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ABSTRACT: An Interval Type-2 (IT-2) fuzzy controller design approach is proposed in this research to simultaneously
achieve multiple control objectives in Nonlinear Multi-Agent Systems (NMASs), including formation, containment, and
collision avoidance. However, inherent nonlinearities and uncertainties present in practical control systems contribute
to the challenge of achieving precise control performance. Based on the IT-2 Takagi-Sugeno Fuzzy Model (T-SFM),
the fuzzy control approach can offer a more effective solution for NMASs facing uncertainties. Unlike existing control
methods for NMASs, the Formation and Containment (F-and-C) control problem with collision avoidance capability
under uncertainties based on the IT-2 T-SFM is discussed for the first time. Moreover, an IT-2 fuzzy tracking control
approach is proposed to solve the formation task for leaders in NMASs without requiring communication. This control
scheme makes the design process of the IT-2 fuzzy Formation Controller (FC) more straightforward and effective.
According to the communication interaction protocol, the IT-2 Containment Controller (CC) design approach is
proposed for followers to ensure convergence into the region defined by the leaders. Leveraging the IT-2 T-SFM
representation, the analysis methods developed for linear Multi-Agent Systems (MASs) are successfully extended to
perform containment analysis without requiring the additional assumptions imposed in existing research. Notably,
the IT-2 fuzzy tracking controller can also be applied in collision avoidance situations to track the desired trajectories
calculated by the avoidance algorithm under the Artificial Potential Field (APF). Benefiting from the combination
of vortex and source APFs, the leaders can properly adjust the system dynamics to prevent potential collision risk.
Integrating the fuzzy theory and APFs avoidance algorithm, an IT-2 fuzzy controller design approach is proposed to
achieve the F-and-C purpose while ensuring collision avoidance capability. Finally, a multi-ship simulation is conducted
to validate the feasibility and effectiveness of the designed IT-2 fuzzy controller.

KEYWORDS: Interval type-2 Takagi-Sugeno fuzzy model; multi-agent systems; formation and containment control;
fuzzy collision avoidance; artificial potential field

1 Introduction
Prompted by the rapid development of intelligent equipment, control problems under the Multi-Agent

System (MAS) framework have proliferated in recent decades [1]. Since the agents can achieve common
goals through their own communication, these control issues have become an important milestone for the
cooperative control of multiple autonomous vehicles [2]. In various control scenarios, the cooperation of
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multiple autonomous devices offers a faster and more efficient solution than using only one device. More
importantly, multiple autonomous devices equipped with low-cost onboard systems can serve as a substitute
for a single device that relies on high-end equipment [3]. This advantage significantly reduces the cost
when the devices require maintenance and are even destroyed. In the broader context of control issues in
MASs, cooperative behaviors are primarily discussed in terms of consensus, formation, and containment [4–
6]. Consensus control serves as a foundational application for multiple agents to coordinate and reach a
common state. Under the leader-follower control framework, consensus means that all follower agents reach
the same state as the leader [4]. When there is more than one leader, the consensus problem escalates to
the containment problem. Containment control is commonly found in control scenarios where agents with
lower capabilities need to be protected by those with higher capabilities and guided into a specific region [5].
Usually, this specific region is defined through the formation control of leaders. Formation control refers
to making the agents adhere to a predetermined order to achieve the formation [6]. This feature makes
formation control a dominant topic in the research of MASs.

The Formation and Containment (F-and-C) issues have contributed to more efficient achievement of
common objectives and broadened the application scope of multi-device control. An increasing number of
researchers have also developed composite applications of the Formation Controller (FC) and Containment
Controller (CC) using the leader-follower framework [7–9]. However, the safety of agents, especially the
leaders, in MASs remains a critical concern due to the dynamic and ever-changing working environments
in which autonomous devices operate. Given this consideration, an increasing number of researchers have
placed emphasis on the issue of collision avoidance in the control of MASs. Several researchers have also
incorporated the collision avoidance mechanism into the design of FC and CC [10,11]. It should be noted
that the path planning algorithm plays a crucial role in collision-avoidance methods. Over the past decades,
various motion or path planning algorithms have been developed and remained active research topics in
collision avoidance scenarios, such as the A* algorithm [12], the dynamic window approach [13], the velocity
obstacle method [14], and the Artificial Potential Field (APF) [15]. The collision avoidance mechanisms based
on the APF offers advantages such as an intuitive design process, low computational complexity, and reliance
on local environmental information. These features make APF particularly suitable for scenarios involving
multiple unit encounters and situations requiring rapid emergency responses. For the design of FC and CC,
the APF method has also been employed to achieve control objectives while maintaining the capability to
avoid collisions between agents [10,11]. Up to now, only a few studies have investigated the collision avoidance
issue using the APF in the F-and-C control of MASs.

However, the inherent nonlinearities in system dynamics must be considered due to the complex
working environments and the control precision requirements of autonomous devices. With consideration
of the interaction protocol, it can be observed that nonlinear dynamic behaviors in Nonlinear MASs
(NMASs) significantly complicate the controller design process [4–9]. It is further worth noting that
the complexities and challenges are exacerbated when multiple control objectives are required, such as
incorporating the collision avoidance issue into F-and-C [10,11]. Solving the control and analysis challenges
of systems with nonlinearities, the Takagi-Sugeno Fuzzy Model (T-SFM) has been proposed as an efficient
method to convert nonlinear control problems into linear [16–19]. In this manner, nonlinear systems can be
linearized into multiple linear subsystems based on a set of fuzzy rules by appropriately selecting premise
variables and operating ranges. This characterization enables the design of fuzzy controllers within the
linear framework and efficiently reduces the design complexity associated with nonlinear control methods.
According to [20], the kinematic components of the mathematical model for the mobile robot exhibit
clear nonlinear characteristics. The researchers used the T-SFM to achieve trajectory tracking along with
obstacle avoidance capability. Since fuzzy logic and fuzzy inference systems serve as a powerful approach in
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decision making, fuzzy theory has gradually been integrated into various obstacle avoidance methods [21,22].
Researchers have also extended the fuzzy-based obstacle avoidance mechanism into the FC design using the
APF method [23,24]. However, the collision avoidance using fuzzy logic for the F-and-C control of MASs
remains an open issue, especially when considering the integration of APF.

Nevertheless, the so-called type-1 T-SFM used in previous studies [16–20] is insufficient for compre-
hensively characterizing uncertainties in nonlinear systems. This limitation also results in the corresponding
fuzzy controller design methods being unable to handle uncertainties. In widely adopted applications of
NMASs, such as unmanned vehicles, uncertainty problem becomes even more critical. These uncertainties
may be attributed to discrepancies in the design of membership grades from a linguistic perspective,
and structural changes from an application perspective [25,26]. As a result, Type-2 (T-2) fuzzy sets and
fuzzy systems have been developed to more comprehensively incorporate uncertain factors into system
modeling [27]. A typical T-2 MF consists of primary and secondary membership grades, which results in
a three-dimensional structure. However, this structure significantly increases the computational complexity
and burden compared to the two-dimensional type-1 MFs [28]. To improve practicality, Interval Type-2
(IT-2) MFs were introduced by setting all secondary membership grades to the maximum value of 1 [29],
which reduces computational burden and still maintains a reasonable level of descriptive capability. The
IT-2 T-SFM offers better capability for modeling nonlinear systems with uncertainties than type-1 T-SFM,
while requiring lower computational resources than the general T-2 T-SFM. Since computational efficiency
remains a key concern in real-world control systems, especially in autonomous devices with dynamic
uncertainty, this advantage makes IT-2 fuzzy systems a widely adopted solution [30]. Furthermore, due to the
close relationship between collision avoidance and decision-making, IT-2 fuzzy logic controllers have been
successfully applied to address uncertainties in practical avoidance scenarios [31]. In addition, IT-2 fuzzy
control theory provides a powerful framework for NMASs, which involve high computational demands, to
mitigate the effects of dynamic uncertainties [32,33].

Although the F-and-C controllers for NMASs have been proposed by some researchers [34,35], the
nonlinear frameworks reduce practical applicability and cost-effectiveness. Leveraging the IT-2 T-SFM rep-
resentation [36], nonlinear control design problems can be recast as the linear problems, while uncertainties
are also better handled. As the pioneering work applying IT-2 T-SFM to UNMASs, the researchers in [37]
have solved the containment problem of UNMASs under the leader-follower framework. Nevertheless, the
leaders are considered as the open-loop systems, which lead to the divergence of the entire UNMAS since the
leaders are unstable even though the followers achieve containment. In [38,39], the authors developed the IT-
2 fuzzy F-and-C controller design method, which not only guarantees leaders’ stability but also achieves the
formation objective. In contrast to the existing formation-containment literatures, the design concept of the
IT-2 fuzzy FC for leaders is proposed by developing the individual tracking controller. This FC design strategy
eliminates the need for communication between the leaders that are farthest apart from each other in the
F-and-C problem and enables specifying the entire UNMAS dynamics and time-varying formation without
the additional control term in the FC framework. The detailed advantages of the IT-2 F-and-C design method
can be found in [39]. However, the safety of agents in UNMASs can only be ensured if the agents possess
collision avoidance capabilities. It can be inferred that, since the IT-2 fuzzy F-and-C controller design method
for UNMASs was first proposed in [38,39], the collision avoidance issue under this framework has not yet
been investigated. Moreover, a novel collision avoidance algorithm is proposed in this research by combining
the fuzzy logic and the APF method. Extending the application of fuzzy theory, very few studies have used
fuzzy logic to allocate control efforts between modes [40], and research using fuzzy logic to allocate between
different APF types remains limited. However, combining different types of APF is a common practice in
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collision avoidance. Moreover, these studies on the fuzzy APF method still focus on single control systems.
Based on the above statements, the contributions of this research can be summarized as follows:

(1) Building upon the advantages of the IT-2 fuzzy FC design concept in [38,39], an IT-2 fuzzy F-and-C
controller design approach combined with a collision avoidance method is first proposed for UNMASs.

(2) A new collision avoidance algorithm is developed by combining the APF method and fuzzy theory, and
integrated into the IT-2 fuzzy FC design under the IT-2 T-SFM framework.

