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ABSTRACT: This paper discusses the model of the boundary layer (BL) flow and the heat transfer characteristics of
hybrid nanofluid (HNF) over shrinking/stretching disks. In addition, the thermal radiation and the impact of velocity
and thermal slip boundary conditions are also examined. The considered hybrid nano-fluid contains silver (Ag) and
iron oxide (Fe3O4) nanoparticles dispersed in the water to prepare the Ag-Fe3O4/water-based hybrid nanofluid. The
requisite posited partial differential equations model is converted to ordinary differential equations using similarity
transformations. For a numerical solution, the shooting method in Maple is employed. Moreover, the duality in
solutions is achieved for both cases of the disk (stretching (λ > 0) and shrinking (λ < 0)). At the same time, a unique
solution is observed for λ = 0. No solution is found for them at λ < λc , whereas the solutions are split at the λ =
λc . Besides, the value of the λc is dependent on the φhn f . Meanwhile, the values of f ′′ (0) and −θ′ (0) intensified
with increasing φhn f . Stability analysis has been applied using bvp4c in MATLAB software due to a dual solution.
Furthermore, analysis shows that the first solution is stable and feasible physically. For the slip parameters, an increase
in the velocity slip parameter increases the velocity and shear stress profiles while increasing the temperature profile
in the first solutions. While the rise in thermal slip parameter reduces the temperature profile nanoparticle volume
fractions increase it.
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1 Introduction
The manufacturing sector has experienced significant advantages from using nanofluids, which possess

highly favorable properties for heat transfer and heat conductivity. The employment of nanofluids has
enabled these advantages. Traditional fluids like ethylene glycol, water, and lubricants have been commonly
used in various industrial and technical processes with low thermal conductivity and heat transfer enhance-
ment. To overcome these challenges, Choi et al. [1] introduced nanofluid that was prepared through the
suspension of a different type of Nano-sized particle in the common traditional fluids later on, Kang et al. [2]
investigated different aspects of Nano-fluid. The impact of Al2O3 and Cu nanoparticles on the flow and heat
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transfer characteristics in water-based Nano-fluids was examined by Lee et al. [3] experimentally. Although
these Nano-fluidic systems complete many requirements of the modern engineering and industrial fields,
investigators have always been in search of obtaining more and more effective Nano-fluidic systems. In this
regard, for a few years, various studies have been performed to develop more effective types of the latest fluids
dispersing various nanoparticles in a base fluid at a time which were named HNFs. The main purpose behind
the preparation is to improve the heat-transferring capability as compared to common nanofluids by using
different kinds of nanoparticles at the same time. Because of possessing enhanced thermal capabilities, such
fluids can be used in various applications in medical, engineering, and industrial fields like as in solar heating
systems, HVAC, cooling in transformers, MCHS (microchannel heat sink), and biomedical and electronic
cooling [4]. Since the last many years, several investigators have been exploring different flow characteristics
of HNF in the different geometrical shapes where their study have shown greater heat transfer capabilities of
HNF as compared to common fluids/nanofluids [5–8]. Furthermore, CuO-water-based nanofluid and CuO-
Ag water-based HNF in a vibrant cylindrical chamber were theoretically studied by Rajesh et al. [9]. The
effects of Newton heating and MHD on HNF over-stretching sheets were studied by Devi et al. [10]. Nagoor
et al. [11] investigated the flow characteristics of HNF numerically by using a bvp4c solutions technique
over the revolving frame. Alempour et al. [12] examined the flow in a three-dimensional oval tube having
circular types of the cross-sector. Their findings indicate an increase in friction and an increase in thermal
characteristics due to changes in flow geometries. Three-dimensional MHD flows of HNF on a spinning disk
were examined by Ouyang et al. [13].

