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ABSTRACT: We present and explore a new shock-capturing particle hydrodynamics approach. Our starting point is a
commonly used discretization of smoothed particle hydrodynamics. We enhance this discretization with Roe’s approx-
imate Riemann solver, we identify its dissipative terms, and in these terms, we use slope-limited linear reconstruction.
All gradients needed for our method are calculated with linearly reproducing kernels that are constructed to enforce the
two lowest-order consistency relations. We scrutinize our reproducing kernel implementation carefully on a “glass-like”
particle distribution, and we find that constant and linear functions are recovered to machine precision. We probe our
method in a series of challenging 3D benchmark problems ranging from shocks over instabilities to Schulz-Rinne-type
vorticity-creating shocks. All of our simulations show excellent agreement with analytic/reference solutions.
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1 Introduction

The Smoothed Particle Hydrodynamics (SPH) method was originally developed to solve astrophysical
gas dynamics problems [1,2]. In an SPH simulation, the particle distribution automatically adapts to the
dynamics of the gas flow, and this has major advantages when, for example, modeling the gravitational
collapse of gas clouds that condense into denser filaments and finally form stars. The natural geometric
adaptivity of SPH also has advantages in many other contexts where challenging geometries are involved, e.g.,
in simulating dam breaks, e.g., [3], or fracture processes, e.g., [4], see [5] for a broad range of SPH applications.
Since the particles automatically follow the gas flow, this also implies that vacuum is simply modeled by the
absence of computational particles. Eulerian methods, in contrast, need to model vacuum as a low-density
background gas, and this can cost substantial computational resources even though one is not interested
(and nothing is physically going on) in empty space. As an admittedly extreme, but astrophysically relevant
example, we show in Fig. | the tidal disruption of two stars by a massive black hole located at the coordinate
origin (the simulation is discussed in more detail in [6]). As the stars pass the black hole, they are ripped apart
by the hole’s tidal forces. One is only interested in the fate of the gas from the disrupted stars, which initially
covers only a minute fraction of 10~ of the space shown in Fig. 1. So, in a corresponding Eulerian simulation,
one would need to waste essentially all of the computational resources to simulate the uninteresting empty
space. Another major advantage of SPH is that it can be formulated in a way that Nature’s conservation laws
are enforced by construction [7-11]. Having Nature’s conservation laws built into a simulation gives some
confidence that the simulated system behaves similarly to what Nature does.
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Figure 1: Illustration of one of SPH’s most salient features: the natural treatment of vacuum. The plot shows how two
stars have been ripped apart by a black hole (lurking at the coordinate origin) into spaghetti-like, thin gas streams that
are held together by the gas’ self-gravity. The inset shows the initial conditions of the initially spherical stars. The original
stars in the inset only cover a fraction of 10~ of the volume that is shown at late times (t = 371 h). Simulation performed
with the MAGMA2 code, see Rosswog (2020)

Simulating gas flows with particles is still a relatively young field compared to Eulerian gas dynamics,
and much development is still ongoing, both in terms of methodology and in terms of spreading into new
research areas. For example, most recently, SPH methods have found their way into general relativistic
hydrodynamics where the full spacetime is dynamically evolved together with the fluid, see [12,13], or Chap.
7 in [14]. SPH has initially been criticized for many issues, but essentially all of them have seen major
improvements achieved in recent times. For example, SPH has often been criticized for being too dissipative.
However, as derived from a Lagrangian, SPH contains zero dissipation, and the criticism goes back to the
early days of SPH when simple artificial dissipation schemes were used, in which dissipation was always
switched on, whether needed or not. In recent years, much effort has been spent to cure this problem, e.g.,
by using time-dependent dissipation parameters that only reach substantial values when needed, but not
otherwise [15-19] or by using slope-limited reconstruction in the artificial dissipation terms [20,21,12,13,22].
The latter approach is very effective even if large constant dissipation parameters are used. For example, some
weakly triggered Kelvin-Helmbholtz instabilities do not grow when standard, constant dissipation parameters
without reconstruction are used, but the same initial conditions lead to a healthy growth of instability when
reconstruction is applied; see Fig. 20 in [21].
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As an alternative to artificial dissipation, one can also implement Riemann solvers into SPH [23-27]
to produce sufficient entropy in shocks. However, with this approach, one also needs to ensure that not too
much unwanted dissipation is introduced. For example, simply treating particle pairs as Riemann problems,
where the left and the right states are given by the particle properties, leads to very dissipative hydrodynamics
unless other measures such as limiters or reconstruction techniques similar to Finite Volume schemes are
applied. Often, Riemann solver approaches are only benchmarked against shocks, where they perform, by
construction, very well. However, such approaches can still be way too dissipative to accurately model the
growth of weakly triggered fluid instabilities.

It has also turned out that the still frequently used cubic spline kernel is not a great choice after
all, but substantially better kernels are readily available [18,28-30] and replacing the kernel function only
requires very small changes to existing codes. It has further been realized that much more accurate gradient
estimates [18,31,32] than the standard kernel gradients can be obtained at a moderate additional cost and
even without sacrificing the highly valued kernel anti-symmetry, V,W,, = -V, W,;,, which is crucial for

good numerical conservation, see e.g., Section 2.4 in [8].

Several of the above improvements of SPH have borrowed techniques that are traditionally used in
Finite Volume schemes, such as reconstruction, slope-limiting, or Riemann solvers. For example, recent
work has explored the application of weighted essentially non-oscillatory (WENO) strategies to SPH; see
e.g., [33-36]. Apart from “enhanced SPH”, there is also a class of methods that tries to consistently formulate
the ideal gas dynamics equations from the beginning as in Finite Volume methods, though for particles
rather than for meshes, see e.g., [37-41] for some pioneering work. This also comes with a broad variety of
names for relatively similar methods, some of which are “proper SPH”, some are “SPH with elements from
Finite Volume methods”, and yet others are proper Finite Volume discretizations of the conservation laws
written for particles. Among these latter methods, there are formulations for stationary particles (Eulerian),
for particles that move with the fluid velocity (Lagrangian) or for particles that move with any other velocity
(Adaptive Lagrangian Eulerian or ALE methods); see, e.g., [42]. Therefore, the boundaries between different
methods are blurred, and it becomes a matter of semantics or taste how to call a given method. In summary;,
many of the issues that SPH has been criticized for can be considered as essentially solved, and modern SPH
formulations can accurately solve very challenging gas dynamics problems', for example [20-22].