(3) Fuzzy logic is used to manage the switching between different APF types, including the vortex APF and
the source APF, as well as between the trajectory tracking mode and the collision avoidance mode. In
addition, the Distance at Closest Point of Approach (DCPA), commonly applied in avoidance scenarios,
is selected to serve as the criterion within the fuzzy logic for determining the switching between modes.

Following the discussion of contributions, the design procedure for this research is presented as follows.
First, the IT-2 T-SFM is constructed to more comprehensively represent UNMASs by extending the results
in [36]. Leveraging the IT-2 T-SFM and the Imperfect Premise Matching (IPM) concept, the IT-2 fuzzy FC is
designed with the tracking control approach, and the IT-2 fuzzy CC is designed with the interaction protocol.
Most importantly, the collision avoidance algorithm is proposed by combining fuzzy theory and the APF
method into the FC design for the leaders. Since the followers all comply with the dynamics of the leaders, the
entire UNMAS can avoid potential collision and obstacle risks if the leaders have the avoidance capability. In
this research, a vortex flow serves to steer the agents toward the right-hand side, whereas a source flow serves
to repel the agents away from collision points. For the closed-loop IT-2 T-SFM, the IT-2 MF-dependent
stability analysis methods are proposed to achieve F-and-C for leaders and followers according to Lyapunov
theory. It is worth noting that the desired trajectories calculated by the APF-based method must also be
tracked in the avoidance mode, which can efficiently be solved by the IT-2 tracking controller designed for
the formation purpose. Finally, the stability conditions are converted into a Linear Matrix Inequality (LMI)
problem for the IT-2 fuzzy F-and-C controller design. To verify the feasibility and applicability, a simulation
considering multiple ships under the UNMAS structure is conducted.

The organization of this research is as follows. In Section 2, the IT-2 T-SFM and IPM-based fuzzy
F-and-C controller are presented for UNMASs. The vortex and source flows are also introduced for the
APF method. In Section 3, the stability criteria and IT-2 fuzzy F-and-C controller design with the collision
avoidance algorithm are proposed. In Section 4, the simulation results of a multi-ship UNMAS are presented
to verify the formation, containment, and collision avoidance performances. In Section 5, some conclusions
are presented for the proposed IT-2 fuzzy F-and-C control method.

2 System Description and Problem Statements
In this section, the T-SFM is established for UNMASs based on interval type-2 fuzzy sets. To achieve the

tracking objective, an IT-2 T-SFM is also constructed for the target trajectory of UNMASs. By dividing the
IT-2 T-SFM into leader and follower models, the IT-2 fuzzy F-and-C controller are respectively developed
according to the IPM concept. Subsequently, the definitions of vortex and source flows are introduced to aid
the APF-based collision avoidance design. First, the IT-2 T-SFM is presented as follows.

ẋα (t) =
r
∑
�=1

Ω̃� (υα (t)) {A�xα (t) + B�uα (t)} for α = 1, 2, . . . ,m + n (1)

where xα (t) ∈Rs and uα (t) ∈Rh are the state and input vectors, υα (t) is the premise variable, A� and B�

are the constant matrices, � indicates the index of fuzzy rules from 1 to r, α indicates the agent numbers with
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the leaders α = 1, 2, . . . ,m and the followers α = m + 1,m + 2, . . . ,m + n. For the IT-2 T-SFM (1), the IT-2
MF Ω̃� (υα (t)) is constructed as follows.

Ω̃� (υα (t)) = ε� (υα (t))Ω� (υα (t)) + ε� (υα (t))Ω� (υα (t)) (2)

where
r
∑
�=1

Ω̃� (υα (t)) = 1, Ω� (υα (t)) =
z
∏
q=1

ω�q (υαq (t)) ≥ 0 and Ω� (υα (t)) =
z
∏
q=1

ω�q (υαq (t)) ≥ 0 are the

upper bound and lower bound grades of membership which satisfy the relationship 1 ≥ Ω� (υα (t)) ≥
Ω� (υα (t)) ≥ 0, ω�q (υαq (t)) and ω�q (υαq (t)) are the upper and lower bound MFs inferred from If-Then
fuzzy rules, which satisfy the relationship 1 ≥ ω�q (υαq (t)) ≥ ω�q (υαq (t)) ≥ 0, q indicates the index of
premise variables from 1 to z. Note that ε� (υα (t)) and ε� (υα (t)) in (2) are nonlinear functions associated
with the uncertain factors and are not required to be known. These functions also satisfy the relationship
1 ≥ ε� (υα (t)) ≥ ε� (υα (t)) ≥ 0 and ε� (υα (t)) + ε� (υα (t)) = 1. The detailed modeling information of the
IT-2 T-SFM can be found in [36].

For the formation of leaders under the tracking control framework, the IT-2 T-SFM of the target
trajectory is constructed in a similar manner to (1).

ẋdα (t) =
r
∑
�=1

Ω̃� (υα (t)) {A�xdα (t)} for α = 1, 2, . . . ,m (3)

For the followers in UNMASs, the interaction protocol is considered through communication between
agents to achieve the containment purpose. Because of this reason, the definition of the interaction
relationship for the followers in IT-2 T-SFM (1) is provided based on graph theory as follows.
Definition 1: For an undirected graph G = (M ,C ,A), the node set is defined for all the nodes as M =
{μ1 , μ2, . . . , μm+n}, and the edge set is defined as C ⊆ M ×M. Thus, (μα , μγ) ∈ C indicates the existence of
an edge between nodes μα and μγ . For the neighbor nodes of node μα , the corresponding set is defined as N =
{μγ ∈ M ∶ (μα , μγ) ∈ C}. Based on the definitions of M, C and N , the adjacency matrix is formulated as A =
[aαγ] ∈R(m+n)×(m+n) to represent the relationships among all nodes, inwhich the elements aαγ with the values 1
and 0 respectively indicate (μα , μγ) ∈ C and (μα , μγ) ∉ C.Then, the degree matrixD = [dαα] ∈R(m+n)×(m+n)

is also formulated by these elements with the calculation dαα =
m+n
∑
γ=1

aαγwhere α ≠ γ. By subtracting the adjacent

matrix from degree matrix, the so-called Laplacian matrix is obtained as L = D −A.
Based on Definition 1, the agents in UNMASs are denoted as nodes while the interaction relationships

are denoted as edges. In most leader-follower structures, the leaders serve as units to detect environmental
changes and potential dangers, subsequently commanding the followers for control purposes. That is to say,
the leaders do not acquire information from other agents. As a result, the Laplacian matrix L is further
divided into the following form.

L = [0m×m 0m×n
L2 L1

] (4)

where L1 and L2 represent the interactions between followers and from leaders to followers, respectively.
Note that the Laplacian matrix in (4) is widely used to incorporate interaction relationship into the control
design of leader-follower MASs.

Referring to [37], the properties of the Laplacian matrix (4) are presented in Lemma 1.
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Lemma 1 [37]: All eigenvalues of matrix L1 have positive real parts. The nonnegative matrix −L−1
1 L2 has the

property that the sum of each row equals one.
In this research, it is assumed that there is at least one interaction from each leader to the followers.

Then, dividing the IT2 T-SFM (1) into the leader and follower parts, the following tracking error model for
the leader is obtained by subtracting (3) from the leader’s T-SFM.

ėα (t) =
r
∑
�=1

Ω̃� (υα (t)) {A�eα (t) + B�uα (t)} for α = 1, 2, . . . ,m (5)

where eα (t) = xα (t) − xdα (t) represents the tracking error of system states.
Therefore, the tracking objective can be achieved by designing the control input uα (t) to ensure the

stability of the error model (5) for each leader. This implies that the leaders’ dynamics will converge to the
desired target dynamics. By appropriately assigning different target dynamics to each leader, the formation
objective can thus be accomplished.

For the error model (5) of leaders and the followers in the IT-2 T-SFM (1), the IT-2 fuzzy controller is
designed as follows to achieve the F-and-C objectives.

uα (t) =
v
∑
τ=1

Ψ̃τ (υα (t)) {Fτeα (t)} for α = 1, 2, . . . ,m (6)

uα (t) =
v
∑
τ=1

Ψ̃τ (υα (t))
⎧⎪⎪⎨⎪⎪⎩

Kτ ∑
γ∈N

aαγ (xα (t) − xγ (t))
⎫⎪⎪⎬⎪⎪⎭

for α = m + 1,m + 2, . . . ,m + n (7)

where Fτ and Kτ are the control gains for the F-and-C objectives, Ψ̃τ (υα (t)) is the IT-2 MF of fuzzy
controller derived as follows.

Ψ̃τ (υα (t)) =
ϑτ (υα (t))Ψτ (υα (t)) + ϑτ (υα (t))Ψτ (υα (t))

∑v
o=1 (ϑo (υα (t))Ψo (υα (t)) + ϑo (υα (t))Ψo (υα (t)))

(8)

where
v
∑
τ=1

Ψ̃τ (υα (t)) = 1, Ψτ (υα (t)) =
z
∏
q=1

ψτq (υαq (t)) ≥ 0 and Ψτ (υα (t)) =
z
∏
q=1

ψ
τq
(υαq (t)) ≥ 0 are the

upper bound and lower bound grades of membership, ψτq (υαq (t)) and ψ
τq
(υαq (t)) are the upper and

lower bound MFs. Note that these membership grades and MFs satisfy the same condition as those in IT-2
T-SFM (1). Different from the IT-2 T-SFM, ϑτ (υα (t)) and ϑτ (υα (t)) are the predefined functions since
the fuzzy controller is developed by the designers.

It is worth noting that the MFs as well as the fuzzy rules of FC and CC in (6) and (7) can be designed
differently due to the IPM concept. This feature makes the fuzzy controller design process more flexible and
helps reduce application complexity by using fewer rules in the controller. Accordingly, the closed-loop error
model for leaders can be obtained by substituting (6) into (5) as follows.

ėα (t) =
r
∑
�=1

v
∑
τ=1

Ω̃� (υα (t)) Ψ̃τ (υα (t)) {(A� + B�Fτ) eα (t)} for α = 1, 2, . . . ,m (9)

From (9), it can be observed that if the tracking error converges through the design of gain Fρ ,
the formation objective can be achieved by assigning different target trajectories to different leaders. This
formation control strategy eliminates the need for communication between leaders and effectively mitigates
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faults arising from signal transmission. Obviously, leaders are the most critical components in UNMASs,
and the enhancement of safety has therefore become a crucial issue.