To find the possibility that the fluid may slide on the solid’s surface, Navier presented a more general
boundary condition (BC) in 1823. The slip BC was identified by Maxwell in 1879 using the gas kinetic
theory [14,15]. Consequently, it is considered that the fluid velocity at the solid surface is directly proportional
to the surface shear rate, with the constant proportionality having length dimensions [16]. The slip length
is the imaginary distance inside a solid where the linear extrapolation of fluid velocity to zero. When fluid
molecules behave differently at solid surfaces than when develop bulk in fluids, this phenomenon is called a
slip condition in fluid mechanics [17]. Given their influence on fluid dynamics and properties, slip conditions
are fundamental in a variety of contexts. In many different areas, slip conditions show an important
character, such as in the design of efficient microfluidic systems [18], biomedical applications [19], nano-
membranes, lab-on-a-chip devices, nanoscale sensors [20], thermal management systems, and improvement
of oil extraction and transport processes [21]. They are also essential in designing blood vessels, biological
tissues, drug delivery, blood flow, and biomedical systems [22]. Muhammad et al. [23] discovered that velocity
slip parameters reduce SFC while examining HNF. Eid et al. [24] analyzed the Fe3O4-Cu/EG HNF, focusing
on the impact of slip effects. Alharbi et al. [25] employed the slip effect on the ternary HNF and observed that
the average velocity profile is raised as a result of improved slipping effects. In their statistical and theoretical
study, Djoko et al. [26] examined the Navier-Stokes equations, which are subject to a BC related to power law
slip. Moreover, Yasin et al. [27] worked on the peristalsis MHD Maxwell viscous-elastic fluid that is subject to
slip conditions. Jamrus et al. [28] employed the Tiwari model to investigate the properties of a ternary HNF.
To learn more about the uses of slip effects in various models of nanofluids and HNFs, readers can also check
out the work done by [29–33] other related articles of Tiwari and Das’s model are also used by the researcher.

The main aim of this article is to study the flow and heat-transfer characteristics of Ag-Fe3O4/H2O HNF
over stretched/shrinking disks with radiation and slip effects. This work was extended to the work done by
Waini et al. [34]. The numerical investigations show duality in solutions due to which stability analysis is
performed to check the feasibility of achieved solutions. The present work will be beneficial for researchers
who want to work in the modern field of fluid mechanics of hybrid Nanofluid over disk which is rarely
considered on a disk surface. On the other hand, this study also helps researchers how to deal with problems
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when more than one solution arises for the same value of parameter due to the non-linearity of the equations.
The present study can be extended to ternary hybrid Nanofluid with non-Newtonian base Nanofluid with
different boundary conditions over different geometrical phenomena.

2 Mathematical Formulation
There have been considered flow and heat transfer characteristics of Ag-Fe3O4/H2O hybrid nanofluid

over stretching/shrinking disk. The following assumptions have been made:

• Thermal radiation effects are considered.
• The slip effect is also considered in the study.
• The flow phenomenon is described using a coordinate system, as shown in Fig. 1.
• The surface is set at z = 0, while the flow domain is considered on the upper half-plane.
• ue(r, z) represents the free stream velocity.
• uw(r) represents the surface velocity.
• T∞ represents the ambient temperature.
• Tw represents the surface temperature.

Figure 1: The flow phenomenon and coordinate system

The governing equations of the problem are written as:
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Subject to BCs:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

w = 0, u = λuw (r) + A∂u
∂z

, T = Tw + B ∂T
∂z

, at z = 0
∂u
∂z
→ ∂ue

∂r
; T → T∞ as z →∞

, (5)

where u and w denote velocities components that are measured in directions of radial r and axial z. While,
T and p stands for temperature and pressure of the fluid, respectively. Furthermore, Uw(r) = a2/3ν f

1/3r and
ue(r, z) = 2arz, with a as a constant of velocity with dimension 1/LT that shows the flow strength of the
fluid, while fluid kinematic viscosity of the fluid is denoted by ν f . Furthermore, λ > 0 and λ < 0 show the
stretching and shrinking case of the surface, while the surface is stationary at λ = 0. While the radioactive
heat flux, qr , is defined as:

qr =
4σ∗

3k∗
∂T4

∂z
, (6)

where k∗ is average absorption coefficient and σ∗ is a Stefan’s Boltzmann constant. T4 should be expressed as
a function of T since the temperature differences among the fluid flows are not large. By disregarding terms
of higher order and the applying a condensed Taylor series to T∞, we obtain:

T4 ≅ 4T3
∞ T − 3T4

∞. (7)

