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ABSTRACT: Variable-fidelity (VF) surrogate models have received increasing attention in engineering design opti-
mization as they can approximate expensive high-fidelity (HF) simulations with reduced computational power. A
key challenge to building a VF model is devising an adaptive model updating strategy that jointly selects additional
low-fidelity (LF) and/or HF samples. The additional samples must enhance the model accuracy while maximizing
the computational efficiency. We propose ISMA-VFEE], a global optimization framework that integrates an Improved
Slime-Mould Algorithm (ISMA) and a Variable-Fidelity Expected Extension Improvement (VFEEI) learning function
to construct a VF surrogate model efficiently. First, A cost-aware VFEEI function guides the adaptive LF/HF sampling by
explicitly incorporating evaluation cost and existing sample proximity. Second, ISMA is employed to solve the resulting
non-convex optimization problem and identify global optimal infill points for model enhancement. The efficacy of
ISMA-VEEEI is demonstrated through six numerical benchmarks and one real-world engineering case study. The
engineering case study of a high-speed railway Electric Multiple Unit (EMU), the optimization objective of a sanding
device attained a minimum value of 1.546 using only 20 HF evaluations, outperforming all the compared methods.

KEYWORDS: Global optimization; kriging; variable-fidelity model; slime mould algorithm; expected improvement

1 Introduction

Surrogate models, also known as metamodels, are widely used in the field of engineering design
optimization. These models can be taken as an alternative to experimental processes or simulation models,
which can save significant computational cost. The surrogate models are constructed from a finite amount of
simulation data and are represented in a compact form consisting of elementary functions and are, therefore,
faster to evaluate [1]. In system modelling, a variety of nonlinear and complex structures exist beyond the
linear paradigm, including neural networks (NN), Hammerstein, Wiener [2], parallel cascade [3] and other
architectures. These representations can capture nonlinearities and intricate dynamics far more effectively.
Neural networks, for instance, offer powerful universal-approximation capabilities, accommodating highly
nonlinear and ambiguous relationships. Hammerstein and Wiener models combine static nonlinear blocks
with dynamic linear elements, yielding flexible yet tractable frameworks for nonlinear systems. Nonetheless,
traditional surrogate models—such as linear or simplified nonlinear surrogates—retain decisive advantages:
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low computational cost, parsimonious parameterization, and, in many applications, adequate fidelity. Con-
sequently, surrogates are widely exploited to analyse and optimize simulation-based models whose direct
evaluation is prohibitively expensive. Today, surrogate modelling spans applications from multidisciplinary
design optimization to the reduction of analysis time and the enhancement of the tractability of complex
analysis codes [4].

In order to reduce computational cost, variable-fidelity (VF, also known as multifidelity) surrogate
methods leveraging both LF and HF samples are widely studied. Generally, VF surrogate methods are divided
into three types. The first is the correction-based method, where a scaling function is used to characterize
the ratio of HF and LF response values [5]. The scaling function can be multiplicative [6], additive [7], or
hybrid [8]. The second is the spatial mapping-based method, where the LF samples can be transformed to the
HF samples with the mapping function for a high-quality surrogate model [9]. The third is the VF Kriging
method, where the typical method is the co-Kriging method. In the co-Kriging method, a mapping function
is constructed by building a covariance matrix between the LF function and HF function [10]. Compared
with Co-Kriging, the Hierarchical Kriging [11] structure can avoid calculating the covariance matrix but has
higher accuracy in predicting the trend of the high-confidence function.

Surrogate models are essential in design optimization for significantly reducing the computational
expense of evaluating objective functions, thereby playing a critical role in surrogate-based optimization
frameworks. Recent research has seen considerable advancements in innovative methods aimed at enhancing
the performance of these models. For instance, Huang et al. [12] developed a sequential Co-Kriging
optimization method using an Augmented Expected Improvement (AEI) criterion to strategically select both
sampling locations and fidelity levels. Similarly, Xiong et al. [13] proposed a model fusion technique based
on Bayesian—Gaussian process modeling to improve prediction accuracy. To achieve balanced sampling
efficiency across multiple fidelity levels, Zhang et al. [14] introduced a variable-fidelity expected improvement
(VE-EI) method that adaptively selects new samples from both low- and high-fidelity sources. Further
contributions include a sequential optimization framework by Liu et al. [15], which employs augmented
collaborative Kriging to explore the impact of inter-model data correlations on hyperparameter estimation.
Han et al. [16] addressed multi-fidelity integration through a variable-fidelity optimization approach that
combines a multi-level hierarchical Kriging (MHK) model with the expected improvement criterion. In
applied engineering contexts, Jiang et al. [17] proposed a variable-fidelity lower confidence bound (VE-
LCB) method and demonstrated its efficacy in the design optimization of micro-aerial vehicle fuselages. For
computationally intensive CFD simulations involving adaptive mesh refinement, Serani et al. [18] devised
four adaptive sampling strategies founded on stochastic radial basis function (RBF) multi-fidelity metamod-
els. To tackle high-cost multimodal optimization problems, Yi et al. [19] developed a multi-fidelity RBF
surrogate-based optimization framework (MRSO). Expanding the range of surrogate modeling techniques,
Shietal. [20] presented a novel multi-fidelity model based on support vector regression. In reliability analysis,
He et al. [21] introduced a sequential optimization strategy incorporating variable-fidelity surrogates for
failure assessment. With the aim of optimizing the distribution of high- and low-fidelity samples, Guo
et al. [22] proposed a new infilling criterion named Filter-GEI to better balance computational cost and
accuracy. Cheng et al. [23] formulated a variable-fidelity constrained lower confidence bound (VF-CLCB)
criterion integrated with an adaptive mechanism for identifying elite sample points. For expensive black-box
problems, Ruan et al. [24] put forward a variable-fidelity probability of improvement (VF-PI) approach. Liu
etal. [25] constructed a multi-fidelity radial basis function model (MMES) that adaptively determines scaling
factors to leverage multi-fidelity information. Li and Dong [26] proposed a modified trust-region assisted
variable-fidelity optimization (MTR-VFO) framework, substantially improving optimization efficiency for
computationally demanding engineering designs. In the context of aerodynamic shape optimization, Tao
et al. [27] established a data-driven framework based on a multi-fidelity convolutional neural network
(MFCNN), which incorporates optimal solutions from prior cycles as new high-fidelity samples and
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uses a low-fidelity infilling strategy guided by maximum minimum Euclidean distance. Zhang et al. [28]
introduced an information-theoretic acquisition function that balances information acquisition for the
current optimization task and knowledge transfer for future tasks in multi-fidelity black-box optimization.
Together, these studies contribute to the ongoing refinement of surrogate-based optimization, with a unified
emphasis on improving adaptive updating strategies for surrogate models.

