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ABSTRACT: The variable salinity in stored reservoirs connected by a long channel attracts the attention of scientists
worldwide, having applications in environmental and geophysical engineering. This study explores the impact of
Navier slip conditions on exchange flows within a long channel connecting two large reservoirs of differing salinity.
These horizontal density gradients drive the flow. We modify the recent one-dimensional theory, developed to avoid
runaway stratification, to account for the presence of uniform slip walls. By adjusting the parameters of the horizontal
density gradient based on the slip factor, we resolve analytically various flow regimes ranging from high diffusion to
transitional high advection. These regimes are governed by physical parameters like channel aspect ratio, slip factor,
Schmidt number, and gravitational Reynolds number. Our solutions align perfectly with ones in the no-slip limit. More
importantly, under the conditions of no net flow across the channel and high Schmidt number (where stratification
is concentrated near the channel’s mid-layer), we derive a closed-form solution for the slip parameter, aspect ratio,
and gravitational Reynolds number that describes the interface’s behavior as a sharp interface separating two distinct
zones. This interface, arising from hydrostatic wall gradients, ultimately detaches the low- and high-density regimes
throughout the channel when the gravitational Reynolds number is inversely proportional to the aspect ratio for a fixed
slip parameter. This phenomenon, observed previously in 2D numerical simulations with no-slip walls in the literature,
is thus confirmed by our theoretical results. Our findings further demonstrate that wall slip leads to distinct and diverse
flow regimes.
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1 Introduction
The sea and ocean represent classic examples of environmental flowswhere buoyancy-driven exchange

occurs due to varying densities within the seawater mixture [1–3]. These exchange flows, also known as
stratified shear flows, and their hydrodynamics governed by density stratification have attracted significant
research due to their impact on nature in both oceanic and other geophysical contexts. Examples include
the Bosphorus straits [4], estuary dynamics [5], architectural exchange flows [6], reservoir optimization for
flood control [7], flooded underground mines [8], and understanding stratified turbulence [9]. This study
focuses on these exchange phenomena within slippery walls, considering both scenarios with and without
an interface separating the lighter and heavier water columns.
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Thermal or solutal stratification may occur in vast engineering problems with different physical
configurations. To focus on the recent efforts associated with the environmental research, estuarine exchange
flow was reformulated in [10] accounting for the influence of wind forcing in the model, and methods were
established for estimating estuarine stratification and flushing time in U.S. continental [11]. It was observed
in the case study [12] that the thermocline and high-salt area can limit the water exchange in Western Pacific
Ocean. Reference [13] presented how the deep hydrography in the subarctic Pacific evolves affecting the
subtropical Pacific under glacial boundary conditions. The conditions of lake stratification in the Brazilian
Amazon were examined in [14]. The impacts of the wind, tidal forcing, freshwater discharge and the bay
stratification were searched in [15] for the coast of Peru. Hypoxia was detected in [16] due to the vertical
salinity structure and high temperature in Saemangeum Lake.

In regard to the technological energy storage systems, the water stratification and thermocline dynamics
in solar hot water storage tanks with mantle heat exchangers were experimentally tested in [17]. It was
shown in [18] that a single media single tank system is better performing with a porous structure of the
distributor wall during thermal energy storage. Flow injection effects on the temperature stratification in
thermocline storage tanks were simulated in [19] with the aim of determining the stability range of bulk
Froude number. Moreover, the stratification performance was numerically simulated in [20] in a packed-bed
thermal storage tank.

In terms of other relevant applications, thermal stratification dependence on mass flow rate of coolant
in nuclear reactors was numerically simulated in [21]. It was also determined in [22] that stable temperature
stratification due to high-rise buildings can aggravate pollutant concentration in urban areas. One can further
refer to other more mathematically inclined applications including [23–25], amongst many others.

