Computer Modeling in & Tech Science Press
Engineering & Sciences ]

D0i:10.32604/cmes.2025.062139

ARTICLE Check for

updates

Suzuki-Type (4, v)-Weak Contraction for the Hesitant Fuzzy Soft Set Valued
Mappings with Applications in Decision Making

Muhammad Sarwar">", Rafiq Alam', Kamaleldin Abodayeh™", Saowaluck Chasreechai”’ and
Thanin Sitthiwirattham™’

1Department of Mathematics, University of Malakand, Chakdara, Khyber Pakhtunkhwa, 18800, Pakistan
2Department of Mathematics and Sciences, Prince Sultan University, Riyadh, 11586, Saudi Arabia

*Department of Mathematics, Faculty of Applied Science, King Mongkut’s University of Technology North Bangkok, Bangkok, 10800,
Thailand

*Research Group for Fractional Calculus Theory and Applications, Science and Technology Research Institute, King Mongkut’s
University of Technology North Bangkok, Bangkok, 10800, Thailand
>Mathematics Department, Faculty of Science and Technology, Suan Dusit University, Bangkok, 10300, Thailand

*Corresponding Authors: Muhammad Sarwar. Email: sarwarswati@gmail.com; Kamaleldin Abodayeh. Email: kamal@psu.edu.sa

Received: 11 December 2024; Accepted: 21 March 2025; Published: 30 May 2025

ABSTRACT: In this manuscript, the notion of a hesitant fuzzy soft fixed point is introduced. Using this notion and the
concept of Suzuki-type (¢, v)-weak contraction for hesitant fuzzy soft set valued-mapping, some fixed point results are
established in the framework of metric spaces. Based on the presented work, some examples reflecting decision-making
problems related to real life are also solved. The suggested method’s flexibility and efficacy compared to conventional
techniques are demonstrated in decision-making situations involving uncertainty, such as choosing the best options in
multi-criteria settings. We noted that the presented work combines and generalizes two major concepts, the idea of soft
sets and hesitant fuzzy set-valued mapping from the existing literature.
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1 Introduction

This part consists of two subsections. In the first section relevant literature is presented while the second
part is about the motivation and research gap.

1.1 Literature Review

The real world is full of complex issues. Engineering, social science, management science, and eco-
nomics are a few of the major real-world fields. Imprecision, vagueness, and uncertainty are the main issues
we are dealing with in the aforementioned fields. These problems have a variety of uncertainties, which
makes it impossible for us to solve them using traditional methods. The interval mathematics theory, theory
of probability, fuzzy set theory, and rough sets theory are just a few of the numerous theories. To improve
uncertainty modeling and provide more flexibility, Saeed et al. [1] provide refined fuzzy soft sets that offer
a comprehensive approach to analyzing data while addressing the challenges of uncertainty and ambiguity
in real-world data. A better representation of ambiguous and parameter-dependent data is possible with
this hybrid approach, which combines the best features of both techniques. The concept of the fuzzy soft
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set was applied to the decision-making problems by different researchers (see, e.g., references [2-4] and
the cited works within). To improve decision-making in situations when there is uncertainty among several
membership values, Ali et al. [5] expanded the hesitant fuzzy soft set architecture. This method provides a
deeper understanding of uncertainty, which offers a full range of information measures for hesitant fuzzy
soft sets. It is more adaptable than earlier models and may be used for intricate and unpredictable problems.
It develops decision-making scenarios by offering a more precise and flexible framework for dealing with
these difficulties. Similarly, fuzzy and hesitant fuzzy concepts [6] manipulate data uncertainty modeling in
a descent manner as well as a powerful tool for solving multi-criteria decision-making challenges raised in
machine learning problems [7]. Recent developments in fuzzy and hesitant fuzzy sets have greatly enhanced
frameworks for making decisions. For instance, an improved hesitant fuzzy model for multi-criteria decision-
making was presented by Shen et al. [8]. More recently, Ali et al. [9] suggested a hybrid approach for election
prediction scenarios that combine soft expert sets with dual hesitant fuzzy sets. Nevertheless, in spite of these
developments, Suzuki-type (4, v)-weak contractions have not yet been integrated with hesitant fuzzy soft
set-valued mappings, especially for scenarios with substantial ambiguity and hesitation. The purpose of this
study is to close this gap.

Now, such scenarios can be manipulated more appropriately by the representation of mappings. So
researchers are trying to model real-world complex issues using multi-valued mappings. So for this purpose,
fuzzy and soft set valued mappings are employed to manage and arrive at decisions in scenarios including
ambiguity, imprecision, or uncertainty. The main aim of the soft set-valued map is to assign items to sets
rather than single values to address data uncertainty. Similarly fuzzy soft set valued mappings are used for
managing even more complicated uncertainty. So, a family of fuzzy mapping that takes a broad view of the
idea of set-valued mappings was introduced in 1981 by Heilpern [10] using the concept of fuzzy sets. During
this procedure, he revealed the presence of the fuzzy fixed point theorem, advancing over Nadler’s fixed
point theorem [11] and the Banach contraction theorem [12] for multi-valued mapping. Frigon et al. [13]
enhanced the Heilpern fixed point theorem for the case in which it should be under observation that 1-level
sets are not supposed to be compact and convex beneath a contractive reservation. Later, on metric and quasi-
metric spaces, several researchers investigated the presence of fixed and joint fixed points of fuzzy mapping
sustaining different kinds of contractive constraints (see, e.g., references [14-17] and the cited works within).

1.2 Motivation

Existing fuzzy set frameworks are inadequate for solving many decision-making problems that involve
hesitation and ambiguity. Though their potential in conjunction with sophisticated contraction principles
is still unexplored, hesitant fuzzy soft sets provide a novel method for modeling such issues. Finding fixed-
point outcomes for hesitant fuzzy soft set-valued mappings using Suzuki-type (u, v)-weak contractions is
the goal of this work. The goals are to produce theoretical results, show how they might be used, and
compare them to current approaches. Suzuki-type weak contractions characterize metric completeness
and generalize the Banach contractions [18]. Suzuki-type contractions can handle multi-valued mapping
problems adequately [19-21]. For this reason, Suzuki-type weak contraction is chosen for this study. Because
it considers the inherent uncertainties and hesitation in real-world data, the Suzuki-type (u,v)-weak
contraction is especially well-suited for hesitant fuzzy soft set-valued mappings. Through its parameters y
and v, it provides more flexibility than classical contraction principles, allowing for more precise control
over the mapping process. This guarantees convergence to fixed points under more general circumstances
and enables a more accurate depiction of intricate interactions. It is the perfect option for applications
needing sophisticated decision-making frameworks because of these features [22]. Because it considers the
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two problems of uncertainty and hesitation that arise in real-world decision-making, the Suzuki-type (y, v)-
weak contraction is especially well-suited for hesitant fuzzy soft set-valued mappings. The dual-parameter
structure of Suzuki-type contractions provides for more precise control over mapping behavior than standard
fuzzy set generalizations, which might not be able to capture multi-valued dependencies. Because of this, it
is perfect for resolving difficult decision-making issues where conventional approaches are inadequate.

