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ABSTRACT: In recent years, variable-order fractional partial differential equations have attracted growing interest
due to their enhanced ability to model complex physical phenomena with memory and spatial heterogeneity. However,
existing numerical methods often struggle with the computational challenges posed by such equations, especially
in nonlinear, multi-term formulations. This study introduces two hybrid numerical methods—the Linear-Sine and
Cosine (L1-CAS) and fast-CAS schemes—for solving linear and nonlinear multi-term Caputo variable-order (CVO)
fractional partial differential equations. These methods combine CAS wavelet-based spatial discretization with L1 and
fast algorithms in the time domain. A key feature of the approach is its ability to efficiently handle fully coupled space-
time variable-order derivatives and nonlinearities through a second-order interpolation technique. In addition, we
derive CAS wavelet operational matrices for variable-order integration and for boundary value problems, forming
the foundation of the spatial discretization. Numerical experiments confirm the accuracy, stability, and computational
efficiency of the proposed methods.

KEYWORDS: CAS wavelets; operational matrices; Caputo variable-order equations; exponential-sum-approximation;
L1 approximation

1 Introduction
Wavelet theory has emerged as a powerful tool in numerical analysis due to its inherent ability to

represent functions with localized features. Wavelets are a special kind of function that forms the basis of
L2(R) and can be generated by dilating and translating a mother wavelet. They have a compact support
that is, wavelets are zero outside a finite interval. This is the reason that wavelets-based operational matrices
contain many zero entries. Researchers have worked on different wavelets for solving different types of
fractional differential equations. Awati et al. [1] utilized the Haar wavelet-based collocation method and
shifted Chebyshev collocation method for the simulations of magnetohydrodynamic flow of micropolar
nanofluid with stagnation point model. Rabiei and Razzaghi [2] solve the fractional optimal control problems
by using the fractional-order Boubaker wavelets method. Bernoulli wavelet operational matrix method [3] is
used to solve the proposed glucose-insulin regulatory model. Neutral delay differential equations are solved
by using the Gegenbauer and Bernoulli wavelets method in [4]. For more detail about the wavelet methods,
we refer the readers to [5–7] and [8–11].
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Parallel to this, fractional calculus—particularly with constant-order derivatives—has gained consid-
erable attention over the past decade, owing to its capacity to model memory and hereditary properties
in various scientific and engineering systems. Constant-order fractional calculus is the study of various
types of fractional-order differential and integral operators. Variable-order (VO) fractional calculus is the
generalization of the constant-order fractional calculus in which the order of its operators is a function
of time or space or both. In recent years, VO differential equations have gained more interest among
researchers due to their many applications in real world phenomena. The VO differential equations can more
accurately describe the complex behavior of many physical phenomena. They enable a more precise depiction
of nonlinear phenomena or systems experiencing abrupt changes. Like fractional differential and integral
operators, there are many definitions of variable-order differential and integral operators with singular and
non-singular kernel.

Despite the evident advantages of VO models, they have received comparatively less attention than
their constant-order counterparts. We have reviewed several research articles from the literature which are
focussed on the VO fractional calculus. For example, a Bernoulli polynomials-based method is proposed
in [12] for solving multi-term VO ordinary differential equations in Caputo sense. Legendre wavelet based
method is utilized in [13] for the solution of nonlinear VO ordinary differential equations. In [14], an explicit
finite difference scheme is utilized for the solution of linear and semi-linear VO differential equations. The
focus of the authors in [15] is to study the existence and uniqueness of weak solutions of VO Laplacian
equations with variable exponents. In [16], authors present a method for the solution of Atangana-Baleanu
VO mobile-immobile advection-dispersion model. Shen et al. [17] solve the VO time fractional diffusion
equation by utilizing the L1 approximation for CVO fractional time derivative and the finite difference
formula for the second-order spatial derivative. They have also worked on the analysis of the method.

Since the kernel of the VO fractional operators has a variable exponent, obtaining analytical solutions
is difficult, and these have not gained much attention from the researchers. Building on these foundations,
this paper aims to develop a robust numerical method for solving VO fractional differential equations by
leveraging wavelet-based techniques. By integrating the localized efficiency of wavelets with the modeling
flexibility of variable-order operators, we aim to contribute a more accurate and computationally efficient
approach for complex nonlinear multi-term CVO partial differential equation of following form

C Dγ(s ,t)
t u(s, t) =

J
∑
j=1

a j(s, t)C Dβ j(s ,t)
s u(s, t) + c(s, t)u(s, t) + g(u, C Dα(s ,t)

s u) + f (s, t),

u(s, 0) = u0(s), 0 ≤ s ≤ η, η ∈ R+,

u(0, t) = A0(t), u(η, t) = C0(t), 0 ≤ t ≤ T , T ∈ R+,

(1)

where 0 < nγ ≤ γ(s, t) ≤ mγ ≤ 1, 0 < α(s, t), β j(s, t) ≤ 2, J ∈ N, and g(u, C Dα(s ,t)
s u) is any nonlinear func-

tional of u and C Dα(s ,t)
s u. Here, C Dγ(s ,t)

t u is a CVO fractional time derivative defined by

C Dγ(s ,t)
t u(s, t) = 1

Γ(1 − γ(s, t))

t

∫
0

(t − τ)−γ(s ,t) ∂
∂τ

u(s, τ)dτ. (2)

The CVO fractional space derivatives, C Dβ j(s ,t)
s u(s, t), are defined similarly. We have reviewed several

research articles related to the variable-order partial differential equations, we will mention a few of
them here. We found that most of the authors [18–24] focussed their attention on only γ(t), t ∈ (0, 1),
order time derivative but integer order space derivatives partial differential equations. Some authors
[25–28] consider the γ(s, t), 0 ≤ s ≤ η, t ∈ (0, 1), order time derivative but integer order space derivatives.
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In [29,30], authors focussed their intention on the solution of variable-order partial differential equations
in both VO space, β(s), and time, γ(t), derivative. Since the above problem (1) is a nonlinear multi-term
CVO fractional partial differential equation in which the orders of both space and time derivatives are the
functions of both time and spatial variables. Numerical techniques for solving these Eq. (1) are still in the
early stages of development. This is the reason that we focussed our intention on the development of more
efficient and accurate methods for the solution of (1). Our major contributions to this work are as follows:

• Zhang et al. [18] developed an exponential-sum-approximation (ESA) technique for γ(t), t ∈ (0, 1),
order time derivative, and utilized it for the solution of diffusion equations with VO time and integer
order spatial derivative. We extended the ESA technique for γ(s, t), 0 ≤ s ≤ η, 0 ≤ t ≤ T . The purpose
of this extension is to get a fast approximation of C Dγ(s ,t)

t u(s, t).
• To the best of our knowledge, this work is the first to propose a hybrid strategy for Caputo-type fractional

differential equations with variable-order derivatives in both time and space, combining an efficient ESA-
based scheme for the time component with CAS wavelet operational matrices for handling nonlinear
space variable-order derivatives.

• To handle the nonlinearities, we designed the interpolation technique for the above problem (1). The
purpose of using the interpolation technique for the treatment of nonlinear terms is to reduce the
computational costs of the methods as compared to the quasilinearization technique and Adomian poly-
nomials.