To achieve the containment objective for followers, the closed-loop IT-2 T-SFM is obtained as follows
by substituting (7) into (1).

ẋF (t) =
r
∑
�=1

v
∑
τ=1

Ω̃� (υF (t)) Ψ̃τ (υF (t)) {(In ⊗ A� + L1 ⊗ B�Kτ) xF (t) + (L2 ⊗ B�Kτ) xL (t)} (10)

where I is the identity matrix with a dimension determined by the number of followers, ⊗ is the Kro-
necker product, the state vectors are xF (t) = [xm+1 (t) xm+2 (t) ⋅ ⋅ ⋅ xm+n (t)]

T ∈R(s×n) and xL (t) =
[x1 (t) x2 (t) ⋅ ⋅ ⋅ xm (t)]T ∈R(s×m).

Nevertheless, the analysis process for fuzzy CC design may become increasingly conservative as both
the number of agents and the fuzzy rules escalate due to the growing number of stability conditions. To solve
the problem, an analysis approach for the containment analysis of the IT-2 T-SFM (10) as follows.
Lemma 2 [41]: Let λα denote the eigenvalues and JL1 = W−1L1W denote the Jordan canonical form of thematrix
L1, where W is a nonsingular matrix. The eigenvalues are reordered following the relationship Re {λm+1} <
Re {λm+2} < . . . < Re {λm+n} in which Re {•} denotes the real part of ⋅. Thus, the following result is obtained.

I f the conditionΘ1 + Re {λ̃β}Θ2 + Im {λ̃β}Θ3 < 0 f or β = 1, 2, 3, 4 is satis f ied ,
then the Θ1 + Re {λα}Θ2 + Im {λα}Θ3 < 0 f or α = m + 1,m + 2, . . . ,m + n is al so satis f ied . (11)

where λ̃1,2 = Re {λm+1} ± jmax {Im {λα}} and λ̃3,4 = Re {λm+n} ± jmax {Im {λα}}, Im {•} denotes the
imaginary part of ⋅, Θ1, Θ2 and Θ3 are the real symmetric matrices.

Owing to the representation of IT-2 T-SFM, Lemma 2 can be utilized for the followers in UNMASs.
From Lemma 2, it can be seen that the conditions in (11) are presented in LMI form. Moreover, the
condition (11) indicates that only four LMI conditions need to be solved during the containment analysis
process, regardless of how many followers are present in the UNMASs. This reduction in the number of
stability conditions significantly benefits the controller design method based on the T-SFM, since the number
of conditions tends to increase with the number of rules.

After the F-and-C objectives are ensured for leaders and followers, the collision avoidance requirement
must also be considered for the safety improvement of UNMASs. By combining the fuzzy theory with the
APF method, the collision avoidance algorithm is incorporated into the IT-2 fuzzy F-and-C controller design
process. However, one of the most critical issues in the APF method is the deadlock problem. Based on the
results in [42], a velocity potential field design approach is presented to efficiently avoid deadlock in collision
avoidance situations.
Remark 1: Referring to [42], no deadlock exists within the region if the velocity potential function Φ is a
harmonic function and continuous throughout the entire region.

Since the prerequisite information required by the APF method is difficult to be directly provided
based on the state vector of the IT-2 T-SFM (9) and (10), the states of the leader agents are preliminarily
assumed as follows for the application. Specifically, the X and Y positions, yaw angle on the earth-fixed
frame, as well as the longitudinal and lateral velocities and yaw angular velocity on the body-fixed frame,
are typically considered in trajectory tracking problems. Therefore, the states are set as (xα1 (t) , xα2 (t)) =
(Xα (t) ,Yα (t)) and (xα4 (t) , xα5 (t)) = (Vxα (t) ,Vyα (t)) for α = 1, 2, . . . ,m in the theoretical part, which
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can also be seen in the simulation section. Considering Remark 1, the velocity potential functions of vortex
and source flows are respectively introduced as follows for the application of APF method.
Definition 2: The vortex potential field and the corresponding gradient are given as follows.

Φvσ = kvθσ and ∇Φvσ = (vvxσ , vv yσ) = (−kv (
xα2 (t) − ycσ (t)

Rσ
) , kv (

xα1 (t) − xcσ (t)
Rσ

)) (12)

Definition 3: The source potential field and the corresponding gradient are given as follows.

Φsσ = ks ln (Rσ) and ∇Φsσ = (vsxσ , vsyσ) = ( ks
Rσ

cos (θσ) , ks
Rσ

sin (θσ)) (13)

where Rσ =
√
(xα1 (t) − xcσ (t))

2 + (xα2 (t) − ycσ (t))
2, θσ = atan2(xα2 (t) − ycσ (t)

xα1 (t) − xcσ (t)
), xcσ (t) and ycσ (t)

are the X and Y positions of collisions to be avoided, the index σ denotes the σ-th collision, vr is the radial
velocity and vθ is the tangential velocity, kv and ks are respectively the intensities of vortex and source flows, the
symbol ∇ denotes the gradient operator.

Note that the vortex potential field is defined with a counterclockwise direction to adjust the agents
toward the right-hand side in this research. Moreover, the source potential field serves as an APF to repulse
the agents away from the collision events. According to the theory of APF method, it is known that if only
the source APF is applied in the collision avoidance mechanism, the agent may become stuck at a point in
front of the obstacle when the target is located directly behind the obstacle. In addition, if only the vortex
APF is applied, the agent may keep circling around the obstacle without reaching the target. Based on the
definitions in (12) and (13), these undesired behaviors become more significant as the agent gets closer to the
obstacle, which corresponds to the center of the APFs. To overcome these problems, a combined application
of the source APF and the vortex APF is proposed in this research through the use of fuzzy logic. The key
function of fuzzy logic is that the abrupt changes caused by the switching between different APFs can be
reduced, and smoother avoidance behavior can be realized.

In addition to the APF method, the Time to Closest Point of Approach (TCPA) and Distance at Closest
Point of Approach (DCPA) are commonly used for the assessment of collision situations and risks. The
concepts of TCPA and DCPA have been widely applied in collision avoidance for autonomous vehicles.
Incorporating these factors into the development of collision avoidance algorithms enables agents to achieve
more precise avoidance performance. Based on the above setting for the system states, the TCPA and DCPA
are presented in Definition 4.
Definition 4: The TCPA and DCPA for all potential collisions are defined using the positions xα1 (t), xα2 (t)
and velocities xα4 (t), xα5 (t) as follows.

TCPAσ :

− R̃σ ⋅ Ṽσ
∣Ṽσ ∣

2 = −
(xcσ (t) − xα1 (t)) (Vc

xσ (t) − xα4 (t)) + (ycσ (t) − xα2 (t)) (Vc
yσ (t) − xα5 (t))

(Vc
xσ (t) − xα4 (t))2 + (Vc

yσ (t) − xα5 (t))
2 (14)

DCPAσ :

∣R̃σ + TCPAσ ⋅ Ṽσ ∣

=
√

(xcσ (t) − xα1 (t) + TCPAσ (Vc
xσ (t) − xα4 (t)))2 + (ycσ (t) − xα2 (t) + TCPAσ (Vc

yσ (t) − xα5 (t)))
2

(15)
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where the vectors R̃σ = (xcσ (t) − xα1 (t) , ycσ (t) − xα2 (t)) and Ṽσ = (Vc
xσ (t) − xα4 (t) ,Vc

yσ (t) − xα5 (t))
are the relative positions and velocities.

Within the collision avoidance framework, the TCPA and DCPA parameters are utilized to assess
whether a potential collision event is imminent within the detection range. Specifically, when the conditions
based on TCPA and DCPA are satisfied, the leaders transition into collision avoidance mode; otherwise,
the leaders maintain tracking mode. Upon entering collision avoidance mode, the target trajectories used in
the IT-2 fuzzy formation controller (6) are generated by combining the vortex APF in Definition 2 and the
source APF in Definition 3. Moreover, fuzzy logic is applied in this research to achieve smoother adjustment
between the two APFs.

Therefore, an IT-2 fuzzy F-and-C controller design approach combined with the collision avoidance
algorithm is proposed for UNMASs based on the IT-2 T-SFMs (9) and (10) and the APF method from
Definitions 2–4. Moreover, Lemma 2 is also applied to obtain a more relaxed containment analysis process
for followers.

3 Interval Type-2 Fuzzy Controller Design for Multiple Objectives
According to the IT-2 T-SFM (9) of tracking error, a more convenient stability criterion is proposed to

achieve FC design objectives in this section. By virtue of this design scheme, a collision avoidance algorithm
combining the APF method with fuzzy theory is also proposed for the leaders in UNMASs. After the
collision-free formation controller has been designed, the IT-2 fuzzy CC design approach can be proposed
for followers based on the interaction relationship among all agents. Therefore, the entire UNMAS can
avoid potential collisions through the IT-2 fuzzy FC design and the control commands of leaders. Since the
followers are ensured to converge into the leaders’ formation, their safety is certainly guaranteed by IT-2
fuzzy CC. First, a stability criterion for the IT-2 fuzzy FC design is proposed as follows based on the Lyapunov
theory and the IPM concept.
Theorem 1: If there exist the positive definite matrices QL , HL

�τ , the symmetric matrix SL and the matrices Gτ
such that the following conditions are all satisfied based on the given scalars ηL�τi1 i2 ⋅ ⋅ ⋅ iz κ and η

L
�τi1 i2 ⋅ ⋅ ⋅ iz κ , the

error dynamic in the IT-2 T-SFM (9) is asymptotically stable.