1.3 Research Gaps

The integration of hesitant fuzzy soft sets with sophisticated fixed-point theorems, such as Suzuki-
type (4, v)-Weak Contractions, has not been discovered, even though they have been thoroughly examined
in the context of uncertainty modeling. Current approaches, such as classical contraction principles, can
not ensure convergence under more general circumstances and have limitations when dealing with multi-
valued membership structures. Furthermore, although hesitant fuzzy sets have a wealth of research on their
usage in decision-making, nothing is known about how they might be used with dual-parameter contraction
techniques to address practical issues. By creating a thorough framework for hesitant fuzzy soft set-valued
mappings and showing its usefulness in real-world scenarios, this work seeks to close these gaps. So, in this
work, we study fixed point via Suzuki-type (y, v)-weak contraction under a new framework of study which
is a hesitant fuzzy soft set-valued mapping. We extend the concept of Suzuki-type (u, v)-weak contraction
in the context of hesitant fuzzy soft set-valued mapping and explore sufficient conditions for establishing a
hesitant fuzzy soft fixed point for the mentioned contractions, inspired by the work of Shagari et al. [23]. In
addition to expanding the scope of contraction principles, the suggested method tackles real-world decision-
making difficulties, which advances fuzzy mathematics and its purposes. The established work generalizes
the related notions of fuzzy sets, soft sets, and multi-valued maps within the framework of metric spaces.
Furthermore, a decision-making problem is also addressed using the presented results. With, the help of a
hesitant fuzzy soft fixed point we find out an optimal result in the example.

1.4 Proposed Decision-Making Application

A real-world decision-making problem involving multi-criteria group decision-making under uncer-
tainty is used in this study to test the suggested framework. Hesitancy and competing preferences are
considered when modeling the situation using hesitant fuzzy soft set-valued mappings. Suzuki-type (y, v)-
weak contractions permit dual-parameter control, which allows for iterative solution refining and optimal
decision-making. This method can be used, for instance, to choose the best option from a range of selections
or allocate resources while considering preference hesitancy.

1.5 Overview of the Methodology

Following the definition of hesitant fuzzy soft set-valued mappings, Suzuki-type (¢, v)-weak contraction
principles are applied to construct fixed-point outcomes and conclude the approach. The hesitant fuzzy
values are refined by an iterative process that guarantees convergence to a fixed point representing the best
course of action. In order to validate the theoretical results and show how resilient the approach is, numerical
examples and a real-world application are given. This research manuscript is split into four parts. In the
first part, literature review and motivation are given, the second section consists of necessary definitions,
the third section consists of our main work, and in the fourth section, applications of the presented results
are discussed.
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2 Preliminaries

In this part of the paper, we need some results and definitions from the existing literature. Throughout
this manuscript, we represent a metric function by “D”, W be a non-empty set and the set of all hesitant fuzzy
soft sets by H(W)E.

Definition 1. [23] Let W be a non-empty set. A mapping L: W—W is known as weak contraction if 3, a
constant { € (0,1) and K > 0 such that

D(ILW,ILb) <{D(w,b) + KD(b,ILw);V, b,weW.

Definition 2. [23] Assume that (W, D) be a metric space and L: W—s CB( W) is a multi-valued mapping.
Then L. is known as multi-valued weak contraction or multi-valued ( 9, K)-weak contraction iff 3, constants 9
€ (0, 1) and K > 0 such that

H(Lw,Lb) < 9D(w,b) + KD(b,Lw); ¥, w,b e W.

Definition 3. [22] A couple ( G, E) be known as a soft set on (W) iff G is a function from E into the P(W).

Definition 4. [5] Assume that a hesitant fuzzy set B on W be in the form of a mapping over W, gives us a
subset of [0, 1], and mathematically be determined by

B = {(w, hy(w)) | w e W).

In the above set, h(w) represents the possible values of membership degrees in [0, 1] of ‘W’ €W to B. For
simplicity, hz(w) is called a hesitant fuzzy element. So, all hesitant fuzzy elements are represented by a set H.
Definition 5. [23] Assume that h is a hesitant fuzzy element in B. Then its score function is determined by

ceh

So, N(h) shows number of objects in A and actually Sc(%) represents the average of the objects in A
and Sc(h) € [0,1].

Definition 6. [23] Given that u € (0, 1], then ordinary crisp subset of W determined as
A ) A
h, ={teW:Sc(h™(t)) > u},

be known as u-cut of the hesitant fuzzy soft A on W.
Definition 7. [5] Suppose H(W) is the power set of hesitant fuzzy set in W; a pair (G, A) is said to be a
hesitant fuzzy soft set over W, where G is a mapping given by G : A — H(W).

3 Hesitant Fuzzy Soft Fixed Points of Suzuki-Type (#, v)-Weak Contraction

In this part of our manuscript we present some definitions and the main results. Now motivated by the
Definition 6 we can defined y-cut of the hesitant fuzzy soft set (G, A) as follows:

Definition 8. Given y € (0, 1] then the ordinary subset means crisp subset of W can be presented by
GE p— . GE
B = {w €W s Se(h%(w)) 2 ),

is known as the p-cut of the hesitant fuzzy soft set G on W.
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Definition 9. The mapping L. :-W— H(W)E is called hesitant fuzzy soft set valued mapping.

Remark 1. The above definition is the extended version of the hesitant fuzzy set-valued mapping of the
paper [22]. Where, note that if L. is a hesitant fuzzy soft set valued mapping on W, then Lw: E » H(W) is a
hesitant fuzzy soft set, i.e., for each w €W and (Lw)(é) = L (w; e) € H(W) is a hesitant fuzzy soft, so for each
weW, L (w;se) (w) ¢ [0,1] is a hesitant fuzzy element (HFE).

Definition 10. Assume that I :“W— H(W)® is a hesitant fuzzy soft set valued mapping, w €W, e € Dom Lw
and u € (0, 1]. So, the p-level set of 1L is represented by

[]L(w;e)]y ={reW:S([L(w;e)](r) > u}.