• We proposed two efficient method, the L1-CAS method and the fast-CAS method, for the solution of (1),
by uniting the L1 approximations or the ESA technique for C Dγ(s ,t)

t u(s, t), CAS wavelet variable-order
operational matrices for CVO space derivatives, C Dβ1(s ,t)

s u(s, t), C Dβ2(s ,t)
s u(s, t), ⋅ ⋅ ⋅ , C DβJ(s ,t)

s u(s, t),
and the interpolation technique for the treatment of nonlinearities, given in Section 3.

• We performed the theoretical analysis of the proposed methods and provided the numerical simulations
to illustrate the theoretical results. The obtained numerical results are thoroughly examined through
both tabular and graphical representations.

This paper is organized as follows: Section 2 provides the detail about the CAS wavelet, the function
approximations by the CAS wavelet series, and the construction of its operational matrices of variable-order
integration. In Section 3, we discuss the algorithms of the L1-CAS method, the fast-CAS method, and their
extension to the nonlinear multi-term CVO partial differential equation. Section 4 is dedicated to conducting
the analysis of the proposed methods. In Section 5, we present two numerical examples aimed at evaluating
the efficiency, reliability, and accuracy of our methods. In Section 6, we conclude our work.

2 CAS Wavelets
The cosine and sine (CAS) wavelets represent a distinct category of wavelet basis functions, originating

from the cosine and sine functions. The CAS wavelets possess orthogonality to each other, streamlining
computations and improving function representation. The classical CAS wavelets for interval [0, 1) is defined
as [31]

ψp ,q(s) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

2 ν
2 CASq(2νs − p), p

2ν ≤ s < p + 1
2ν ,

0, el sewhere ,
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The CAS wavelets for interval [0, η) is given as

ψp ,q(s) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

√
2ν ηCASq(

2ν

η
s − p), η p

2ν ≤ s < η p + 1
2ν ,

0, el sewhere ,
(3)

where CASq(s) = cos(2qπs) + sin(2qπs), and ν = 0, 1, 2, ⋅ ⋅ ⋅ , and p = 0, 1, 2, ⋅ ⋅ ⋅ , 2ν − 1, is the level of reso-
lution and translation parameter, respectively, q ∈ Z.

These wavelets for all integers ν and p produce an orthonormal basis of L2(R). These wavelets

have compact support, that is, they are zero outside [η p−1
2ν , η p

2ν ). These wavelets are valuable for approx-

imating solutions to differential equations, especially in scenarios where conventional methods may be
computationally demanding or unfeasible.

The CAS wavelets are orthonormal, that is,
η

∫
0

ψp ,q(s)ψp ,q′(s)ds = δqq′ ,

which can be proved by using the transformation t = s
η in [31,32].

2.1 Function Approximations
Since the CAS wavelets for all ν and p forms an orthonormal basis of L2[0, η), therefore, any function

u(s) ∈ L2[0, η) can be represented by the infinite series of the CAS wavelets as

u(s) =
∞

∑
p=0

∑
q∈Z

lp ,qψp ,q(s).

We can use the finite sum of basis functions, ψp ,q(s), to approximate u(s) as

u(s) ≈
2ν−1
∑
p=0

Q
∑

q=−Q
lp ,qψp ,q(s) = LT Ψ(s),

where M = 2ν(2Q + 1), Q ∈ N, and L and Ψ(s) are vectors of length M × 1, which are given below:

L = [l0,−Q , l0,−Q+1 , ⋅ ⋅ ⋅ , l0,Q , l1,−Q , l1,−Q+1 , ⋅ ⋅ ⋅ , l1,Q , ⋅ ⋅ ⋅ , l2ν−1,−Q , l2ν−1,−Q+1 , ⋅ ⋅ ⋅ , l2ν−1,Q]T

Ψ(s) = [ψ0,−Q(s), ψ0,−Q+1(s), ⋅ ⋅ ⋅ , ψ0,Q(s), ψ1,−Q(s), ψ1,−Q+1(s), ⋅ ⋅ ⋅ ,
ψ1,Q(s), ⋅ ⋅ ⋅ , ψ2ν−1,−Q(s), ψ2ν−1,−Q+1(s), ⋅ ⋅ ⋅ , ψ2ν−1,Q(s)]T .

Expand the truncated series of the CAS wavelets at the collocation points, sk = η 2k−1
2M , k = 1, 2, ⋅ ⋅ ⋅ , M,

we get the CAS wavelets matrix ΨM×M as

ΨM×M = [Ψ(s1), Ψ(s2), ⋅ ⋅ ⋅ , Ψ(sM)] .
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For ν = 1, Q = 1, η = 2, we get

Ψ6×6 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−0.5176 −1.4142 1.9319 0 0 0
0 0 0 −0.5176 −1.4142 1.9319

1.4142 1.4142 1.4142 0 0 0
0 0 0 1.4142 1.4142 1.4142

1.9319 −1.4142 −0.5176 0 0 0
0 0 0 1.9319 −1.4142 −0.5176

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

2.2 Operational Matrices
In this section, our focus is on the construction of CAS wavelet operational matrices of variable-order

fractional integration, which enable us to transform the CVO differential equation into a matrix form. Also,
the purpose of constructing the operational matrices is to make the calculations fast, because operational
matrices contain many zero entries.
The CAS wavelets operational matrix of variable-order integration

Let η0 = η p−1
2ν and η1 = η p

2ν . Apply the fractional integral operator of order γ(s) > 0 on the CAS wavelets
as

0Iγ(s)
s ψp ,q(s) = 1

Γ(γ(s))

s

∫
0

(s − τ)γ(s)−1ψp ,q(τ)dτ, η0 ≤ s < η1 ,

=
√

2ν η
Γ(γ(s))

s

∫
η0

(s − τ)γ(s)−1CASq(
2ν

η
τ − (p − 1))dτ,

=
√

2ν η
Γ(γ(s))

⎛
⎝

s

∫
η0

(s − τ)γ(s)−1 cos (2ν+1 qπ
η

τ − 2qπ(p − 1))dτ

+
s

∫
η0

(s − τ)γ(s)−1 sin (2ν+1 qπ
η

τ − 2qπ(p − 1))dτ
⎞
⎠

. (4)

Let us denote 0Iγ(s)
s ψp ,q(s) = Fγ(s)

p ,q (s), p = 0, 1, 2, ⋅ ⋅ ⋅ , 2ν − 1, q = {−Q ,−Q + 1, ⋅ ⋅ ⋅ , Q}, Q ∈ N. We can
compute (4) by using the global adaptive technique command, “integral”, at different values of the parameters
p and q in MATLAB. In vector form, we can represent (4) as

Fγ(s)(s) = [Fγ(s)
0,−Q(s), Fγ(s)

0,−Q+1(s), ⋅ ⋅ ⋅ , Fγ(s)
0,Q (s), Fγ(s)

1,−Q(s), Fγ(s)
1,−Q+1(s), ⋅ ⋅ ⋅ , Fγ(s)

1,Q (s),

⋅ ⋅ ⋅ , Fγ(s)
2ν−1,−Q(s), Fγ(s)

2ν−1,−Q+1(s), ⋅ ⋅ ⋅ , Fγ(s)
2ν−1,Q(s)]T . (5)

To get the CAS wavelets operational matrix of variable-order integration, we will expand (5) at the
collocation points, sk = η 2k−1

2M , k = 1, 2, ⋅ ⋅ ⋅ , M, as

Fγ(s)
M×M = [Fγ(s1)(s1), Fγ(s2)(s2), ⋅ ⋅ ⋅ , Fγ(sM)(sM)]. (6)
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For γ(s) = sin(s) + exp(−s) − 1
2 , ν = 1, Q = 1, η = 2, we obtain

