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ABSTRACT: Accurately modeling heavy-tailed data is critical across applied sciences, particularly in �nance,

medicine, and actuarial analysis. �is work presents the heavy-tailed power XLindley distribution (HTPXLD), a

unique heavy-tailed distribution. Adding one more parameter to the power XLindley distribution improves this new

distribution, especially when modeling leptokurtic lifetime data.�e suggested density provides greater �exibility with

asymmetric forms and di�erent degrees of peakedness. Its statistical features, like the quantile function, moments,

extropy measures, incomplete moments, stochastic ordering, and stress-strength parameters, are explored. We further

investigate its use in actuarial science through the computation of pertinent metrics, such as value-at-risk, tail value-

at-risk, tail variance, and tail variance premium. To obtain the point and interval parameter estimates, we use the

maximum likelihood estimation approach. We do many simulation tests to evaluate the performance of our proposed

estimator. Metrics like bias, relative bias, mean squared error, root mean squared error, average interval length, and

coverage probability will be used in these tests to assess the estimator’s performance. To illustrate the practical value of

our proposed model, we apply it to analyze three real-world datasets. We then compare its performance to established

competing models, highlighting its advantages.

KEYWORDS: Power XLindley; heavy-tailed-G family; extropy measure; stochastic ordering; parametric estimation;

asymmetric dataset

1 Introduction

An essential area of statistics is lifetime data analysis, which models and examines the duration until

a phenomenon fails or survives. It is useful in a wide range of disciplines, including biology, ecology,

medicine, social sciences, and reliability engineering. �e exponential distribution, with its constant failure

rate function andmemoryless quality, is one of themost popular distributions for lifespan data. Nevertheless,

certain data types, such as those that show growing, declining, unimodal, or bathtub-shaped failure rate

functions, might not be well-modeled by the exponential distribution. To get around the drawbacks of

the exponential distribution and o�er improved �exibility, many alternative distributions have been put

Copyright © 2025�e Authors. Published by Tech Science Press.
�is work is licensed under a Creative Commons Attribution 4.0 International License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://www.techscience.com/journal/CMES
https://www.techscience.com/
http://dx.doi.org/10.32604/cmes.2025.058362
https://www.techscience.com/doi/10.32604/cmes.2025.058362
mailto:ibrahim.ragab@eia.edu.eg


2548 Comput Model Eng Sci. 2025;142(3)

forth in the literature. In this sense, one of the most �exible and straightforward lifespan models is the

XLindley distribution (XLD), which was introduced by Chouia et al. [1] as a combination of the Lindley and

the exponential distributions. �e probability density function (PDF) and cumulative distribution function

(CDF) of the XLD are de�ned as:

f (x; β) = (β2(2 + β + x)(1 + β)2 ) e−βx ; x > 0,
and

F(x; β) = 1 − (1 + βx

(1 + β)2) e
−βx ; x > 0,

where β > 0 is the scale parameter. Many academics have recently proposed various methods for incorpo-

rating new probability distributions. A strategy that increases the �exibility of the resulting distribution is

the power transformation of the research variable with an additional shape parameter such as the power

half-logistic distribution [2], power length-biased Suja distribution [3], power Lindley-G family [4], power

weighted Sujayha distribution [5], power Lomax distribution [6], power Lomax Poisson distribution [7],

power-modi�ed Kies-exponential distribution [8], and power-transmuted inverse Rayleigh distribution [9].

In contrast toXLD, the powerXLD (PXLD) produced byMeriem et al. [10] has an additional shape parameter

that we will be focusing on here. �e PDF and CDF of the PXLD are provided as below:

f (y; ϑ , β) = (ϑβ2(2 + β + yϑ)yϑ−1(1 + β)2 ) e−βyϑ ; y > 0, (1)

and

F(y; ϑ , β) = 1 − (1 + βyϑ

(1 + β)2) e
−βyϑ ; y > 0, (2)

where β > 0 and ϑ > 0 are scale and shape parameters, respectively.