In optimization methods based on surrogate models, another key factor is the selection of the opti-
mization method. During the optimization process, the algorithm is used to optimize the sampling criteria.
Different optimization algorithms will ultimately result in different locations of the sampling points. This, in
turn, directly affects the performance of global optimization. Jariego Pérez and Garrido Merchan [29] applied
the grid search algorithm and the limited memory Broyden-Fletcher-Goldfarb-Shanno (LBFGS) algorithm
to the optimization of the acquisition function, and also extended it to the hyperparameter optimization of
surrogate models. Vincent and Jidesh [30] employed evolutionary algorithms such as differential evolution,
genetic algorithms, and evolutionary strategies to maximize the expected improvement (EI) and compared
the performance of Bayesian optimization. It can be concluded that intelligent optimization algorithms play
an important role in maximizing the acquisition function. In this study, we adopt the slime mold algorithm
(SMA) [31] as the main optimization method, primarily based on its excellent nature-inspired characteristics
and global search ability. Compared with traditional optimization techniques, the slime mold algorithm has a
strong global search capability, which can effectively avoid falling into local optima and is particularly suitable
for complex, multi-modal, and multi-constrained optimization problems. Since its inception, SMA has been
successfully applied to a wide range of engineering problems. Ajiboye et al. [32] optimized the operational
strategy of hybrid renewable energy systems using a modified SMA, improving both cost and reliability. In
the field of power systems, Zhu et al. [33] extended SMA to handle multi-objective structural optimization
problems about a parallel hybrid power system. Singh [34] demonstrated the effectiveness of an enhanced
SMA in solving the economic load dispatch (ELD) problem. In structural optimization, Wu et al. [35] applied
an improved SMA with Lévy flight to optimize truss structures, achieving effective weight minimization
under complex constraints. Devarajah et al. [36] proposed an enhanced slime mould algorithm (ESMA) for
identifying the solar cells’ parameters for five photovoltaic (PV) models, making two modifications to the
original SMA.

Collectively, these studies highlight SMA’s versatility and effectiveness in solving complex, real-world
engineering problems and demonstrate its potential for further development and hybridization to meet
emerging optimization challenges. Therefore, in this study, we employ the SMA as the method for optimizing
the acquisition function.

Even though there are many studies on the VF surrogate models, the sample updating strategy and
efficiency improvement are still challenges. In this paper, a new VF surrogate modelling method based on
the global optimization method is proposed. The contributions of the paper can be summarized as

(1)  Anadvanced variable-fidelity extension expected improvement (VFEEI) function is built to adaptively
select new samples from LF and HF functions while considering the cost as well as the sample distance
between the LF and HF samples.

(2) A new global optimization framework based on a high-fidelity surrogate model is constructed.

(3) An improved slime mould algorithm (ISMA) is proposed to search for the optimal solution of
sample updating.

The rest of the paper is organized as follows. The hierarchical Kriging method is briefly introduced
in Section 2. The proposed VF surrogate model based on the ISMA and an advanced variable-fidelity
extension expectation improvement (VFEEI) will be elaborated in Section 3. The proposed method will be
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illustrated and validated by several numerical examples and engineering cases in Section 4. Followed by
conclusions in Section 5.

2 A Brief Review of Hierarchical Kriging

The Hierarchical Kriging model [11,37] can be built with two or more layers. Taking the two-layer
model as an example, the first Kriging model y, is built on the LF sample dataset (S, y,), which j, is
used to describe the global trend. Based on the model j,, the HF sample dataset (S;, y;) is employed to
improve the modelling accuracy. The LF samples are usually obtained from simulations, while HF samples
are from physical experiments or higher accurate simulations. But both LF and HF samples should have
relatively high simulation accuracy from the aspect of engineering practices. Otherwise, the simulated
samples are meaningless.

For the LF data, the primary function is to construct a low-fidelity surrogate model that can approximate
the fitting trend of a high-fidelity model at a reduced computational cost. For the HF data, the main function
is to build a high-fidelity model capable of fitting high-precision approximations by enhancing the accuracy
of the model. Basically, a better balance among accuracy, efficiency, and computational cost can be achieved
by combining the LF and HF data during the modelling process.

The corresponding low-fidelity Kriging model needs to be developed first, and the low-fidelity model
can be expressed as

Yi¢(x) = Bois+Zif(x) ey

where f is an unknown constant to be determined and Zjs (x) is a smooth Gaussian stochastic process.

An LF approximation model is built based on LF samples(Sj, ys,1¢). The prediction for an arbitrary
untested point x can be written as

91 (x) = Bouss + 17 (%) Ry (Veur — BoacE) ()

where B = (ETRI}IE)_1 E"R; y, ir after LF samples are implemented, Ry is a ¢ x njr dimensional matrix
representing the correlation between observations, njsis the number of low-fidelity samples, E is a ny¢
dimensional vector with all elements being 1, and rj¢ is the correlation vector between the training and
prediction samples.

The Hierarchical Kriging model is expressed as
Y (x) = Bogie (x) +Z (x) (3)

where f3 is used as the global trend function and Z (x) is a Gaussian stochastic process with mean 0, whose
covariance is expressed as

Cov[Z(x),Z(x")] = 0*R(x,x") (4)

where o is the process variance of Z (x) and R (x, x") is the spatial correlation function.