QL > 0 and HL
�τ > 0 (16)

A�QL + QLAT
� + B�Gτ + GT

τ BT
� − HL

�τ + SL < 0 for � = 1, .., r, τ = 1, .., v (17)
r
∑
�=1

v
∑
τ=1

(ηL
�τi1 i2 ⋅ ⋅ ⋅ iz κ (A�QL + QLAT

� + B�Gτ + GT
τ BT

� ) − (ηL
�τi1 i2 ⋅ ⋅ ⋅ iz κ − η

L
�τi1 i2 ⋅ ⋅ ⋅ iz κ)HL

�τ + ηL
�τi1 i2 ⋅ ⋅ ⋅ iz κSL) − SL < 0

for i1 , i2 ⋅ ⋅ ⋅ iz = 1, 2, κ = 1, 2, . . . , δL (18)

whereGτ = FτQL andQL = P−1
L , ηL�τi1 i2 ⋅ ⋅ ⋅ iz κ and η

L
�τi1 i2 ⋅ ⋅ ⋅ iz κ are the IT-2MF-dependent parameters, in which

i1 to iz are the parameters associated with the number of premise variables, and κ denotes the division of the sub-
state space in the MF-dependent analysis method. The detailed definition and information of these parameters
will be provided later in the derivation.
Proof of Theorem 1: In this research, the formation control objective is achieved through individual
trajectory tracking controllers for each leader. That is, due to the homogeneity among UNMASs, the stability
analysis is only required to be developed for one leader. Accordingly, the Lyapunov function is defined as
follows for the stability analysis.

VL (e1 (t)) = eT
1 (t)PLe1 (t) (19)
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where PL is the positive definite matrix. Then, the following derivative is obtained from (19).

V̇L (e1 (t)) =
r
∑
�=1

v
∑
τ=1

Ω̃� (υ1 (t)) Ψ̃τ (υ1 (t)) {eT
1 (t) (AT

� PL + PLA� + FT
τ BT

� PL + PLB�Fτ) e1 (t)} (20)

It is known that the Lyapunov function (19) is defined for the tracking errors from an energy perspective.
That is, if the derivative (20) of the Lyapunov function, which denotes the rate of energy change, is ensured
to be negative, then the energy of the tracking error dynamics will converge to zero. This also implies that
the leader dynamics can approach the desired target dynamics.

To simplify the IT-2 MF-dependent analysis method, Γ̃�τ (υ1 (t)) = Ω̃� (υ1 (t)) Ψ̃τ (υ1 (t)) is adopted
to define the MF throughout the rest of the research. Usually, the analysis process of the type-1 T-SFM
involves making the matrix within the error vector in (20) negative definite. However, this approach is too
conservative for the IT-2 T-SFM that a more detailed discussion can be found in [36]. Because of this reason,
the IT-2 MF-dependent analysis method is presented as follows. First, the MF is represented in the following
form.

Γ̃�τ (υ1 (t)) = ϖ�τ (υ1 (t)) Γ�τ (υ1 (t)) + ϖ�τ (υ1 (t)) Γ�τ (υ1 (t)) (21)

where ϖ�τ (υ1 (t)) and ϖ�τ (υ1 (t)) are functions that also do not need to be known because of ε� (υ1 (t))
and ε� (υ1 (t)), and the relationship 1 ≥ ϖ�τ (υ1 (t)) ≥ ϖ�τ (υ1 (t)) ≥ 0 is also satisfied.

Subsequently, the upper and lower bound MFs in (21) can be defined as follows.

Γ�τ (υ1 (t)) =
δ
∑
κ=1

2
∑
i1=1

⋅ ⋅ ⋅
2
∑
iz=1

z
∏
q=1

χqiqκ (υ1
q (t)) ηL�τi1 i2 ⋅ ⋅ ⋅ iz κ (22)

Γ�τ (υ1 (t)) =
δ
∑
κ=1

2
∑
i1=1

⋅ ⋅ ⋅
2
∑
iz=1

z
∏
q=1

χqiqκ (υ1
q (t)) ηL�τi1 i2 ⋅ ⋅ ⋅ iz κ (23)

where χqiqκ (υ1
q (t)) is the so-called cross term for both upper and lower bound MFs satisfying the conditions

1 ≥ χqiqκ (υ1
q (t)) ≥ 0 and χq1κ (υ1

q (t)) + χq2κ (υ1
q (t)) = 1 for all iq , and the parameters satisfy the condition

1 ≥ ηL�τi1 i2 ⋅ ⋅ ⋅ iz κ ≥ η
L
�τi1 i2 ⋅ ⋅ ⋅ iz κ ≥ 0.

Then, the parameter κ is given from the δL connected sub-state space denoted as Mκ in the state space of
interest, M = ∪δLκ=1Mκ . The detailed process of constructing the parameters in (21)–(23) can be found in (25)–
(28) and Remarks 5 and 6 of [36]. Based on the definition of (21), the derivative of Lyapunov function can be
derived as follows by multiplying P−1

L on the right and left-hand sides.

V̇L (e1 (t)) =
r
∑
�=1

v
∑
τ=1

(ϖ�τ (υ1 (t)) Γ�τ (υ1 (t)) + ϖ�τ (υ1 (t)) Γ�τ (υ1 (t)))

× {eT
1 (t) (QLAT

� + A�QL + GT
τ BT

� + B�Gτ) e1 (t)} (24)

In relation to the IT-2 MFs, the slack matrices are introduced as follows.

(
r
∑
�=1

v
∑
τ=1

(ϖ�τ (υ1 (t)) Γ�τ (υ1 (t)) + ϖ�τ (υ1 (t)) Γ�τ (υ1 (t))) − 1)SL = 0 (25)

−
r
∑
�=1

v
∑
τ=1

(1 − ϖ�τ (υ1 (t))) (Γ�τ (υ1 (t)) − Γ�τ (υ1 (t)))HL
�τ ≥ 0 (26)
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Based on the properties of the IT-2 MFs, it can be readily verified that equality (25) and inequality (26)
hold. These slack matrices are combined into the stability analysis and stability conditions as additional
variables to be solved using LMI techniques. It is known that increasing the number of variables in the
stability conditions can reduce conservatism when solving the control problem under stability criteria. With
the combination of (25) and (26), the relationship for (24) is derived as follows.

V̇L (e1 (t)) ≤ eT
1 (t)(

r
∑
�=1

v
∑
τ=1

(Γ�τ (υ1 (t)) (QLAT
� + A�QL + GT

τ BT
� + B�Gτ)

−(Γ�τ (υ1 (t)) − Γ�τ (υ1 (t)))HL
�τ + Γ�τ (υ1 (t))SL) − SL) e1 (t)

−
r
∑
�=1

v
∑
τ=1

(ϖ�τ (υ1 (t)) (Γ�τ (υ1 (t)) − Γ�τ (υ1 (t)))

× eT
1 (t) (QLAT

� + A�QL + GT
τ BT

� + B�Gτ − HL
�τ + SL) e1 (t)) (27)

Consequently, the following results can be obtained by extracting the cross term from the right-hand
side of inequality (27).

eT
1 (t)(χqiqκ (υ1

q (t))
r
∑
�=1

v
∑
τ=1

(ηL
�τi1 i2 ⋅ ⋅ ⋅ iz κ (QLAT

� + A�QL + GT
τ BT

� + B�Gτ)

−(ηL
�τi1 i2 ⋅ ⋅ ⋅ iz κ − η

L
�τi1 i2 ⋅ ⋅ ⋅ iz κ)HL

�τ + ηL�τi1 i2 ⋅ ⋅ ⋅ iz κSL) − SL) e1 (t)

− χqiqκ (υ1
q (t))

r
∑
�=1

v
∑
τ=1

(ϖ�τ (υ1 (t)) (ηL
�τi1 i2 ⋅ ⋅ ⋅ iz κ − η

L
�τi1 i2 ⋅ ⋅ ⋅ iz κ)

× eT
1 (t) (QLAT

� + A�QL + GT
τ BT

� + B�Gτ − HL
�τ + SL) e1 (t)) (28)

It is obvious that the negative definiteness of (28) can be achieved if the stability conditions (16)–(18) are
satisfied by Theorem 1. This implies that the asymptotic stability of the error dynamics for Leader 1 is ensured
based on the relationship in (27). In conclusion, the states of Leader 1 in the UNMAS are capable of tracking
the desired state trajectory. ◻

By Theorem 1, the IT-2 fuzzy controller (6) can be designed for Leader 1. It is worth noting that the
designed fuzzy controller can be directly extended to all other leaders in view of the homogeneity. In other
words, the design approach of Theorem 1 enables the leaders to complete the formation task merely by
properly assigning different target trajectories to each leader. However, the leaders are still required to provide
a collision avoidance capability to lead the entire UNMAS away from potential dangers. Therefore, a collision
avoidance algorithm combining the APF method with fuzzy theory is presented as follows.
Theorem 2: Based on the IT-2 fuzzy FC designed in Theorem 1, the controller (6) is formulated as follows to
simultaneously achieve the trajectory tracking and collision avoidance objectives.

uα (t) =
v
∑
τ=1

Ψ̃τ (υα (t)) {Fτ (xα (t) − x̃dα (t))} for α = 1, 2, . . . ,m (29)

where the desired state trajectories x̃dα (t) are designed by Algorithm 1.
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Algorithm 1: The APF-based avoidance algorithm for adjusting the target state trajectory

Step 1: Set the parameters, including the detecting range Rdet , the safety range Rsa f e , the effective range
of the vortex potential field Rv , the effective range of the source potential field Rs , and the
intensities of the vortex and source flows, kv and ks .

Step 2: Check the number of collision events within the detecting range Rdet . If no events fall within the
detecting range, terminate the algorithm and return to tracking mode.

Step 3: If any collision event enters the detecting range Rdet , switch to collision avoidance mode and
proceed to the next step. If no collision event is detected, skip to Step 7.

Step 4: Obtain the x and y positions, xcσ (t) and ycσ (t), as well as the longitudinal and lateral velocities,
Vc
xσ (t) and Vc

xσ (t) of each detected collision event. Calculate DCPAσ and TCPAσ according
to (14) and (15) in Definition 4. Moreover, the combination of the APF method with fuzzy theory,
using vortex and source potential fields defined in Definitions 2 and 3, is designed as follows.
Vortex APF: Calculate vvxσ and vv yσ with the given parameter kv by (12). Then, the desired
orientation can be calculated as follows.