In numerous �elds of study during the past decades, including economics, actuarial science, engineer-

ing, environmental research, lifespan, medical science, and many more, it has been determined that the

classical distributions do not match the data well. To construct many unique models tailored for certain

datasets, the authors have gone into great detail in their explanation.�e classical distributions may bemade

more �exible by introducing additional parameters or by performing various transformations on the baseline

distribution, which will improve its capacity to handle complex situations. To strengthen the �exibility of

models in this context,many classes of distributions have been generated by using various processes, resulting

in a more powerful and adaptable distribution for dataset modeling; for instance, Marshall-Olkin-G [11],

beta-G [12], Kumaraswamy-G [13], transformed-transformer [14], Weibull-G [15], Dinesh-Umesh-Sanjay-G

by [16], type I half-logistic-G [17], exponentiated half-logistic-G [18], Topp-Leone-G [19], Gompertz-G [20],

beta odd Lindley-G [21], truncated power Lomax-G [22], Kavya-Manoharan-G [23], odd inverted Topp-

Leone [24], Weibull Marshall-Olkin-G [25], sec-G [26], length-biased truncated Lomax-G [27], generalized

logarithmic-X [28], alpha log power transformed-G [29], Marshall-Olkin-exponentiated half logistic-G [30]

among others.

Probability distributions with a signi�cant number of values in the tail of the distribution that is more

than what would be predicted from a normal distribution are referred to as heavy-tailed (HT) distributions.

�ismeans thatHTdistributions assign a higher probability to extreme events or outliers.�ese distributions
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are valuable tools in various �elds for understanding andmanaging the risk associatedwith rare but impactful

events. �e necessity of the HT distributions in actuarial practice has prompted actuaries to develop new

�exible distributions (see [31–33]). Reference [34] covered the characteristics, estimates, and fundamental

ideas of HT distributions, whereas reference [35] examined the estimation issue of HT distributions in

extreme value theory. Moreover, several speci�c HT distributions have been introduced, including the HT

Gleser distribution by [36], Type-I HT-G distributions by [37], Type I HT odd power generalizedWeibull-G

by [38], and HT generalized Topp-Leone-G by [39]. Many actual application studies in a variety of �elds,

including hydrology, biology, agriculture, production, survival, and �nance, may be shown using the HT

class of distributions. In recent times, Ahmed et al. [40] have introduced a new class of distributions dubbed

the HT class of distributions. To better examine the underlying patterns of the data sets, this new addition is

a useful tool for creating newmodels that are suitable for analyzingHT, symmetric, complicated, and skewed

data sets. �e HT-G family of distributions’ CDF and PDF may be written as follows, in that order:

G(y; δ; υ) = δF(y; υ)
δ − 1 + F(y; υ) , δ > 1, y ∈ R, (3)

and

g(y; δ; υ) = δ(δ − 1) f (y; υ)
[δ − 1 + F(y; υ)]2 , δ > 1, y ∈ R, (4)

where F(y; υ), and f (y; υ) are the CDF and PDF of the baseline random variable with vector parameter υ.

�e �eld of statistics has a large collection of probability distributions, each with its strengths and

weaknesses. It is not possible to represent or express important aspects in every scenario using a single

distribution. In response to this limitation, we introduce a novel extension of the PXLD with the assistance

of the HT-G family, named the heavy-tailed PXLD (HTPXLD). �is paper aims to achieve the following

objectives:

• Create a �exible distribution that can display declining, right-skewed, and unimodal data. Its hazard rate

function (HRF) can be growing, decreasing, unimodal, right-skewed, or reverse J-shaped.

• To construct and evaluate some of the keymathematical properties, includingmoments, linear represen-

tation of density function, incomplete moments (IMs), quantile function (QF), Bonferroni and Lorenz

curves, stochastic ordering (SO), extropy measures, and stress-strength (SS) reliability parameter.

• To obtain the point and approximate con�dence interval (CI) estimators of the unknown parameters of

the HTPXLD using the maximum likelihood (ML) estimation method.�rough the implementation of

the Monte Carlo simulation approach, the accuracy of the proposed model estimates is evaluated.

• A comparative analysis of the proposed model against well-known alternatives is performed using three

diverse real-world datasets to assess its practical applicability.

�e paper proceeds as follows: Section 2 introduces theHTPXLD. Section 3 delves into itsmathematical

features. Few actuarial measures are examined in Section 4. In Section 5, we describe the process of

estimating model parameters using the ML approach and create CIs for the unknown parameters of the

model. A Monte Carlo simulation study is performed in Section 6 to demonstrate the consistency of the

suggested estimate. Practical applications of the model are presented in Section 7. Section 8 concludes the

paper with some �nal considerations and key �ndings.