The formulation of the driving force due to the horizontal difference in densities seems to be the hardest
part of mathematical models in the real exchange flows. Reference [1] developed a connection between the
horizontal density gradient and density/vertical density to be used in the balanced equations of diffusion of
both momentum and density enabling one to learn the flow regime transitions. In high density transport
region, a sharp interface of prevention between the two-phase system was clearly witnessed from the 2D
numerical visualizations in [1]. Earlier, based on the internal hydraulics limit concept, such an interfacial
depth derivation was implemented in [26] for the two-layer salinity system in a long duct. However, the very
current experimental conduct in [27] proved that the free-slip and sharp non-entraining interface should
be in account of a correct Froude number at the front. More research regarding bioconvection and density
variation in fluid and heat flow was reported in [28,29]. The use of artificial intelligence techniques in various
slippery fluid flows over channel configurations was also documented in [30,31].

This study builds upon the promising 1D no-slip model presented in [1] for estimating velocity and
density fields in various steady flow regimes between two large tanks. However, recent experiments by [27]
suggest that imposing free-slip conditions provides a more realistic representation of such phenomena.
Therefore, our primary focus here is to understand how the observed flow regimes in Kaptein et al.’s work are
significantly influenced by the presence of velocity slip at the channel walls connecting the reservoirs. Even
though, the standard boundary condition for fluid-solid interfaces is the no-slip condition, the presence of
tiny wall roughnesses does not disturb the channel shape, or surface treatment, or near-wall phenomena
in complex fluids adequately justifies the use of a Navier-slip condition at the fluid-solid interface. Indeed,
the importance of slippery walls have been well-recognized now among the scientific community. One
can refer to the natural life applications in [32] and other micro channel applications in [33,34]. While
study [1] primarily focused on parameter ranges leading to interface waves, another objective of this work
is to formulate the exact boundary/interface that emerges between the fresher and saltier fluid zones during
the high advection unmixed density transport stage (observed in Kaptein et al.’s numerical simulations).



Comput Model Eng Sci. 2025;143(3) 2849

This phenomenon, occurring when density diffusion is overpowered by viscous fluid diffusion, manifests
as a sharp, solid interface separating the pure fresher water flow above from the pure saltier water below.
By balancing the diffusive and hydrostatic terms, we derive a mathematical function for this interface that
incorporates the slip parameter. This investigation has the potential to enhance our understanding of real-
world ocean dynamics, such as salt fronts in estuaries, and the resulting analytical expressions can offer
valuable insights for numerical simulations of oceanic fronts.

2 Stratification Model between Two Reservoirs
As depicted in Fig. 1, we consider steady exchange flow motion owing to an active buoyancy force, where

the less dense (light) mixture of water flows over a high dense (heavy) mixture through a horizontal channel
connecting two huge reservoirs. The exchange takes place due to the salinity difference yielding distinct
densities in the tanks, which are attached via a channel having length L and height H, supposedly much
smaller than L. Having balanced the diffusion of momentum and salt with density gradient (horizontal), a
steady state flow is reached, whose governing equations under the Boussinesq approximation are given by

ux +wz = 0,

uux +wuz = −
1

ρr
px + ν(ux x + uzz),

uwx +wwz = −
1

ρr
pz + ν(wx x +wzz) −

g
ρr

ρ,

uρx +wρz = k(ρx x + ρzz), (1)

in which ρ̄ = ρr + ρ is the total density with reference density ρr and variable density ρ, (u(x , z), w(x , z))
is the velocity field, p(x , z) is the pressure of the two-phase system related to the fresh and salty media, as
depicted in Fig. 1. Moreover, the kinematic viscosity of the fluid is constant ν, the usual gravity acting in the
negative z−direction is g and the salinity diffusivity is constant k.

Figure 1: Stratification process between two huge reservoirs of water containing different salt concentrations. Fluid is
flowing through a slippery long and thin channel having a small aspect ratio

Salinity and density can further be linked via a linear relation as in [1], but not preferred here. With
respect to a defined buoyancy velocity scale Ug and density difference Δρ (of the water and salt), quantities
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are then made dimensionless in accordance with the scalings

x = H
2

x̃ , z = H
2

z̃

u = Ugũ, w = Ugw̃
p = ρrUg2 p̃, ρ = Δρρ̃. (2)

Having dropped the tilde from the quantities for convenience, and substituting (2) into (1) leads to the
non-dimensional system

ux +wz = 0,

uux +wuz = −px +
2

Reg
(ux x + uzz),

uwx +wwz = −pz +
2

Reg
(wx x +wzz) −

1
2

ρ,

uρx +wρz =
2

Reg Sc
(ρx x + ρzz). (3)

The dimensionless physical parameters in (3) governing the physical process are defined by

Ug =
√

HΔρg
ρr

,

Reg = HUg
ν

,

Sc = ν
k

, (4)

where Ug is the gravity-based velocity, Reg is the gravity-based Reynolds number and Sc is the traditional
Schmidt number.