Fγ(s)
6×6 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0.0769 −0.8856 −0.0435 0.1269 0.0638 0.0479
0 0 0 0.1000 −0.7268 0.0265

0.6368 1.0562 1.3831 1.3129 1.1350 0.8973
0 0 0 0.4173 0.9403 1.4072

0.8539 0.2597 −0.3951 −0.0572 −0.0407 −0.0338
0 0 0 0.5527 0.3749 −0.4454

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

The CAS wavelets operational matrix of variable-order integration for boundary value problems
To effectively solve the boundary value problems, it is mandatory to utilize another important opera-

tional matrix of variable order integration. To get this matrix, let us apply the γ(s) order integral on (3) from
0 to η as

0Iγ(s)
η ψp ,q(s)∣s=η =

1
Γ(γ(η))

η

∫
0

(η − τ)γ(η)−1ψp ,q(τ)dτ,

=
√

2ν η
Γ(γ(η))

⎛
⎝

η1

∫
η0

(η − τ)γ(η)−1 cos (2ν+1 qπ
η

τ − 2qπ(p − 1))dτ

+
η1

∫
η0

(η − τ)γ(η)−1 sin (2ν+1 qπ
η

τ − 2qπ(p − 1))dτ
⎞
⎠

. (7)

Let us denote 0Iγ(s)
η ψp ,q(s)∣s=η = bγ(η)

p ,q , γ(η) > 0, p = 0, 1, 2, ⋅ ⋅ ⋅ , 2ν − 1, q = [−Q ,−Q +
1, ⋅ ⋅ ⋅ , 0, 1, ⋅ ⋅ ⋅ , Q − 1, Q], Q ∈ N. In vector form, we can represent (7) as

Bγ(η)
M×1 = [bγ(η)

0,−Q , bγ(η)
0,−Q+1 , ⋅ ⋅ ⋅ , bγ(η)

0,Q , bγ(η)
1,−Q , bγ(η)

1,−Q+1 , ⋅ ⋅ ⋅ , bγ(η)
1,Q , ⋅ ⋅ ⋅ , bγ(η)

2ν−1,−Q ,

bγ(η)
2ν−1,−Q+1 , ⋅ ⋅ ⋅ , bγ(η)

2ν−1,Q]
T .

Since Bγ(η)
M×1 does not depend on any variable, this means that for sk = η 2k−1

2M , k = 1, 2, ⋅ ⋅ ⋅ , M, we get
same Bγ(η)

M×1 at each collocation points. Therefore, we have

Bγ(η)
M×M = [Bγ(η)

M×1 , Bγ(η)
M×1 , ⋅ ⋅ ⋅ , Bγ(η)

M×1 ]. (8)

For γ(η) = sin(η) + ex p(−η) − 1
2 , ν = 1, Q = 1, η = 2, we have

Bγ(η)
6×1 = [0.0415, 0.5879, 0.7300, 1.5917, −0.0300, 0.0752].

3 Algorithms
This section is devoted to the development of two methods, one is based on the fast algorithm and the

CAS wavelet technique, and the second is based on the L1-approximations and the CAS wavelet technique
for the solution of linear and nonlinear multi-term CVO fractional partial differential equations.
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Consider the following general form of linear multi-term CVO fractional partial differential equation

C Dγ(s ,t)
t u(s, t) =

J
∑
j=1

a j(s, t) C Dβ j(s ,t)
s u(s, t) + c(s, t)u(s, t) + f (s, t),

u(s, 0) = u0(s), 0 ≤ s ≤ η,
u(0, t) = A0(t), u(η, t) = C0(t), 0 ≤ t ≤ T ,

(9)

where 0 < β j(s, t) ≤ 2, 0 < γ(s, t) ≤ 1, J ∈ N, C Dγ(s ,t)
t u(s, t) represents the CVO time derivative of order

γ(s, t) of u(s, t). In this work, we will evaluate C Dγ(s ,t)
t u(s, t) by the L1-approximation or the fast algorithm.

For CVO space derivatives, C Dβ1(s ,t)
s u(s, t), C Dβ2(s ,t)

s u(s, t), ⋅ ⋅ ⋅ , C DβJ(s ,t)
s u(s, t), we will utilize the CAS

wavelet technique.

3.1 The Fast-CAS Method
In this subsection, we will work to save the memory and computational time by constructing an

efficient algorithm for the CVO time derivative, C Dγ(s ,t)
t u(s, t), 0 < γ(s, t) ≤ 1, and utilizing the CAS wavelet

operational matrices technique. Discretize the time domain [0, T], T ∈ R+ as tr = rΔt, r = 0, 1, 2, ⋅ ⋅ ⋅ , R ∈ N,
and Δt = T

R . For space domain [0, η], η ∈ R+, we have sk = η 2k−1
2M , k = 1, 2, ⋅ ⋅ ⋅ , M. Consider the CVO time

derivative (2) at (sk , tr) and split it in terms of local and history part, we have

C Dγ(sk ,tr)
t u(sk , tr) = Hk ,r + Lk ,r , (10)

where Hk ,r = 1
Γ(1−γ(sk ,tr))

tr−1

∫
0
(tr − τ)−γ(sk ,tr) ∂

∂τ u(sk , τ)dτ and Lk ,r = 1
Γ(1−γ(sk ,tr))

tr

∫
tr−1

(tr − τ)−γ(sk ,tr) ∂
∂τ u

(sk , τ)dτ are called the history and local part, respectively. For Lk ,r , we utilize the forward difference
formula for the approximation of ∂

∂τ u(sk , τ) on [tr−1 , tr], and integrate the remaining part to have

Lk ,r ≈
u(sk , tr) − u(sk , tr−1)

Δtγ(sk ,tr)Γ(2 − γ(sk , tr))
.

For Hk ,r , we have

Hk ,r =
T−γ(sk ,tr)

Γ(1 − γ(sk , tr))

tr−1

∫
0

( tr − τ
T

)−γ(sk ,tr) ∂
∂τ

u(sk , τ)dτ. (11)

The kernel ( tr−τ
T )−γ(sk ,tr) can be approximated by using the Lemma 2 of [18] as

�����������
( tr − τ

T
)
−γ(sk ,tr)

−
NU

∑
i=Nl+1

Ωk ,r , i e−ξi(
tr−τ

T )
�����������
≤ ( tr − τ

T
)
−γ(sk ,tr)

ε

where the quadrature weights and exponents are properly chosen by following the procedure [18,33], and are
given as

Ωk ,r , i =
heγ(sk ,tr)i h

Γ(γ(sk , tr))
, ξi = e i h , ε= (Δt

T
)

2

,

h = 2π
log(3) + mγ log(1/ cos 1) + log(1/ ε) ,
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Nl = ⌈ 1
hnγ

(log(ε) + log(Γ(1 + mγ)))⌉ ,

NU = ⌊ 1
h
(log( T

Δt
) + log(log(1/ε)) + log(nγ) + 0.5)⌋ , (12)

where 0 < nγ ≤ γ(s, t) ≤ mγ ≤ 1. Then the Eq. (11) can be written as

Hk ,r ≈
T−γ(sk ,tr)

