢ (h) 7
oot R+ 9 (W) 12 + 0sR"AB,) s
1+ ¢ (h)(u+o0)

where, ¢ (h) =1- e " and “h” is any time step sizeand n =0,1,2,...,Nand AB, =B,;; - B, Vnelyisa
standard normally distributed random process, i.e., AB,, ~ \/t,41 — t,N(0,1).

4.6 Essential Properties for the Stochastic NSFD

It is important to check the essential properties of the proposed discrete system derived from the
continuous stochastic delayed conjunctivitis system (31).

Theorem 10: For any given initial value ( S!(0),E"(0),17(0),13(0),R"(0)) € R}, Egs. (41)-(45) have a
unique positive solution ( SI'(t), E'(t),I7(t), I4(t), R"(t)) € R} onn > 0.
Proof: The proof is straightforward because the constraint of biological problems is non-negative. O
Theorem 11: The region T ={(S(t),Er(t),I"(t),I5(t),R"(t)) € R3:S! >0,E! >0,I" > 0,14 >0,
R">0,S! +E! +I" + Iz +R" < %"}for all, n > 0 is a positive invariant feasible region for Eqs. (41)-(45).
Proof: Prove this result by mathematical induction on ‘n. Case I is obvious.

Now for case-II

If the result is true for any n € Iy,

b, .
:»N":s;’+E?+1§+1;;+R"g7 @)

The system (41)-(45) can be decomposed as follows:

S-St by - BiSiIze T By
h 1+ moI? 1+ mlll’;

—uS!+oR" + 01S! AB,,

B B piStzetT RSty

—(t+u)E" + 0,E"AB
h 1+ mol" 1+mly (7 +u)E + 2B AB,

n+l n
Ic _Ic

p =71E! —(y+u+&+98)I" + 03I’ AB,
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n+1 n
IR B IR

p = &I — nly + 04 IR AB,

Rn+1 —R"
h

These equations are added by supposing non-perturbation is zero.

=yI! = (u+0)R" +0sR"AB,

(SI'+EM 4 I I+ R™ ) —(SE+EV +10 +T3+R™)

h
= by —uS; — pE; — plf = 817 — nlp — pR"

NrH—l — N"
h

By Eq. (i) and suppose 1 = p,

<bp - uS; — pE; — ul; —nly — uR"

NVH-I —_ N"

0 <b,-u(S!+E'+I'+Ix+R")

N"*' < hbj, — huN"™ + N"

N™1 < hy — 't 4 O
L
Nl’l+1 < b_
4

By mathematical induction, the result is valid for the proposed NSFD method and hence is bounded
foralln > 0.0

4.7 Consistency Analysis of Stochastic Nonstandard Finite Difference (NSFD)

Theorem 12: The equilibria for the stochastic proposed nonstandard system (41)-(45) are the same for any n > 0
in discrete and continuous dynamical systems.

Proof: By solving the system (41)-(45), and AB, = 0.

Conjunctivitis free equilibrium (CFE) = C," = (Sfl, E™ Iﬁl, R"l) = (%’“, 0,0,0, 0),

c>%c >

Conjunctivitis present equilibrium (CPE) = C," = (8", E!2, I"?, I, R"?),

I (bh +0R"2) (1+m01f2) (1+m1[}’§2)

© O BuIm2e T (T myI32) + Boli2 (14 moIr2) + p (1+ moI?2) (14 myI7?)

n2
c

ﬂls?ZI?Ze—MT (1 + mllﬁz) + ﬂzS?ZIZZ (1 + mOI?Z)

(1+ moIr?) (1 + mllﬁz) (t+u)

n2
In2 — ROI‘(“’/‘)EZIZ In2 — EIC Rn2 - 71?2
c Bibne#T 1R ) (uro)"

O

Theorem 13: The deterministic form of the stochastic nonstandard computational system (41)-(45) is stable if
the eigenvalue lies in the unit circle Vn > 0 [30].
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Proof: The system (41)-(45), and AB,, = 0, is as follows:
—uT
Ec " h ﬁlsclce " ﬁZScIR
1+ mgl, 1+ mylg 3 IC+hTEC
1+h(t+u) T 1+ h(y+u+E+0)

Sc + h(b, + oR)

1+ hﬁ][ce_‘“T + hﬁzIR
1+ mOIC 1+ mIIR
I + hél. P R+ hyl,

1+hy >~ 1+h(u+o0)
The Jacobian of the above equations:

+hy

where
I Bilce #T N BaIr
JdA _ 1 0B _ 1+ mgl, 1+ mylg
S, - hpBI.e #T N hBaly h#’ S, 1+h(t+p)
1+ myl, 1+ mlg
JA  0JB 1
0E, OE. 1+h(t+p)
a_A _ (S + hby, + haR)h[Sle‘”T 8_B B hﬁISCe‘”T
oI, 4T 29I (1+ht+hyp) 1+ mol, )
(1+mOIc)2 (1+ hpil.e N hBsIx +hy) (I+ht+hy) (1+mol,)
1+ mgl, 1+ mlg

B_A B —(S¢ + hb, + haR)hf, 8_B _ hf,S.
ol T 0Ir  (1+ht+hu) (1+ mlg)’

R (1+ mIp)* (1+ hpil.e N hB> IR +h”) R ( T+ hu) (1+mlg)

1+ molc 1+ mllR
0A ho JB 0 JoF 0
EY —‘MT s =~ — U, ——— =
JdR L+ hpiI.e N hpB,Ir o JR dS.
1+ mgl, 1+ mylg

JaC a_D 0 oF o
oS, 0S. OE.
oC ht oD oF hy

a_EC:1+h(y+y+E+8)’a_EC: ’a_lczl+h(y+a)

A R S S
oI, 1+h(y+u+&+68) 0. 1+hy oIy

ac_ b 1 oF_ 1
olg olg 1+hy OR 1+h(u+o0)
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oC oD

_ = ’—:0
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(46)
A= ﬁ <LA, = m < 1. The remaining eigenvalues of (46) can be obtained by the characteristic
equation.
/\3 + Bl/lz + BzA + B3 =0 (47)

All remaining eigenvalues lie within the unit circle as depicted in Fig. 2 by representing Fq. (47) using
the parameter values provided in Table 1. Since the largest eigenvalue is shown to be less than one, it follows
that the rest are also less than one, which confirms the system’s stability. O
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Figure 2: The spectral radius of the Jacobian matrix of the proposed nonstandard computational method at the
conjunctivitis-free equilibrium (CFE) is less than one for a discrete time step size [0, 100]

Finally, the delayed nonstandard finite difference system driven by the system (41)-(45) is uncondition-
ally asymptotically convergent to its equilibrium states for any step size.
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5 Results

This section presents the comparative numerical analysis of the considered standard schemes with
a proposed nonstandard finite difference scheme and deterministic simulations by MATLAB. For a
conjunctivitis-free state, b, = 0.05, u = 0.05, B = 2.081, 3, =2.092, 0 = 0.45, 7= 0.112, £ = 0.3,y = 0.142,0 =
0.21, # =0.05, my = 0.01, m; =0.02, 0< 0; <1,i =1,2,3,4,5 and they give Ry < 1. For the conjunctivitis
present state, b, = 0.05, p = 0.05, 31 = 5.081; 5, =5.092, 0 = 0.45, 7=0.112, £ = 0.3,y = 0.142, § = 0.21, 51 =
0.05, my = 0.01, m; =0.02,0< 0; <1,i=1,2,3,4,5 gives Ry > 1 and these parameter values taken from [1],
and some minor changes in some values, and use one of the assumptions that the death and birth rates are the
same for these simulations. Only the proposed nonstandard finite difference scheme satisfies the theoretical
dynamic and continuous study.