The predicted values of the Hierarchical Kriging model are expressed as [38]
J(x) = Boue (x) +r'R™" (y5 — BoF) (5)

-1
where g = (FTR_lF) FIR™y, nys is the number of HF samples, F is a n,¢ dimensional vector with all
elements being 1, and R is the correlation matrix between the HF training points.
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3 The Proposed ISMA-VFEEI Method
3.1 The Proposed VFEEI Function

Currently, there are several methods to build the surrogate model from one kind of fidelity samples
based on the efficient global optimization (EGO) [38,39] method. In multi-fidelity settings, a key challenge is
to select the new samples, specifically which new samples to include and determining their respective fidelity
sources. In order to adaptively allocate computational resources to the HF or LF model during iterative
optimization based on the existing model information, the new index VFEEI is defined as

VFEEI (x,1) = EEI (x,1) x CR(I) x d (x,1) (6)

where EEI (x, I) represents the expanded EI function, CR (1) represents the cost ratio and d (x, I) represents
the sample distance function.

In Hierarchical Kriging, f, is represented as the global trend coefficient, and the variable fidelity
prediction error function can be calculated by

| Bosie(x), 1=1
s(x,l)—{ Sl(fx), s (7)

where [ represents the fidelity level, / = 1 represents the low-fidelity level, I = 2 represents the high-fidelity
level, sj¢ (x)represents the prediction standard deviation of the low-fidelity model, and s (x) represents the
prediction standard deviation of the high-fidelity model.

Correspondingly, the expressions of the variable fidelity minimum value yni, (x, ) and the variable
fidelity predicted response value y (x, I) are provided by

_ yminlf(x)) I=1
Yoin (1) = { Ymin (%), =2 ®)
\ o (x), I=1
J’(x>l)—{ )A/(X), l=2 (9)

where yminie (x) represents the minimum value of the low-fidelity model, yyin (x) represents the minimum
value of the high-fidelity model, ji¢ (x) represents the predicted response value of the low-fidelity model,
and y (x) represents the predicted response value of the high-fidelity model.

Then the expression of EEI (x,[)is

(Fmvin (2,1) = (0, 1)) @ ( LonlxDileD))
EEI (X l) = ymm(x,l)—j/(x,l) S(x)l) N (x, Z) >0
b)) = +s(x,l)<P(T),

0, s(x,1)<0

(10)

where CR (1) is defined as the ratio of the computational cost of response evaluation between the HF model
and the Ith fidelity model. It indicates how many times a Ith fidelity model can be evaluated for the same
computational cost as evaluating an HF model. Its specific expression is

Ch, the HF model

CR(l) = { Cy, the Ith fidelity model (11)

where Cj, represents the computational cost of response assessment for the HF model and C; represents the
computational cost of response assessment for the I/th fidelity model.
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The sample distance function is developed to prevent the occurrence of overfitting due to overly dense
samples. This function describes the relative distance between sample points and is expressed as

d(x,l):min‘x—x”,i:l,Z,w-,nl (12)

where n; denotes the number of samples in the Ith fidelity model and x! denotes the i-th training sample
of the Ith fidelity model. As shown in Eq. (12), the sample distance function is defined as the minimum
distance between the new sample and the observed samples. When the samples are densely distributed in
an observation region, the sample distance function value will increase. Therefore, maximizing the VFEEI
can effectively suppress the resampling of samples. When the sample distance is too small or when samples
are repeated, the matrix constructed from these samples may become singular, which in turn degrades the
prediction performance of the surrogate model.

The new sampling points and fidelity level can be achieved by maximizing the VFEEI function with the
following expression

x,1 =argminVFEEI (x,1) (13)

3.2 The Improved Slime Mould Algorithm

In the flowchart of the proposed method, the optimization should be conducted for the acquisition of
updated samples and the globally optimal solution of the black-box function. Despite the robust performance
in various engineering applications, the original slime-mould algorithm (SMA) exhibits several limitations.
First, while SMA has a strong global search ability, it may lack sufficient local search precision in the
optimization of certain high-dimensional or multi-modal functions. This leads to a decrease in the algo-
rithm’s accuracy when approaching the optimal solution. Second, the search behavior of the original SMA
is relatively monotonous and lacks an adaptive mechanism, which may result in an unsatisfactory balance
between exploration and exploitation in specific optimization problems, thereby affecting the quality of the
final solution. Therefore, although the original SMA has strong application potential, the probability of falling
into local optimal solutions is relatively high. To address this, an opposition-based learning mechanism
combined with Cauchy mutation is introduced to enhance the global search capability.

From the perspective of the slime mold position update mechanism, in the standard SMA, the position
update rule of the slime mold is determined by the relationship between r and p. When r < p, the position
update of the slime mold is determined by the positions of the current optimal individual and two random
individuals. In this case, the slime mold exhibits random exploration around the current best position.
However, such purposeless random exploration can also slow down the initial convergence speed of SMA.
As the number of iterations increases, the slime mold population will converge towards the current best
position, making SMA highly vulnerable to falling into local optima when solving functions with multiple
local optima. When r > p, the position update of the slime mold is determined by the convergence factor v,
and the slime mold individual’s own position. As the number of iterations increases, v, linearly converges
from 1to 0, causing the slime mold population to converge towards the origin. This type of position update
is not conducive to the optimization of functions whose optimal solutions are not at the origin. When
optimizing such functions, the solution accuracy of standard SMA is relatively poor.

To address these issues, we have improved the position update behavior and the weight coefficients,
enabling the algorithm to automatically update parameters and weight coefficients based on the number of
iterations. This modification allows the algorithm to focus on global search in the early stages of optimization
and to shift towards local exploitation in the later stages. Additionally, we have incorporated randomly
selected individuals into the position update formula, which facilitates the escape of the best individual from
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local optima. The formula for updating the position of the slime moulds during the food discovery phase
can be expressed by

X(t4+1) { Koo (VX)X (0) £ (WX () Ka (D). < »

4t

2.5

20t
1+ e_z(fmaxﬂ‘)
random value in the interval [0, 1], X}, (¢) is the current best position obtained, X4 (t) and Xj (t) are two

2
where vy, = [-a,a], vc=e (fmax) ,a=25- , p=tanh|S (i) - Fp|,i€1,2,---,N, r is the

randomly selected individuals, v}, is the control parameter, v, is the adaptive adjustable feedback factor, ¢
represents the current number of iterations, t,,y represents the maximum number of iterations, r represents
the current position, p is the selection switch, S (i) is the population after sorting, Fp, is the best value among
all iterations. W is the weight

F, - j 1 -1
1+r-log(b—s(l)+1), isNT++N cos(’”)

Fy — Fy 2 fnas
W (Smelllndex (i)) = (15)
F, - S (i)
l1-r-log| ——=+1], else
Fb - Fw
Smelllndex = sort (S) (16)

where F;, denotes the best adaptation value during the current iteration, F,, denotes the worst adaptation
value during the current iteration, and Smelllndex denotes the ranking of the adaptation values.