Remark 2. Definition 10 is an extended form of u-level set of hesitant fuzzy set valued mapping [22]. Here for w
eW, Lw H (W)E, that is, Lw : E — H (W). This represents that (Lw)(e) = L(w; e) € H (W). This implies
that L(w; e) : W — P(I), hence L(w;e)(r) € I.. So that for u €I, [IL(w; e)], is well-given.

Here Il = [0, 1], P(1) represents collection of all subsets of I = [0, 1].

Definition 11. A point w is said to be hesitant fuzzy soft-fixed point of .- W — H (W), if 3, ecE and
u € (0, 1] for which w € [IL(w; e)]y. The point w is known as a common hesitant fuzzy soft-fixed point of S,
LW — H(W)® ifwe [S(w;e)],n[L(w;e)],.

Remark 3. The Definition 11 is an enhanced form of hesitant fuzzy fixed point of the paper [22].

Definition 12. A mapping .: W — H (W/)IE is said to be a hesitant fuzzy soft set valued mapping. A point
w € W is known as an e-hesitant fuzzy soft-fixed point of I if w € [IL(w; e)]y» for some e € E and y € (0,1].
It can be written as w € [Lw],, for short. If Dom(Lw) = E, and w € [ (u; e)]u, V, e € E, then w is known as
an E-hesitant fuzzy soft fixed point of L.

Here the set of all E-hesitant fuzzy soft fixed points of a hesitant fuzzy soft set valued mapping L is
represented by E — HFSFix(IL).

Definition 13. Assume that W #( and IE be set of parameters and I be a hesitant fuzzy soft set on W. Choosing
(p,v) €(0,1] x [0,1), the crisp subset of W determined by

(]Lw;e)(y,v) ={teW:Sc((Lwse)(t)) > pulu{teW:Sc((Lwse)(t)) <v},

is known as the (u, v)-level set of 1L, and here Sc((ILw; e)(t)) shows score function of L. So, a point it € W is
known hesitant fuzzy soft fixed point of I if 3, (u,v) € (0,1] x [0,1) such that & € (ILi; e)(un)-

Note that in the whole manuscript, the function r : (0,1) — (1/2,1] is defined by

L,if 0<pu<l1/2,
(= {0k
1-p, if1/2<u<l

For w,b € Wand (u,v) € (0,1] x [0,1), defining

v (w,b) = max{D(w, b), D(w, (Lw; e)(uv))> D(b, (Lb; e)(u))s

D(W, (Lb, e)(,m)) + D(b, (ILW; e)(H)V)) D(W, (]LW; e)(,m))D(b, (]Lb, e)([“,))
2 ’ 1+ D(w,b) ’
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D(W, (]LW; e)(,“,) )D(b, (]Lb, e)(w,)) }

A(w,b) = min{D(w, (Iﬁw;e)(y,v)),D(b, (Iﬁw;e)(%v)), 1+ D(w, b)

Remark 4. Definition 13 generalizes the Definition [9] of the paper [23].

Definition 14. A hesitant fuzzy soft set valued mapping L. : W — H(W)E is known as Suzuki-type (u,v)-
weak contraction if V,w,b e W withw # band e € AC E, 3, some (u,v) € (0,1] x [0,1) such that

r(4)D(w, [L(ws e)](uv)) < D(w, b).
Then we have
H((]I:w;e)(ﬂ,v), (H:b;e)(ﬂ,v)) <pv(w,b)+va(w,b).

Theorem 1. Assume that (W, D) is a complete metric space and L. : W — H(W)® is a Suzuki-type (u,v)-
weak contraction. Suppose that ¥, w € W, and e € A C E, 3, (u,v) € (0,1] x [0,1) such that [IL(w; e)l(uv) #9,
closed and bounded subset of W. Then Fix(IL) # ¢.

Proof. Assume that (u,v) € (0,1] x [0,1) be such that 0 < y < y; <1, w; € W and p = 1/,/u. Assume that
(Lwis e)(y,v) #9. So, we can find w, € W such that w, € (Lwi; e)(,,,). Since p > 1, choose w3 € (Lwss e) (4,)
such that

D(WZ,W3) < pH((]LWl; 6)(!“,), (ILWZ; e)(w)).

Ifw, = wy, then wy € (Lwy; e)(u,v) forsome (u, v) € (0,1] x [0,1) and hence theorem is proved. Suppose
wy # wy. Since r(u) < 1, Further suppose that

r(u)D(wy, (Iﬂwl; e)(uv)) < D(wy, (Lwy; e)(uv)) < D(w1,wy)
Then we have

D(WZ’ W3) < PH( (]Lwl; e)(y,v)’ (ILWZ; e)(y,v))

1
gﬁ(‘uv(w,b)+1//\(w,b)) (2)

< /¢ max {D(wl, w1), D(wy, (Lwy; e)(uv))s D(wa, (Lwy; €)(ur))s

D(wy, (Iﬁwz; e)(uv)) + D(wa, (Iﬁwl; e)(uvy) D(wi, (Iﬁwl; e)(uv))D(w2, (Iﬁwz; €)(uv))

> 1+ D(wy, wy)
. . D > H-VA v)D ’ ILV‘ v
+Lmil”lD(Wb(Lwl;e)(H,V))’D(WZ’(Lwl;e)(#)"))’ S Wl)(ﬂ’ paakes WZ)(M’ ))}
\/ﬁ 1+D(W1)W2)
D(wi, w3) + D(wz, w2) D(wi, w2)D(ws, w3)
< D 5 ,D > ) >
< \/ﬁmax{ (w1, w2), D(w2, ws3) 2 1+ D(wy, w)
D(w1, wy)D(ws,
+Lmin{D(w1,W2),D(W2>W2)> (w1, wy) D(w; W3)}
N/ 1+ D(wy, wy)
D(wr, D(w,
) \/ﬁmax{D(Wl,Wz),D(WZ:W3)’ (w, Wz)“z‘ (w2 W3)}
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< \/ﬁmax{D(wl,wz),D(wz,W3)} (3)

If D(wy, w;) < D(wy,ws), then from Eq. (3), we have

D(w2,w3) < /uD(w2,w3) < D(w,, ws3),

a contradiction. Hence, D(wy, w;) > D(w;, w3) and Eq. (3) becomes
D(wy, w3) < /uD(wy, w2) < /piD(wi, w2).
To continue the above process, we can make a progression {w,, } ey in W such that