6 Discussion

In the present study, the necessary dynamical properties like positivity, boundedness, uniqueness,
and the existence of a conjunctivitis delayed model are studied. For small step size, Fig. 3a,c,c shows
infected individuals converge to the actual endemic state, and after an increase in step size, Fig. 3b,d,f,
all considered standard schemes, is inconsistent and refuses to comply with fundamental properties. In
addition, the deterministic solution is the expected solution of the stochastic proposed nonstandard finite
difference, which preserves all dynamic properties and a consistent scheme at any time step size. As the
delay in the model increases, susceptibility exponentially rises and leads to the disease dying out from the
system. Fig. 4a indicates that as the artificial delay in the model increases, the number of infected individuals
decreases exponentially and, after some delay, converges to zero, and the disease dies out of the system. In
contrast, Fig. 4b, in the same manner, presents an increase in the number of susceptible individuals and vice
versa. Fig. 5 reveals that if T > 0.3, the reproductive number (R,) becomes less than one, the system changes
its behavior and becomes a Conjunctivitis Free Equilibrium (CFE). The asymptotic convergence behavior of
the model around the derived equilibrium states is proved under the constraints on the reproductive number.
The stochastic delayed model is derived from the non-parametric perturbation technique and proves its
unique global positivity. For the proposed stochastic nonstandard finite difference scheme, dynamical and
consistency analyses are done because the proposed discrete model gives approximated solutions, and the
remaining considered schemes are classical and standard, and they depend on the time step size and have
limitations on the dynamical properties. After numerical analysis of the stochastic conjunctivitis delayed
model, only the stochastic proposed nonstandard finite difference (NSFD) scheme is consistent. It follows
all dynamical properties, and all other considered standard schemes are stable and convergent around their
defined equilibrium states, conditionally. Hence, the authors recommend the stochastic nonstandard finite
difference scheme for any stochastic delayed epidemic model. Lastly, delaying strategies are an efficient way
to control the strain of diseases. Positivity Violation in Standard Schemes: The loss of positivity under
standard stochastic numerical schemes is investigated by running 100 Monte Carlo simulations for each
method and recording the proportion of simulations in which any of the state variables (S.E.I.Z.R) became
negative. For h = 0.05, then: Euler-Maruyama: 27% of runs violated positivity, Stochastic Euler: 31% of
runs violated positivity, Stochastic Runge-Kutta: 19% of runs violated positivity and Proposed NSFD: 0%
violation (fully positive trajectories).
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Figure 3: (a) Euler Maruyama scheme for infected individuals converges to the true endemic state for small step size h
= 0.01. (b) Euler Maruyama scheme disobeys positivity for large step size h = 1. (¢) Stochastic Euler scheme for infected
individuals converges to the true CPE for small time step size & = 0.01. (d) For larger time step sizes like & = 2, Stochastic
Euler loses positivity of the model. (e) Stochastic Runge Kutta method converges at h = 0.01 (f) Stochastic Runge Kutta

produces negativity at h = 2



3458 Comput Model Eng Sci. 2025;144(3)

Stochastic NSFD Method-Comparison of Effect of delay Stochastic NSFD Method-Comparison of Effect of delay

m—T=0.5
—T=0.7
m—T=0.8

T=0.9
—T=1.0

°

IS

i
T
L

o
»
N

o
IS

o
w
©

o
w
&

0.3 .

Individuals Infected with Conjunctivitis
Individuals Susceptible to Conjunctivitis

o
w
X

o
w
N

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (days), h=100 Time (days), h=100

(a) (b)

Figure 4: (a) Infected individuals decrease by increasing the delay for any step size. (b) For any step size, susceptible
individuals increase whenever the delay increases

Effect of T on R0 of delayed model
12 T T T T T T T T

Figure5: Almost after a three-day delay, the system changes its behavior and becomes a Conjunctivitis Free Equilibrium
(CFE)

7 Conclusion

This study develops and analyzes a stochastic delay differential equation model to investigate the
transmission dynamics of conjunctivitis. The model incorporates both direct and indirect transmission
pathways and includes an artificial exponential delay to assess the impact of intervention strategies on
disease progression. This research establishes key mathematical properties of the model, including positivity,
boundedness, and the existence and uniqueness of global solutions. Stability analysis is performed around
both disease-free and endemic equilibrium states under the constraint of the basic reproduction number.
A novel stochastic nonstandard finite difference (NSFD) scheme is proposed, which demonstrates strong
consistency with theoretical results and preserves the system’s dynamic properties across a range of time
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step sizes. Extensive numerical simulations indicate that artificial delay effectively reduces the number of
infected individuals and promotes disease eradication, highlighting its potential as a viable public health
intervention strategy. Comparison to standard numerical schemes reveals that the proposed NSFD method
offers improved stability, positivity, and convergence. This study contributes a mathematically rigorous
and computationally reliable framework for understanding and controlling conjunctivitis outbreaks using
stochastic modeling with delay effects. The findings support the inclusion of artificial delays in epidemic
models to reflect real-world disease mitigation efforts. In the future, this work could be improved by using
quantum computing methods to make epidemic simulations faster and more efficient. This could allow
real-time analysis and better optimization of complex disease models, especially when working with large
amounts of data or uncertain situations.
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