To get similar solutions of the Eqs. (1)–(4), the following similarity transformation has been adopted as
suggested by Waini et al. [34] and Weidman [35].

u = a2/3v f
1/3r f ′(η), w = −2a

1
3 ν f

2
3 r f (η) , θ (η) = T − T∞

Tw − T∞
; η = ( a

ϑ f
)

1
3

z. (8)

Substituting Eq. (8), Eqs. (2)–(4) have been transformed to ODEs as:

μhn f /μ f

ρhn f /ρ f

f ′′′ + 2 f f ′′ − f
′2 = 0, (9)

1
Pr

1
(ρcp)hn f / (ρcp) f

(khn f /k f +
4
3

Rd) θ′′ + 2 f θ′ = 0. (10)

The reduced BCs are:
⎧⎪⎪⎨⎪⎪⎩

f (0) = 0, f ′ (0) − δ f ′′ (0) = λ, θ (0) − δT θ′(0) = 1 at η = 0
f ′′ (η) → 2, θ (η) → 0, as η →∞

, (11)

where δ = A(a/ϑ f )
1/3 is thermal slip parameter and δT = B (a/ϑ f )

1/3 is velocity slip parameter, respectively.
While, Rd = 4T3

∞
σ∗

k f k∗ is thermal radiation parameter and Pr = ϑ f
α f

is the Prandtl number.

Furthermore, the SFC (C f r) and Nusselt number (Nur) are expressed as:
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Substituting Eq. (8) in Eq. (12), there is obtained

C f r (Rer)
1
2 =

μhn f

μ f
f ′′ (0) , Nur (1/Rer)

1
2 = −(khn f /k f +

4
3

Rd) θ′ (0) , (13)

where Rer = rUw
ϑ f

denotes the Reynolds number.

3 Numerical Solution
The numerical solution for the Eqs. (9)–(11) has been achieved by the applying shooting method in

Maple software. The problem may be written as:
f ′ = FP , f ′′ = FPP ,

μhn f /μ f

ρhn f /ρ f

F
′

PP + 2FFPP − (FP)2 = 0, (14)

θ′ = θP ,

1
Pr

1
(ρcp)hn f / (ρcp) f

(khn f /k f +
4
3

Rd) + 2FθP = 0. (15)

Subject to the boundary conditions:

⎧⎪⎪⎨⎪⎪⎩

F (0) = 0, FPP (0) = λ + δFPP (0) , θ (0) = 1 + δT θP (0) η = 0,
FPP → 2, θ (η) → 0, as η →∞

(16)

where α1 and α2 are used for missing initial conditions. The results are obtained by shooting methods by
adding shootlib functions in Maple software, whereas thermos-physical properties of the used nanoparticles
are presented in Table 1 and defined in Table 2.

Whereas, f and hnf as a subscript indicate the base fluid and HNF, respectively.

Table 1: The thermo-physical properties based fluid on and used nanoparticles [41,42]

Material ρ (kg/m3) C p (J/kgK) k (W/mK)
Ag 10500 235 429

Fe2O3 5180 670 80.4
Water (H2O) 997.1 4179 0.613

Table 2: Correlation of the thermo-physical properties of base fluid and the solid nanoparticles, Memon et al. [43]

Properties Mathematical formulations in case of HNF

Dynamic viscosity μhn f = μ f (1 − ϕAg)
−2.5 (1 − ϕF e2 O3)

−2.5

Density ρhn f = [(1 − ϕAg) ρ f + ϕAg ρAg] (1 − ϕF e2 O3) +
ϕF e2 O3 ρF e2 O3

(Continued)
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Table 2 (continued)

Properties Mathematical formulations in case of HNF
Heat capacity (ρcp)hn f =

[(1 − ϕAg) (ρcp) f + ϕAg (ρcp)Ag] (1 − ϕF e2 O3) +
ϕF e2 O3 (ρcp)F e2 O3

Thermal conductivity khn f =
2kn f−2ϕF e2 O3(kn f−kF e2 O3)+kF e2 O3
2kn f+ϕF e2 O3(kn f−kF e2 O3)+kF e2 O3