One issue that has been strongly improved by the above measures but is usually still not exactly
enforced in the standard SPH approaches is the lack of zero-order consistency. In simple words, the
SPH approximation makes use of weighted kernel sums over neighboring particles, but the weights in
these sums do not add up exactly to unity; see our discussion in Section 2.4. Whether this is an issue in
practical applications or not depends on the kernels/neighbor numbers that are used and the tested problem
considered, but it is desirable to avoid the issue in the first place. Without zeroth-order consistency, not even
constant functions are reproduced exactly.

In this paper, we formulate and explore a new approach, in which we start from one of the commonly
used SPH discretizations, but a) we introduce Roe’s approximate solver, b) we identify the dissipative terms
in the Riemann solver, and in these terms, we use slope-limited reconstruction, and finally, c¢) we use linearly
reproducing kernels so that constant and linear functions are reproduced to machine precision. We carefully
scrutinize our implementation of the reproducing kernels and put the new method to the test with many
very challenging benchmark tests, ranging from shocks over fluid instabilities to vorticity creating Schulz-
Rinne shocks [43]. All of these tests are performed in three spatial dimensions. In Section 2, we discuss all

For the publication [21], the author collected in the computational astrophysics community a large set of test problems “that SPH cannot do”, but
please see the (excellent) results in this paper.
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the elements involved in our approach, and in Section 3, we present and discuss our benchmark tests before
we summarize and conclude in Section 4.

2 Methodology
2.1 Particle Hydrodynamics Formulation with a Riemann Solver

In the following, we will label the particles with a, b and k, where a is usually the particle of interest,
b a neighbor particle, and k can be either of them. We also use the Einstein sum convention with repeated
indices, which implies a sum from 1 to 3, and we usually use i, j, I and m for the summation indices. Since
we are working in a non-relativistic context and do not have to distinguish between co- and contravariant
vectors, it has no particular meaning whether an index is written as a subscript or a superscript; readability
considerations mostly guide this.

Our starting point is a common set of Smoothed Particle Hydrodynamics (SPH) equations [24,44,27]

a= Z myp Wab ey
b
dv P, +P -
Vu __ Z b V Wab (2)
b PaPb
dua 1 P,+ Py -
=— “VaWap. 3
dt D) Zh: Dapb Vab - VaWayp ( )

In Egs. (2) and (3), the index a at the nabla operator indicates that it is evaluated with respect to particle a
(and not b). As usual, one has the choice between either solving the continuity equation directly or obtaining
the density p, through a kernel-weighted sum over neighbors, see Eq. (1), which is our choice here. The
continuity equation approach has been found to be advantageous in some recent studies [22,27], but we
choose here the summation approach, since it is guaranteed to deliver a strictly positive density due to the
positive definite kernels W that we are using. Alternatives to this approach will be explored in the future.
The size of the kernel support is determined by the smoothing length h, P denotes the gas pressure, u is the
specific internal energy, and v,;, = v, — v;,. Often, the density estimation, Eq. (1), is performed “as locally as
possible” in the sense that the kernel of a particle a is evaluated with its smoothing length, /,. To be consistent
with our later choices, see Section 2.4, we choose here

W, = W[y —7p|/ha) + W([7, — 73|/ hp)
ab =

and VW, VW (7o = 7ol/ha) + VW (|70 = Fol/)

2 2 )

While we have written the above equations in a commonly used way, it is worth keeping in mind that
the kernel gradient can be explicitly written (for some smoothing length /) as
aW(qab) aqab aW(qab) €ab

aWa h = N = 7 5
VaWap(h) 0w e dqw B (5)

where g, = |F; — 7p|/h and é,y, = (74 — 73) /|Fa — 75| is the unit vector pointing from particle b to particle a.
With this, Eq.(3) can also be written as

dua 1
e lvm Ll
b b

where the velocities projected on the connection line are marked with a tilde.

P+Pb4 R R R 1

(V o P +Pb ow
a ab h " aqab

hab paps 8qah

— (Va =), (6)
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In gas dynamics, seemingly harmless sound waves can steepen into shock waves, and for their correct
treatment, dissipation is needed. So far, however, the equations are entirely nondissipative, and to handle
shocks, they need to be enhanced by mechanisms that produce sufficient (but not too much) dissipation
to obtain non-oscillatory solutions in shocks. As outlined in the introduction, an often used approach is
artificial viscosity, which has seen many improvements in recent times, including more accurate ways to
steer dissipation parameters [17-19], applying reconstruction techniques in dissipative terms [20-22]. These
new developments have also been transferred to (general) relativistic hydrodynamics [12,13,45]. These new
approaches have turned out to be robust and accurate and to produce very little unwanted dissipation. In our
understanding, such modern artificial dissipation approaches are on par with approximate Riemann solvers.

Despite the very good performance of modern artificial viscosity schemes, we want to explore here the
case where dissipation is provided by a Riemann solver [46]. The main idea is to solve (approximately) a
one-dimensional Riemann problem at the midpoint between each pair of interacting particles a and b, as
sketched in Fig. 2. More specifically, we replace averages of particle values by the solution of a Riemann
problem

P, + P, V,+ v
a b a b_)v;(-b’ (7)

*
- P;, and

where the * labels the contact discontinuity state in a Riemann problem, see e.g., [46], and the ab-index
refers to the solution between state a and b. As before, the tilde denotes the velocities projected onto the line
connecting two particles

Va = 17a . éab and &b = 17b . éab- (8)

Tab b

Figure 2: To add dissipation, Riemann problems are solved for each particle and its neighbour particles

With the substitutions Eq. (7) we have

Py +P,=2P;, and ¥,—7;=2(Va—vy) ©)
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so that the hydrodynamics equations, now with dissipation, read

Pa = Z my Wab: (10)
b
av 2 . _
dta _ - Zb: VoP Vo Wap, (11)
du, 2 . s w -
WZP—EV[,Pﬂb(Vﬂ—V“b)‘vaWab, (12)
ap

- et - * A
where we have used V;, = m;,/py and v, = v, é,p.