The slime moulds also split a portion of their search with random exploration. Then the location of
slime moulds can be updated by

r-(By—By) + By, r<z (17a)
X(t+1) =1 Xp(t)+vp-(W-Xp(t)-Xa (1)) +(W-Xp (t) - Xp(t))), r2z,r<p (17b)
ve- X (1), r>z,r>p (17¢)

where B, and B are the upper and lower limits of the search range, respectively, and z is a parameter that
determines the proportion of randomly distributed slime individuals to the total slime population, which is
taken as 0.3 in this paper.

Finally, the population is updated using opposition-based learning [40] and Cauchy mutation [4]]
to select individuals with smaller fitness for positional updating. The expressions of the opposition-based
learning and the Cauchy mutation are respectively

Xi(t+1)=min(X (t+1)) + max (X (t+1)) - X (t+1) (18)
X, (t+1) = Xy (t) + Xy (¢) - tan (7 (rand — 0.5)) (19)

where X; (t + 1) is the population update position for reverse learning, X, (¢ + 1) is the population updating
position for the Cauthy mutation, and rand is a random number between [0, 1].

The pseudo code of the ISMA is shown in Algorithm 1.
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Algorithm 1: Pseudo-code of ISMA

1 Initialize the parameter: Population size N, B, and By, fmax
2 Initialize the position of the slime mould X; (i= 1,2,...,N)
3 While (f< tpax) do

4 Calculate the fitness of all slime mould;

5 Update Fp, Fy, F,, X,

6 Calculate the W by Eq. (15)

7 For i= 1to N do

8

9

If rand<z
Update position by Eq. (17a)

10 Else
11 Update p, v, v
12 If rand >z and rand <p
13 Update position by Eq. (17b)
14 Else
15 Update position by Eq. (17¢)
16 End if
17 End if
18 End for
19 For i= 1toN do
20 Update position by Eq. (18)
21 Update position by Eq. (19)
22 End for
23 t=t+1;

24 End while
25 Return Fp X

Compared with the improvements in Reference [36], the difference between this paper and the reference
lies in the position update behavior. The method in this paper employs adaptive adjustment of weight
coefficients and random positions of individuals to escape from local optima. In contrast, Reference [36]
developed an arbitrary average position to enable the algorithm to break free from local optima and explore a
broader solution space. Moreover, the ISMA method in this paper takes into account the mutation behavior
of the optimal individual to increase the probability of escaping from local optima.

3.3 Details of the Proposed ISMA-VFEEI Method

The aim of the proposed ISMA-VFEEI method is to construct a VF surrogate model by efficiently using
the LF and HF samples, where the ISMA is provided to obtain sufficiently accurate optimal results when
reducing the computational cost. The flowchart of the proposed ISMA-VFEEI method is shown in Fig. 1.
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Figure 1: Flowchart of the proposed ISMA-VFEEI method

The specific steps of the proposed ISMA-VFEEI method are elaborated as follows.

Step 1: The Design of Experiment (DoE) method is used to generate the initial HF and LF sample
points separately. For example, HF samples xj, = {xf, X xfjh} and LF samples x; = {xll, xb, e, xil} are

generated using Latin Hypercube Sampling (LHS).
Step 2: The design samples are imported into the corresponding models with different levels of fidelity

and the response values f, = {flh,fzh, - ',f,fh} and f; = {fll,le, e ,f,fl} are output.
Step 3: A Hierarchical Kriging model is built based on the current set of samples.

Step 4: The proposed ISMA method is used to obtain the minimum of the high-fidelity model and
output the location and response values of the minimum sample.

Step 5: The proposed ISMA method of maximizing the VFEEI function is used to determine the updated
point and the corresponding level of fidelity.

Step 6: The termination condition is judged in each iteration. The total computational cost is considered,
and the computational cost of the LF samples is converted to the computational cost of the HF samples and
the expression for the total cost is

|)A/min _}/real| <e
Ctotal 2 Cmax (20)

J 2 Jmax
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where Jp,in, represents the predicted optimal solution in the optimization process and ye, is the known
optimal solution, ¢ is the allowed minimum error, Cy,,y is the allowed maximum computational cost and
Jmax is the maximum number of points allowed to be added. For engineering problems, the maximum
computational cost and the maximum number of points to be added are set as termination conditions.

If this condition is met, the algorithm switches to step 9, otherwise, it returns to step 7. We will explicitly
state that if the maximum limits for computational cost and the number of samples are reached and the error
is still greater than the allowed range, the algorithm will proceed with the final assessment of performance. In
this scenario, we recommend that after the calculation is terminated, the sample points of the initial model
should be increased and the calculation should be carried out again until the requirements of the algorithm
are met.

Step 7: The updated sample is imported into the corresponding models with different levels of fidelity
and the response values of the updated samples are outputted.

Step 8: Add the updated sample to the HF or LF sample set and re-establish the Hierarchical Kriging
model. Return to Step 3.

Step 9: If the termination condition is satisfied, the optimal solution and the corresponding sample
position are outputted using the ISMA algorithm.

4 Examples and Discussions
4.1 Validation of ISMA

In order to verify the effectiveness of the ISMA algorithm, six testing functions are employed and
compared to the original SMA algorithm. The testing functions from CEC2005 and reference [31]. The
specific information of the testing functions is shown in Table 1.