The physical domain along the channel is now−Γ−1 ≤ x ≤ Γ−1 and vertical domain is−1 ≤ z ≤ 1. Here, Γ =
H/L is the aspect ratio of the channel. As for the boundary conditions complementing the system above, the
horizontal velocity u is permitted to encounter a uniform dimensionless slip with factor L obeying Navier’s
slip law, whereas the vertical velocity w is impermeable. Together with these, a no-flux of density at the walls
is imposed, all expressed mathematically in the forms

u = Luz at z = −1, u = −Luz at z = 1,
w = 0 at z = −1, w = 0 at z = 1,
ρz = 0 at z = −1, ρz = 0 at z = 1. (5)

As stated above, the very current experimental conducts in [27] revealed that the free-slip and sharp
non-entraining interface should be in account of a correct Froude number at the front. This motivated [27]
to apply the free-slip boundary conditions at the fluid-fluid interface, in the stratified fluid treated as a
two-layer system. It is highly believed that the current slip condition will complement the fluid-fluid slip
assumption made in [27] and the theory is completed within the slippery conditions at both fluid-fluid and
solid-fluid interfaces. It is noted that if the slip velocity arises due to wall roughness, the typical values of the
dimensionless slip length L scaled by 2/H could be small enough. However, during the course of analysis,
it is intentionally exaggerated to capture a viewable physical effect of the general trend from the resulting



Comput Model Eng Sci. 2025;143(3) 2851

illustrations. In addition to this, as explained in [1], the imposed boundary conditions generate antisymmetric
velocity and density fields at (x , z) = (0, 0) in the no-slip case. The same applies here also with the wall slip.
In addition to the above, one major auxiliary assumption is that there is no net flow across the channel, so
the net flow rate is zero yielding

∫
1

−1
udz = 0. (6)

The condition in 6 will assist occurrence of a physical asymmetry along the channel.

3 One Dimensional Derivations
Closely following the fundamental assumptions in [1], such as the no effect of the reservoir with endless

amount of fresh water and salt, the small aspect ratio with sufficiently long channel leading to a boundary
layer effect of dropping the diffusive gradients along the channel, a unidirectional flow particularly effective in
the central zone x = 0 so that u = u(z) and a relatively negligible w, the so-called diffusion-dominated regime
is integrated over a single layer and hence, it can be represented with the reduced system of boundary-value
problem

− px +
2

Reg
uzz = 0,

− pz −
1
2

ρ = 0,

uρx −
2

Reg Sc
ρzz = 0,

u(z = ±1) − ∓Luz(z = ±1) = 0,
w(z = ±1) = 0,
ρz(z = ±1) = 0. (7)

We should remark that the mathematical analysis made under the no-slip boundary conditions in [1] in
the central region of the channel is still valid here when slip is accounted for. Indeed, integrating the second
momentum equation in (7) from z to 1 gives rise to the pressure

p(x , z) = P(x) + 1
2 ∫

1

z
ρdz, (8)

where P(x) is the active pressure (or hydrostatic pressure) at the upper wall of the channel z = 1. Next,
substituting (8) into the first momentum equation in (7) and integrating across the channel, the fluid gets
organized with respect to

2
Reg

uzz +
1
2 ∫

z

0
ρx dz = 0. (9)

The problem is then reduced to the prescription of radial mass transport ρx , in other words, the pressure
gradient px . In the diffusion-dominated region, a good replacement is the density concentration ρx = Γ

2 , so
we have the linear advection-diffusion equations to solve

u′′ + ΓReg
8

z = 0,
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ρ′′ − RegScΓ
4

u = 0,

u − ∓Lu′ = 0, z = ±1,
ρ′ = 0, z = ±1. (10)