2.2 Dissipation in the Roe Solver

We use Roe’s approximate Riemann solver [47] for the star state:

. 1(.. . . P, - P
Vab:_((va+vb)'eab+ a), (13)
2 RL
1 Vp —V,) - €
P;b =—|\P,+P, + CRL—(Vb Va) Cab S (14)
2 Cr1,

where the “densitized” Roe-averaged Lagrangian sound speed (the dimension is density times velocity) is

Cs,apa\/P_a + Cs,bph\//)_h
NEN T

and ¢k is the sound speed of particle k. If, for a moment, we ignore the terms that involve the pressure and
velocity differences in Eqs. (13) and (14), we have

CrL = (15)

P, +P
by and Py m b (16)

*

N

17“ + Vh
Vap ® :

2

By inserting these expressions into Eqs. (11) and (12) we obviously recover the inviscid Egs. (2) and (3),
therefore the terms involving the differences in Eqs. (13) and (14) are responsible for the dissipation. One may
thus try to cure potentially excessive dissipation by modifying these terms. We approach this issue here by
applying the reconstructed pressure and velocity values in the dissipative terms. So, for perfectly reconstructed
smooth flows, where the reconstructed values on both sides of the midpoint are the same and, therefore, the
dissipative terms vanish, one effectively solves the inviscid hydrodynamics equations.

2.3 Reconstruction in the Dissipative Terms

Our strategy to reduce dissipation is to use, in the dissipative terms of Eqs. (13) and (14), values of P and
v that are reconstructed to the midpoint of each particle pair, 774 = 0.5(7, + ), see Fig. 2, left panel. So, at
each interparticle midpoint, one has P/v values that are reconstructed once from the a-side and once from

the b-side. Explicitly, the linearly reconstructed velocity components read
, | . .
V;’rec = Vlu — E\P(VV;’ VV;)) . ?ab’ (17)

‘ ;1 i AN
1};},rec — V’b + E\P(VV;, vvlb) *Vab> (18)



Comput Model Eng Sci. 2025;143(2) 1719

the specific internal energy is

U = u, - %\P(Vua, Vup) - Faps (19)
uyC =y + %‘I’(Vua, Vuy) - Faps (20)
and the density

Pa = pa— %‘P(Vpa, VPb)  Tabs (21)
Py =Pyt %‘I’(Vpa, VPb) - Fab- (22)

With the reconstructed values of internal energy and density, we can calculate the corresponding
pressure values via our equation of state, P = (y —1)pu.

The quantity ¥ in the above reconstruction equations is a suitable slope limiter function. Commonly
used slope limiters are minmod

W (3, ) = 5 [SGN(x) + SGN(y)] MIN(J, ), (23)

the vanLeer limiter [48]

2xy ifxy>0
Yor(x,y) =%+ (24)
0 otherwise,

the vanLeer monotonized Central (vanLeerMC) [48]

SGN(x) MIN [U,zm,zm] ifxy >0
Yome(x, ) = 2 (25)
0 otherwise,
and the vanAlbada limiter [49]
2., 2 2, 2
(LR
Woa(x,y) = X%+ Y=+ 2¢ (26)
0 otherwise.

The latter is insensitive to the exact value of &, here, we use e = 107, In Eqs. (19) to (22), the slope limiter
V¥ is to be applied to each component of the gradients.

2.4 Linearly Reproducing Kernel (RPK) Approximations

One of the main criticisms of the standard SPH method is that it, in general, does not exactly reproduce
constant or linear functions. In the standard SPH-discretization the approximation of a function f(7) reads

FFE =D Vi fy W(FE -7y h(F)) = Y. fo Dp(F), (27)
b D
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where we have abbreviated m;/p;, as Vj, and the smoothing length /& should be thought of as a function of 7.
After the second equal sign, we have abbreviated the product V;, W (7 — 7, h(7)) as weight function @, (7).
As an example, if all function values would be the same, f, = f, then the function approximation should
yield fy, but the standard SPH approximation finds

FE) = o X W (= h) = fo (28)
b Pb

which is approximately, but not exactly, equal to the desired value, because the sum is not guaranteed to yield
exactly unity. More systematically, one can expand f; (i.e., the function f at the position b) around 7, insert
this into Eq. (27) to find

FG&) =[G+ (VAF) - (5~ 7) +hot] ©y(7) = f(7) § Dy (7) + (VF)(7) - ;m - 7)®,(7) +hot,

b
(29)

where higher order terms are abbreviated as “h.o.t”. This implies, not too surprisingly, that for a good
approximation, f(7) ~ f(7), the lowest order consistency relations

Y @,(F)=1 and Y (7, —F)' Ou(F) =0, (30)
b b

should be fulfilled. Standard SPH usually fulfils this well in initial conditions (where particles are often placed
on some type of lattice), but it does not enforce these conditions during evolution. The conditions are well
tulfilled when good kernels (e.g., of the Wendland family [28]) with large neighbour numbers are used [18],
but this, of course, comes at the price of expensive sums over many neighboring particles.

The consistency relations Eq. (30), however, can also be enforced by construction, e.g., in the so-
called reproducing kernel method [50]. One can, for example, enhance the kernel functions with additional
parameters A and B',

%b(ﬁzh) =A, [1 + sz (?ab)i] Wah» (31)

where W, is given by Eq. (4). One can then determine the four unknown numbers A and B’ by enforcing
the four discrete consistency relations so that

Ve #ap=1 and YV, (Fap)' #ap = 0, (32)
b b

is fulfilled at every particle position 7,. Since these kernels %, reproduce by construction constant and
linear functions exactly (i.e., to floating point accuracy), they are usually referred to as (linearly) reproducing
kernels (RPKs). Reconstructing kernels for higher-order polynomials could be designed similarly, but at
the price of lengthy and computationally expensive-to-evaluate expressions. We, therefore, restrict ourselves
here to linear order. Since the B’ are in general non-zero, the kernels %, are not guaranteed to be radial
as standard SPH kernels, and therefore, angular momentum conservation is difficult to enforce exactly. In
SPH, angular momentum conservation is usually a consequence of the interparticle forces pointing along the
connecting vectors between a particle a and a particle b, é,,, together with the kernel being anti-symmetric,
VaW,p = =V W,y, see Section 2.4 in [8] for a detailed discussion. It is, however, still possible to write a
set of equations that conserves energy and momentum (and mass if density summation is used), but not
necessarily angular momentum. In practice, however, this does not seem to be a major concern; for example,
the authors of [20] find with their artificial viscosity-based RPK-SPH approach in typical tests violations of
exact angular momentum conservation on the sub-percent level.
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The gradient of #;;, can be calculated in a straight-forward way as