Γ(1 − γ(sk , tr))
NU

∑
i=Nl+1

Ωk ,r , i Vk ,r , i ,

where Vk ,r , i =
tr−1

∫
0

e ξi(
tr−τ

T ) ∂
∂τ u(sk , τ)dτ. For r = 1, Vk ,1, i = 0, and for r = 2, 3, ⋅ ⋅ ⋅ , R, Vk ,r , i can be calculated

by using the forward difference formula for ∂
∂τ u(sk , τ), as

Vk ,r , i =
tr−2

∫
0

e ξi(
tr−τ

T )
∂

∂τ
u(sk , τ)dτ +

tr−1

∫
tr−2

e ξi(
tr−τ

T )
∂

∂τ
u(sk , τ)dτ,

≈ e−ξi
Δt
T Vk ,r−1, i +

u(sk , tr−1) − u(sk , tr−2)
Δt

tr−1

∫
tr−2

e ξi(
tr−τ

T )dτ,

= e−ξi
Δt
T Vk ,r−1, i + T e−ξi

Δt
T − e−2ξi

Δt
T

ξi Δt
(u(sk , tr−1) − u(sk , tr−2)). (13)

Substitute Hk ,r and Lk ,r in (10) to get the fast evaluation formula for the CVO time derivative of order
γ(s, t) as

F Dγ(sk ,tr)
t u(sk , tr) =

T−γ(sk ,tr)

Γ(1 − γ(sk , tr))
NU

∑
i=Nl+1

Ωk ,r , i Vk ,r , i +
u(sk , tr) − u(sk , tr−1)

Δtγ(sk ,tr)Γ(2 − γ(sk , tr))
, (14)

where Vk ,r , i is given in (13). For r = 1, we have

F Dγ(sk ,t1)
t u(sk , t1) =

u(sk , t1) − u(sk , t0)
Δtγ(sk ,t1)Γ(2 − γ(sk , t1))

. (15)

Let er(s) = 1
Δtγ(s ,tr)Γ(2−γ(s ,tr))

, ar
j(s) = a j(s, tr) and dr(s) = c(s, tr) − er(s). Utilize the fast

algorithm (14) for the evaluation of Caputo variable-order time derivative, C Dγ(s ,t)
t u(s, t), at

t = tr , r = 1, 2, 3, ⋅ ⋅ ⋅ , R, in Eq. (9), we get

J
∑
j=1

ar
j(s)C Dβ j(s ,tr)

s u(s, tr) + dr(s)u(s, tr) = − f (s, tr) − er(s)u(s, tr−1)

+ T−γ(s ,tr)

Γ(1 − γ(s, tr))
NU

∑
i=Nl+1

Ωs ,r , i Vs ,r , i ,

u(s, t0) = u0(s), u(0, tr) = A0(tr), u(η, tr) = C0(tr),

(16)
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where Vs ,r , i = e−ξi
Δt
T Vs ,r−1, i + T e−ξi

Δt
T −e−2ξi

Δt
T

ξi Δt (u(s, tr−1) − u(s, tr−2)). Let

zr
j(s) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

s1−β j(s ,tr)

ηΓ(2 − β j(s, tr))
, 0 < β j(s, tr) ≤ 1,

0, 1 < β j(s, tr) ≤ 2.

Apply the CAS wavelet technique on the semi discretized Eq. (16), along the boundary conditions.
Firstly, we will approximate C D2

s u(s, tr) by using the CAS wavelet series as

C D2
s u(s, tr) ≈

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,qψp ,q(s). (17)

Apply the Riemann-Liouville integral operator of order 2 on (17) and utilize the boundary conditions,
we get

u(s, tr) ≈
2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
s ψp ,q(s) − s

η

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
ηψp ,q(η) + s

η (C0(tr) − A0(tr))

+A0(tr).
(18)

Now, apply the Caputo derivative of order β j(s, tr) on (18) to get

C Dβ j(s ,tr)
s u(s, tr) ≈

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2−β j(s ,tr)
s ψp ,q(s) − zr

j(s)
2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
ηψp ,q(η)

+zr
j(s)(C0(tr) − A0(tr)).

(19)

Let e′r(s) = s
η dr(s), or

j(s) = ar
j(s)zr

j(s) and gr
J(s) = −(

J
∑
j=1

ar
j(s)zr

j(s) + e′r(s))(C0(tr) − A0(tr)) −

dr(s)A0(tr) − f (s, t)−er(s)u(s, tr−1) + T−γ(s ,tr)

Γ(1−γ(s ,tr))

NU

∑
i=Nl+1

Ωs ,r , i Vs ,r , i . Put the values of C Dβ j(s ,tr)
s u(s, tr) and

u(s, tr) from Eqs. (19) and (18), respectively, in (16) to get

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q
⎛
⎝

J
∑
j=1

ar
j(s) 0I2−β j(s ,tr)

s ψp ,q(s) − (
J
∑
j=1

or
j(s) + e′r(s)) 0I2

ηψp ,q(η)

+dr(s) 0I2
s ψp ,q(s)

⎞
⎠
= gr

J(s).
(20)

Let yr
j(s) = or

j(s) + e′r(s)
J . Evaluate (20) at the collocation points to obtain

LT
r (

J
∑
j=1

Ar
jF

2−β j(s)
M×M + DrF2

M×M −
J
∑
j=1

Yr
jB

2
M×M) = Gr

J , (21)
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where Gr
J M×1 = [gr

J(η 1
2M ), gr

J(η 3
2M ), ⋅ ⋅ ⋅ , gr

J(η 2M−1
2M )]T , and the matrices F2−β j(s ,tr)

M×M , F2
M×M , and B2

M×M are
given in Section 2.2. The diagonal matrices Ar

j , Dr , and Yr
j are given below:

Ar
j =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ar
j(s1) 0 ⋅ ⋅ ⋅ 0
0 ar

j(s2) ⋅ ⋅ ⋅ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ ar

j(sM)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Dr =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

dr(s1) 0 ⋅ ⋅ ⋅ 0
0 dr(s2) ⋅ ⋅ ⋅ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ dr(sM)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

Yr
j =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

yr
j(s1) 0 ⋅ ⋅ ⋅ 0
0 yr

j(s2) ⋅ ⋅ ⋅ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ yr

j(sM)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Solve the system (21) to get LT
r at each value of tr and put it in (18) to get the approximate solution

u(s, tr) at t = tr , r = 1, 2, ⋅ ⋅ ⋅ , R. See Algorithm 1 for details.

Algorithm 1: The fast-CAS method
Given: γ(s, t), β j(s, t), u0(s), A0(t), C0(t)
Input: Ωk ,r , i , ξi , h, ε, Nl , NU , sk , tr , ν, Q , R, T
Construct: F2

M×M , B2
M×M by using Eqs. (6) and (8)

for r = 1, 2, . . . , R do
if r = 1 then

Vk ,r , i ← 0
else if r ≥ 2 then

Vk ,r , i ← e−ξi
Δt
T Vk ,r−1, i + T e−ξi

Δt
T −e−2ξi

Δt
T

ξi Δt (u(sk , tr−1) − u(sk , tr−2))
end if
Calculate: Ar

j , Dr , Yr
j and Gr

J

Construct: F2−β j(s ,tr)
M×M

LT
r ← Gr

J(
J
∑
j=1

Ar
jF

2−β j(s)
M×M + DrF2

M×M −
J
∑
j=1

Yr
jB2

M×M)
−1

u(s, tr) ←
2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
s ψp ,q(s) − s

η

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
ηψp ,q(η) + s

η (C0(tr) − A0(tr)) + A0(tr)

end for

3.2 The L1-CAS Method
To get the L1 approximation of (2), we evaluate (2) at (s, tr) as

C Dγ(s ,tr)
t u(s, tr) =

1
Γ(1 − γ(s, tr))

tr

∫
0

(tr − τ)−γ(s ,tr) ∂
∂τ

u(s, τ)dτ.
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We will utilize the forward difference approximation to ∂
∂τ u(s, τ) over the interval [t j , t j+1], 0 ≤ j ≤ r − 1

as ∂
∂τ u(s, τ) ≈ u(s ,t j+1)−u(s ,t j)