Wni1 € (ILWn; e)(y,v)

and
D(Wna Wn+1) < \/ED(Wn—la Wn)-

So we obtain
> D(Wo, Wi1) < 2 (/)" D(wi, w3) < 0.
n=1 n=1

As aresult, we came to know that {w, } ,en be a Cauchy progression in W. So, completeness of W shows
that 3, & € W such that w, — 1 as n — oco. Assume: V, @i # w, then we get

D(, (]I:w;e)(%v)) < ymax{D(ﬁ,w),D(w, (]Lw;e)(ﬂ,v))} (4)
Since w,, — il as n —> o0, 3, a natural number k such that

5D(wy, i) < D(i,w)V,n > k.
We are given that w,,, € (Iﬁwn; e)(y,v)) we obtain

r(u)D(w,, (]I:wn;e)(%v)) < D(wy, (]I:w”;e)(y,v)) <D(Wp, Wni1) < D(wy, i) + D(&l, wpi1) < ED(LA{,W)
Hence, for n > k, we obtain

r(u)D(w,, (]I:wn;e)(y,v)) < gD(ﬁ,w) <D(d,w) - éD(ﬁ,w) <D(&,w) - D(&,w,) < D(wy,w). (5)

Hence, applying Eq. (5) we get
D(Wp41, (ILW; e)(uv)) < H((]Lwn; €)(u)> (ILW; e)(ur))

< ymax{D(w,,, w), D(wy, (Lwy; e)(uv))s D(w, (Lw; e)(u))s

D(w,, (]Lw; e)(uv)) + D(w, (]Lw,,; e)(uv)) D(Wns (Iﬂwn; e)(uv))D(w, (ILW; e)(u))
2 ’ 1+ D(wy,,w)
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D(Wn’(]f"wn;e)(y,v))D(W’ (E‘W;e)(y,v))} (6)

+v min{D(wn, (JLWH; e)(ﬂ,v)),D(w, (Iﬁwn; e)(ﬂ,v)), T+ D(woom)
n»

From Eq. (6), we have

D(wp41, (Iﬁw;e)(y,v)) < ymax{D(wn,w),D(wn,wn+1),D(w, (]Ilw;e)(#,v)),

>

D(wp, (Lw;e)(y,v)) +D(w,wyi1) D(wy, (]Lwn;e)(ﬂ,v))D(w, (Lw;e)(y,v))
2 1+ D(w,,w)

D(w,, Wpi1)D(w, (]]V_,w;e)(%v))} 7

+Vmin{D(Wn)Wn+l)’D(W’W"+1)’ 1+D(W W)
n» *

Since we know that in (7) as n— oo, so we get

D(#, (]Lw; e)(uvy) + D(i,w) }
2

D(i, (]I:w;e)(w,)) < ymax{D(ﬁ,w),D(w, (]Iifw;e)(ﬂ,v)),
+ vmin{O,D(ﬁ,w)} < ymax{D(ﬁ,w),D(w, (Iﬂw;e)(y,v))}.

Next we will show that i € (ILii; e) (u,v)> for this we assume the following two cases.
Case (1). 0 < pu<1/2.
Assume that ¥, (4, v) € (0,1] x [0,1) with u < 1,4 # p, & ¢ (ILi; e)(uvyand p e (Lis; €)(u,v) Such that

D(p, I:I) < D(l:l, (H:LA{, 6)(H’v)).
Setting w = p in Eq. (4), we have

DU (L)) < s DU ). D(p. (L)) ®
Now,

r(u)D(it, (L €) (4.v)) < D(it, (Liss €) (4.)) < D(iL, p).
Then we have

D(p, (Lps e) (uy) < H((Lits €) () (L3 €) () < ﬂmaX{D(ﬁ,P),D(ﬁ, (L €) ()

D(ﬁ> (]Lp’ e)(y,v)) + D(p’ (Lﬁ’ e)([d,l'))
2 bl

D(P> (ILP, e)(y,v))’
D(#, (L €) () D(p> (Lps €) ()
1+ D(il, p)

D(#, (L €) () D(p> (Lps €) (o))
1+ D(4, p)

} + vmin{D(a, (L) (40))> D(p> (Lt €) (40)s

}. < ymax{D(a,pr(p, (Lpse)um):
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D(#, (Lpse) (uvy) D(it: p)D(ps (Lpse) ()

2 1+ D(4, p)

D(i1, p)D(p> (Lpse) () . .
I+ D(2 p) < maxy D(i, p), D(p, (Lpse)(uv))>

D(ﬁ’p) + D(p’ (ip;e)(y,v))
2

} + vmin{D(ﬁ,p),O,

} < umax{D(ﬁ,P))D(P) (H:P;e)(u,v))}'

Suppose that D(ii, p) < D(p, (Lp; €)(u,v))> 50 we get from the above inequalities as below:

D(p, (Lpse) (u)) < uD(ps (Lpse) (uy) < D(ps (Lpse) ()

which shows a contradiction. So,

D(4, p) > D(p, (Lps€) ()

and
D(p, (Lpse)uy)) < uD(ih, p) < D(ik, p).
So Eq. (8) will be
D(d, (Lps €) () < uD(ih, p).
Consequently,
D(it, (Ltk; €) uvy) < D(it (Lps ) uvy) + H((Lps €) vy (Lihs €) ()
< D (Lps€) )+ | DU ), DU (L) )
<uD(d, p) +uD(d p) = 2uD(d, p) < D(d, p) < D(d, (Liks €) (4))-

So, our supposition gives a contradiction. Therefore, #i € (]I:ﬁ; e)( uv)- Case (2).1/2 < p < 1. Now, we will
prove that

H( (]Lw; e)(ﬂ)v),(]lv‘,ﬁ; e)(w,)) < ymax{D(, w), D(w, (]Lw; e)([m)), D(4, (]Lu, e)(H,V)), 9)

D(w, (Lis e)(uv)) + D(i, (Lw; e)(uvy) D(w, (Lw; e)uv))D(i, (L e)(uv)) }+

>

2 1+ D(i1, w)

D(il, (Iﬁﬁ; e)(uv))D(w, (Iﬁw; e)(u)) }

vmin{D(w, (ILW; e)(H,V)), D(4, (]Lw; e)(ﬂ)v)), L+ D(aw)

satisfied ¥V, w € W with w # &1. Now, V, m € N, 3,v,, € (Lw; e)(u,v) such that

v 1
D(it, vin) < D(i, (Lwse)(,0)) + 5—D(ﬁ,w).
m
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Thus, we have
v v 1
D(w, (Lw;e)(u,v)) < D(W, V) < D(w, it) + D(it,v,,) < D(w, it) + D(it, (Lws ) (4,0)) + S—D(w, i).
m
Using Eq. (4), we have

v v 1
D(w, (Lw;e)(u,v)) < D(i, w) + ymax{D(ﬁ, w), D(w, (Lw; e)(y,v))} o (10)
m

If D(w, %) > D(w, (Lw; e)(u,v))> then from Eq. (10), we get
v 1 1
D(w, (Lw;e)(u,v)) < D(it, w) +uD(it, w) + S—D(ﬁ,w) = [(1 + )+ 5—] D(i&,w).
m m

from which we have

1

I:—#:I (w, (LW;@)(H,V)) < [l !