(Vo) Wap = Aa BE Wap + Ay (1+ BL(Fap)') VEWap + (1+ BL(7ap)") Wap (9kA)a + Aa (Fap)' (0kB)} W

(33)
Now, taking the nabla operator concerning particle b, one finds
(Vo) Wya = Ay By Wha + Ap (1+ By (7)") Vi Woa+
(1+ By, (Fpa)") Wha(9kA)p + Ap (Foa)" (0kB)} Wia
=A Blg Wab + Ay (1 + BZ(?ab)i) v};Wab"‘
(1-B},(Fap)') Wap (0kA)p — Ap (Fap)' (0kB)}, Wap, (34)

where we have used W, = Wy, Fpa = —Fap and V]b‘Wba = —V’;Wab. The parameters A and B’ and their
derivatives, which are needed for d;#;;, can then be calculated by straightforward algebra. We first define
discrete moments at position 7, as

(Mo), = Viy Wap, (35)
b

(Mli)a =3 Vi (Fap) Wap» (36)
b

(M;j)a = Z Vb (?ab)i (Fab)j Wab- (37)
b

and their derivatives read

(0kMo), = Vs VEWa, (38)
b

(0xM{) = > Vi [(Fap) (VEWap) + 85" Wop |, (39)
b

(0eMY) =Y Vi [(Fas) Gl (VEWap) + ()’ 87 Wy + (Fan) 8™ Way . (40)
b

With the moments and their derivatives at hand, one can calculate the kernel parameters

1

Aa = -1 (Afi N (41)
(M), - (M), (Ml)a (M{)a

By = ~(M;); (M), (42)

and their somewhat lengthy but otherwise straightforward calculable derivatives

OiAa =~ A5 [(0kMo)a = 2(M;) )7 (M])a (01M1) , + (M)F (OkMz")a(M)Z (M])a(M1)a), (43)

and

0By = (M) (9xM))a+ (M3)7" (01M;™)a (M3 (M) (44)

With the linearly reproducing kernels now at hand, we can approximate a function F via

F(7a) =Y. Vo Fy W (45)
b
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and its derivative via

0kE(Fa) =Y. Viy Fy 0k W ap. (46)
b

While these expressions look very similar to standard SPH approximations, they exactly reproduce
linear functions on a discrete level, which the SPH equations do not.

Scrutinizing Our Implementation

To test our implementation of the linear reproducing kernels, we start from a relatively regular, but not
exactly uniform particle distribution, sometimes referred to as “a glass”. Our initial particle configuration,
see Fig. 3, has been produced via a Centroidal Voronoi Tessellation (CV'T; [51]) in the computational volume
[0.5,0.5] x [0.5,0.5] x [0.5, 0.5], and it is further regularized by additional sweeps according to the “artificial
pressure method” (APM), as described in the MAGMA2 paper [21], see especially Eq. (40). We perform the
regularization sweeps for the inner regions while the outer regions remain as boundary particles on the
original CVT setup. The resulting particle distribution is therefore most regular in the centre, approaching
the somewhat rougher original distribution as one moves away from the centre. This is hard to see by eye, but
it is reflected in the SPH errors, as seen below. We now assign functions f to each particle, a) once a constant
value f() = 1and b) the other time we assign a linear function that increases in the x-direction f() = x with
a slope of unity.

Figure 3: The particle distribution that is used to scrutinize the linear reproducing kernel method. The 3D particle
distribution has been set up using a Centroidal Voronoi Tessellation; shown is a slice with a thickness of |z| < 6 x 1073

Since by construction the consistency relations, Eq. (32), are fulfilled at the particle positions (i.e., not
everywhere in space), we select every 100th particle in the inner regions (so that the absolute value of each
coordinate is <0.4) and at these particles, labelled a, we calculate the standard SPH approximations

f =S VifyWay and (V1)) =Y Vo fyVWa, (47)
b b
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as well as the reproducing kernel approximations

fRK oSV Wy and (VAN =S Viofy Vs (48)
b b

and compare against the theoretical results of unity for both the function value and the derivative in x-
direction.

For the kernel W that enters Eq. (4), we choose, here and in the rest of the paper, a member of the family
of harmonic-like kernels [29].

1, x =0,
8
. 0% sin [—x]
W(x) = Wy (X):F ﬂ—2 0<x<2, (49)
—X
0, else,

where oy = 1.17851074088357 in three dimensions. This kernel was chosen after performing a numerical test
in which the ability to reproduce a known density was measured [13]. Our smoothing length is chosen at
every time step so that we have exactly 220 contributing neighbor particles, which is a good compromise
between accuracy and computational efficiency, see Fig. 1 in [13]. We use a fast tree method [52] to
assign the smoothing lengths; for more details see [21]. The approximate values of the constant function
(exact result = I; left panel) and the derivative (exact result = 1; right panel) are shown in Fig. 4 with the SPH
approximation marked with black and the RPK approximation marked with red dots. The corresponding plot
for the related errors is shown in Fig. 5. We find an average error in the function approximation of 3.1 x 10~
for the SPH and 2.2 x 10" for the RPK case; see Table 1. As a reference, we note that if the same test is
performed for particles placed on a cubic lattice, we find an average error for the standard SPH approach of
7.3 x 107, On the “glass distribution” we find for the x-derivative an average error | (9, f )" — 1] = 4.3 x 1072
in the SPH-case, better in the smoother central regions, worse further out, and 1.9 x 107 for RPK-case
without noticeable dependence of the error on the location. Again, for reference, the SPH derivative error
on a cubic lattice is 1.1 x 107>, so much better than for the glass distribution.