Δt , we obtain

L1Dγ(s ,tr)
t u(s, tr) =

1
Γ(1 − γ(s, tr))

r−1
∑
j=0

u(s, t j+1) − u(s, t j)
Δt

t j+1

∫
t j

(tr − τ)−γ(s ,tr)dτ,

= Δt−γ(s ,tr)

Γ(2 − γ(s, tr))
r−1
∑
j=0

E j ,r(u(s, t j+1) − u(s, t j)),

or

= Δt−γ(s ,tr)

Γ(2 − γ(s, tr))
(Er−1,ru(s, tr) −

r−1
∑
j=1
(E j ,r − E j−1,r)u(s, t j) − E0,ru(s, t0)), (22)

where E j ,r = (r − j)1−γ(s ,tr) − (r − j − 1)1−γ(s ,tr), r = 0, 1, ⋅ ⋅ ⋅ , R. Let dr(s) = c(s, tr) − er(s)Er−1,r . Utilize the
L1-approximation (22) for the evaluation of Caputo variable-order time derivative, C Dγ(s ,t)

t u(s, t), at
t = tr , r = 1, 2, 3, ⋅ ⋅ ⋅ , R, in Eq. (9), we get

J
∑
j=1

ar
j(s) C Dβ j(s ,tr)

s u(s, tr) + dr(s)u(s, tr) = − f (s, tr) − er(s)
r−1
∑
i=1
(Ei ,r − Ei−1,r)u(s, ti)

−er(s)E0,ru(s, t0),
u(s, t0) = u0(s), u(0, tr) = A0(tr), u(η, tr) = C0(tr).

(23)

Let yr
j(s) = or

j(s) + e′r(s)
J and ωr

J(s) = − f (s, tr) − er(s)
r−1
∑
i=1
(Ei ,r − Ei−1,r)u(s, ti) − er(s)E0,ru(s, t0) −

(
J
∑
j=1

yr
j(s))(C0(tr) − A0(tr)) − dr(s)A0(tr). The second step is to apply the CAS wavelet technique on (23).

For that purpose, we utilize the Eqs. (19) and (18) in Eq. (23) to get

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q
⎛
⎝

J
∑
j=1

ar
j(s) 0I2−β j(s ,tr)

s ψp ,q(s) − (
J
∑
j=1

yr
j(s)) 0I2

ηψp ,q(η)

+dr(s) 0I2
s ψp ,q(s)

⎞
⎠
= ωr

J(s).
(24)

Evaluate (24) at the collocation points to obtain

LT
r (

J
∑
j=1

Ar
jF

2−β j(s ,tr)
M×M −

J
∑
j=1

Yr
jB2

M×M + DrF2
M×M) = Ωr

J , (25)

where Ar
j , Dr , Yr

j are given above, and Ωr
J M×1 = [ωr

J(η 1
2M ), ωr

J(η 3
2M ), ⋅ ⋅ ⋅ , ωr

J(η 2M−1
2M )]T . Solve the sys-

tem (25) to get LT
r at each value of tr and put it in (18) to getthe approximate solution u(s, tr) at

t = tr , r = 1, 2, ⋅ ⋅ ⋅ , R. See Algorithm 2 for details.
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Algorithm 2: The L1-CAS method
Given: γ(s, t), β j(s, t), u0(s), A0(t), C0(t)
Input: sk , tr , ν, Q , R, T
Construct: F2

M×M , B2
M×M by using Eqs. (6) and (8)

for r = 1, 2, . . . , R do
E j ,r ← (r − j)1−γ(s ,tr) − (r − j − 1)1−γ(s ,tr)

Calculate: Ar
j , Dr , Yr

j and Ωr
J

Construct: F2−β j(s ,tr)
M×M

LT
r ← Ωr

J(
J
∑
j=1

Ar
jF

2−β j(s)
M×M −

J
∑
j=1

Yr
jB2

M×M + DrF2
M×M)

−1

u(s, tr) ←
2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
s ψp ,q(s) − s

η

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,q 0I2
ηψp ,q(η) + s

η (C0(tr) − A0(tr)) + A0(tr)

end for

3.3 Nonlinear Caputo Variable-Order Partial Differential Equations
The classical interpolation technique [34] is adopted for handling the nonlinear terms. The purpose of

using the interpolation technique for the treatment of nonlinear terms is to reduce the computational costs
of the method as compared to the quasilinearization technique [35] and Adomian polynomials [36]. The
procedure for handling the nonlinear term g(u, C Dα(s ,t)

s u) is as follow. According to the methodology, we
split the Eq. (1) in the following forms

L(s, t) = g(u(s, t), C Dα(s ,t)
s u(s, t)),

where L(s, t) = C Dγ(s ,t)
t u(s, t) −

J
∑
j=1

a j(s, t)C Dβ j(s ,t)
s u(s, t) − c(s, t)u(s, t) − f (s, t).

• For r = 1

Predictor ∶ L(s, t1) = g(u(s, t0), C Dγ(s ,t0)
s u(s, t0)),

we get predictor as ū(s, t1).

Corrector ∶ L(s, t1) = g(ū(s, t1), C Dγ(s ,t)
s ū(s, t1)),

we get corrector as u(s, t1).
• For r > 1

L(s, tr) = 2g(u(s, tr−1), C Dγ(s ,tr−1)
s u(s, tr−1)) − g(u(s, tr−2), C Dγ(s ,tr−2)

s u(s, tr−2)),

we get u(s, tr) by utilizing the linear interpolation between u(s, tr−1) and u(s, tr−2), r = 2, 3, ⋅ ⋅ ⋅ , R.

4 Analysis
This section focuses primarily on analyzing the proposed methods.

Theorem 1: Error bound for the CAS wavelet series:
Consider any differentiable function u ∈ L2[0, η] × [0, T] with the condition that ∣ ∂2

∂s2 u∣ ≤ φ, ∀ s ∈ [0, η], tr ∈
[0, T], and φ > 0. Since the CAS wavelets are the basis of L2[0, η], any function u(s, tr) can be represented
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by the CAS wavelet series,
∞
∑
p=0

∑
q∈Z

l r
p ,qψp ,q(s), and the series converges uniformly to u(s, tr). Furthermore, let

uν ,Q(s, tr) =
2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,qψp ,q(s), then

∣u(s, tr) − uν ,Q(s, tr)∣ ≤ φ
π2

∞
∑

p=2ν

∞
∑

q=Q+1

1
(p+1)

5
2 q2

. (26)

Proof. By following the same steps as given in [32], we can proof (26). ◻

From Eq. (26), we conclude that
2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,qψp ,q(s) converges to u(s, tr) for each r = 0, 1, 2, ⋅ ⋅ ⋅ , R,

when ν, Q →∞.
Theorem 2: Convergence analysis for the CAS wavelet series
Let ν and Q approach to∞, then the series solution by the CAS wavelet method, uν ,Q(s, tr), converges to u(s, tr)
for each r = 0, 1, 2, ⋅ ⋅ ⋅ , R.
Proof. Let Hr

ν ,Q(s) and Jr
ν′ ,Q′(s) be the sequences of partial sums of l r

p ,qψp ,q(s), such that

Hr
ν ,Q =

2ν−1
∑
p=0

Q
∑

q=−Q
l r

p ,qψp ,q(s) and Jr
ν′ ,Q′ =

2ν′−1
∑
p=0

Q′

∑
q=−Q′

l r
p ,qψp ,q(s), with ν > ν′ and Q > Q′.