ψvcσ = atan2 (vv yσ , vvxσ) (30)

where atan2 (vx , vy) is the two-argument form of arctangent function, which considers the signs
of both arguments vx and vy to determine the correct angle quadrant. Consequently, the
following desired x and y positions can also be calculated for the trajectory tracking objective.

vx
d
α1σ (t) = xα1 (t) + Lcos (ψvcσ) (31)

vx
d
α2σ (t) = xα2 (t) + Lsin (ψvcσ) (32)

where L is the parameter that defines the tracking distance along the desired heading direction.
Source APF: Calculate vsrσ with the given parameter ks by (13). Then, the desired orientation can
also be calculated as follows.

ψscσ = atan2 (vsyσ , vsxσ) (33)

As same as the design concept for (31) and (32), the desired positions are obtained based on (33)
as follows.

sx
d
α1σ (t) = xα1 (t) + Lcos (ψscσ) (34)

sx
d
α2σ (t) = xα2 (t) + Lsin (ψscσ) (35)

According to the desired positions given in (31), (32), (34) and (35), the fuzzy logic is applied to
achieve smoother switching between different APF modes. Thus, the final desired x and y
positions for collision avoidance mode with the combined application of two APFs are derived as
follows.

xdcα1σ (t) =
2
∑
g=1

ϕ1
g (Rσ) {gxdα1σ (t)} (36)

xdcα2σ (t) =
2
∑
g=1

ϕ1
g (Rσ) {gxdα2σ (t)} (37)

(Continued)
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Algorithm 1 (continued)
where g with rule numbers 1 and 2 respectively denotes the positions derived from the vortex APF
and source APF. The MF is designed as Fig. 1a below algorithm. Based on the positions in (36)
and (37), the corresponding desired orientation is calculated as follows.

ψc
ασ = atan2 (xdcα2σ (t) , cx

dc
α1σ (t)) (38)

Then, check whether DCPAσ ≤ Rsa f e and TCPAσ > 0 for all σ . If the conditions are satisfied for at
least one σ , proceed to the next step; if none of the events satisfies the conditions, skip to Step 6.

Step 5: If only one collision event satisfies the conditions, the final desired state trajectory x̃dα (t) for each
leader is directly applied based on xdcα1σ (t), xdcα2σ (t) and ψc

ασ in (36)–(38). Note that the
orientation in vehicle dynamics is commonly regarded as the third state. Therefore, xdcα3σ (t) = ψc

ασ
is defined accordingly. Based on the setting, the desired trajectories for the IT-2 fuzzy FC (29) of
leaders can be obtained by the following structure, where σ = 1 for only one collision event.

x̃dα (t) = [xdcα11 (t) xdcα21 (t) xdcα31 (t) xα4 (t) xα5 (t) xα6 (t)]
T (39)

If more than one event satisfies the conditions, the elements of the final desired state trajectory
vector x̃dα (t) are derived based on the TCPA factor as follows.

x̃dcaα1 (t) =
ς
∑
σ=1

( iTCPAσ

iTCPAtotal
) ⋅ xdcα1σ (t) (40)

x̃dcaα2 (t) =
ς
∑
σ=1

( iTCPAσ

iTCPAtotal
) ⋅ xdcα2σ (t) (41)

x̃dcaα3 (t) = atan2 (x̃dcaα2 (t) − xα2 (t) , x̃dcaα1 (t) − xα1 (t)) (42)

where iTCPAσ = 1
TCPAσ

, iTCPAtotal = iTCPA1 + iTCPA2 + ⋅ ⋅ ⋅ iTCPAς , and the index ς denotes
the number of triggered collision events.
Then, the elements x̃dα1 (t), x̃dα2 (t) and x̃dα3 (t) in (40)–(42) are utilized in the design of the IT-2
fuzzy FC (29) for the collision avoidance scenarios.

x̃dα (t) = [x̃dcaα1 (t) x̃dcaα2 (t) x̃dcaα3 (t) xα4 (t) xα5 (t) xα6 (t)]
T (43)

Return to Step 2.
Step 6: Calculate the desired positions and orientation according to the results of (36) and (37) using the

following procedure.

c tx
d
α1σ (t) =

2
∑
g=1

ϕ2
g (DCPAσ) {gxdcα1σ (t)} (44)

c tx
d
α2σ (t) =

2
∑
g=1

ϕ2
g (DCPAσ) {gxdcα2σ (t)} (45)

where g with rule numbers 1 and 2 respectively denotes the tracking mode and collision mode in
this step, 1xdcα1σ (t) and 1xdcα2σ (t) represent the desired position trajectories in tracking mode
assigned by the designer, 2xdcα1σ (t) and 2xdcα2σ (t) represent the desired position trajectories in
collision mode calculated using (36) and (37), and the corresponding MF is designed as Fig. 1b.

(Continued)
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Algorithm 1 (continued)
Then, the final desired trajectories of position and orientation are calculated based on the TCPA
factor as follows.

x̃dc tα1 (t) =
ς
∑
σ=1

( iTCPAσ

iTCPAtotal
) ⋅ c txdα1σ (t) (46)

x̃dc tα2 (t) =
ς
∑
σ=1

( iTCPAσ

iTCPAtotal
) ⋅ c txdα2σ (t) (47)

x̃dc tα3 (t) = atan2 (x̃dc tα2 (t) − xα2 (t) , x̃dc tα1 (t) − xα1 (t)) (48)

Using the elements (46)–(48), the vector x̃dα (t) of the desired state trajectory is constructed for
the application of the IT-2 fuzzy FC (29) as follows.

x̃dα (t) = [x̃dc tα1 (t) x̃dc tα2 (t) x̃dc tα3 (t) xα4 (t) xα5 (t) xα6 (t)]
T (49)

Return to Step 2.

Figure 1: (a) MF associated with different APF strategies; (b) MF associated with different control modes

In Algorithm 1, the conditions DCPAσ ≤ Rsa f e and TCPAσ > 0 for determining whether the agents
should switch to the full collision avoidance mode in Step 4 are adopted from [43]. Moreover, the TCPA factor
is utilized to evaluate and integrate the target trajectories associated with multiple simultaneously triggered
collision events. As shown in (40), (41), (46) and (47), the final target trajectory in collision mode is computed
using a weighted average approach, where the inverse of each TCPA value is used as the weighting factor. This
is because a smaller TCPA indicates a more imminent collision risk. Consequently, events with smaller TCPA
values are assigned higher weights, allowing the agent to prioritize avoidance of more dangerous obstacles.
It is worth noting that, in Step 4, fuzzy logic is employed to replace the direct switching between different
orientations generated by distinct APFs. This is because the desired directions calculated by the vortex and
source APFs are significantly different, and fuzzy logic can be applied to largely prevent abrupt switching.

The advantage of fuzzy logic lies in its ability to make the collision avoidance behavior of agents
smoother and more reasonable. In Fig. 1a, the MF is designed to combine two different APFs using fuzzy
logic. It is observed that when the distance to the potential collision event is less than Rv , the source APF
gradually activates. As the distance decreases further, the influence of the source APF increases. Once the
distance falls below Rs , the target trajectory is fully determined by the source APF to strongly prevent the
agent from colliding with the obstacle.
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Similar to this concept, the fuzzy logic is applied in Step 6 when at least one collision event is detected,
but no condition triggers the avoidance conditions, which prevents abrupt switching between the tracking
mode and collision avoidance mode. Based on Theorem 2 and Algorithm 1, an IT-2 fuzzy FC design
approach with the collision avoidance capability is proposed for leaders to lead the entire UNMAS away from
potential risks.

Then, based on the control command for the leaders given in (29), the IT-2 fuzzy CC design approach
is presented in the following theorem.

Theorem 3. If there exist the positive definite matrices Q̃F , H̃F
�τ , the symmetric matrix S̃F , the matrices Ñτ , and

a minimized scalar ρ such that the following conditions are all satisfied based on the given scalars ηF�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ ,
ηF

�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ and ξ, the followers in the IT-2 T-SFM (10) can achieve the containment.

Q̃F > 0 and H̃F
�τ > 0 (50)

⎡⎢⎢⎢⎢⎣

Ã�Q̃F + Q̃FÃT
� + ΞβB̃�Ñτ + ÑT

τ B̃T
� ΞT

β + ξQ̃F ∗
−B̃T

� −ξIh

⎤⎥⎥⎥⎥⎦
− H̃F

�τ + S̃F < 0

for � = 1, .., r τ = 1, .., v β = 1, 2, 3, 4 (51)
r
∑
�=1

v
∑
τ=1

⎛
⎝
η

�τi1 i2 ⋅ ⋅ ⋅ iz κ

⎡⎢⎢⎢⎢⎣

Ã�Q̃F + Q̃FÃT
� + ΞβB̃�Ñτ + ÑT

τ B̃T
� ΞT

β + ξQ̃F ∗
−B̃T

� −ξIh

⎤⎥⎥⎥⎥⎦
−(η

�τi1 i2 ⋅ ⋅ ⋅ iz κ − η�τi1 i2 ⋅ ⋅ ⋅ iz κ) H̃F
�τ + η�τi1 i2 ⋅ ⋅ ⋅ iz κSF) − SF < 0

for i1 , i2 ⋅ ⋅ ⋅ iz = 1, 2κ̃ = 1, 2, . . . , δFβ = 1, 2, 3, 4 (52)
⎡⎢⎢⎢⎢⎣

Q̃F ∗
Q̃F ρ2Is

⎤⎥⎥⎥⎥⎦
(53)

where Ñτ = K̃τQ̃F , Q̃F = P̃−1
F , the abbreviation T̃ = diag (T, T) stands for the matrices T =

A�, B�, Nτ , QF , HF
�τ , SF , diag (⋅)denotes the diagonalmatrixwith the elements ⋅, Ξβ = [

Re {λ̃β} −Im {λ̃β}
Im {λ̃β} Re {λ̃β}

],

the IT-2 MF-dependent parameters ηF�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ and ηF
�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ are obtained with the same process in

Theorem 1, and κ̃ is the division of sub-state space designed for the containment analysis.
Proof of Theorem 3: To carry out the containment analysis, the containment error is first defined as follows
for the IT-2 T-SFM (10).

eF (t) = xF (t) + (L−1
1 L2 ⊗ Is) xL (t) (54)

Based on the definition of the containment error in (54), the followers’ dynamics can converge within
the leaders’ dynamics based on the properties of the Laplacian matrix in Lemma 2 if the error dynamics are
stabilized. Then, the following derivative is obtained from (53).