1.02 ‘ ‘ ‘ ‘ ——T : : " "
» SPH-approximation |] N - SPH-approximation
1015~ o H 3 LA A : PSP &
- RPK-approximation cel e e e - RPK-approximation
. .. STE L oS
2 1o o Mf
s . 2
o o "o o =
= L00S| ores et ter s2e% s
RS} oo, * ol e H .g
3=
5 9o
= >
= ¥
%5 0.995 S
= j=5
& 2
g 09 09"
0985~ B L
| s
0.98 . L . L . L . 08 . L . L . L.
0.4 0.2 0 02 0.4 0.4 0.2 0 02 0.4
X X

Figure 4: Approximation of function value (left) and derivative in x-direction (right), the exact result is in both
cases = 1. Each time we show the SPH-approximation in black, the reproducing kernel (RPK-) result in red
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Figure 5: Logarithm of the function error (left) and of the error in the x-derivative approximation (right). Each time
we show the SPH-approximation in black and the reproducing kernel (RPK-) result in red

Table 1: Average errors in the function and derivative approximation for the particle distribution shown in Fig. 3 for
both the Smoothed Particle Hydrodynamics (SPH) and the reproducing kernel (RPK) approach

To approximate f=1 o, f =1
SPH (glass) 31x107°  4.3x1072
RPK (glass)  22x107%* 1.9x107

In all fairness, it is worth stating that the SPH-approximation results for this particle distribution look
rather poor, but the question is whether such noisy particle distributions occur in an SPH simulation in
the first place. Much recent work has been invested in designing simulation techniques so that this does
not happen, for example, by using Wendland kernels with the large neighbor number (typically several
hundreds); see, e.g., [11,18]. This typically produces very regular particle distributions, where the error is
much smaller than the ones shown here. However, the errors will never be smaller than what one finds for
a regular lattice (~107°). So, even for close-to-perfect particle distributions, the RPK approximations will be
more than nine orders of magnitude more accurate than the standard SPH approach.

2.5 Final Equation Set

One desirable quantity for numerical conservation is the anti-symmetry of the kernel gradient

VaWab(hab) = _waab(hab)’ (50)

which in typical SPH equations guarantees, in a straightforward way, the numerical conservation of energy
and momentum, since in the time derivative of their total values, all terms cancel exactly, as seen, for example,
in Section 2.4 in [8]. The usual standard kernel gradients point in the direction of the line connecting two
particles, see Eq. (5); therefore, together with the kernel gradient anti-symmetry, the exact conservation of
angular momentum can also be guaranteed. Due to the presence of the vector B’ in Eq. (31) the kernels #
are no longer guaranteed to be radial, and therefore, angular momentum conservation cannot be guaranteed
in the same way as in standard SPH. The standard kernel gradient as it enters Eqs. (11) and (12) can also be
written as

Va Wab(ha) - thba(hb)
2 bl

VaWah = (51)
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where we have made use of the anti-symmetry of the kernel gradients. We now replace the gradients of the
kernels W by the much more accurate gradients of the kernels %, see Eqs. (33) and (34), or, in other words,

we replace V, W, by

1
(Y )ap = 2 (Vo = Vo Wpal > (52)

so that our final equation set reads

pa = myWa, (53)
b

&, 2 .

T _p_ZVbPab(vW)ab: (54)
a'p

du, 2 . o

dt = p_ Z VhPab(Vu - Vab) . (VW)Q;,. (55)
a’p

-

We also use the gradients (V#) ;, in the reconstruction process described in Section 2.3. As mentioned
before, our equation set does not manifestly conserve angular momentum as standard SPH does, but our
approach produces excellent results, at least for the broad set of challenging test cases that we show below.
We integrate our evolution equations forward in time utilizing a second order total variation diminishing
Runge-Kutta scheme [53]. While this works very well in all tests, it is worth stating that time integration can,
in principle, introduce numerical non-conservation. For detailed discussions of the role of time integration
schemes in energy conservation and for compatible energy discretization schemes, we refer to the recent
literature [20,54,55].

3 Results

We will explore the performance of Eqs. (53) to (55) in a set of challenging benchmarks involving shocks,
instabilities, and complex Schulz-Rinne shocks with vorticity creation [43]. We will each time also explore
the performance of the following slope limiters (in order decreasing dissipation): minmod, vanAlbada,
and vanLeerMC.

3.1 Spherical Blast Wave 1

We start with a three-dimensional shock-tube-type problem. We choose the same parameters as [46]
(apart from a shift of the origin): the computational domain is [-1,1]* and the initial conditions are chosen
as:

B} (1.000,0,0,0,1.0) for r<0.5

,V,P) = 56

(p. 7, P) {(0.125, 0,0,0,0.1) else. (56)

The solution exhibits a spherical shock wave, a spherical contact surface traveling in the same direction,

and a spherical rarefaction wave traveling toward the origin. As initial conditions, we simply placed the

200° particles on a cubic lattice within [-1,1]?, together with the surrounding “frozen” particles as the
boundary condition.

We show in Fig. 6 the values of density, velocity and pressure for the vanAlbada 1limiter. Despite
the initial setup on a cubic lattice, the results are practically perfectly spherically symmetric. The results for
the different limiters are merely identical in this case, only on very close inspection, one finds a reminiscence
of the grid structure in the case of the vanLeerMC limiter. In Fig. 7, we show our particle results in a
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strip around the x-axis (|y| < 0.018, |z| < 0.018) compared with a 400° grid cell calculation with the Eulerian
weighted average flux method [46]. Overall, we find excellent agreement. This figure can be compared to
Fig. 13 of [21], where the same test was performed at the same resolution but with the MAGMA2 code using
matrix inversion gradients and an artificial viscosity prescription that also uses slope-limited reconstruction.
For more details on the latter method, see the section “Matrix Inversion Method I” in [21]. Although both
approaches show excellent agreement with the reference solution, the RPK approach of this paper yields a
sharper resolved contact discontinuity.

p v] pressure

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

1.0 1.0 1.0
08 0.8 08
Q.06 > 06 Ay 0.6
04 04 04
02 02 02
0.0 0.0 0.0
-100 075 -050 -025 000 025 050 075 100 -100 -0.75 -050 -025 000 025 050 075 100 -100 -0.75 -050 -025 000 025 050 075 100
X X X

Figure 7: Spherical blast wave problem 1: density, velocity and pressure with a strip around the x axis. For this
simulation, 200° particles and the vanAlbada limiter were used, and the reference solution (red line) was obtained by
the Eulerian-weighted average flux method (400 grid cells, Toro 1999)

3.2 Spherical Blast Wave 2

In a second spherical blast wave problem [46] we start from

(1.0,0,0,0,2.0) for r<0.5

(p.¥, P) = {(1.0, 0,0,0,1.0) else. 57)

and place again 200° particles in the same straightforward way as in the first blast wave problem.