× kn f

Where kn f =
2k f−2ϕAg(k f−kAg)+kAg

2k f+ϕAg(k f−kAg)+kAg
× k f

4 Stability Analysis
The numerical investigation exhibits the existence of the dual nature of solutions across different ranges

of the values of the particularly used parameters. To detect the viability of achieved solutions, there has
been performed stability analysis as done by Merkin [36]. In this regard, Eqs. (2)–(4) are written into related
unsteady form as:
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The similarity transformation is modified as:

u = a2/3v f
1/3r f ′(η ,τ), w = −2a1/3v f

2/3r f (η, τ) , θ (η, τ) = T − T∞
Tw − T∞

, η = ( a
ϑ f
)

1/3

z, (20)

where τ = a2/3v f
1/3t denotes non-dimensional time dependent variable. Furthermore, substituting

the Eq. (20) in Eqs. (17)–(19), it is obtained:
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and boundary conditions are:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

f (0, τ) = 0, ∂ f (0, τ)
∂η

= λ + δ ∂2 f (0, τ)
∂η2 , θ (0, τ) = 1 + δT

∂θ (η, τ)
∂η

∂2 f (η, τ)
∂η2 → 2, θ (η, τ) → 0 as η →∞

. (23)
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Following to the Weidman et al. [37], the steady solution f (η) = f0 (η) and θ (η) = θ0 (η) of
Eqs. (9)–(11) are perturbed as follows:

f (η, τ) = f0 (η) + e−γτF (η, τ) , θ (η, τ) = θ0 (η) + e−γτG (η, τ) . (24)

The functions F (η, τ) and G (η, τ) in the Eqs. (21) and (22) are comparatively smaller than f0 (η) and
θ0 (η). The sign of γ (eigenvalue) decides the stability of the achieved solutions. A stable solution has positive
values γ while rising negative values of γ indicate unstable solutions. By using the Eq. (24), into the Eqs. (21)
and (22), we have:
μhn f /μ f

ρhn f /ρ f

F′′′ + 2( f0F′′ + f
′′

0 F − f
′

0F′) + γF′ = 0, (25)

1
Pr

1
(ρcp)hn f / (ρcp) f

(khn f /k f +
4
3

Rd)G′′ + 2( f0G′ + θ
′

0F) + γG = 0. (26)

Subject to Boundary conditions are:

⎧⎪⎪⎨⎪⎪⎩

F (0) = 0, F′(0) = δF′′(0), G(0) = δT G′(0)
F′′ (η) → 0, G (η) → 0, as η →∞

. (27)

There are solved the above-linearized Eqs. (25) and (26) that are subject to conditions (27). Also, to
achieve the smallest values γ, there are applied bvp4c solver functions in Matlab software. Values of the γ
by solving Eqs. (25) and (26) are achieved by the changing F′′(0) or G′(0). In this problem, we have set
F′′ (0) = 2 and then the Eqs. (25) and (26) have been solved to find the values of γ, which are done by [38–40].

5 Result and Discussion
The numerical solution for a system of Eqs. (9) and (10) having boundary conditions in Eq. (11) is

obtained by the shooting method in the software of Maple. The effects of nanoparticle volume fraction
(φhn f ), velocity slip parameter (δ), thermal slip parameter (δT), stretching/shrinking parameter (λ),
Prandtl number (Pr), and thermal radiation (Rd) parameter are examined and discussed graphically. The
thermos-physical properties of base fluid water, iron oxide, and silver nanoparticles are presented in Table 1.
While thermos-physical properties of hybrid nanofluids are defined in Table 2. For the validation of the
achieved results, the comparison is done with the previously obtained results [34] and is presented in Table 3,
which shows resemblance results. This comparison indicates that our other achieved results are correct.