The solution to (10) comes with the formulae

u(z) = −
ΓReg z (L (z2 − 3) + z2 − 1)

48(L + 1) ,

ρ(z) = −
Γ2Reg2Sc z (3L (z2 − 5)2 + 3z4 − 10z2 + 15)

11520(L + 1) . (11)

The RegΓ parameter dependence of velocity and the Γ2Reg2Sc dependence of density is preserved as in
the no-slip case [1]. This high diffusivity zone is supported afterwards with the subsequent pressure formula

p(x , z) = −Γ
4

xz +
Γ2Reg2Scz2 ((L + 1)z4 − 5(3L + 1)z2 + 75L + 15)

46080(L + 1) + p0, (12)

which drives the density along with the total mixture

ρ(x , z) = Γx
2
+

Γ2Reg2Scz2 ((L + 1)z4 − 5(3L + 1)z2 + 75L + 15)
46080(L + 1) + ρ0. (13)

From the above results, at the wall in the mid layer the accumulated salt densities yield the stratification
amplitude

Δρ = ρ(x ,−1) − ρ(x , 1) = 2α(4L + 8)
11520(L + 1) , (14)

with α = Reg
√

ScΓ. In addition to this, the amplitude of the exchange flow is found to be

√
ScΔu =

√
Sc(umax − umin) =

α ( 3L+1
L+1 )

3/2

36
√

3
. (15)

In the advection-dominated zone, however, Sc is large, and ρx = −aρz with an unknown parameter
a, analyzed in [1] as the high-advection/low-diffusion regime with ρ tending towards ∓1/2 at the walls
z = ±1. In this zone, therefore, the flow evolves into a two-layer system. We may hence assume the subsequent
asymptotic density distribution in the limiting case

ρ(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1
2

−1 ≤ z < 0

0 z = 0

− 1
2

0 < z ≤ 1.

(16)
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With this density distribution, having solved the system (7) results in the slip velocity field

u(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

aRegz(L(z + 2) + z + 1)
16(L + 1) −1 ≤ z < 0

0 z = 0

−aRegz(L(z − 2) + z − 1)
16(L + 1) 0 < z ≤ 1.

(17)

Presuming that the wall stress at z = 0 is preserved as computed in the diffusion-dominated regime to
the advection-dominated regime results in the following value of a

a = Γ(3L + 1)
3(2L + 1) , (18)

overlapping the value 1
3

Γ when L = 0 predicted in [1]. This regime is ultimately driven by the continuous
pressure distribution

p(x , z) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Γ(3L + 1)x
12(2L + 1) +

1
4
(−z − 1) + p1 −1 ≤ z ≤ 0

−Γ(3L + 1)x
12(2L + 1) +

z − 1
4
+ p1 0 < z ≤ 1

(19)

and thus the horizontal density change in combination with the above pressure field driving the exchange
flow and stratification as proposed in [1] can be generalized here incorporating the velocity slip in the form

ρx =
Γ
2
(1 − 2∣ρ∣) + Γ(3L + 1)

3(2L + 1) ∣ρz ∣. (20)

Consequently, the interface slope at (x , z) = (0, 0) can be roughly accessed from

dz
dx
= Γ(3L + 1)

3(2L + 1) . (21)

This result specifically helps us to set the idea that there exists an interface z = δ(x) acting like a solid
barrier (with δ(0) = 0) between the layers extending over the domain −Γ−1 ≤ −β ≤ x ≤ β ≤ Γ−1 such that the
fresh/lighter water with density ρ = −1/2 (δ(x) < z ≤ 1) is separated from the salty/heavier water with density
ρ = 1/2(−1 ≤ z < δ(x)), leading to a two-layer separated system. This structure is evidenced in Fig. 2d of [1];
they call “where all the isopycnals span over the entire channel length”. Thus, at such an interfacial zone, it
may be supposed that ρx → 0, ρz → 0, and ρzz → 0 in each layer, governed by the leading system of mass
conservation, momentum diffusion, hydrostatic balance, and density transport

ux +wz = 0,

− px +
2

Reg
uzz = 0,

− pz −
1
2

ρ = 0,

uρx −
2

Reg Sc
ρzz = 0. (22)
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Notice that with piece-wisely defined density distribution as above in mind, the density transport
equation in (22) is already satisfied in each layer. Solution of system (22) yields the horizontal and vertical
velocities across the interface

u(x , z) =
⎧⎪⎪⎨⎪⎪⎩

6(z−δ(x))((L+z+1)δ(x)+L(z+2)+z+1)
(δ(x)+1)3(4L+δ(x)+1) −1 ≤ z ≤ δ(x)