+—
1+ 5(1+ u)m

]D(ﬁ,w).
Using r(p) =1 — p, we get

r(u)D(w, (Lwse) () = (1— @) D(w, (Lwse) () < (ﬁ) (w, (Lws ) ()

1 R
< [1 + W] D(i,w)

From the above inequalities as m— oo, we get
r(u)D(w, (I[:w; e)(uv)) < D(d,w).
From the other side, if
D(#1,w) < D(w, (Lw;e) ()
then Eq. (10) gives
D(w, (ILW; €)(uwv)) < D(it,w) + uD(w, (ILW; e)(uv)) + #D(ﬁ,w)
Which yields
(1= DO (Lws€) ) < (14 2 ) Dl w).
So, in the above inequality when m— oo, we get
(1- u)D(w, (Lw; e)(uv)) < D(d,w).
It means that

r(u)D(w, (Lw; e)(uv)) < D(d,w).
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Which is an output of the Definitions 13 and 14 collectively. Furthermore, since
Wpe1 W,V n € N, thenit + w,,q.

Therefore, keeping w,, = win Eq. (9), we obtain
D(Wpe1,(Lits €) uvy) < H((Lwns €) vy (Lt €) (1))

< //tmax{D(wn, ), D(wy, (Lwy; e)(u))s D(i, (L e)(u))s

D(Wn,(iﬁ;e)(%v))-i-l)(fl, (]Lwn;e)(ﬂ,v)) D(w,,,(I[‘,wn;e)(”,v))D(ﬁ,(H:ﬁ;e)(%v)) N
2 ’ 1+ D(w,, it)

D(Wn, (I\[’AWn; e)(#,v))D(ﬁ, (]Lﬁ, e)(ﬂ)v))
1+ D(w,, 1)
D(w,, (]Lu, e)(uvy) + D(t, wnir)
2 bl

kmin{D(wn, (Lwns €) vy )> D(its (Lwns €) u))»

< ymax{(D(w,,, i), D(w,, wns1), D(4, (]Lﬁ; €)(u))s

D(wy, wny1)D(, (ILﬁ; e)(uv))
1+ D(w,, i1)

D(wy, wns1)D(, (ILﬁ; €)(uv))
1+ D(w,, i)

} + vmin{D(Wl’h Wn+1)> D(ﬁ) Wn+1))

In the above inequalities as n— oo, we get

(i1, (I

PR PR D a;e)(y,v))
D(i1, (L e)(y,v)) < ymaxy D(d, (Li; e)uvy)> 5 ,0

< [JD(I/A{,(]Ll);e)(#,v)). (11)
Since 1 — y > 0, therefore, using Eq. (11), we get
D(LA{, (]Lﬁ, e)(w,)) = 0,

and as a result, i € (i e)(uv)-0

Corollary 1. Assume that (W, D) be a complete metric space and I : W — H(W)® be a hesitant fuzzy soft
mapping. Assume that for w,b € W with w # b, 3, (4, v) € (0,1] x [0,1) such that (Lw; €)(u,v) #§, bounded
and closed subset of W. If r(u)D(w, (]I:w;e)(#,v)) < D(w, b) implies H((]Lw;e)(y,v), (]I:b;e)(w,)) <pv
(w, b), then Fix(L) # ¢.

Further, we provide a local hesitant fuzzy fixed point theorem for Suzuki-type (u,v) — WC. First of
all, we remember the definition of the open ball having radius # > 0, centered at wy in a metric space W, is
represented by

Bi(wo) = {w e W: D(w,wp) < f"}.



2224 Comput Model Eng Sci. 2025;143(2)

Theorem 2. Assume that (W, D) be a complete metric space, L. : B;(wo) — H(W)E be a Suzuki-type ( u,v)-
WC. Suppose that ¥, w € W, 3, (u,v) € (0,1] x [0,1) such that (Lw; e)(uv) * ¢» closed and bounded subset
of W, and D(wy, (Iﬂwo;e)(ﬂ,v)) < (1- u)#. Then Fix(L) # ¢.

Proof. Assume that 0 < y < 7 is chosen in such a way that

0<(I-—p)(1+/u)<1/(1+ y),B;(wo) c Br(wg)andD(wy, (ILW(); e)(uvy) <(1—p)y.

Therefore,
(1-u)y — D(wy, (}Lwo; e)(uvy) > 0.
Choose y = (1 - )y — D(wo, (Lwg; €)(uv)) > 0;then 3, w; € (Lwo; €)(u,v) such that
D(wo,wy) < D(wy, (Lwo; e)(uv)) + -
Thus, D(wo,w;) < (1 u)y. Now, for p,/u = 1and
wy € (]Lwo;e)(w), J,wy € (]I:wl;e)(w)
such that
D(wi, wa) < pH((Lwo; €) (0> (Lwis ) (v))-

Noting that r( ) D(wo, (Iﬁwo;e)(ﬂ,v)) <r(u)D(wo,wr) < D(wo, wy).
We have

v v 1 v v
D(Wl’ WZ) < pH((LWo; e)(y,v)» (Lwl; e)(y,v)) = ﬁH((Lwo; e)(y.,v)> (]L‘Wl; e)(p.,v))

% .
<V (wo,wy) + ﬁ A (wo,wy) < \/ﬁmax{D(wo,wl),D(wo, (Lwos e) (u,v))s
D(wy, (Iﬁwl; e)(ﬂ,v)) + D(wy, (ILWO; e)(ﬂ,v))
2 b
D(wo, (Lwg; e va,]Lw;e v v
( 0 ( 0 )(“’ )) ( ! ( ! )(“’ ))}+Lmin{D(Wo,(LWO;e)(ﬂ,v)),
1+D(W0,W1) \/ﬁ

(o, (Lwos €) () ) D(wi, (Lwis €) ()
1+ D(wg, W)

D(W1, (]LWB e)(,u,v) )’

, D
D(w1, (Lwos e) (uv))>

D(wy, + D(wy, D(wo, w1)D(wy,

< VRmas| Dot ), D), Dy ), 20202 L DOm), Do)
0> W1

D(wq,w;)D(wy, wy)

1+ D(WQ, Wz)

+ %min{D(wo,wl),D(wl,wl), } < ymax{D(wo,wl),D(wl,wz),
[

D(wg, w1) + D(wy, w3)
2

< \/ﬁmax{D(wo,M),D(WbWZ)}

} + #min{D(Wo, Wl)’0>D(W1’W2)}
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If D(wg, w1) < D(wy, wy), then the above gives
D(w1,wy) < \/uD(wi,w2) < D(w1,w2),
a contradiction. Hence,
D(wg,wi) > D(wy, w;)

and
D(wy, wy) < /uD(wo, w1)\ /(1 —u)y.