Table 1: Test functions of ISMA

Testing functions Dim Range fmin
n
Fl=3Y —x; sin( |x,'|) 10 [=500, 500] ~4189.8
i=1
n
F2 =3 [x] = 10cos (27x;) +10] 30 [-5.12,5.12] 0
i=1
F3=—L S]] Y 30 [-600, 600] 0
== > x;j — [Jcos[ — -600,
4000 i=1 ! i=1 \/;
11 X1 (b% + b,-xz) :
Fa=3|aj- 4 [5,5] 0.000308
i=1 bi + biX3 + X4

i=1
0 3 17 350 17 8
005 10 17 01 8 14
A=1 3 35 17 10 17 8 6 [0.1] —3.322
7 8 005 10 01 14
1B12 1696 5569 124 8283 5886
2329 4135 8307 3736 1004 9991
2348 1451 3522 2883 3047 6650

4047 8828 8732 5743 1091 381

4 6
F5 = — Z «; EXp (— Z A,‘j (xj - P,-]-)z),where
j=1

p=10"*

-1
F6=-% (i (- C)’ +ﬁz’) » where

(Continued)
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Table 1 (continued)

Testing functions Dim Range fmin
m =10
B=1/10(1,2,2,4,4,6,3,7,5,5)"
40 1.0 80 60 3.0 20 50 80 6.0 7.0
| 40 10 80 60 7.0 90 3.0 1.0 2.0 3.6
£=1 40 10 80 60 30 20 50 80 60 7.0
40 10 80 6.0 70 90 30 1.0 20 3.6

4 [0,10] -10.5364

For a comparison with other methods, the population size N = 30, dimension Dim = 10 and maximum
number of iterations ty,,x = 1000 are set. 30 times are run independently on each testing function, and the
average and standard deviation are provided in Table 2.

Table 2: Comparison of testing function results between the SMA and ISMA

Functions Indicator SMA ISMA
Minimum —4189.8275 —4189.8236
Fl Maximum —4189.7993 —4189.8215
Average —4189.8226 —4189.8272
Standard deviation 3.61E-3 5.02E-4
Minimum 0 0
0 Maximum 0 0
Average 0 0
Standard deviation 0 0
Minimum 0 0
3 Maximum 0 0
Average 0 0
Standard deviation 0 0
Minimum 3.31E-4 3.31E-4
F4 Maximum 4.71E-4 3.57E-4
Average 3.42E-4 3.31E-4
Standard deviation 1.71E-4 1.47E-4
Minimum -3.322 -3.322
F5 Maximum —3.2388 —-3.2723
Average -3.2824 -3.322
Standard deviation 2.84E-2 2.62E-2
Minimum -10.5364 -10.5364
F6 Maximum -9.0309 -9.1466
Average -10.5361 -10.5364
Standard deviation 2.30E-4 1.98E—4

From Table 2, we can see that ISMA can obtain better results compared to the original SMA algorithm,
both from the mean and standard deviation. In order to compare the convergence speed and accuracy of each
algorithm more intuitively, the average convergence curves of the testing functions are presented in Fig. 2.
From Fig. 2, we can see that the convergence speed of the ISMA is also better than that of the original SMA.
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Figure 2: Average convergence curve of the test functions

To further evaluate the performance of ISMA, this paper employs the Wilcoxon rank-sum test to exam-
ine whether there is a significant difference between the performance of ISMA and SMA. The significance
level is set at 0.05, and the optimization results from 30 runs of all algorithms are used as samples. When the
p-value of the test is greater than 0.05, it indicates that there is no significant difference between the results
of the two algorithms; otherwise, a significant difference exists. Table 3 presents the results of the Wilcoxon
rank-sum test between ISMA and the comparison algorithms.

Table 3: Wilcoxon rank-sum test results

Functions ISMA

F1 1.02E-11
F2 /
F3 /
F4 2.16E-2
F5 5.78E-8
F6 3.81E-5

As shown in Tables 2 and 3, ISMA outperforms ESMA and SMA on four test functions. Therefore,
ISMA demonstrates statistically significant superiority in performance. The experimental results indicate
that the proposed ISMA in this paper has significantly improved convergence speed, solution accuracy,
and robustness.
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4.2 An Illustrative Example of ISMA-VFEEI

A one-dimensional numerical case is applied to illustrate the detailed procedure of the method proposed
in this subsection. The mathematical model is

min f; (x) = (6x — 2)° sin (12x — 4)
fi(x)=0.5f(x)+10(x-0.5) -5 (21)
s.t.x € [0,1]

where f, (x) denotes the HF analytical function and f; (x) denotes the LF analytical function. The theoretical
optimal solution is x* = 0.75725 with the optimal functional value. The computational cost ratio between
the HF and LF models is assumed to be 4. Termination condition & = 0.01.

First, two initial sample sets containing three HF sample points x;, = {0.02198, 0.53247, 0.99455} and
six LF sample points x; = {0.04996, 0.26578, 0.43828, 0.62033, 0.80575, 0.98358} are generated. Based on
the initial sampling points, an initial VF metamodel is built. After the initial VF metamodel is built, the
refinement process of the HF model using the proposed method is shown in Fig. 3. The left graph of Fig. 3
shows the iterative process of the surrogate model and the right side of Fig. 3 shows the distribution of the
corresponding VFEEI functions in the design space. In the left panel of Fig. 3, the red solid curve denotes
the true high-fidelity function, while the blue solid curve denotes the true low-fidelity function. The red
dashed curve shows the surrogate’s high-fidelity prediction, and the blue dashed curve shows its low-fidelity
prediction. Pink hollow triangles mark the high-fidelity sample locations, and green hollow squares indicate
the low-fidelity sample locations. In the right panel of Fig. 3, the red solid curve depicts the high-fidelity
VEEEI acquisition function, and the blue solid curve depicts the low-fidelity VFEEI acquisition function.
Pink hollow triangles denote the maxima of the high-fidelity VFEEIL, while green hollow squares denote the
maxima of the low-fidelity VFEEI During the optimization process, the sizes of the VFEEI functions of these
two samples are used to determine whether they should be added to the initial sample set.