Let us have a set A = [−Q ,−Q + 1, ⋅ ⋅ ⋅ ,−Q′ − 1, Q′ + 1, ⋅ ⋅ ⋅ , Q]. The orthogonal property of ψp ,q implies

∥Hr
ν ,Q(s) − Jr

ν′ ,Q′(s)∥2 = ∥
2ν−1
∑

p=2ν′
∑
q=A

l r
p ,qψp ,q(s)∥2,

= ⟨
2ν−1
∑

p=2ν′
∑
q=A

l r
p ,qψp ,q(s),

2ν−1
∑

i=2ν′
∑
j=A

l r
i , jψi , j(s)⟩,

=
2ν−1
∑

p=2ν′
∑
q=A

l r
p ,q

2ν−1
∑

i=2ν′
∑
j=A

l r
i , j⟨ψp ,q(s), ψi , j(s)⟩,

=
2ν−1
∑

p=2ν′
∑
q=A

∣l r
p ,q ∣2.

Since CAS wavelet forms an orthonormal basis of a Hilbert space L2[0, η], we have the following from
the Bessel inequality
∞

∑
p=0

∑
q∈Z

∣l r
p ,q ∣2 ≤ ∣∣u(s, tr)∣∣2,

which implies
∞
∑
p=0

∑
q∈Z

∣l r
p ,q ∣2 is convergent. Hence we have

∥Hr
ν ,Q(s) − Jr

ν′ ,Q′(s)∥2 → 0 as ν, ν′, Q , Q′ →∞.
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Thus {Hr
ν ,Q} is a Cauchy sequence and it converges to say g(s, tr). Now we claim that u(s, tr) = g(s, tr).

For all ψi , j, we have

⟨g(s, tr) − u(s, tr), ψi , j(s)⟩ = ⟨g(s, tr), ψi , j(s)⟩ − ⟨u(s, tr), ψi , j(τ)⟩,
= lim

ν ,Q→∞
⟨Hr

ν ,Q , ψi , j(s)⟩ − l r
i , j ,

= l r
i , j − l r

i , j = 0.

Hence u(s, tr) = g(s, tr) and it completes the proof. ◻
Theorem 3. [17] Let sk = η 2k−1

2M , k = 1, 2, ⋅ ⋅ ⋅ , M, tr = rΔt, r = 0, 1, 2, ⋅ ⋅ ⋅ , R ∈ N, Δt = T
R , and γk

r = γ(sk , tr).
Suppose u(sk , t) ∈ C2[0, η] × [0, tr], and define L1

E
k
r = C Dγk

r
t u(sk , tr) − L1Dγk

r
t u(sk , tr), then we can conclude

that

∣L1
E

k
r ∣ ≤

1
Γ(2 − γk

r )
[ 1 − γk

r
12

+ 22−γk
r

2 − γk
r
− (1 + 2−γk

r )] max
t0≤t≤tr

∣ ∂2

∂t2 u(sk , t)∣Δt2−γk
r .

Theorem 4: Suppose u(sk , t) ∈ C2[0, η] × [0, tr], and define F
E

k
r = C Dγk

r
t u(sk , tr) − F Dγk

r
t u(sk , tr), then we

can conclude that

∣FEk
r ∣ ≤

1
Γ(2 − γk

r )
[ 1 − γk

r
12

+ 22−γk
r

2 − γk
r
− (1 + 2−γk

r )] max
t0≤t≤tr

�����������

∂2

∂t2 u(sk , t)
�����������
Δt2−γk

r

+ ε
1

Γ(2 − γk
r )

max
t0≤t≤tr−1

�����������

∂
∂t

u(sk , t)
�����������
t1−γk

r
r , (27)

where ε= (Δt
T )2.

Proof. We can proof (27) by using the theorem 3 and follow the same procedure given in [18]. ◻
From Theorem 3 and 4, we conclude that error from the L1 approximation and the fast algorithm are

reducing while increasing the time steps, R. The order of the L1 approximation is (2 − max
0≤t≤T ,0≤s≤η

γ(s, t)) and

for fast algorithm is almost (2 − max
t0≤t≤T ,0≤s≤η

γ(s, t)).

For the L1 approximations of CVO time derivative, we need to store the values of all previous time
levels when to compute it at the current time level. But, for the fast approximations of Caputo variable order
derivative, we only require to compute Vk ,r , i , since Vk ,r−1, i is already known at that time tr .

5 Applications
In this section, we implement the L1-CAS and the fast-CAS method on the nonlinear multi-term CVO

fractional partial differential equations.

5.1 Problem 1
Consider the nonlinear CVO fractional differential equation of the following form

C Dγ(s ,t)
t u(s, t) = C Dβ(s ,t)

s u(s, t) + u2(s, t) + f (s, t), 1 < β(s, t) ≤ 2, 0 < γ(s, t) ≤ 1,
u(s, 0) = s2 = u0(s), 0 ≤ s ≤ η,

u(0, t) = t2 = A0(t), u(η, t) = η2 + t2 = C0(t), 0 ≤ t ≤ T ,
(28)
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where f (s, t) = Γ(3)
Γ(3−γ(s ,t)) t2−γ(s ,t) − Γ(3)

Γ(3−β(s)) s2−β(s) − s4 − t4 − (
√

2st)2. The exact solution of (28) is
u(x , t) = s2 + t2. Let η = T = 1.

The purpose of Fig. 1 is to present a plot of the exact solution, uex(s, t), approximate solution by
the fast-CAS method, ua pp(s, t), and their corresponding absolute error. It shows that the solution by the
fast-CAS method is in full agreement with the exact solution. For Table 1, we consider β(s, t) = 4−0.2est

3 ,
γ(s, t) = 1 − 0.1 cos(st), ν = 2, Q = 2, and different values of R. Tables 1 and 2 show that both the L1-CAS
method and the fast-CAS method are almost equally accurate.

Figure 1: (Problem 1); Exact solution, solutions by the fast-CAS method (ν = 2, Q = 2 and R = 250) and their
corresponding absolute error

Since the maximum value of γ(s, t) = 1 − 0.1 cos(st) is approximately 0.946, the truncation error is
around 1.054. Table 1 demonstrates that the Theorem 3 and 4 are valid. It is worth noting that if β is the
function of two variables s and t, then we have to regenerate the operational matrices F β(s ,tr)

M×M , for each
time step tr , r = 0, 1, 2, ⋅ ⋅ ⋅ , R ∈ N. But, if β is only the function of s, then there is no need to regenerate the
operational matrices at each time step. This is the reason that the proposed methods take much time when
β is the function of both s and t, which can be observed in Tables 1 and 2. Both tables also show that error
reduces while increasing the number of time steps, R, level of resolution, ν, and order of CAS wavelet, Q, as
given in the Theorems 1, 2, 3 and 4 of Section 4.
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Table 1: (Problem 1); Comparison of the fast-CAS method and the L1-CAS method when β(s, t) = 4−0.2est

3 ,
γ(s, t) = 1 − 0.1 cos(st), ν = 2, Q = 2, and for different values of time steps, R