Table 3: Comparative of the values of f ′′(0) for different λ for φhn f = Rd = δ = δT = 0, and Pr = 6.2

λ Waini et al. [34] Current results

1st solution 2nd solution 1st solution 2nd solution
0 2.0000 2.0000
−0.1 1.9892 −0.0337 1.9889 −0.0348
−0.3 1.8895 −0.0146 1.8896 −0.0147
−0.5 1.6231 0.1715 1.6234 0.1716
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Furthermore, for the variation of the different physical parameters on SFC and Nusselt numbers along
with velocity and temperature profiles dual solutions are achieved. To verify the feasibility of achieved
solutions, there is performed stability analysis of solutions through the III-stage-Lobatto-IIIA formula that
has been established in the bvp4c. The numerical values obtained through stability analysis are presented
in Table 4, which indicates that the first solution is stable and physically feasible whose achieved eigenvalues
are positive indicating continuity of the solutions. The second solution has been found unstable and
physically impossible due to negative eigenvalues.

Table 4: The smallest eigenvalues of γ for several values of the parameters Rd and λ where φhn f = δ = δT = 0.2, and
Pr = 6.2. are fixed

γ

λ Rd 1st solution 2nd solution
1 0.1 1.31305 −1.1121

1.5 0.1 1.7812 −1.3476
2 0.2 2.1573 −2.2191
2 0.3 2.5123 −2.1714

Additionally, the influences of various physical parameters on the SFC f ′′ (0), local Nusselt number
–θ′ (0), velocity profile f (η), shear stress f ′′(η), and temperature distribution θ(η) are visually represented
through a series of graphical illustrations. These illustrations, presented in Figs. 2–13, showcase the effects of
parameters λ on the flow of Ag-Fe3O4/water hybrid nanofluid, with a focus on stable solution regimes only.

Figure 2: Variation of f ′′(0) for different values of λ and
ϕhn f

Figure 3: Variation of −θ′ (0) for different values of λ and
ϕhn f
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Figure 4: Velocity f ′(η) for different values of ϕhn f Figure 5: Shear stress f ′′(η) for different values of ϕhn f

Figure 6: Temperature θ(η) for different values of ϕhn f Figure 7: Shear stress f ′′(η) for different values of λ

The impact of nanoparticle volumetric fractions, denoted by φhn f , SFC, and local Nusselt numbers is
elucidated in Figs. 2 and 3, which also illustrate the effect of varying the stretching/shrinking parameter λ.
Notably, these figures reveal the existence of dual solutions for λc ≤ λ, whereas no solutions emerge for λ < λc ,
with λc representing the critical point at which the two solutions converge. Conversely, a unique solution
is obtained at λ = 0. Fig. 2 demonstrates that the skin friction coefficient increases for both stretching and
shrinking cases in the first solution as the nanoparticle volume fraction rises. Furthermore, Fig. 3 shows that,
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in the first solution, the Nusselt number decreases with increasing nanoparticle volume fraction for λ > 0,
whereas an inverse trend is observed for λ < 0.

Figure 8: Temperature θ(η) for different values of λ Figure 9: Velocity f ′(η) for different values of δ

Figure 10: Shear stress f ′′(η) for different values of δ Figure 11: Temperature θ(η) for various values of δ
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Figure 12: Temperature θ(η) for different values of δT Figure 13: Temperature θ(η) for different values of Rd

Figs. 4–6 show the combined effects of nanoparticles volumetric fraction of Ag and Fe2O4 nanoparticles
on the velocity, shear stress, and temperature profiles of water-based HNF flow over the disk, respec-
tively. Figs. 4 and 5 indicate that an increase in the rate of nanoparticles of Ag and Fe2O4 in water-based fluid
raises velocity and shear stress profiles in the first (stable) solution. Fig. 6 demonstrates that the temperature
profile and thermal boundary layer (BL) thickness rise throughout the flow in the first solution with an
increase in nanoparticle volume fraction. Any increase in the rate of nanoparticles develops resistance in the
flow because of increasing viscosity between flowing fluid layers, so, the velocity decreases and temperature
rises [44].

Figs. 7 and 8 indicate the effects of shrinking parameters (λ) on shear stress and temperature profiles,
respectively. It is seen that the decrease in λ decreases the shear stress and increases temperature profiles
and TBL thickness throughout the flow. Figs. 9–11 show the effect of the velocity slip parameter (δ) on the
velocity, shear stress, and temperature profiles respectively. The Figs. Show that any increase in the velocity
slip parameter (δ) increases velocity and the shear stress profiles, while decreasing the temperature and TBL
thickness during the flow. An increase in the velocity slip parameter reduces wall shear stress which enhances
momentum transfer which becomes a reason to improve the velocity and shear stress profile.