From Fig. 3a, we can see that the LF surrogate model is not accurate but has a similar trend compared
to the HF model, and the maximum value of the VFEEI function of the HF model is much larger than that
of the HF model. When an HF sample in the second cycle is added, the accuracy can be improved greatly
than the LF added. For this example, the iteration is terminated in the fifth cycle. The optimal solution is
obtained by using the ISMA algorithm. For high-fidelity models, when the fitting samples cannot represent
the overall trend of the function, global exploration will be conducted through the VFEEI function, as
illustrated in Fig. 3b. Conversely, when the fitting samples can represent the overall trend of the function but
the local prediction performance is poor, the VFEEI function will focus on the local development, as shown
in Fig. 3c. After two iterations, the final high-fidelity function surrogate model is shown in Fig. 3e.

The optimization process is provided in Table 4. When one LF sample and three HF samples are added,
the global optimal solutions can be obtained and the last iteration (the fifth cycle) of the surrogate model is
provided in Fig. 3e. From the results, we can see that the proposed method can build a highly accurate VF
surrogate model by combining the LF and HF samples.
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Figure 3: (Continued)
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Table 4: Refinement process of the example

Updating cycle Added sample Fidelitylevel Optimal solution of the HF model

1 0.27723 HF 0.8439
2 0.76351 HF -7.3530
3 0.15787 LF 6.0958
4 0.66942 HF —-6.0888
5 - - -6.0207

To further verify the effectiveness of the proposed VFEEI function, the impact of the sample distance
function on global optimization is investigated next. In this case, the sample distance function is removed
from the VFEEI function (referred to as VFEEI-D), and optimization is performed based on this modified
function. The final comparative results are shown in Fig. 4.

As shown in Fig. 4, the sampling points obtained using the VFEEI-D function tend to cluster, especially
near the minimum value. The high-fidelity sampling points obtained using the VFEEI function exhibit
significantly better discreteness compared to those obtained using the VFEEI-D function. This conclusion
also applies to the low-fidelity sampling process, particularly in the region near 0.1. Additionally, in areas not
covered by high-fidelity samples, such as near 0.1 and 0.4, it is evident that the fitting effect of the high-fidelity
function in Fig. 4b is slightly worse than that in Fig. 4a. These analyses fully demonstrate that the sample
distance function is highly sensitive to the entire sampling process and plays a crucial role in the prediction
accuracy of multi-fidelity models.

4.3 Testing Functions of ISMA-VFEEI

In this subsection, six commonly used numerical examples are used to illustrate the effectiveness and
efficiency of the proposed ISMA-VFEEI method. Especially, the testing functions in cases 5 and 6 are
highly nonlinear. These test functions were modified from references [14,42]. The expressions of the testing
functions are shown in Table 5. The computational cost ratio between HF evaluation and LF evaluation is set
to 4 for all testing examples.

Table 5: Testing functions

Name Description of functions
fo (x) = (6x —2)sin (12x — 4)
Casel fi(x)=0.5f(x)+10(x-0.5) -5

x €[0,1],x* = 0.75725, f* = —6.020740
fo (x) = (6x —2) sin (12x — 4)

Case 2 fi(x)=fr(x)-05
x €[0,1],x* = 0.75725, f* = —6.020740
fo (x) = (6x —2) sin (12x — 4)

Case 3 fi(x)=fr(x+0.2)
x €[0,1],x* = 0.75725, f* = —6.020740

(Continued)
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Table 5 (continued)

Name Description of functions
4 3 2
f(x)= Zl ci eXp Zl“ij (xj = pij)
i= j=
3 10 30 1 0.3689 0.1170 0.2673
0.1 10 35 1.2 0.4699 0.4387 0.7470
[aij] = Ll = [pis]=
Case 4 310 30 3 0.1091 0.8732 0.5547

0.1 10 35 3.2 0.0381 0.5743 0.8828
0.585 — 0.324x, — 0.379x; — 0.431x; — 0.208x,x, +
J(3) = () +7:6 X 3265 x5 + 0.193x0x5 +0.225x2 + 0.263x2 + 02742

x1,%2, %3 € [0,1],x* = (0.114,0.556,0.852) , f* = ~3.8627
273 (x4 — X6)

fborehole =
In (ﬁ) 14 2 X3
X2
X1 In| — Jx¥xs X5
X1
xX1X XX
2 1A7 146 2
Case 5 f1(x) = 0.4 fporehole (X) + 0.07x7x5 + —— + —— + x{ X4

X3
f2 (X) = fborehole (x)
X1 € [0.05, 0.15] , X € [100, 50000] ,
X3 € [63070,115600] , X4 € [990, 1110] ,
X5 € [63.1, 116] ,  Xg € [700, 820] ,

X7 € [1120, 1680] , Xg€ [9855, 12045] .

x* = (0.05, 50000, 63070, 990, 63.1, 820, 1680, 9855)
f* =452.6289

fr(x)=10"* gl exp (x;) [A (i) +x;—1n (]gjl exp (x;)

L ———

10 10
Case 6 filx)=107" El exp (x;) [B (i) +xi —In (El exp ()

Ao —-6.089, -17.164, -34.054, -5.914, —24.721,
| -14.986,-24.100, -10.708, —26.662, —22.662
B=[-

= [-10, -10, 20, -10, —20, —20, —20, —10, —20, —20]
x; €[-5,10],i=1,2,...,10,x* = (5,5,5,5,5,5,5,5,5,5)
f*=-3.18

In the first five testing functions, the initial HF and LF samples are set to 3d and 6d, respectively, while
in the last testing case, the initial HF and LF samples are set to 10d and 20d, respectively, where d denotes the
dimension of the design variables. Considering the randomness of the LHS and ISMA methods, 10 runs are
performed for each method. Nyr and Nir denote the number of function calls for the HF and LF models,
respectively. In order to measure the robustness of each method, the standard deviation of the total cost is
used. The relative error is calculated to describe the computational accuracy. The compared methods used
here are the AEI [12], the VF-EI [14], the VE-LCB [17] and the VF-PI [24]. The results are shown in Table 6.
All acquisition functions are computed using ISMA.
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Table 6: Summary of the comparison results for numerical cases