We show the numerical solution of this test in Fig. 8. Again, deviations from sphericity are minute, and
the agreement with the reference solution (Eulerian weighted average flux method with 400° grid cells [46]),
see Fig. 9, is excellent. In Fig. 10, we zoom in on the density distribution to illustrate the effect of the different
slope limiters. Overall, the agreement is very good, but as expected, the minmod limiter is the most
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diffusive one. The vanLeerMC 1limiter captures best the edges of the rarefaction wave, but at the price
of a small overshoot at the shock front. The results can again be compared to the “Matrix Inversion method I”
(see Figs. 14 and 15 in [21]). Overall, the results are very similar, but the RPK-hydrodynamics does not show
a density overshoot in the central region as in the older result.
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Figure 9: Spherical blast wave problem 2: density, velocity and pressure with a strip around the x axis. For this
simulation, 200° particles and the vanAlbada limiter were used; the reference solution (red line) was obtained by the
Eulerian-weighted average flux method (400 grid cells, Toro 1999)

Q.09+

081 RPK, vanAlbada

¢ RPK, vanLeerMC

0.7 e  RPK, minmod
ref. solution
0.6 T T T v
0.0 0.2 04 0.6 0.8 1.0

X

Figure 10: Spherical blast wave problem 2 (detail): shown is the comparison of the densities for different slope limiters
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3.3 Sedov Blast

The Sedov-Taylor explosion test, a strong initial point-like explosion expanding into a low-density
environment, has an analytic self-similarity solution [56,57]. For an explosion energy E and a density of
the ambient medium p, the blast wave propagates after a time ¢ to the radius r(t) = B(Et?/p)'/°, where 8
depends on the adiabatic exponent of the gas (~ 1.15 in 3D for the I' = 5/3 we use). In the strong explosion
limit, the density jumps in the shock front by a factor of p,/p; = (T +1)/(T —1) = 4, where the numerical
value refers to our chosen value of I'. Behind the shock, the density drops rapidly and finally vanishes at the
center of the explosion.

To set up the test numerically, we distribute 256> SPH particles according to a Centroidal Voronoi
Tessellation (CVT) [-0.5, 0.5] x [-0.5, 0.5] x [-0.5, 0.5]. Although this produces already reasonably good
initial conditions, they can be further improved by additional sweeps according to our “Artificial Pressure
Method” (APM) [21]. The main idea of the APM is to push each particle to a position where it minimizes its
density error. Practically, this is achieved via the following steps: i) start from a trial particle distribution, ii)
measure the density at every particle via Fq. (1), iii) calculate the error in the density compared to a desired
density profile, iv) from this error construct an artificial pressure and v) use this artificial pressure in an
equation very similar to the hydrodynamic momentum equation to push the particles in a direction where
their error decreases. After many such iteration steps, the particles end up in locations where they optimally
approximate the desired density profile. Here, we need a uniform density distribution, but the method also
works very well for complicated density profiles; see, for example, Fig. 3 in [21]. Even if the differences in the
particle distributions are hard to see by eye, they still improve the outcome of the Sedov test. We therefore use
500 of such APM sweeps here. Once the particle distribution is settled, we assign masses so that their density
is p = 1. This is done in an iterative way where we first assign a guess value for the masses and then measure
the resulting density via Eq. (1) and subsequently correct the particle masses. The iteration is stopped once
the density agrees everywhere to better than 0.5% with the desired value. The energy E =1 is spread across
a very small initial radius R, and is distributed entirely as internal energy; the specific internal energy u of
the particles outside of R is entirely negligible (1071 of the central u). For the initial radius R we choose
twice the interaction radius of the innermost SPH particle. Boundaries play no role in this test as long as the
blast does not interact with them. We therefore place “frozen” particles around the computational volume as
boundary particles.

In Fig. 11, we show the density evolution (cut through xy-pane) of the case with the vanAlbada
limiter. No deviation from spherical symmetry is visible, and the numerical solution for the shock agrees
very well with the exact solution (the hard-to-see black line that separates the background density (cyan)
from the shocked matter). The density as a function of radius is shown in Fig. 12, where each panel shows
the result for one limiter. As in the tests before, and some of the later tests, the vanAlbada limiter
performs best. Although here minmod performs similarly, the vanLeerMC 1limiter does not seem to
provide enough dissipation and leads to a noisier post-shock region and an overshoot at the shock front.
Again, these results can be compared against the MAGMA2 results and -taken at face value- show slightly
better agreement with the exact solution. However, this may be, at least in part, because in [21] we used a
Wendland kernel with 300 neighbors for the MAGMA?2 result, while here we used only 220 neighbor particles.
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Figure 11: Density evolution (x y-pane) in a Sedov blast wave test with the vanAlbada slope limiter
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Figure 12: Impact of the slope limiter on a Sedov blast wave: the result for minmod is shown in the left panel, for
vanAlbada in the middle and vanLeerMc in the right panel

3.4 Banded Kelvin-Helmholtz Instability

Kelvin-Helmholtz (KH) shear instabilities occur in a broad range of environments, e.g., in terrestrial
clouds, in mixing processes in novae [58], the amplification of magnetic fields in neutron star mergers [59-61]
or planetary atmospheres [62], to name just a few examples. Traditional versions of SPH have been shown to
struggle with weakly triggered KH instabilities [63,64], although many recent studies with more sophisticated
numerical methods yielded very good results [20-22]. We focus here on a test setup in which traditional SPH
has been shown to fail, even at a rather high resolution in 2D, see [64]. We follow the latter paper (similar
setups were used in [20] and [22]), but we use the full 3D code and set up the “2D” test as a thin 3D slice
with N x N x 20 particles (referred to as "N*"), For simplicity, the particles are initially placed on a cubic
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lattice. Periodic boundary conditions are obtained by placing appropriate particle copies outside of the “core”
volume. The test is initialized as

p1— pme?02/% for 0.00 <y<0.25
P2+ pme®P /A for 0.25<y<0.50

p(y) = P2+ pme=07IA for 0.50 <y <0.75 (58)
p1— pme075 A for 0.75 <y <1.00
where p1 =1, p2 =2, pm = (p1 — p2)/2 and A = 0.025. The velocity is set up as
Vi = v, e 702/ for 0.00 <y < 0.25
(0.25-y)/A  §,
_Jvatvme or 0.25<y<0.50
ve(y) = Vo + vy e707)/A for 050 <y <0.75 (59)

v = Ve 07N for 0.75 < y <1.00

with v;= 0.5, v, = =0.5, v,,, = (v; — v2) /2 and a small velocity perturbation in y-direction is introduced as
vy = 0.01sin(27x /1) with the perturbation wave length A = 0.5. In the linear regime, a Kelvin-Helmholtz
instability grows in the incompressible limit on a characteristic time scale of

__(ptp2))
TKH - T
VP1p2|vi — va|

with 7y ~ 1.06 for the chosen parameters. For our tests, we chose again a polytropic equation of state with
exponent I' = 5/3.