ėF (t) =
r
∑
�=1

v
∑
τ=1

Γ̃�τ (υF (t)) {(In ⊗ A� + L1 ⊗ B�Kτ) eF (t) + (L−1
1 L2 ⊗ B�)uL (t)} (55)

where uL (t) = [u1 (t) u2 (t) ⋅ ⋅ ⋅ um (t)] ∈R(h×m), Γ̃�τ (υF (t)) = Ω̃� (υF (t)) Ψ̃τ (υF (t)). Therefore,
the containment objective can be achieved by ensuring the convergence of the error dynamics in (54).
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However, the control input of leaders uL (t) obtained from (29) also has an influence on the error
dynamics system (55). Leveraging the IT-2 T-SFM representation, the analysis approach for linear MASs
in [44] can be extended to solve the containment analysis problem as follows.

According to properties of Laplacian matrix in Lemma 1, the item associated with the vector uL (t)
in (55) can be reconstructed by the following process.

uαc (t) =
m
∑
γ=1

φαγuγ (t) f or α = m + 1,m + 2, . . . ,m + n (56)

where φαγ are the (α, γ)−th elements in the matrix L−1
1 L2, which satisfy the following condition.

−φαγ ≥ 0 and
m
∑
γ=1

−φαγ = 1 (57)

Then, the upper bound condition can be derived for (56) using the inequality 2uT
γ (t)u℘ (t) ≤

uT
γ (t)uγ (t) + uT

℘ (t)u℘ (t).

uT
ac (t)uαc (t) =

m
∑
γ=1

m
∑
℘=1

φαγφα℘uT
γ (t)u℘ (t)

≤ 1
2

m
∑
γ=1

m
∑
℘=1

φαγφα℘ (uT
γ (t)uγ (t) + uT

℘ (t)u℘ (t)) ≤
⎛
⎝

m
∑
γ=1

φαγ
⎞
⎠

2

u (58)

Consequently, the fact uT
ac (t)uαc (t) ≤ u can be derived due to the property of φαγ . It is worth noting

that an assumption regarding the existence of an upper bound on the control input of the leaders is given
in [44], whereas the condition is not required in this research, as the tracking objective is fulfilled by the
design of the IT-2 fuzzy FC (29). Based on the structure (56), the error dynamics system (55) is expressed
into the following form.

ėF (t) =
r
∑
�=1

v
∑
τ=1

Γ̃�τ (υF (t)) {(In ⊗ A� + L1 ⊗ B�Kτ) eF (t) − (In ⊗ B�)uLc (t)} (59)

where uLc (t) = [u(m+1)c (t) u(m+2)c (t) ⋅ ⋅ ⋅ u(m+3)c (t)]
T, which satisfies the condition ∥uLc (t)∥2 ≤

nu2 based on the relationship (58).
In order to reduce the conservativeness of the containment analysis using Lemma 2, the nonsingular

matrix W is employed to derive the Jordan canonical form of (59).

˙̃eF (t) =
r
∑
�=1

v
∑
τ=1

Γ̃�τ (υF (t)) {(In ⊗ A� + JL1 ⊗ B�Kτ) ẽF (t) − (In ⊗ B�) ũLc (t)} (60)

where ẽF (t) = (W−1 ⊗ Is) eF (t) and ũLc (t) = (W−1 ⊗ Is)uLc (t).
By expressing the variable in terms of the real part and the imaginary part, the error dynamic system (60)

is reformulated in the following form.

˙̃̃eα (t) =
r
∑
�=1

v
∑
τ=1

Γ̃�τ (υα (t)) {(A� + ΞαB�Kτ) ˜̃eα (t) − B�
˜̃uαc (t)} f or α = m + 1,m + 2, . . . ,m + n (61)
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where ˜̃eα (t) = [Re {ẽα (t)}Im {ẽα (t)}
], ˜̃uαc (t) = [Re {ũαc (t)}Im {ũαc (t)}

] and Ξα = [
Re {λα} −Im {λα}
Im {λα} Re {λα}

].

Notably, the containment problem of system (59) with interaction among agents can be efficiently
reduced to the analysis of individual follower agents by the expression of (61). To analysis the stability of
dynamic system (61), the corresponding Lyapunov function is given as follows.

VF ( ˜̃eα (t)) = ˜̃eT
α (t)PF ˜̃eα (t) (62)

where P̃F = diag (PF , PF).
Following the analysis concept in [44], an ellipsoid is defined for the containment error dynamics.

E∶ = { ˜̃eα (t) ∣ ˜̃eT
α (t)PF ˜̃eα (t) ≤ u2} (63)

Accordingly, the ellipsoid (63) can be ensured as an attractive invariant set if the following condition is
satisfied.

V̇F ( ˜̃eα (t)) + ξ (VF ( ˜̃eα (t)) − ˜̃uT
αc (t) ˜̃uαc (t)) < 0 (64)

Substituting (61), the following inequality can be obtained from (64).
r
∑
�=1

v
∑
τ=1

Γ̃�τ (υα (t))

×
⎧⎪⎪⎨⎪⎪⎩
[

˜̃eα (t)
˜̃uαc (t)

]
T ⎡⎢⎢⎢⎢⎣

P̃FÃ� + P̃FÃT
� + P̃FΞβB̃�K̃τ + K̃T

τ B̃T
� ΞT

β P̃F + ξP̃F ∗
−B̃T

� P̃F −ξIh

⎤⎥⎥⎥⎥⎦
[

˜̃eα (t)
˜̃uαc (t)

]
⎫⎪⎪⎬⎪⎪⎭
< 0 (65)

By following a similar analytical procedure as in (20)–(28), (65) is derived as the following inequality
based on the IT-2 MF-dependent parameters.

[
˜̃eα (t)
˜̃uαc (t)

]
T ⎛
⎝
χqiq κ̃ (υαq (t))

r
∑
�=1

v
∑
τ=1

⎛
⎝
ηF

�τi1 i2 ⋅ ⋅ ⋅ iz κ̃

⎡⎢⎢⎢⎢⎣

Ã�Q̃F + Q̃FÃT
� + ΞαB̃�Ñτ + ÑT

τ B̃T
� ΞT

α + ξQ̃F ∗
−B̃T

� −ξIh

⎤⎥⎥⎥⎥⎦

−(ηF
�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ − η

F
�τi1 i2 ⋅ ⋅ ⋅ iz κ̃) H̃F

�τ + ηF�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ S̃F) − S̃F) [
˜̃eα (t)
˜̃uαc (t)

]

−χqiq κ̃ (υαq (t))
r
∑
�=1

v
∑
τ=1

(ϖ�τ (υα (t)) (ηF
�τi1 i2 ⋅ ⋅ ⋅ iz κ̃ − η

F
�τi1 i2 ⋅ ⋅ ⋅ iz κ̃) (66)

× [
˜̃eα (t)
˜̃uαc (t)

]
T ⎛
⎝

⎡⎢⎢⎢⎢⎣

Ã�Q̃F + Q̃FÃT
� + ΞαB̃�Ñτ + ÑT

τ B̃T
� ΞT

α + ξQ̃F ∗
−B̃T

� −ξIh

⎤⎥⎥⎥⎥⎦
− H̃F

�τ + S̃F
⎞
⎠
[

˜̃eα (t)
˜̃uαc (t)

]
⎞
⎠
< 0

It can be observed that inequality (66) is satisfied based on the relation (11) in Lemma 2 if the
conditions (50)–(52) can be ensured by Theorem 3. Note that analyzing the stability of (60) is equivalent to
analyzing the stability of (55).

After the ellipsoid is ensured as an attractive invariant set by satisfying (64), derived through (64)–(66),
the minimization problem to ensure containment performance is solved as follows. From the condition (53)
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in Theorem 3, the following relationship can be derived by multiplying P̃F on both sides and applying the
Schur complement.

˜̃eT
α (t) (ρ−2Iq) ˜̃eα (t) ≤ ˜̃eT

α (t) P̃F ˜̃eα (t) ≤ u2 (67)

The relationship (67) implies that ∥ ˜̃eα (t)∥
2 < ρ2u2. It is also deduced that the upper bound of the

containment error energy can be minimized based on the definition in (62), the minimized parameter ρ,
and the satisfaction of the condition (53) in Theorem 3. In conclusion, Problem 1 stated in [44] is solved such
that the containment objective is achieved for the followers in the IT-2 T-SFM (10). It is worth noting that
the IT-2 MF-dependent parameter division in the fuzzy CC design approach of Theorem 3 can be assigned
different values from the fuzzy FC design approach of Theorem 1. ◻

By applying the IT-2 fuzzy F-and-C controller design approach from Theorems 1–3, the simulation of a
multi-ship system is conducted in the next section to demonstrate the efficiency in formation, containment,
and collision avoidance objectives.

4 Simulation of Multi-Ship System
In research [45,46], the authors developed a detailed method for mathematical modeling of ship steering

using the kinematic and dynamic equations. Therefore, the following nonlinear multi-ship systems can be
established by extending the results from [45–47].

ẋα1 (t) = cos (xα3 (t)) xα4 (t) − sin (xα3 (t)) xα5 (t) + Δα1 (t) xα4 (t) − Δα2 (t) xα5 (t) (68)
ẋα2 (t) = sin (xα3 (t)) xα4 (t) + cos (xα3 (t)) xα5 (t) + Δα2 (t) xα4 (t) + Δα1 (t) xα5 (t) (69)
ẋα3 (t) = xα6 (t) + Δα (t) xα6 (t) (70)
ẋα4 (t) = −0.0318xα4 (t) + 0.887uα1 (t) (71)
ẋα5 (t) = −0.0628xα5 (t) − 0.003xα6 (t) + 0.5415uα2 (t) + 0.3152uα3 (t) (72)
ẋα6 (t) = −0.0045xα5 (t) − 0.2427xα6 (t) + 0.3152uα2 (t) + 8.0082uα3 (t) (73)

where xα1 (t), xα2 (t) and xα3 (t) represent the x position, the y position and the yaw angle as described
in the paragraph above Definition 2, xα4 (t), xα5 (t) and xα6 (t) represent the surge motion, sway motion
and yaw angular velocity, uα1 (t), uα2 (t), uα3 (t) denote the forces and moment generated by the thrusters.
To clarify the relationship between the system states in nonlinear multi-ship system (68)–(73) and the ship
dynamics, the following diagram is provided with a single ship.