− 6(δ(x)−z)((L−z+1)δ(x)+L(z−2)+z−1)
(δ(x)−1)3(4L−δ(x)+1) δ(x) < z ≤ 1,

(23)

w(x , z) =
⎧⎪⎪⎨⎪⎪⎩

− 576w0(z+1)(2L+δ(x)+1)(z−δ(x))((2L+z+1)δ(x)+2L(z+2)+z+1)
Re g(δ(x)−1)3(δ(x)+1)7(4L−δ(x)+1)(4L+δ(x)+1)3 −1 ≤ z ≤ δ(x)

− 576w0(z−1)(2L−δ(x)+1)(z−δ(x))((2L−z+1)δ(x)+2L(z−2)+z−1)
Re g(δ(x)−1)7(δ(x)+1)3(4L−δ(x)+1)3(4L+δ(x)+1) δ(x) < z ≤ 1,

(24)

where w0 = 2(6L2 + 3L + 1)δ(x)2 − 3(L + 1)δ(x)4 + (L + 1)(4L + 1). In addition to this, the flow is balanced
by the pressure field

p(x , z) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1
4
(4P(x) + 2δ(x) − z − 1) −1 ≤ z ≤ δ(x)

P(x) + z − 1
4

δ(x) < z ≤ 1,
(25)

where P(x) is the unknown pressure distribution at the upper channel wall, which can be determined as a
result of the no net mass flow rate condition (6) in the form

P′(x) =
(δ(x) + 1)3 (−4L2 + 3Lδ(x) − 5L + δ(x)2 − 1) δ′(x)

4 (2 (6L2 + 3L + 1) δ(x)2 + 4L2 − 3(L + 1)δ(x)4 + 5L + 1) . (26)

Moreover, this should be equal to the following pressure gradient obtained from the volume flow rate
definition across the interface

P′(x) = 24(L − δ(x) + 1)
Reg(δ(x) − 1)3(4L − δ(x) + 1) . (27)

It is apparent then that the mixture of flow is driven by a pressure gradient involving gradients of
interface as well as the hydrostatic pressure. Hence, Eqs. (26) and (27) give rise to the following differential
equation describing the shape of interface

δ′(x) = −
96 (2 (6L2 + 3L + 1) δ(x)2 − 3(L + 1)δ(x)4 + (L + 1)(4L + 1))

Reg (δ(x)2 − 1)3 ((4L + 1)2 − δ(x)2)
. (28)

One of the significant features of the interface is that vertical asymptotes are reached at the edges where
η(x) → ±1. It is further possible to solve the above differential equation in terms ofthe inverse function,
leading to

x(δ) =
Reg (δ3δ11δ14 + δ2δ12 (2 − 3δ6L) + δ1 (δ2δ15 + 2δ3δ11(3L + 1)3))

38880δ3δ4(L + 1)7/2 , (29)

for which the intermediate parameters are listed in the Appendix A. It is reminded that the interface lies
from the first reservoir up to the second reservoir if x(−1) = −Γ−1 and x(1) = Γ−1 imposing a constriction
upon RegΓ via the relation

RegΓ = 38880δ1δ2δ3(L + 1)7/2

(δ3δ9δ11 + δ2 (24δ16 + δ12 (2δ1 − 3δ6L + 2))) , (30)
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which turns out to be in the case of L = 0

RegΓ = 7290
(20
√

3π − 81)
∼ 261.967. (31)

This corresponds to a gravitational Reynolds number Reg ∼ 15718 for the numerical setup of [1] with
Γ = 1/60, and it will increase with thinner channels. Furthermore, the interface slope at the centre of the
channel from (26) is calculated as

δ′(0) = 96(L + 1)
(4L + 1)Reg

. (32)

4 Results and Discussion
The results of velocity, density, and pressure fields will be presented in this section in competing diffusive

and advective regimes of the exchange flow governed by the physical parameters L, Γ, Reg and Sc. Finally, the
formation of the interface in the high advective region will be discussed under the no-slip and slip conditions.