Time steps The fast-CAS method CPU time (sec) The L1-CAS method CPU time (sec)
R E f ast CPU f ast Order EL1 CPU L1 Order

128 4.2824 × 10−4 3.8685 – 4.2811 × 10−4 6.3735 –
256 2.2756 × 10−4 7.6604 0.9122 2.2755 × 10−4 12.7295 0.9118
512 1.1492 × 10−4 20.1958 0.9856 1.1492 × 10−4 27.7984 0.9856

1024 5.6662 × 10−5 25.4031 1.0202 5.6662 × 10−5 91.9092 1.0202
2048 2.7604 × 10−5 52.0936 1.0375 2.7604 × 10−5 168.2688 1.0375
4096 1.3407 × 10−5 106.5251 1.0419 1.3407 × 10−5 392.0936 1.0419
8192 6.4980 × 10−6 201.4929 1.0449 6.4980 × 10−6 919.8896 1.0449

16384 3.1425 × 10−6 520.6885 1.0481 3.1425 × 10−6 1917.2081 1.0481
32768 1.5175 × 10−6 830.6178 1.0502 1.5175 × 10−6 9358.9488 1.0502

Table 2: (Problem 1); Comparison of the fast-CAS method and the L1-CAS method when γ(s, t) =
3(1+sin( t

2 ))+0.01 cos(s)
7 , β(s, t) = 4−0.2es

3 , and for different values of time and space steps

Time steps Space steps The fast-CAS method CPU time (sec) The L1-CAS method CPU time (sec)
R M = 2ν(2Q + 1) E f ast CPU f ast EL1 CPU L1

400 ν = 1, Q = 1 6.2659 × 10−6 0.4921 6.2455 × 10−6 0.6997
800 3.9387 × 10−6 0.8257 3.9377 × 10−6 2.2560
1600 1.9070 × 10−6 1.5082 1.9068 × 10−6 8.1965
3200 8.3608 × 10−7 3.3498 8.3561 × 10−7 49.5519
6400 3.4952 × 10−7 7.3480 3.4950 × 10−7 193.0405
12800 1.4338 × 10−7 15.9716 1.4338 × 10−7 891.0754
400 ν = 3, Q = 3 4.6879 × 10−6 1.0557 4.6725 × 10−6 2.3846
800 3.0036 × 10−6 1.8772 3.0028 × 10−6 14.9820
1600 1.4757 × 10−6 3.7230 1.4755 × 10−6 92.3427
3200 6.4982 × 10−7 7.8293 6.4946 × 10−7 349.0080
6400 2.7111 × 10−7 27.6802 2.7109 × 10−7 809.6388
12800 1.1002 × 10−7 50.0747 1.1002 × 10−7 3470.0805

For Fig. 2, we utilize β(s, t) = 2.9−0.1 sin(s)+cos(s)
3 , γ(s, t) = 3(1+sin( t

2 ))+0.01 cos(s)
7 , R = 50, and different

values of ν and Q. It shows that the maximum absolute error by the fast-CAS wavelet method reduces while
increasing the value of parameters ν and Q, as given in Theorems 1 and 2.

The computational cost is assessed by measuring the CPU time required for the fast-CAS and L1-CAS
methods against the total number of time steps R, with ν = 1 and Q = 1 fixed, as shown in Fig. 3 and Table 2.
For Fig. 3, we consider R = 400 × 2n , n = 0, 1, 2, 3, 4, 5, and use the values of n on the x−axis instead of
log10(R). It indicates that the CPU consumption rate of the fast-CAS method and the L1-CAS method is
approximately O(R) and O(R2), respectively.
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Figure 2: (Problem 1); The maximum absolute errors by the fast-CAS method for R = 50, and different values of Q and ν
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Figure 3: (Problem 1); Comparison of the fast-CAS and the L1-CAS method are presented for Q = 1, ν = 1 and at
different values of time steps R

5.2 Problem 2
Consider the following nonlinear multi-term CVO fractional Burger’s type equation of the form

C Dγ(s ,t)
t u(s, t) + u(s, t) C Dα(s)

s u(s, t) = a1(s, t) C Dβ1(s ,t)
s u(s, t)

+a2(s, t) C Dβ2(s ,t)
s u(s, t) + f (s, t),

u(s, 0) = sξ = u0(s), 0 ≤ s ≤ η,
u(0, t) = t χ = A0(t), u(η, t) = ηξ + (1 + 2ηξ)t χ = C0(t), 0 ≤ t ≤ T ,

(29)



2182 Comput Model Eng Sci. 2025;144(2)

where a1(s, t) = 2esin(s) + 4t, a2(s, t) = 2 sin(s) + 5et , 1 < β1(s, t) < 2, 0 < β2(s, t) < 1, 0 < γ(s, t) < 1, 0 <
α(s) < 1, and

f (s, t) = (1 + 2sξ) Γ(χ + 1)
Γ(χ + 1 − γ(s, t)) t χ−γ(s ,t) + (1 + 2t χ)(sξ + t χ + 2sξ t χ) Γ(ξ + 1)

Γ(ξ + 1 − α(s)) sξ−α(s)

− a1(s, t)(1 + 2t χ) Γ(ξ + 1)
Γ(ξ + 1 − β1(s, t)) sξ−β1(s ,t) − a2(s, t)(1 + 2t χ) Γ(ξ + 1)

Γ(ξ + 1 − β2(s, t)) sξ−β2(s ,t).

The exact solution of (29) is u(x , t) = sξ + t χ + 2sξ t χ , ξ, χ ∈ R. Let η = T = 1.
For Fig. 4, we utilize the following values of the parameters χ = 5.96, ξ = 3.67, γ(s, t) =

3+sin( t
2 )+cos(s)
5 , β1(s, t) = 4−0.2es

3 , β2(s, t) = 1.3 − e−x , α(s) = 2−e−s

3 , R = 150, ν = 3, Q = 3. The purpose of
Fig. 4 plots the exact solution, uex(s, t), approximate solution by the fast-CAS method, ua pp(s, t), and their
corresponding absolute error. It shows that the solution by the fast-CAS method is in full agreement with
the exact solution. Table 3 demonstrates that both the fast-CAS method and the L1-CAS methods are nearly
equally accurate. However, the fast-CAS method significantly reduces computational time compared to the
L1-CAS method, fulfilling its primary objective. Table 3 also shows that error reduces while increasing the
number of time steps, R, level of resolution, ν, and order of CAS wavelet, Q, as given in the Theorems 1, 2, 3
and 4 of Section 4.