Fig. 12 illustrates the influence of the thermal slip parameter (δT ) on the temperature distribution.
Notably, an incremental increase in the thermal slip parameter yields a corresponding rise in the temperature
profile, accompanied by a thickening of the TBL.

Physically a higher thermal slip decreases the wall heat flux, aligns the fluid to retain more heat, and
increases the temperature profile. The effect of thermal radiation (Rd) on the temperature profile is shown
in Fig. 13. The Fig shows that an increase in radiation parameter decreases the temperature profile at the start.
Still, after a while, it increases throughout the flow. At the larger rate of the thermal radiations, the mean
absorbing coefficient k∗ creates divergences of the radiating thermal exchange while radiations continuously
provide heat energy in the flow field. As a result, temperature fluid rises during the flow.
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6 Conclusion
Due to the wide range of industrial applications of the Ag-Fe3O4/H2O hybrid nanofluid model, BL flow

and heat transfer characteristics are considered over stretching/shrinking disk with thermal radiation and
slip effects. The shooting method is employed to achieve the numerical solutions of the equations to analyze
the effects of the different used parameters on the velocity profile, shear stress, and temperature profile.
Moreover, stability analysis for the existing model has been performed due to the occurrence of duality in
solutions. The main findings of the present study are given as follows:

• There are two solutions found, for λ > 0 and λ < 0 but unique at λ = 0.
• The first solution exhibits stability and physical viability, whereas the second solution is deemed unstable.
• Notably, the skin friction coefficient (SFC) undergoes an increase for both stretching and shrinking

scenarios, characterized by the parameter λ, as the volume fraction of nanoparticles rises.
• The Nusselt number decreases as the nanoparticle volume fraction increases for λ > 0 and increases for

λ < 0.
• An increase in nanoparticle volume fractions decreases the velocity and shear stress profiles.
• A rise in the velocity slip parameter has a multifaceted effect, yielding enhancements in both velocity

and shear stress profiles, while concurrently inducing a decline in the temperature profile.
• An increase in thermal slip parameter decreases the temperature profile but on the other hand, increasing

nanoparticle volume fractions increases the temperature profile.
• An increase in radiation parameters at the start decreases the temperature profiles, but after that, it

increases the temperature profile throughout the flow.

The present research has two primary limitations. Firstly, it focuses exclusively on cylindrical coordi-
nates and HNF flow incorporating two nanoparticles, thermal radiation, and slip effects. Secondly, the study
is restricted to examining two solutions, accompanied by a stability analysis.
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Nomenclature
r, z Radial and axial directions (m)
Uw Stretching & shrinking velocity (m/s)
u, w Velocity components (m/s)
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uw Surface velocity (m/s)
ue Free stream velocity (m/s)
g Gravitational force (m/s2)
T Temperature (K)
θ Dimensionless Temperature
Tw Sheet temperature (K)
T∞ Ambient temperature (K)
Ag Silver
Fe3O4 Iron oxide
ϕ1 Volume fractions of nanoparticles (Ag)
ϕ2 Volume fractions of nanoparticles (Fe3O4)
ρn f Density of nanofluid (kg/m3)
(ρCp)hn f Heat capacitance (J/kg3.K)
μhn f Dynamical viscosity (m2/s)
Nur Local Nusselt number
k∗ Mean absorption coefficient (1/m)
k f Thermal conductivity (W/m⋅K)
ϑ f Kinematic viscosity (m2/s)
τ Stability transformed variable
qr Radiative heat flux (W/m2)
Rer Local Reynolds number
αhn f Thermal diffusivity (m2/s)
khn f Thermal conductivity (W/m⋅K)
η Similarity variable
Rd Thermal radiation
ψ Stream function
Pr Prandtl number
λ Shrinking/stretching parameter
σ∗ Constant of Stefan-Boltzmann (W/m2⋅K4)
γ Unknown eigenvalue
σ Electrical conductivity
μ f Dynamic viscosity fluid (Pa⋅s)
δ Velocity slip parameter
δT Thermal slip parameter
C f r Skin friction coefficient (SFC)
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