In the high diffusion regime, the scaled horizontal velocity and density profiles are shown in Fig. 2 drawn
from (11). The asymmetry in both is due to the physical reason that the dense salt layer moving towards
the reservoir of fresh water is balanced with the less dense layer counter flowing towards the salty reservoir
induced by the horizontal pressure gradient in (12). This pressure gradient is not affected by the slip, but
the vertical pressure gradient is highly controlled by it, which in turn balances the density distribution. The
velocity slip is expectedly to increase the momentum transfer drifts as well as the mass over the depth of
the channel, both of which are raised with a larger amplitude near the walls, hence the high stratification
of mixture near z = 0 is extended further by the slip mechanism. A straightforward analysis results in local
extrema of the exchange flow velocity

u = ±
ΓReg ( 3L+1

L+1 )
3/2

72
√

3
,

at the vertical positions

z = ±
√

3L + 1
3(L + 1) ,

with the resultant wall densities

ρ(±1) = ∓Γ2Reg2Sc(6L + 1)
1440(L + 1) .

The absolute volumetric flow rate and mass flow rate are also computed from

1
2 ∫

1

−1
∣u(z)∣dz = ΓReg(5L + 1)

192(L + 1) ,

1
2 ∫

1

−1
∣ρ(z)∣dz = Γ2Reg2Sc(61L + 11)

23040(L + 1) . (33)

The shear and density gradients in this regime at the mid-depth z = 0 can be evaluated by

u′(0) = ΓReg(3L + 1)
48(L + 1) ,
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ρ′(0) = −Γ2Reg2Sc(5L + 1)
768(L + 1) , (34)

which indicates the increase in gradients with the slip. The stratification and exchange flow amplitudes
from (14), (15) are demonstrated in Fig. 3a,b. They are shown to be impacted by the presence of velocity wall
slip. A linear increase in stratification is certainly conserved. It is recalled that these physical quantities are
predicted well by the 1D theory in a small α interval [1]. It is also noted that the density difference in the
channel Δρ becomes unity when

α = ΓReg
√

Sc = 12
√

5(L + 1)
6L + 1

.

Figure 2: The scaled horizontal velocity and density profiles in high diffusion zone; unbroken curves for velocity and
broken for density

Figure 3: Effects of slip on the amplitudes. (a) Stratification and (b) exchange flow

In the particular case of no-slip flow, it means ΓReg
√

Sc = 12
√

5 exactly conforming to the threshold
presented in [1]. We should keep in mind that, in reality, the constant horizontal density gradient assumption
in the high diffusive regime is well-suited to the weakly stratified exchange flows.
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Scaled velocity profiles are next revealed in Fig. 4 in the high advection zone from (17). Recall that in
this zone, the density is already in its highest values ±1/2 except z = 0, see (16), at which the stratification can
occur. In this fluid regime, it is found the local extrema of the exchange flow velocity are found

u = ±ΓReg(2L + 1)(3L + 1)
192(L + 1)2 ,

at the locations

z = ± 2L + 1
2L + 2

.

The absolute volumetric flow rate is also computed from

1
2 ∫

1

−1
∣u(z)∣dz = ΓReg(3L + 1)(4L + 1)

288(L + 1)(2L + 1) . (35)

Figure 4: The scaled horizontal velocity profiles in high advection zone

The fluid is under the influence of linear pressure (19), which generates a slightly less momentum layer
thickness as compared to the high diffusion regime.