(60)

We show in Fig. 13 the density at t =2.3 (~ 2.2 7¢y) for different resolutions. Even at the lowest
resolution of the 1287 particles, we see healthy growth that is already very similar to that of the better-resolved
cases. The evolution of the 512% case is shown in Fig. 14. In Fig. 15, we show the density at t = 3 for the different
limiters. As expected, theminmod 1imiter isthe mostdissipative one, and the vanLeerMC limiter
is once again the least dissipative. Similarly to the Sedov test case, however, one may wonder whether the
vanLeerMC limiter allows for enough dissipation, since the results seem somewhat noisy.

0.2 0.4 0.6 0.8 0.2 0.4

X X X

Figure 13: Kelvin-Helmholtz test with vanAlbada limiter for different resolutions at t = 2.3 (~ —2.27xy)
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Figure 15: Kelvin-Helmholtz test (512%) at t = 3 with different slope limiters

For comparison, traditional SPH implementations struggle with this only weakly triggered instability
(vy = 0.01), see, for example, Fig. 9 of [64], where, even at a resolution of 5122 particles, the instability either
hardly grows (for the cubic spline kernel, label “Ne512”) or much too slowly (for the quintic spline kernel,
label “No512”). In Fig. 16, left panel, we show the mode growth (calculated exactly as in [64]) for three
different resolutions, all using the vanLeerMC 1limiter. Their growth rates are compared with a high-
resolution reference solution (4096 cells) obtained by the PENCIL code [65]. Even our low-resolution case
with 1282 particles is reasonably close to the reference solution. To quantify the agreement with the reference
solution, we calculate the quantity

1 N
= N zp:(M;ef—Mp)z, (61)

where M is the mode growth exactly calculated as in [64] for all our data points p and the superscript “ref”
denotes the corresponding value of the reference solution. For the simulations shown in Fig. 16 & is 2.84 x
107 for 1282, 7.05 x 107> for 256 and 2.65 x 107> for 512%. In the right panel of Fig. 16, we show the impact of
the slope limiter in the example of the lowest-resolution runs. The Z-values for the right panel (all 1282) are
4.37 x 1072 for minmod, 2.70 x 1072 for vanAlbada and 2.84 x 10~ for vanLeerMC. In Fig. 17, we show
the growth rates for the highest resolution (512%) again for the different limiters (right panel is a zoom-in
of the left one). The corresponding Z-values are 6.92 x 10~ for minmod, 3.61 x 10~ for vanAlbada and
2.65 x107° for vanLeerMC. So the most diffusive minmod 1imiter grows slowest, while the growth
rates of vanAlbada and vanLeerMC are very similar (vanAlbada having a small advantage at 128>
while vanLeerMC performs slightly better at 512%).
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Figure 16: Growth of the Kelvin-Helmholtz instability as a function of resolution (vanLeerMC limiter, left) and

for a fixed, low resolution (1282) for different slope limiters
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Figure 17: The growth of the Kelvin-Helmholtz instability for different slope limiters (at 5122) is shown in the left panel,
a zoom-in is shown on the right

3.5 Cylindrical Kelvin-Helmholtz Instability

we use

As a variant of the Kelvin-Helmholtz instability, we also perform a test in cylindrical symmetry, similar
to [66]. To this end, we place particles from a radius of Rgp; = 0.5 to Rpp, = 1.5. For the region with r <1,

p=1

w=2 P=4+27

and we also use

p=2 w=1 P=5+r%

(62)

(63)
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where w is the angular frequency. In addition, we impose a small radial velocity perturbation on the interface
given by

(r=1)?

vy = vo cos(10 ¢) e % | (64)

where ¢ is the azimuthal angle, vy = 0.02 and 0y = 0.1.

In our initial setup, we placed 1.95 million particles in a uniform, close-packed lattice so that the particles
have the above properties. Again, we use the full 3D code to simulate a slice with 20 layers of particles in the
z-direction, we do not allow for motion in the z-direction, and we enforce the above velocities within Rgp;
and Rpp; + 0.05 and Rgp, — 0.05 and Rpp; as boundary conditions.

We show in Fig. 18 the density at ¢ = 2.2, again for our three limiters. There are small artefacts at the
inner and outer boundaries because of our simple treatment of the boundary conditions, but in all cases,
we see healthy growing Kelvin-Helmholtz instabilities with nicely winding billows. For the most diffusive
limiter (minmod), we see essentially only the triggered modes growing. In contrast, in the other two cases,
“parasitic” modes have also developed, which have been triggered by the granularity of our closely-packed
particles shearing against each other.
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Figure 18: Density in cylindrical Kelvin-Helmholtz test for the different slope limiters

3.6 Rayleigh-Taylor Instability

The Rayleigh-Taylor instability is a standard probe of the subsonic growth of a small perturbation. In its
simplest form, a density layer p; rests on top of a layer with density p, < p; in a constant acceleration field,
e.g., due to gravity. While the denser fluid sinks down, it develops a characteristic “mushroom-like” pattern.
Simulations with traditional SPH implementations have shown only retarded growth or even complete
suppression of instability [67,68].

We again adopt a quasi-2D setup and use the full 3D code for the evolution. We place the particles on a
cubic lattice in the x y-domain [-0.25, 0.25] x [0, 1] and use 20 layers of particles in the z-direction, and also
place 20 layers of particles as boundaries around this core region. The properties of particles below y = 0 are
“frozen” at the values of the initial conditions, for particles with y, > 1, we multiply a damping factor

ool (22}
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to the temporal derivatives so that any evolution in this upper region is strongly suppressed. We apply
periodic boundaries in x—direction at x = £0.25. Similar to [20] we use p; = 2, p;, = 1, a constant acceleration
g=-0.5¢, and

Pt = Pb
L+exp[-(y - yi)/A]

with transition width A = 0.025 and transition coordinate y, = 0.5. We apply a small velocity perturbation
to the interface

p(y) =po+ (66)

vy (X, y) = vy o[l + cos(8mx)][1 + cos(57(y — y:))], (67)

for y in [0.3,0.7] with an initial amplitude v, o = 0.025, and we use a polytropic equation of state with
exponent I' = 1.4. The equilibrium pressure profile is given by

P(y) =Py~ gp(¥)ly - yils (68)

with Py = p;/T, so that the sound speed is near unity in the transition region.