Testing case Methods Npyr  Nir  Cootal Standard Difference with
deviation of C;ysa1 optima, %
AEI 500 210  5.53 0.89 1.01x107°
VF-EI 540 180 5.85 0.45 1.00 x 107°
Case 1 VE-PI 440 750 6.28 1.86 9.70 x 1073
VE-LCB 610 570 753 1.01 8.11 x 1074
VFEEI 320 270 3.88 1.10 1.03 x 107>
AEI 4.09 345 4.96 1.50 2.50 x 1074
VEF-EI 327 327  4.09 0.83 5.10 x 107*
Case 2 VE-PI 410 736 593 1.77 747 x 1073
VE-LCB 273 564 414 0.93 1.83 x 107*
VFEEI 227 282 298 0.48 232%x107*
AEI 6.00 318  6.80 1.03 1.22 x107*
VF-EI 6.18 436 727 117 1.31 x 107*
Case 3 VE-PI 473 745  6.59 1.95 6.21 x 1073
VF-LCB  4.82 0 4.82 1.34 8.13 x 1074
VFEEI 436 245 498 0.92 1.21 x 1074
AEI 16.40 12.00 19.40 9.04 764 x 1073
VF-EI 1340 1490 1713 6.21 8.45 x 1073
Case 4 VE-PI  10.82 16.45 14.93 4.27 9.50 x 1073
VE-LCB 991 3036 1750 8.69 1.10 x 1072
VFEEI 730 860 945 3.73 6.13 x 1072
AEI 33.36  18.64 38.02 15.26 452 x107°
VE-EI 3236 1709 36.64 15.39 5.32x107°
Case 5 VE-PI 3172 254 3236 6.18 6.42 x 1074
VF-LCB 36.82 114.27 65.39 27.06 1.29 x 1073
VFEEL 1555 14.27 1911 2.76 5.66 x 107°
AEI 818 1145 847 5.58 1.59 x 107°
VF-EI  19.09 1136 19.38 6.83 1.58 x 107°
Case 6 VE-PI 1881 1636 19.23 4.58 1.59 x 107>
VF-LCB 1491 2091 20.14 411 1.74 x 107>
VFEEI 691 673 708 4.47 1.59 x 107°

Compared with the original EI, VFEEI extends EI to handle multi-fidelity data and additionally
considers sample distance and computational cost. Compared with VFEEI, AEI further takes into account
the correlation between data of different fidelities. Compared with VF-EI, VFEEI handles the original EI
differently; in VF-EIL, the same high-fidelity function prediction value is used for EI at different fidelities. All
the aforementioned methods are based on EI. In contrast, VF-PI and VF-LCB are improved versions of the
probability of improvement function and the low confidence bound function, respectively.

The comparison of different methods reveals significant reductions in both high-fidelity (HF) com-
putation costs and total costs across the six examples. Specifically, compared to the AEI method, the HF
calculation cost is reduced to 55% (improved by 36%), and the total cost to 51% (improved by 30%). These
reductions indicate the effectiveness of the proposed method in improving computational efficiency.
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In comparison with the VF-EI method, the HF calculation cost is reduced by up to 64%, with a
corresponding decrease in total cost ranging from 27% to 63%. This shows a notable improvement in
computational efficiency, particularly in the cases where the cost reduction is most pronounced.

The VF-PI method also shows a reduction in HF calculation costs (8% to 51%) and total costs (27%
to 63%). However, the improvements are less consistent than those observed when compared to the VF-
EI method, suggesting that the VF-EI method may offer a more stable advantage in terms of overall
computational savings.

When compared to the VE-LCB method, the reductions in HF calculation costs are substantial, ranging
from 10% to 58%, while the total cost reduction varies from —3% to 71%. The negative value for the total
cost in one of the examples indicates that, in some cases, the VF-LCB method might perform better than the
proposed method in terms of total cost, but the proposed method generally shows superior efficiency across
the majority of examples.

In summary, while all methods demonstrate varying degrees of improvement, the proposed method
consistently outperforms the AEI, VF-EI, VF-PI, and VF-LCB methods in reducing computational costs,
particularly for high-fidelity calculations, making it a more efficient approach for the examples studied. To
testify to the robustness of all the methods, the standard deviation of the total costs is also provided in Table 5.
For an intuitive comparison, a box plot of the total costs for all methods in the six different cases is described
in Fig. 5. We can see that all methods exhibit the desired robustness. The robustness of the proposed method
is less than the other methods only in Case 1, but better than the other methods in other cases.
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Figure 5: (Continued)
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Figure 5: Comparison results of different cases for the proposed VFEEI method and other methods

The results of the Wilcoxon rank-sum test for different methods are shown in Table 7. Among the six
test cases, all Wilcoxon rank-sum test p-values are greater than 0.05, indicating that there are no significant
differences between the optimization results obtained using VFEEI and those obtained using the other
four methods. This is because, in this subsection, the primary focus is on testing the computational effects
of different acquisition functions, and the convergence criterion during the optimization process is the
optimization precision error within a fixed cost range. Therefore, all methods are able to obtain the optimal
solution. In this example, the Wilcoxon rank-sum test is used to compare the statistical results of the optimal
solutions computed by different acquisition functions.

Table 7: Wilcoxon rank-sum test results

Testingcase AEI VF-EI VF-PI VF-LCB

Casel 0.471 0.489 0.884 0.475
Case 2 0.123 0515  0.322 0.259
Case 3 0.305 0132 0.246 0.686
Case 4 0.481 0.856 0.103 0.372
Case 5 0.650 0.581 0.364 0.235
Case 6 0.858 0.783  0.673 0.921

4.4 Engineering Example

With the quick development of the high-speed railway, the safety of the Electric Multiple Unit (EMU)
becomes more and more important as the speed increases. As one of the important structural components
of the EMU, the sanding device can improve the adhesion coefficient between the wheel and rail by sanding
to ensure the smooth operation of the EMU in harsh weather such as rain and snow, which can prevent
wheelset idling and vehicle taxiing, and effectively avoid the occurrence of wheel rub fault. This section
mainly conducts static strength analysis on the sanding device.