The formation of a sharp interface separating two layers will be deliberated now from the deriva-
tions (22)–(32). Actually, Fig. 5 depicts the critical combination of RegΓ as obtained in (30) for the full
coverage of the channel length. It is given by (31) in the case of no-slip, while it exponentially decreases with
the inclusion of velocity slip. Hence, it can be deduced that at a fixed Γ, the critical Reynolds number is
markedly lowered for the appearance of the interface. For instance, Reg = 121.368/Γ at L = 0.5, less than half
of that for L = 0, refer to (31).

Fig. 6 then exhibits the effect of slip on the structure of the interface δ(x). Slip is likely to adjust the
shape of the interface starting from the slope δ′(0) at the channel core, contributing towards positive sloping.
It is realized from (29) that the interface formula when L = 0 becomes

x(δ) =
Reg (3δ (−9δ4 + 50δ2 − 185) + 320

√
3 tan−1 (

√
3δ))

38880
. (36)

Remarkably δ′(0) = 0.366458Γ from (36), which was predicted as Γ
3

in [1] (visualize numerical
simulation Fig. 2d in their paper), refer also to the finding (21).
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Figure 5: Critical RegΓ vs. L for a set up of interface along the entire the channel

Figure 6: Interface shape at two slip parameters; dashed L = 0 and dotted L = 0.5

It is noted that if the interface is not necessarily required to extend from reservoir to reservoir, then any
RegΓ combination smaller than that of critical can be used to set up a shorter interface, which is illustrated
in Fig. 7 for L = 0. Within the presence of such interfaces, the fluid flowing from one reservoir may not
reach the opposite one, which is expected due to the lower Reynolds numbers than those occurring by
a fully extended interface. Although not mentioned in [1], the occurrence of these cases warrants further
numerical investigations.
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Figure 7: Interface shapes with no slip for changing RegΓ values

Fig. 8a–d illustrates the horizontal and vertical velocity profiles across the interface from (23), (24) in
the high advection regime at the instant of interface formation. In the presence of the interface layer, the
streamwise local extrema and exchange flow amplitude from the horizontal velocity field are calculated as

z = 2L − δ2 + 1
2(L − δ + 1) , u = 1

2
( 1
−L + δ − 1

+ 1
4L − δ + 1

− 3
δ − 1
) ,

z = −2L + δ2 − 1
2(L + δ + 1) , u = 1

2
( 1
−4L + δ − 1

+ 1
L − δ + 1

+ 3
δ − 1
) ,

Δu = 1
−L + δ − 1

+ 1
4L − δ + 1

− 3
δ − 1

. (37)

Even though the velocity distributions are symmetric at the centre of the channel from Fig. 8a–d,
proceeding horizontally leads to redistribution of the velocities balanced with increasing/decreasing peaks
at the depicted streamwise locations, due to the conservation of momentum. Interestingly, slip is seen to
slightly reduce the extremums in (37), unlike the previous results in Figs. 2 and 4.

Additionally, the velocities of light and heavy particles at the entrance of the channel from the reservoirs
are calculated from

u(−1, z) = −3(z + 1)(L(z − 3) + 2(z − 1))
16L + 8

,

u(1, z) = 3(z − 1)(L(z + 3) + 2(z + 1))
16L + 8

, (38)

whose profiles are exhibited in Fig. 9a,b. Although, figures give a clear physical intuition of how diffusion
happens, a more rigorous analysis is required to explore the entrance regions as in [35].
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Figure 8: Velocity fields across the interface. u in (a) L = 0, (b) L = 0.5, and w in (c) L = 0 and (d) L = 0.5

Figure 9: Velocity profiles at the channel entry. (a) x = −1 and (b) x = 1
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It is worthy of pointing that the interfacial zone is formed under the pressure defined in (25). Moreover,
the pressure P from (26) or (27) can be integrated analytically in terms of δ to assess the upper wall value for
the no-slip walls

P(δ) = 1
72
(−3δ2 − 8 ln (3δ2 + 1) − 18δ). (39)

It is also noted that P(0) = 0 is imposed, otherwise it changes by an undetermined constant. With this
in mind and on account of (25), the lower channel wall has the following pressure distribution

P(δ) = 1
4
( 1

18
(−3δ2 − 8 ln (3δ2 + 1) − 18δ) + 2δ). (40)

Typical hydrostatic pressure distributions are revealed in Fig. 10. Equal volume flow rates across the
interface leads to a symmetric pressure distribution, which in turn assists in the formation of sharp
interface itself.