We show in Fig. 19 the results for different resolutions at t = 4 for the vanAlbada limiter. Atall
resolutions, the instability grows and reaches similar y values, but, of course, with finer detailed structures
for higher resolution. In Fig. 20, we show the medium resolution case for the different limiters, again
confirming the hierarchy of dissipation levels with minmod being the most and vanLeerMC being the least
dissipative limiter.
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Figure 19: Rayleigh-Taylor instability test (at t = 4) with vanAlbada 1imiter at different resolution: 128> (left),
256% (middle) and 5127 (right)
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Figure 20: Rayleigh-Taylor instability test (at t = 4.3) with 2562 particles and different slope limiters

3.7 Complex Shocks with Vorticity Creation

Schulz-Rinne [43] suggested a set of very challenging 2D benchmark tests. The tests are constructed
so that four constant states meet at one corner, and the initial values are chosen so that an elementary
wave, either a shock, a rarefaction, or a contact discontinuity, appears at each interface. During subsequent
evolution, complex wave patterns emerge for which exact solutions are not known. These tests are considered
very challenging benchmarks for multidimensional hydrodynamic codes [43,69-71]. Such tests have rarely
been shown for SPH. We are only aware of the work by [26], who show results for one such shock test in a
study of Godunov SPH with approximate Riemann solvers and as benchmarks for the MAGMA2 code [21].

Here, we investigate three such configurations. We simulate, as before, a 3D slice thick enough so that
the midplane is unaffected by edge effects (we use 20 particle layers in z-direction). We place particles on a
cubic lattice so that 300 x 300 particles are within [x, — 0.3, x, + 0.3] x [y, — 0.3, y. + 0.3], where (x., y.)
is the contact point of the quadrants, and we use a polytropic exponent I' = 1.4 in all tests. We refer to these
Schulz-Rinne type problems as SRI-SR3 and give their initial parameters for each quadrant in Table 2. These
test problems correspond to configurations 3, 11, and 12 in the labeling convention of [70]. We smooth the
initial conditions through (A), = >, [(mu/ps) As Wap ] [ [ X4 (ms/pp) Wap ] so that they have a smoothness
that is consistent with the evolution code.

Table 2: Initial data for the Schulz-Rinne-type 2D Riemann problems with vorticity creation

SR1; contact point: (0.3,0.3)

Variable NW NE SW SE
p 0.5323 1.5000 0.1380 0.5323
Vi 1.2060 0.0000 1.2060 0.0000
vy 0.0000 0.0000 1.2060 1.2060
P 0.3000 1.5000 0.0290 0.3000

(Continued)
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Table 2 (continued)
SR2; contact point: (0.0, 0.0)
Variable NwW NE SW SE
p 0.5313 1.0000 0.8000 0.5313
Vy 0.8276 0.1000 0.1000 0.1000
vy 0.0000 0.0000 0.0000 0.7276
p 0.4000 1.0000 0.4000 0.4000
SR3; contact point: (0.0, 0.0)
Variable NW NE SW SE
P 1.0000 0.5313 0.8000 1.000
Vi 0.7276 0.0000 0.0000 0.0000
vy 0.0000 0.0000 0.0000 0.7262
P 1.0000 0.4000 1.0000 1.0000

For all three tests, we find very good agreement with the results published in the literature [43,69-71,21].
Comparing the performance of the different limiters for test SR1 (first row in Fig. 21), we see only minor
differences. All cases nicely produce the shock surfaces and all show the “mushroom-like” structure near (0.2,
0.2) with only small differences. The structure around (0.3, 0.3), however, does show some differences: it looks
“mushroom-like” for the least dissipative case (vanLeerMC), but not very much so for the more dissipative
limiters. Also, test SR2 agrees overall well with the results in the literature, but here the “mushroom-like”
structures are different: the curls show more windings for lower dissipation, that is, the smallest number for
minmod and the highest for vanLeerMC. The SR3 test also agrees well with the results in the literature,
here the results for the different limiters are virtually identical.
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Figure 21: Schulz-Rinne test 1 (first row), test 2 (second row), and test 3 (third row), color-coded is the density. The
first column each time refers to minmod, the second to vanAlbada and the third one to vanLeerMC

4 Conclusion

Here, we have presented and explored a new formulation of particle hydrodynamics. We started from
a common SPH formulation and enhanced it with Roe’s approximate Riemann solver to solve Riemann
problems between interacting particle pairs. More specifically, we replaced the mean values of the pressures
and (projected) velocities with the contact discontinuity values P* and v*. We identified the terms in the
Roe solver that are responsible for the dissipation. In these terms, we replaced the particle properties with
the values found by slope-limited reconstruction from both sides to the interparticle midpoint. We use
kernels that are designed to enforce consistency relations and which, by construction, recover constant
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and linear functions to machine precision, called “reproducing kernels” We have carefully scrutinized our
corresponding implementation based on a “glass-like” particle distribution, and we compare the function
and gradient reproduction to the standard SPH approximation. We find that the errors in this test are at least
nine orders of magnitude lower for the RPK than for the standard SPH approach. These reproducing kernels
are used both for the hydrodynamic gradients and in the reconstruction process.

We have put our new formulation to the test in many challenging benchmarks, ranging from shocks
over instabilities to vorticity-creating shock tests designed by Schulz-Rinne. We find very good results in
all tests and, where comparable, we find slightly better but overall very similar results to the MAGMA2 code.
We have also explored three different slope limiters in the reconstruction: minmod, vanAlbada, and
vanLeerMC. Although minmod is an overall robust choice, it leads to more dissipation than appears
necessary. The vanLeerMC limiter, in contrast, produces the least dissipation of the three limiters, but
maybe not enough in the Sedov blast wave test, where it leads to substantially more post-shock noise than
the other limiters, and an overshoot of the density. Of the three explored limiters, our clear favorite is the
vanAlbada limiter, which performs well in all tests, but it may be worth exploring further limiters in the
future. Although the results presented are very encouraging, more work needs to be done. This may include
further studies of robustness and accuracy, a careful comparison with modern SPH formulations, and the
inclusion of additional physics. However, these explorations are left for future work.
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