The entire structure of the sanding device is made of 5-5083-HI11 aluminium alloy. Its modulus of
elasticity is 7 x 10* MPa, density is 2700 kg/m?, Poisson’s ratio is 0.33, yield strength is 139 MPa, and its main
structural components include sand box, sand spreader, hoisting structure, sand inlet pipe, etc. The structural
composition of the sanding device is shown in Fig. 6.
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Figure 6: The structural composition of the sanding device

The sanding device is connected to the rest of the rolling stock by a hoisting structure. The constraints
of the sanding device are established at the location of the bolt holes in the hoisting structure of the sand
spreader, which constrains six directions of freedom, limiting in-plane movement and rotation in space.
Also, an acceleration condition with a longitudinal acceleration of 5 g and a vertical acceleration of 1 g was
determined as the working condition, where g is the acceleration of gravity. The finalised key parameter
locations and constraint locations for the sanding device are shown in Fig. 7. The symbols and thicknesses
of the key locations of the sanding device are summarised in Table 8.

Constraint

X

\X(,

X3

X % Xio

Figure 7: Location of key parameters and constraint positions of the sanding device

Table 8: Sanding device key position symbols and thicknesses

Symbol Position Thickness (mm)
X Sander upper plate 4
X Sander side plate 1.155
X; Sander base plate 5
Xy Bottom and upper plates for hoisting 4
X5 Hoisting rib plate 4.5
Xe Hoisting side plate 5
X7 Hoisting connection plate 5.5
X3 Sand inlet pipe 5
Xy Sandbox body 5
Xio Sandbox bottom plate 10

In order to determine the sensitive parameters on the stress and mass of the sanding device from X; ~Xj,
the sensitivity analysis is performed and the results are shown in Fig. 8. From Fig. 8, we can see X4, X5, Xs,
X7, Xy are sensitive parameters and the information on the sensitive parameters is provided in Table 9.
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Figure 8: Sensitivity analysis on the stress and mass

Table 9: The information on the design variables of the supporting thin plate structure

Design variables Ranges (mm)

X4 [3, 5]
Xs (3.5, 5.5]
X6 (4, 6]
X, (4.5, 6.5]
Xo [4, 6]

Then the optimization model can be expressed by

Find x = {X4, X5, X6, X7, X9}
LS (X4)X5’X6>X7) X9) + LM (X4’X5’X6’X7’X9)

139 0.02683
§.t.3<X4<535<X5<55,4<X4,X9<6,45<X;<6.5

min f = (22)

where Lg represents the performance function on stress and Ly represents the performance function on
mass, which are both obtained from surrogate modelling; 139 MPa represents the yield stress and 0.02683
represents the quality of the original model.

A simulation model with approximately 4343 elements was chosen as the LF model, while the HF
simulation model had approximately 7004 elements. The mesh and corresponding simulation results are
shown in Fig. 9. The single computation time of the HF model is 62.5682 s, while the LF model is 25.2731 s.
The computational time for the HF simulation model is approximately 2.5 times longer than that of the LF
simulation model. Therefore, the cost ratio was set to 2.5.

The proposed method and other methods are applied to solve this engineering problem. The optimiza-
tion starts with 5 HF initial sampling points and 10 LF initial sampling points. The termination condition
for the optimization is set to the total computational cost, which is determined to be no more than the
computational time of the 20 HF simulation models. The optimal results for the design variables for each
method are given in Table 10. Table 11 summarizes the optimization target results and computational costs
for all methods.
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(a) Mesh of HF model

(c) Mesh of LF model

Figure 9: The mesh and corresponding simulation results of the sanding device

(b) Simulation results of HF model

(d) Simulation results of LF model

Table 10: The optima of different methods of the sanding device

Methods X, (mm) X; (mm) Xg(mm) X,;(mm) X, (mm)

AEI 512 4.20
VE-EI 3.50 5.50
VF-PI 3.00 4.55
VFEEI 4.55 5.50

5.50
6.00
4.92
6.00

6.65
4.50
6.50
6.50

4.50
4.00
5.28
4.00

Table 11: The actual responses of different methods of the sanding device

Methods f  Nur Nir  Ciotal
AEI 1.602 10 25 20.0
VEF-EI 1.553 13 18 20.2
VE-PI 1.564 12 20 20.0
VFEEI 1.546 14 15 20.0

91.412
81.255
71.098
60.941
50.784
40.628
30.471
20.314
10.157
0.00

96.112
85.432
74.754
64.075
53.396
42.717
32.038
21.358
10.679
0.00
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As can be seen in Tables 10 and 11, all methods obtained the optimised design solution while satisfying
the termination criterion. Among the four methods, the VFEEI obtained the globally optimal solution
with the Cipsq1 of 20.0, which is reduced by 1.0% compared with the VF-EI method. From the optimization
results, VFEEI achieved the minimum value of optimization, which was reduced by 3.50%, 0.45%, and 1.15%
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compared with AEI, VF-EI, and VF-PI, respectively. The finite element simulation results of the optimal
solution are provided in Fig. 10 from the proposed method.

92.315
82.058
71.801
61.543
51.286
40.029
30.771
20.514
10.257
0.00

Figure 10: Simulation results of the optimum model by the proposed VFEEI method

5 Conclusion

In this paper, a novel VF Kriging surrogate model-based global optimization method for black-box
function (ISMA-VFEEI) is proposed based on the Hierarchical Kriging model. In the proposed method, the
VFEEI sampling function is developed to properly select new samples with low and high fidelity to update
the surrogate model so that it obtains the global optimal solution. In addition, to improve the accuracy and
efficiency of the optimization during the sample updating procedure, an improved slime mould algorithm
(ISMA) is proposed to obtain the optimal value of the VFEEI function. Finally, a computational framework
applicable to the proposed method is constructed.

The main conclusions can be summarized as follows: (1) ISMA-VFEEI allows for an objective balancing
of global exploration and local exploitation to find the global optimal solution, and also achieves robust
results by consuming fewer computational resources. (2) Six numerical examples illustrate the advantages of
the proposed method in terms of computational cost and robustness. The quartile spacing of the proposed
method is smaller than that of the other methods, which demonstrates the better robustness of the proposed
method. (3) The optimization of the sanding device verifies the engineering application value of this method.
Compared with the VF-EI and AEI methods, this method achieved better results with fewer calculations.

In our future work, the method proposed in this paper can be extended to conduct uncertainty
optimization to be more applicable for complex engineering problems.
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