Figure 4: (Problem 2); Exact solution, solutions by the fast-CAS method (ν = 3, Q = 3 and R = 150) and their
corresponding absolute error
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Table 3: (Problem 2); Comparison of the fast-CAS method and the L1-CAS method when
γ(s, t) = 3+sin( t

2 )+cos(s)
5 , β1(s, t) = 4−0.2es

3 , β2(s, t) = 1.3 − e−x , α(s) = 2−e−s

3 , and for different values of time and space
steps

Time steps Space steps The fast-CAS method CPU time (sec) The L1-CAS method CPU time (sec)
R M = 2ν(2Q + 1) E f ast CPU f ast EL1 CPU L1

500 ν = 1, Q = 1 2.3296 × 10−2 0.5900 2.3296 × 10−2 0.8353
1000 ν = 2, Q = 2 1.9067 × 10−3 1.0206 1.9067 × 10−3 5.9062
2000 ν = 3, Q = 3 2.4089 × 10−4 3.1208 2.4089 × 10−4 85.9915
4000 ν = 4, Q = 4 4.1563 × 10−5 42.0548 4.1563 × 10−5 447.4726
8000 ν = 5, Q = 5 8.8923 × 10−6 328.8019 8.8923 × 10−6 4240.1071

For Fig. 5, we utilize β1(s, t) = 2 − e−0.2s , β2(s, t)= 1 − e−0.2s , γ(s, t) = 2.1+sin(t)+cos(s)
4 , α(s) = 1.5 −

e−0.2s , R = 500, χ = 2, ξ = 2, and different values of ν and Q. It shows that the solution by the fast-CAS
wavelet method converges to the exact solution while increasing the number of values of ν and Q, as given in
Theorems 1 and 2. For γ(s, t) = −0.2 log(st + 1) + 0.8, Table 4 is used to enlist the maximum absolute error
and the order of convergence for the fast-CAS wavelet method at ν = 2, Q = 2, and for different values of
R. Since the maximum value of γ(s, t) is 0.8, the truncation error is approximately 2 − 0.8 = 1.2, which is
consistent with Theorems 3 and 4.
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Figure 5: (Problem 2); The maximum absolute errors by the fast-CAS method for R = 500, and different values of
Q and ν

For Fig. 6, we consider γ(s, t) = 2+sin(t)+cos(s)
4 , β1(s, t) = 4−0.2es

3 , β2(s, t) = 1.3 − e−x , α(s) = 1.3 − e−x ,
χ = 1, ξ = 2. The computational cost is assessed by measuring the CPU time required for the fast-CAS and
L1-CAS methods against the total number of time steps R, with ν = 2 and Q = 2 fixed, as shown in Fig. 6.
For Fig. 6, we consider R = 400 × 2n , n = 0, 1, 2, 3, 4, 5, and use the values of n on the x − axis instead of
log10(R). Fig. 6 shows that the rate of CPU time for the L1-CAS method is around 2 and for the fast-CAS
method is around 1. It means that the fast-CAS method is more efficient as compared to the L1-CAS method.
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Table 4: (Problem 2); The maximum error and order of convergence at ν = 2, Q = 2, and for different values of time
steps, R

Time steps Error Order
R γ(s, t) = −0.2log(st + 1) + 0.8

256 3.8538 × 10−5 −
512 1.6497 × 10−5 1.2241

1024 7.0865 × 10−6 1.2191
2048 3.0514 × 10−6 1.2156
4096 1.3176 × 10−6 1.2115
8192 5.7042 × 10−7 1.2078

16384 2.4770 × 10−7 1.2034
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Figure 6: (Problem 2); Comparison of the fast-CAS and the L1-CAS method are presented for Q = 2, ν = 2 and at
different values of timesteps R

5.3 Problem 3
Consider the nonlinear CVO fractional differential equation of the following form

C Dγ(s ,t)
t u(s, t) = C Dβ(s ,t)

s u(s, t) + sin(u)ζ + f (s, t), 1 < β(s, t) ≤ 2, 0 < γ(s, t) ≤ 1,
u(s, 0) = sin(s), 0 ≤ s ≤ η,
u(0, t) = 0, u(η, t) = sin(η) + cos(t), 0 ≤ t ≤ T ,

(30)

where

f (s, t) = − sin(s)t2−γ(s ,t)E2,3−γ(s ,t)(−t2) + cos(t)s3−β(s ,t)E2,4−β(s ,t)(−s2) − sin (sin(s) cos(t))ξ ,

ξ ∈ R+ and Ea ,b(s) is the two parameter Mittag-Leffler function [37]. The exact solution of (30)
is u(s, t) = sin(s) cos(t). We have considered ξ = 3.75, γ(s, t) = 2+sin(t)+cos(t)

4 , and β(s, t) = 4−0.2est

3 . The
purpose of Fig. 7 plots the exact solution, uex(s, t), approximate solution by the fast-CAS method (when
ν = Q = 3, R = 200), ua pp(s, t), and their corresponding absolute error. It shows that the solution by the
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fast-CAS method is in full agreement with the exact solution. For γ(s, t) = 2+sin(t)+cos(t)
4 , Table 5 is used

to enlist the maximum absolute error and the order of convergence for the fast-CAS wavelet method at
ν = 3, Q = 3, and for different values of R. Since the maximum value of γ(s, t) is approximately 0.96, the
truncation error is approximately 1.0397, which is consistent with Theorems 3 and 4. For Fig. 8, we consider
R = 400 × 2n , n = 2, 3, 4, 5, 6 and use the values of n on the x − axis instead of log10(R). Fig. 8 shows that
the rate of CPU time for the L1-CAS method is around 2 and for the fast-CAS method is around 1. It means
that the fast-CAS method is more efficient as compared to the L1-CAS method.

Figure 7: (Problem 3); Exact solution, solutions by the fast-CAS method (ν = 3, Q = 3 and R = 200) and their
corresponding absolute error

Table 5: (Problem 3); The maximum error and order of convergence at ν = 3, Q = 3, and for different values of time
steps, R

Time steps The fast-CAS method OrderR Efast

16 1.5105 × 10−3 −
32 6.2485 × 10−4 1.2735
64 2.6972 × 10−4 1.2121

(Continued)
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Table 5 (continued)

Time steps The fast-CAS method OrderR Efast

128 1.1914 × 10−4 1.1787
256 5.3325 × 10−5 1.1599
512 2.5050 × 10−5 1.0900

1024 1.2309 × 10−5 1.0251
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Figure 8: (Problem 3); Comparison of the fast-CAS and the L1-CAS method are presented for Q = 1, ν = 1 and at
different values of timesteps R

6 Conclusion
This research paper makes two significant contributions to the existing literature. First, it introduces

two novel methods, the L1-CAS and the fast-CAS, specifically designed for multiterm Caputo variable-order
(CVO) fractional partial differential equations. Second, it combines these two methods with an interpolation
technique, which has proven particularly effective for solving nonlinear multiterm CVO fractional partial
differential equations. We have successfully derived the CAS wavelet operational matrix of variable-order
fractional integration and applied it to boundary value problems. The implementation procedures of both
methods are discussed in detail, and their pseudo codes are also provided. Numerical simulations are
conducted to illustrate the theoretical results, and the findings are presented through both tabular and
graphical formats. Separate truncation error estimates for temporal and spatial discretizations are given;
however, a full space-time convergence analysis remains an open problem to be addressed in future work.

The results, including Figs. 1, 4, and 7, demonstrate that the fast-CAS method produces solutions in
complete agreement with the exact solutions. Tables 1 to 5 and Figs. 2 and 5 show that the maximum absolute
error decreases as the parameters ν, Q, and R increase, consistent with the theoretical analysis. Furthermore,
as shown in Tables 1, 4, and 5, both proposed methods achieve the same order of convergence as established
in Theorems 3 and 4 of Section 4. The CPU time results in Figs. 3, 6, and 8 indicate that the L1-CAS method
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scales with a rate around 2, while the fast-CAS method scales with a rate around 1, confirming that the
fast-CAS method is more efficient.

Although the CAS wavelet operational matrix method is accurate, it demands significant computational
time, especially for large ν and Q values, due to the increased size of operational matrices. In contrast, both
L1-CAS and fast-CAS methods maintain similar levels of accuracy with reduced computational cost. Notably,
the fast-CAS method is the most efficient. Moreover, these methods can be readily extended to higher-
dimensional linear and nonlinear multiterm CVO partial differential equations, for which the traditional
CAS wavelet method becomes computationally intensive.
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