From Fig. 2, it can also be observed that the sway and surge motions differ from the velocities along the
x and y axes. These velocities, used in the collision avoidance algorithm, can be calculated from the sway and
surge motions based on the yaw angle. Specifically, the surge motion xα4 (t) and the sway motion xα5 (t)
are required to be converted into longitudinal and lateral velocities prior to the application of the collision
avoidance method in Theorem 2. Therefore, the following calculations are considered.

Vαx (t) = xα4 (t) cos (xα3 (t)) − xα5 (t) sin (xα3 (t)) (74)
Vαy (t) = xα4 (t) sin (xα3 (t)) + xα5 (t) cos (xα3 (t)) (75)
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Figure 2: Diagram of a ship dynamic system

Considering the uncertain factors Δα1 (t) = cos (t) and Δα2 (t) = sin (t), the IT-2 T-SFM of the
UNMAS (68)–(73) is constructed as follows.

ẋα (t) =
r
∑
�=1

Ω̃� (xα3 (t)) {A�xα (t) + B�uα (t)} f or α = 1, 2, . . . ,m + n (76)

where
xα (t) = [xα1 (t) xα2 (t) xα3 (t) xα4 (t) xα5 (t) xα6 (t)]

T, uα (t) = [uα1 (t) uα2 (t) uα3
(t)]T, and the constant matrices are presented as follows.

A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 cos (88o) −1 0
0 0 0 1 cos (88o) 0
0 0 0 0 0 1
0 0 0 −0.0318 0 0
0 0 0 0 −0.0628 −0.0030
0 0 0 0 −0.0045 −0.2427

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 −sin (2o) 0
0 0 0 sin (2o) 1 0
0 0 0 0 0 1
0 0 0 −0.0318 0 0
0 0 0 0 −0.0628 −0.0030
0 0 0 0 −0.0045 −0.2427

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

A3 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 cos (−88o) 1 0
0 0 0 −1 cos (−88o) 0
0 0 0 0 0 1
0 0 0 −0.0318 0 0
0 0 0 0 −0.0628 −0.0030
0 0 0 0 −0.0045 −0.2427

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and B1∼3 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

0.8870 0 0
0 0.5415 0.3152
0 0.3152 8.0082

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

It should be noted that the operating points for the linearization of subsystem in the IT-2 T-SFM (76)
are chosen as xα3 (t) = (90o, 0o,−90o). Based on these three operating points, the IT-2 MF for (76) is also
designed in Fig. 3.
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Figure 3: MF of nonlinear multi-ship system

Since the uncertain factors are considered with the value of 0.1 times of system parameters in the
UNMAS (68)–(73), the range of interval in the IT-2 MF is also considered with 0.1 times of the original
operating value. Since the uncertainties in the UNMAS (68)–(73) are considered as 10% of the system
parameters, the interval width of the IT-2 MF is also set to 10% of the original operating range.

It is worth noting that the x position, y position, and yaw angle are selected as the tracking states in the
trajectory tracking problem of this simulation. Therefore, the leader ships can reach the desired positions to
complete the formation and maintain the correct course. However, the existing research on T-SFM modeling
concerning the nonlinear ship system established in [45–47] has been primarily conducted within the yaw
angle range of −90 to 90 degrees. These T-SFMs are not applicable and reasonable for yaw angle tracking.
Therefore, the IT-2 MF originally defined over the range of −90 to 90 degrees is extended to cover a broader
operating range, as illustrated in Fig. 3 so that all possible yaw angles in the x-y plane are included.

Based on the IT-2 T-SFM (76), the control problem verifying the formation, containment, and collision
avoidance objectives is stated for the UNMASs (68)–(73) in Fig. 4.

Figure 4: Control problem of multiple objectives
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In the simulation of this research, “LDR” is used to denote leader ships numbered 1 to 4, and “FLR”
is used to denote follower ships numbered 5 to 10. From the F-and-C control problem shown in Fig. 4, the
initial and destination conditions are listed in the following Table 1. In addition, the position of Obstacle 2
is provided.

Table 1: Initial and destination conditions of all ships

Initial conditions

LDR 1 LDR 2 LDR 3 LDR 4 FLR 5

x1 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−15
70
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x2 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−25
65
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x3 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−30
80
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x4 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−15
85
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x5 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5
70
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
FLR 6 FLR 7 FLR 8 FLR 9 FLR 10

x6 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−40
60
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x7 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−40
80
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x8 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−20
90
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x9 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
75
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x10 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−10
80
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Destinations Obstacles

LDR 1 LDR 2 LDR 3 LDR 4 2

x1 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−60
−5
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x1 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−67
2
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x1 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−53
2
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x1 (0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−60
9
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

17.5
−51.5

0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

22
−51.5

0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

As shown in Fig. 4, the formation objective is to control the leader ships in maintaining a square
formation until reaching the destination. Moreover, a known obstacle referred to as Obstacle 1 is located
between the initial positions and the destination. The leader ships should bypass this obstacle through
the design of the IT-2 fuzzy FC. In addition, unknown obstacles referred to as Obstacle 2 may emerge
unpredictably in the ocean. The leader ships are expected to avoid both the unknown obstacles and collisions
with other ships, including the followers, then return to the target trajectories. For the follower ships, the
IT-2 fuzzy CC is designed to ensure that they remain within the square region formed by the leaders.

Based on the initial positions of all ships, the interaction topology is illustrated in Fig. 5, and the
corresponding Laplacian matrix is constructed accordingly.
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L1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 0 0 0 −1 −1
0 2 −1 0 0 0
0 −1 3 −1 0 0
0 0 −1 3 0 −1
−1 0 0 0 2 −1
−1 0 0 −1 −1 3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and L2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0
0 0 −1 0
0 −1 0 0
0 0 0 −1
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (77)

Figure 5: Interaction topology of multi-ship system

Thus, the elements in the adjacency matrix can be easily inferred from the Laplacian matrix (77).
Subsequently, the IT-2 fuzzy formation-and-containment controller is designed based on the forms of (29)
and (7) as follows.

uα (t) =
2
∑
τ=1

Ψ̃τ (υα (t)) {Fτ (xα (t) − x̃dα (t))} f or α = 1, 2, 3, 4 (78)

uα (t) =
2
∑
τ=1

Ψ̃τ (υα (t))
⎧⎪⎪⎨⎪⎪⎩

Kτ ∑
γ∈N

aαγ (xα (t) − xγ (t))
⎫⎪⎪⎬⎪⎪⎭
f or α = 5, 6, . . . , 10 (79)

where the IT-2 MF is designed in Fig. 6.

Figure 6: MF of IT-2 fuzzy F-and-C controller
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It is worth noting that the number of rules and the shape of the IT-2 MF for the fuzzy controller can be
designed independently from the IT-2 T-SFM (76) since the IPM concept. This flexibility allows the use of
fewer fuzzy rules than required by the model, which effectively reduces the complexity and implementation
cost of fuzzy controller. Without loss of generality, the IT-2 MF in Fig. 6 is also designed based on the
operating points of 90 and −90 degrees. Moreover, the IT-2 MF designed between −90 and 90 degrees is
further extended to a wider operating range to cover all the possible yaw angles.

Based on the IT-2 membership functions in Figs. 3 and 6, the following control gains are derived by
solving the design problems stated in Theorems 1 and 3 using MATLAB, where the required parameters are
set as δL = 20 and δF = 30.

F1 =
⎡⎢⎢⎢⎢⎢⎣

−0.6013 −0.4007 −0.0101 −2.4117 −0.2879 −0.0029
0.7777 −0.6088 0.0346 0.5683 −2.6147 0.0690
−0.0311 0.0050 −0.4411 −0.0231 0.0359 −0.8179

⎤⎥⎥⎥⎥⎥⎦

F2 =
⎡⎢⎢⎢⎢⎢⎣

−0.6269 0.3987 0.0101 −2.5153 0.2857 0.0029
−0.7723 −0.6624 0.0381 −0.5650 −2.8564 0.0770
0.0309 0.0077 −0.4563 0.0229 0.0493 −0.8580

⎤⎥⎥⎥⎥⎥⎦
f or α = 1, 2, 3, 4 (80)

K1 = 103 ×
⎡⎢⎢⎢⎢⎢⎣

−1.0100 −0.0393 0.0002 −2.6319 −0.1022 0.0002
−0.0010 −0.8399 0.0030 −0.0020 −2.1915 0.0032
−0.0007 0.0307 −0.0197 −0.0019 0.0802 −0.0237

⎤⎥⎥⎥⎥⎥⎦

K2 = 103 ×
⎡⎢⎢⎢⎢⎢⎣

−0.9781 0.0164 −0.0002 −2.5488 0.0429 −0.0001
−0.0371 −0.8140 0.0061 −0.0955 −2.1239 0.0070
0.0024 0.0287 −0.0198 0.0062 0.0750 −0.0238

⎤⎥⎥⎥⎥⎥⎦
f or α = 5, 6, . . . , 10 (81)

After the control gains for the leader ships are determined, the following parameters are selected for
the IT-2 fuzzy FC design in Theorem 2 and Algorithm 1 to achieve formation and collision avoidance
simultaneously.

Rdet = 3, Rsa f e = 3, Rv = 3, Rs = 1.5, R f = 1, kv = 1, ks = 1, L = 1. (82)

By using MATLAB tools, including S-functions and Simulink, the simulation results and state response
plots can be obtained as follows. Then, the following simulation results for the UNMASs (68)–(73) are
obtained based on the conditions in Table 1 by applying the IT-2 fuzzy F-and-C controller (78), (79) with
parameters (82).