So by our supposition and the triangle inequality, we have

D(wo,wy) < D(wo, wi) + D(wi, wa) < (1= )y +/u(1-u)y
i
: I+y <7

Hence, w, € B, (w). So by recursive process we make a progression {w, } ,en such that

L. w, EBX(WO);V,TI e N;
2. w,€ (]Lwn;e)(%v);v,n e N;
3. D(WusWne1) < (V/H)"(L-p)y;V,neN.

From (3), it is clearly known that {w, } .y is a Cauchy progression and shrinks to some i € Br(wy).
Furthermore, after this step, we can follow the steps of the Theorem 1, as a result, we get that

Fix(L)#¢. O

Corollary 2. Assume that (W,D) be a complete metric space and A:W — CB(W) be a multi-
valued mapping. Suppose that ¥, w,b € W, 3, (u,v) € I x [0,1) such that r(u)D(w, Aw) < D(w, b) implies
H(Aw,Ab) < uv (w,b) +v A (w,b), and the mapping r : (0,1) —> I'! is determined by

r(#):{l, if 0<p<1/2 )

1-u, if 1/2<u<l

Then Fix(A) # ¢.

Proof. Assume that I* = (0,1] and P(I") be the power set of I*. Suppose we have a map ¥ : W — P(I")
and a hesitant fuzzy soft map I : W — H(W)F defined by

) () = Y(w)\{1},if e Aw,
(Lw )(t)_{a}, if Fé¢Aw. 1)

Assume that, y = inf{s((]l:w; e)(t)):te W} and v = 0. Then,

(Lo )y = {7 T s((Lws )02 ) €W Se(Las ) ) = o
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Therefore,
D(w,b) > r(u)D(w, Aw) = r(u)D(w, (}Lw; e)([m)).
Hence, now we can use Theorem 1 to search out ## € W such that &t € Asi. O

4 Applications
This part of our manuscript consists of examples: In the consequence of Theorem 1 the following example

is provided.

Example 1. Assume that W = {4,5,6},{4}, {5}, {6} becrispsetsandE = {é,, é;} is the set of attributes. Define
D: W x W — R as follows:

0, if w=b,

7/20, if w+ b and w,b e W\{5},

L if w#bandw,beW\{6},
9/20, ifw#bandw,beW\{4}.

D(w,b) =

Define a hesitant fuzzy soft mapping IL : W — H(W)F as follows:

{0.6,0.8,1}, ifi=4,
(Lwse)i = 1{0.2,0.5,0.7},if i = 5,
{0,0.3,0.4}, if =6,

{0.1,0.4,0.5}, if i = 4,
(Lw;ey)i=1{0.3,0.6,0.8}, if £ =5,
{0.5,0.7,0.9},if i = 6.

For w € W and e, € E, the score values of I with respect to f = 4,5 and f = 6, are respectively evaluated
by Sc((Lw;ep)(F)) = L2840 _ 0.8 Sc((Lw;er)(F)) = L2203407) _ 0. 47, Sc((Lw; e1) (F)) =

3 3
(0+03+04) o 04) = 0.23; and for w € W, and e, € E the score functions of I corresponding to f = 4,5 and = 6,
are respectively evaluated by Sc((Lw;e;) (%)) = w = 0.33, Sc((Lw; e2) ()) = ©2+00208)

3
0.57, Sc((Lws e2) (£)) = (L2+27299) — 0.7 Then, for u = 0.7 and v = 0.16, we get

{4},if e=¢

(Lw;e) () = {f e W: Sc((Lwse)(f)) > y} U {'t' e W:Sc((Lwse)(f)) < v} = {{6}, ife=en

Case I.
ForweWandforecE,

Do (L) ) = f{ D, B) b € (o) | 0.
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Hence, for w = b, we have
r(u)D(w, (HV,,W; e)(uv)) < D(w,b).

Case II.
For w e W\{4} and for e; € E,

lifw=5

D(w, (Lw s e1) ) = inf {D(w, b) s b e (Lw : e1) )} = {7/20 ifw=6.

Therefore, for w = 5,6 and w # b, we get

r(u)D(w, (Lw : e1)(u,v)) = 3/10 < D(w, b) and

r(u)D(w, (Lw : e1)(uv)) = 21/200 < D(w, b), respectively.
Now for w € W\{6} and for e, € E,

7/20 ifw=4

D(w, (]LW te2)(uyy) = inf{D(w,b) :be (ILw tex)(uw) ) = {9/20 ifw=5.

Therefore, for w = 4,5 and w # b, we get

r(u)D(w, (Lw : €2)(uv)) = 21/200 < D(w, b)

r(u)D(w, (Lw : €2)(uv)) = 27/200 < D(w, b), respectively. Hence, we concluded from the above two
possibilities, it follows that 3, (¢, v) = (0.7,0.16) € (0,1] x [0,1) such that
r(u)D(w, (ILW; e)(uv)) < D(w,b)

we get

H((]I:w;e)(ﬂ,v), (]I:b;e)(ﬂ,v)) <uv (W, b) + VA (W, b)

In short, we can say that all the assumptions of Theorem 15 are satisfied to get 4 € (I[A; e1)(0.7,0.16) and
6¢ (11:6; €2)(0.7,0.16)-

For the supporting and generality of the Corollary 2 we present an example as follows:
Example 2. Assume that W = {x, y,z,m,n} and D : W x W — [0, 00) be defined by D(x, y) = D(x,z) =
7,D(y,n) = D(z,m) = D(z,n) = D(y,z) =12, D(x, m) = D(x,n) =16,
D(y,m) =14,D(m,n) = 8, D(f,t) = 0 and D(t,s) = D(s,£); V, f,s € W.

Define A : W — CB(W) by

{z},if te W\{x,y,z,m},
At=3{x,y},if t e W\{x,y,2,n},
{x},if te W\{m,n}.