Figure 10: Pressures at the channel boundary

The pressure at the interface for no-slip can eventually be evaluated from (25) making use of (39)

p(δ) = δ − 1
4
+ 1

72
(−3δ2 − 8 ln (3δ2 + 1) − 18δ) , (41)

which is illustrated in Fig. 11. Clearly, the slip triggered interfaces as demonstrated in Fig. 6 are balanced as a
result of slight modifications of pressures above.
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Figure 11: Pressure at the interface

5 Conclusions
This paper analytically investigates the potential impacts of velocity slip on stratified laminar exchange

flows driven by density differences between two large tanks. We extend the one-dimensional no-slip model
developed in [1] to incorporate Navier’s velocity slip law at the wall surfaces of the channel connecting the
tanks of differing salinity. Our focus lies on the highly diffusive and highly advective flow regimes.

Our derived analytical expressions depend on four key physical parameters: channel aspect ratio, slip
factor, Schmidt number, and gravitational Reynolds number. Notably, our solutions replicate those of [1] for
the no-slip case. Furthermore, we find that slip generally increases velocity and density distributions in the
high diffusion zone, thereby extending stratification and amplifying the exchange flow amplitude.

We also investigate the sharp interface arising in the high advection zone, which completely separates
the low- and high-density exchange flows. An exact solution reveals that this interface forms due to a balance
of hydrostatic pressure gradients acting on the channel walls under the no net flow assumption. Additionally,
imposing the interface condition restricts the gravitational Reynolds number to be inversely proportional to
the aspect ratio for a fixed slip parameter. This formula closely matches the interface observed in [1] high
advection no-slip numerical simulations.

While velocity slip slightly modifies the interface, leading to a rearrangement of flow patterns above and
below, its effect differs distinctly from that in the high diffusion zone. Notably, the parameter space leading to
runaway stratification in certain flow regimes, as predicted by our one-dimensional model, warrants further
study using 2D numerical simulations. Such simulations would enable better visualization and verification
of the overall effects of the slip mechanism. The investigation of possible complexities introduced if a wavy
boundary was used for the reservoir or if a Darcy porous medium was used in the reservoir would warrant
further research.
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Appendix A
Dummy variables are defined as follows:

δ1 =
√
(1 + 3L)(1 + 3L(1 + L + L2)), δ2 =

√
−2δ1 − 3L(2L + 1) − 1,

δ3 =
√

2δ1 − 3L(2L + 1) − 1, δ4 =
√
−δ2

1 (2δ1 + 6L2 + 3L + 1),
δ5 = 3L (2δ1 + 2L (8 (δ1 + 1) + L (19δ1 + 3L (4δ1 + 3L(4L + 9) + 26) + 43)) − 25) ,
δ6 = 216L8 + 486L7 + 468L6 + 258L5 + 48L4 − 75L3 − 82L2

− 6δ1 (12L6 + 19L5 + 8L4 + L3 + 3L2 + 3L + 1) − 37L − 8,
δ7 = 3L(L(4L(48L(L + 1) − 23) − 175) − 74) − 37,
δ8 = 10δ2(L + 1)(3L(2L(4L + 5) + 5) + 5) − 9δ4(L + 1)2,
δ9 = 2 (δ1 − 1) + 3L (6δ1 + L (18δ1 + (18δ1 + δ5 − 82) L − 37) − 8) ,
δ10 = δ8 + 5(3L(L(4L(48L(L + 1) − 23) − 175) − 74) − 37),

δ11 = 80
√

3 tan−1 (
√

3δ
√

L + 1
δ2

) , δ12 = 80
√

3 tan−1 (
√

3δ
√

L + 1
δ3

) ,

δ13 = 6δ1 + L (18δ1 + (18δ1 + δ5 − 82) L − 37) − 8,

δ14 = 3δ5L3 − 246L3 − 111L2 − 24L − 2, δ15 = 2δ12 + 3δδ3δ10
√

L + 1.
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