From Figs. 7–9, it is evident that the state trajectories of leaders are effectively controlled to follow the
target trajectories by the IT-2 fuzzy FC (78). That is, the x position and y position can achieve the assigned
positions to complete the formation task. The desired yaw angle is also tracked to ensure the correctness of
the ship course. Moreover, the state trajectories can also be adjusted to track the target trajectories computed
by the collision avoidance algorithm. It is important to note that, regardless of whether in tracking or collision
avoidance mode, the state trajectories of all followers remain within the leaders by the IT-2 fuzzy CC (79).
Therefore, the followers can effectively avoid potential dangers by complying with the control commands of
the leaders. In this research, the primary focus is on directly tracking the ships’ positions and yaw angles.
In other words, the surge motion, sway motion, and yaw angular velocity in Figs. 10–12 are automatically
regulated by the ship to achieve this tracking objective. Nevertheless, the trajectories of these states for the
followers can also be constrained within the interval defined by the leaders. To clearly present the simulation
results, the ship trajectories corresponding to the control problem in Fig. 4 are shown in the following figure.
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Figure 7: Responses of the x positions of all ships

Figure 8: Responses of the y positions of all ships

Figure 9: Responses of the yaw angles of all ships
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Figure 10: Responses of the surge motions of all ships

Figure 11: Responses of the sway motions of all ships

Figure 12: Responses of the yaw angular velocities of all ships
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According to Fig. 13, it is demonstrated that the formation of the leaders and the dynamic behavior of
this formation can be effectively achieved through the design of the IT-2 fuzzy FC (78) using the tracking
technique individually. In addition, the leaders can bypass Obstacle 1 with just the proper design of the target
trajectories and successfully arrive the destination. With the application of Algorithm 1, the leaders can also
avoid collisions with other ships, including the followers, as shown in Fig. 14. It is worth noting that the
followers are forced within the formation region defined by the leaders, using the IT-2 fuzzy CC (79), before
the formation is fully completed.

Figure 13: Trajectories of multi-ship system

Figure 14: Zoomed-in view of initial trajectories

When the unpredictable Obstacle 2 occurs, the leaders can also adjust the positions and courses to
effectively avoid the obstacle, which is seen in Fig. 15. In Fig. 15, the outer yellow dashed circle represents
the effective range of the vortex APF, while the inner circle corresponds to the effective range of the source
APF. It is observed that the leaders can guide the entire multi-ship system to successfully avoid collisions
and subsequently return to the desired trajectory after the avoidance maneuver by the IT-2 fuzzy FC (78)
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based on Algorithm 1. By the IT-2 fuzzy CC, the safety of all followers is ensured by maintaining within the
formation throughout the entire period.

Figure 15: Zoomed-in view of trajectories during collision avoidance

From the simulation results in Figs. 7–9, it is observed that the tracking objective for all leaders is
achieved at approximately 60 s. Moreover, the collision avoidance behavior is activated between 290 and
445 s. To verify the tracking error of the leaders, the periods before formation achievement and during
collision avoidance should be excluded. Additionally, the most important states for the formation objective
are the first two states, namely the x and y positions of the ships. Hence, the variance values of the tracking
errors for all leaders are presented below to verify the effectiveness of the IT-2 fuzzy FC controller.

LDR1 ∶ var (x11 (t) − xd11 (t)) = 3.0257, var (x12 (t) − xd12 (t)) = 1.3114
LDR2 ∶ var (x21 (t) − xd21 (t)) = 3.6954, var (x22 (t) − xd22 (t)) = 1.6736
LDR3 ∶ var (x31 (t) − xd31 (t)) = 2.2511, var (x32 (t) − xd32 (t)) = 1.0792
LDR4 ∶ var (x41 (t) − xd41 (t)) = 2.9580, var (x42 (t) − xd42 (t)) = 1.4152

(83)

where var (⋅) denotes the variance value of ⋅.
Based on the variance values presented in (83), it is observed that the tracking error variances for all

leaders are within the units digit, which is relatively small compared to the overall range in the F-and-C
problem of Fig. 4. These results verify the tracking accuracy under uncertainties using the proposed IT-2
fuzzy FC controller. For the followers in the multi-ship system, the containment objectives are demonstrated
in Figs. 7–9 and Figs. 13–15. To further clarify the containment performance, the following results present the
minimum and maximum distances from the followers to the convex hull, which is a square region formed
by the leaders.

FLR5 ∶ The maximum distance is 7.6390 and the minimum distance is 2.2468.
FLR6 ∶ The maximum distance is 7.1273 and the minimum distance is 2.7593.
FLR7 ∶ The maximum distance is 6.6618 and the minimum distance is 3.0773.
FLR8 ∶ The maximum distance is 6.9046 and the minimum distance is 2.8289.
FLR8 ∶ The maximum distance is 6.8898 and the minimum distance is 2.9968.
FLR8 ∶ The maximum distance is 6.1400 and the minimum distance is 3.7474.

(84)
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From the simulation results in (84), it is verified that all the followers have remained within a certain
distance from the convex hull formed by the leaders. This indicates that the followers are successfully
contained within the square region. It can be concluded that a feasible and effective control method is
provided by the IT-2 fuzzy F-and-C controller proposed in Theorems 1–3 of this research for the formation,
containment and collision objectives.

Nevertheless, some visible fluctuations still occur in the collision avoidance scenarios shown in the
above simulation results. These fluctuations are caused by abrupt switches between different APFs, as well as
transitions between tracking and avoidance modes. To further reduce these fluctuations, effective methods
such as the hybrid feedback proposed in [48] can be integrated into the collision avoidance algorithm to
achieve smoother switching performance. Although this study validates the proposed IT-2 fuzzy F-and-C
controller with collision avoidance on a multi-ship system, the approach is applicable to a wide range of
NMASs, including unmanned aerial vehicles, ground vehicles, and surface vehicles. It should be noted that
formation, containment, and collision avoidance are primarily considered in systems where the control of
positions and trajectories is essential, such as unmanned vehicles. The fuzzy controller based on the IT-2
T-SFM also effectively solve the uncertainty problem, which are critical and unavoidable in these vehicles.
Therefore, the proposed IT-2 fuzzy F-and-C controller design can be extended beyond maritime applications
to enhance the cooperative control performance and safety of other unmanned vehicles. However, this
research still establishes the first successful integration of the IT-2 fuzzy formation-and-containment
controller design with a collision avoidance capability.

5 Conclusion
An IT-2 F-and-C design approach with collision avoidance capability is proposed in this research for

UNMASs based on the combination of the APF method and fuzzy theory. First, the IT-2 T-SFM is adopted to
provide a more comprehensive representation for UNMASs under uncertain factors. Based on the modeling
process, the IT-2 T-SFM for the target trajectory is also constructed for the formation objective. Unlike the
existing F-and-C works, the IT-2 fuzzy FC for the leaders is individually designed using a tracking control
approach. This scheme simplifies the formation controller design process and reduces implementation
complexity. Notably, since the tracking controller is originally designed to achieve the formation objective, it
can also be naturally applied to track the desired trajectories generated by the APF method in the avoidance
mode. Through the combined application of the source and vortex APFs, the leaders are repelled from
the obstacle and guided to turn right to bypass the collision. In this research, fuzzy logic is applied to
enable smoother adjustments between these two APFs and enhance the avoidance behavior. By extending
the analysis methods for linear MASs, the analysis problem for the IT-2 fuzzy CC design approach can
still be solved, even when the leaders’ control inputs involve both tracking and avoidance modes. In other
words, the containment objective can be maintained in both scenarios, which allows the followers to remain
within the leaders’ formation and avoid potential collisions. Finally, the simulation results of a multi-ship
system are presented to verify the control performance of multiple objectives. According to the results, it is
observed that the integration of the collision avoidance algorithm successfully turns the leaders’ course to
avoid potential dangers. Moreover, the followers can avoid collisions by adhering to the leaders’ formation
and trajectories. It can be proven that the safety of the entire multi-ship system is enhanced when the collision
avoidance capability of the leaders is ensured. In conclusion, the proposed IT-2 fuzzy F-and-C controller
design approach provides a feasible and effective control scheme for UNMASs to simultaneously accomplish
formation, containment, and collision avoidance tasks. In this research, the leaders achieve the formation
purpose without using communication. However, the containment purpose of followers heavily depends
on the dynamics of other agents, which means that communication is unavoidable. Therefore, fault and
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attack problems constitute promising directions for future work within the proposed design framework.
Moreover, considering the practical application of multi-ship systems, issues such as measurement noise,
communication delays, and environmental disturbances should also be discussed in future work.

Acknowledgement: Not applicable.

Funding Statement: This research was founded by the National Science and Technology Council of the Republic of
China under contract NSTC113-2221-E-019-032.

Author Contributions: The authors confirm contribution to the paper as follows: Conceptualization, Yann-Horng
Lin, Wen-Jer Chang and Yi-Chen Lee; methodology, Yann-Horng Lin, Yi-Chen Lee and Wen-Jer Chang; software,
Yann-Horng Lin, Cheung-Chieh Ku and Muhammad Shamrooz Aslam; validation, Wen-Jer Chang, Muhammad
Shamrooz Aslam and Cheung-Chieh Ku; formal analysis, Yi-Chen Lee and Muhammad Shamrooz Aslam; investiga-
tion, Yann-Horng Lin, Muhammad Shamrooz Aslam and Wen-Jer Chang; resources, Wen-Jer Chang, Yi-Chen Lee
and Cheung-Chieh Ku; data curation, Yann-Horng Lin and Cheung-Chieh Ku; writing—original draft preparation,
Yann-Horng Lin; writing—review and editing, Wen-Jer Chang, Yi-Chen Lee and Cheung-Chieh Ku; visualization,
Yann-Horng Lin, Muhammad Shamrooz Aslam and Cheung-Chieh Ku; supervision, Wen-Jer Chang and Cheung-
Chieh Ku; project administration, Wen-Jer Chang and Yi-Chen Lee; funding acquisition, Wen-Jer Chang. All authors
reviewed the results and approved the final version of the manuscript.

Availability of Data and Materials: All data generated or analyzed during this study are included in this published
article.

Ethics Approval: Not applicable.

Conflicts of Interest: The authors declare no conflicts of interest to report regarding the present study.

Abbreviations
IT-2 Interval Type-2
MAS Multi-Agent System
NMAS Nonlinear MAS
UNMAS Uncertain NMAS
T-SFM Takagi-Sugeno Fuzzy Model
FC Formation Controller
CC Containment Controller
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