Next, we can easily testify that the assumptions of the second Corollary are mollified with y = 12 and
v =0.5. Indeed, r(u)D(m, Am) =5.25 < D(m, n). We get
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H(am,an) = H({x,y},{z})=12<uv (m,n)+vA(m,n) < %max{8,14, 12,12, 18.6} +
O.5min{12, 12, 16} <17.625.

Next, we see that 3, f = x € W such that f € Af. From the other side, we observe that if we set = m and
s = n, then

v(m,n) = max{D(m, n), D(m, Am), D(n, An), D(m, An) ;D(H,Am)’ D(ml»f;”()nlz’(:;An)}

= max{8,14,12,12,18.6} = 18.6,

and H(Am, An) =12 >11.625 = u v (m, n). Therefore, [[24], Theorem 2.1] and [[25], Theorem 3] can not be
used at this movement to search out f € Af.

4.1 Algorithm: Decision-Making Using Suzuki-Type (u, v)-Weak Contraction
Input
(i) A set of alternatives W = {wy, w,, ..., w,, }
(ii) A set of criteria E = {ey, e, ..., ex }

(iii) Hesitant fuzzy soft sets G(e), where G(e) maps each criterion e € [E to hesitant fuzzy membership
values for alternatives in W

(iv) Parameters (4, v), where y € (0,1] and v € [0,1)
Output
(v) Optimal alternative(s) w* € W.

We provide a comprehensive decision-making case to illustrate the usefulness of the suggested Suzuki-
type (u,v)-Weak Contraction framework. The effectiveness of hesitant fuzzy soft set-valued mappings in
managing uncertainty and reluctance in practical situations is demonstrated by this example. Utilizing the
flexibility offered by the dual-parameter structure (y, v), we seek to find optimal solutions through the use
of the iterative contraction process. The following example demonstrates how well our method works when
dealing with challenging multi-criteria decision-making issues.

Example 3. Based on three evaluation criteria, a commuter selects one of three routes W = {A, B, C}.

E = {Traf ficCondition(TC),Safety(S), Time(T)}. In the following Table 1, each route’s hesitant
fuzzy values represent hesitancy and doubt in the decision-making process.

Step 1: Initial Hesitant Fuzzy Membership Values

Table 1: The hesitant fuzzy membership values

Route Time (T) Safety (S) Traffic condition (TC)
A {0.7,0.8} {0.6,0.7} {0.5,0.6}
B {0.6,0.7} {0.7,0.8} {0.6,0.7,0.8}
C {0.5,0.6} {0.7,0.8} {0.6,0.7}

Note: Each hesitant fuzzy value represents hesitation in rating a route for a particu-
lar criterion.
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Step 2: Compute the Score Function Sc

For each hesitant fuzzy set h = {v,v2, ..., v, }, we calculate the score function in the following Table 2:

Sc(h) = (ﬁ) Z v (14)

vieh

Thus the Route B has the highest total score “0.7”.

Table 2: The score values

Route Time score Sc(T) Safety score Sc(S) Traffic score Sc(TC) Total score (Average)

A 0.7;0.8 — 0'75 0.6;—0.7 — 0.65 0.5;0.6 — 0.55 0.75+0.365+0.55 - 0.65
B 0.6;0.7 — 065 0.7;0.8 — 075 0.6+0:.37+0‘8 — 07 0.65+0:;’75+0.7 — 07
C 0.5;0.6 _ 055 0.7;0.8 — 075 0.6;—0.7 _ 065 0.55+0.§5+0.65 — 0.65

Step 3: Define the (u, v)-Level Set

Choosing (4, v) Parameters

let us suppose y = 0.6 and v = 0.3.

Definition 12 states that the (¢, v)-level set of Lis

(Lwse) () = {t e W: Sc((Lwse)(t)) > u} u{te W:Sc((Lwse)(t)) <v}

It means that the route satisfying either Sc((ILw; e)(t)) > u or Sc((Lw; e)(t)) < v belongs to the (x4, v)
level set.

Step 4: Identify Routes in the (¢, v)-Level Set
Routes with Sc((Lw; e)(t)) > u = 0.6 are
{A, B, C} and routes with Sc((Lw; e)(t)) <v =0.3are {}

Thus, the (¢, v)-level set contains:
(]Lw;e)(y,v) ={A,B,C}

Step 5: Identify Hesitant Fuzzy Soft Fixed Points

A hesitant fuzzy soft fixed point 7 is a route such that:
ﬁ € (]LW; e)(#,v)

From the (¢, v)-level set, we see that all routes satisfy the fixed-point condition, meaning: A, B, C are
hesitant fuzzy soft fixed points. However, since B has the highest score (0.7), it is the most optimal choice.

Step 6: Decision Making
i) The (u, v)-level set contains all three routes.
i) Since route B has the highest hesitant fuzzy score (0.7), it is the best choice for the selection.

iii) Thus, B is selected as the final route.
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Final Conclusion

i) Definition 12 ensures that the best route is within the (y, v)-level set.

ii) Hesitant fuzzy soft fixed points guarantee decision stability.

iii) B is the best route, as it has the highest hesitant fuzzy score and belongs to the level set.

The following example shows real world problem solved by Definitions 10 and 11.
Example 4. Lets say that a cricket organisation t ravels the nation doing trials to find local talent. Three
well-known Test and first-class cricket players, who are also among the top instructors in the sport, have led
the tryouts. After 15 players have been chosen, it is agreed to hold a camp for training to choose the top 11
players before the cricket team is finalised. First of all, these three trainers have scheduled a coaching event.

After the final trials, these trainers and instructors are asked to serve as assessors by offering their unbiased
thoughts. With the use of the hesitant fuzzy soft set theory, lets examine this event mathematically as follows:

W = {ﬁlaﬁz,ﬁ3aﬁ4,ﬁs,ﬁs,ﬁ7,ﬁ8,ﬁ9,ﬁ10,ﬁll,ﬁ12,ﬁl3,ﬁ14,ﬁ15} (set of players) and M c IE be given by M =
{b:, by, bf}, where by, by, and bf represents batting, bowling, and fielding, respectively. The three trainers’
opinions, Fy, F,, and Fs, are represented by the following hesitant fuzzy soft set F:

F(b,) = {131/{0.8, 0.7,0.9}, ,/{0.5,0.5,0.6}, p3/{0.8,0.7,0.9}, $,/{0.8,0.8,0.9}, p5s/{0.5,0.5,0.6},

$6/{0.5,0.5,0.6}, p7/{0.4,0.4,0.5}, ps/{0.4,0.4,0.5}, ps/{0.5,0.5,0.6}, p10/{0.8,0.7,0.9},

$11/{0.8,0.7,0.9}, p1,/{0.8,0.7,0.6}, p13/{0.5,0.6,0.7}, p14/{0.6,0.6,0.7}, p15/{0.4,0.4, 0.4}}.

F(b)) = {ﬁl/{o.4, 0.5,0.6}, ,/{0.8,0.7,0.8}, p3/{0.4,0.5,0.6}, p4/{0.4,0.6,0.5}, ps/{0.5,0.4,0.5},
$6/{0.5,0.6,0.7}, p7/{0.7,0.8,0.6}, ps/{0.4,0.5,0.4}, ps/{0.5,0.6,0.7}, p10/{0.6,0.5,0.6},

$11/{0.5,0.4,0.6}, p12/{0.5,0.6,0.7}, p13/{0.5,0.4,0.5}, p14/{0.7,0.8,0.9}, p15/{0.5,0.6, 0.4}}.

F(by) = {p‘l/{o.z 0.8,0.6}, $2/{0.6,0.7,0.7}, p3/{0.9,0.7,0.8}, p4/{0.8,0.6,0.6}, p5/{0.6,0.4,0.5},
$6/{0.7,0.7,0.8}, 7/{0.6,0.7,0.8}, p3/{0.6,0.6,0.5}, pe/{0.6,0.6,0.7}, 10/{0.7,0.8,0.6},

$11/{0.5,0.4,0.6}, 12/{0.7,0.6,0.7}, 13/{0.4,0.4,0.6}, $14/{0.8,0.9,0.7}, p15/{0.6,0.7, 0.6}}.

Presume that the weights assigned to batting, bowling, and fielding are 5:4:3. In this manner, a
player’s ultimate score is determined using the following formula. Score = 5S¢ (F (b;)) +4Sc (F (b;)) +
3Sc(F (by)).

This data is presented in Table 3.

A selection of this data is displayed in the following charts. Each player individual score is represented
by Fig. I. A cursory examination of these charts reveals that pi, ps, p4, P10, pu1 are the best five batsman;
P2, P75 Po» P12> Pra are the best five bowlers; and ps, p, pra are the best fielders.
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Table 3: The trainers survey results

2231

Players F(b;) Sc(F(by)) F(b;) Sc(F(by)) F(by) Sc(F(bs)) Score
h {08,0709 08  {04,0506) 05  {0.7,0.8,0.6} 0.7 8.1
b, {050506 053  {080708 076  {0.6,07,07} 066  7.67
by {08,07,09) 08  {04,0506} 05  {09,07,08 0.8 8.4
ps {0.8,08,09) 083  {04,0605 05  {0.80.6,06}  0.66 8.13
ps  {05,0506 053  {0504,055 046  {0.6,0.4,0.5} 0.5 5.99
b {05,0506 053  {050607 06  {07,07,08"  0.73 7.24
b, {07,0806 043  {0.7,08,06} 07  {0.7,0.7,0.8} 0.7 7.05
bs  {0.4,04,05) 043  {0.4,0504} 043  {0.6,0.6,05}  0.56 5.55
bs  {05,0506 05  {050607 06  {0.60.607 063 694
o {08,07,09) 08  {0.60506 056  {0.7,0.8,0.6} 0.7 8.34
pu {0.8,07,09 08  {050406) 05  {0.50.4,0.6} 0.5 7.5
b {08,07,06) 07  {050607 06  {07,0607 066  7.88
b3 {050607) 06  {0504,05 046  {0.4,0.4,0.6} 046 622
by {0.6,06,07F 063  {07,08,09} 08  {0.8,0.9,0.7} 0.8 8.75
b5 {0.4,04,04} 04  {0506,04} 05  {0.6,07,06  0.63 5.89

Note: by, by, by are parameters used for batting, bowling and fielding.
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The following Fig. 2 represents the final score of each player.

Final Chart
8.75
8.34
8.1
3 .
7.5
=4 7.05 6.99
6 5.89
5.55
1]
g
&
4
2
x1 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15

Candidates

Figure 2: Last tally

Here the mid-level decision rule and the mid-level threshold fuzzy set of Ar is as mid

Ar = {(b+,0.62), (b;,0.5), (b7, 0.65)} .

Furthering, we can get the mid-level soft set Ap = {(bt, {p1> P3> P1> Pro> 11> Pr2> Pra})> (b1, { P2, P> P7»

P95 P10> P12> P1a}) (bf, {Pl,Pz,Pa’PmPs,P7,P10,P12,P14})}-

Now let us define hesitant fuzzy soft set valued mapping I : W — H(W)E by L (p) = F; ¥, p € W. For
u =0.62 € (0,1] we note that pyy € L[pi4], ,, be E-hesitant fuzzy soft fixed point of I, which is the best
player of the team. The above mechanism of the problem is represented by the Fig. 3.

The above methodology can be summarised in the following Fig. 4. It is clearly shown from the results
that hesitant fuzzy soft set mechanism gives us more prominent results as compared to the other mechanisms.
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H (W)E

i )

Hesitant fuzzy sets

Set of parameters

Note that:

‘W is a non-empty set and E represents set of parameters.
H (W)F represents set of all hesitant fuzzy soft sets.

P(l) represents power set of | where | = [0, 1].

Figure 3: An illustrative representation of a hesitant fuzzy soft set-valued mapping F, where a universal set W is mapped
into hesitant fuzzy soft set within F(W)E. The parameters M ¢ E influence the mapping, defining hesitant fuzzy
decision components by, b, by, each associated with a power set transformation into P(I)
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5 Conclusion

Fixed points theory plays a significant role in decision-making problems, particularly in economics,
game theory, and optimization. In the context of decision-making problems, fixed points are often used
to identify stable solutions. Applications in decision-making issues like risk management and resource
allocation show how helpful and reliable the suggested method is. We introduced the Suzuki-type (¢, v)-weak
contraction and hesitant fuzzy soft set valued-mapping. Further, using these concepts, we established some
fixed point theorems in the framework of metric spaces. We also solved some decision-making problems
based on the presented work. Moreover, these theorems only show the existence of the “hesitant fuzzy soft
fixed point”

The suggested approach assumes the completeness of the metric space and uses Suzuki-Type (¢, v)-Weak
Contraction for hesitant fuzzy soft set-valued mappings. In some real-world applications, especially those
involving substantially non-convex or fragmented datasets, this assumption might not hold. To increase
the method’s usefulness, future research could examine expansions to quasi-metric spaces or loosen the
completeness assumption.
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