2 Heavy-Tailed Power XLindley Distribution

�is section introduces the core concepts behind the HTPXLD, including PDF, CDF, survival function

(SF), HRF, and reversed HRF (RHRF). It also provides visualizations for the PDF and HRF. �e CDF of the



2550 Comput Model Eng Sci. 2025;142(3)

HTPXLD is created by inserting CDF (2) in CDF (3), resulting in the following expression:

G(y;ω) = δ [1 − (1 + β●yϑ) e−βyϑ ]
δ − (1 + β●yϑ) e−βyϑ , y;> 0, β, ϑ > 0, δ > 1, (5)

where β● = β

(1+β)2
, ω = (δ, β, ϑ) is the set of parameters. �e PDF of the HTPXLD is given by

g(y;ω) = δ(δ − 1)β●ϑβ(2 + β + yϑ)yϑ−1e−βyϑ
[δ − (1 + β●yϑ) e−βyϑ ]2 , y > 0, δ > 1, ϑ , β > 0. (6)

For ϑ = 1, the PDF (6) reduces to the HT XLD (HTXLD) as a special new sub-model. A key idea in

survival analysis, reliability engineering, and other domains is the SF, sometimes referred to as the reliability

function. It gives the probability that a system or component will operate perfectly for a predetermined

amount of time. �e SF of the HTXLD is given by

Ḡ(y;ω) = (δ − 1) (1 + β●yϑ) e−βy
ϑ

δ − (1 + β●yϑ) e−βyϑ .

A mathematical notion utilized in survival analysis, reliability engineering, and other domains is the

HRF, represented by h(y;ω). It measures the immediate risk of failure for a system or object that has so far

survived at a given time (y). �e HRF of the HTXLD is given by

h(y;ω) = δβ●ϑβ(2 + β + yϑ)yϑ−1
(1 + β●yϑ) [δ − (1 + β●yϑ) e−βyϑ ] .

�e RHRF of the HTXLD is given by

h̄(y;ω) = (δ − 1)β●ϑβ(2 + β + yϑ)yϑ−1e−βyϑ
[1 − (1 + β●yϑ)e−βyϑ ] [δ − (1 + β●yϑ) e−βyϑ ] .

�e PDF plots of the HTPXLD for particular parameter values are shown in Fig. 1. �e HRF of the

HTPXLD for the chosen parameter values is then shown in Fig. 2. From Figs. 1 and 2, we can note that the

PDF can be right-skewed, unimodal, or decreasing, but the HRF can be increasing, decreasing, or upside-

down.
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Figure 1: Plots of the PDF for the HTPXLD

Figure 2: Plots of the HRF for the HTPXLD

3 Statistical Properties

A number of statistical properties, such as QF, moments, IMs, PDF linear expansion, Bonferroni and

Lorenz curves, SO, SS parameters, and extropy measures that shed light on the structure of the distribution,

will be covered here.
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3.1 Series Representation

To analyzemost of the statistical properties ofHTPXLD,we can express the PDF as a linear combination

of simpler functions. Using the following power series:

(1 + z)−n = ∞∑
j1=0

(−1) j1 ( n + j1 − 1
j1

) z j1 , ∣z∣ < 1, n > 0, (7)

in PDF de�ned in Eq. (6) provides

f (y;ω) = ∞∑
j1=0

( j1 + 1)(−1) j1(δ − 1)β●ϑβ
δ j1+1

(1 + β●yϑ) j1 (2 + β + yϑ) yϑ−1e−β( j1+1)yϑ . (8)

Again, using a binomial expansion in PDF (8) yields

f (y;ω) = ∞∑
j1=0

τ j1 , j2ϑ (2 + β + yϑ) yϑ( j2+1)−1e−β( j1+1)yϑ

τ j1 , j2 = j1∑
j2=0
( j1

j2
)( j1 + 1)(−1) j1(δ − 1)β●( j2+1)β

δ j1+1

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
. (9)

3.2 Quantile Function

In statistical modeling, the QF is essential because it makes it possible to estimate certain percentiles,

o�ers valuable insights into the data distribution, and supports a range of inferential and decision-making

procedures. One may determine the QF of the HTPXLD, denoted as Q(u), by solving F(Q(u)) = u for

u ∈ (0, 1). �erefore, we must create the following equation:

u = δ [1 − (1 + β●(Q(u))ϑ) e−β(Q(u))ϑ ]
δ − (1 + β●(Q(u))ϑ) e−β(Q(u))ϑ ,

which leads to

uδ − δ
u − δ = (1 + β●(Q(u))ϑ) e−β(Q(u))

ϑ

. (10)

Bymultiplying the two sides of Eq. (10) by e−(β+1)
2

, onemay �nd the Lambert equation (see [41]), which

gives

Q(u) = [−(β + 1)2
β

− 1

β
W−1 {(uδ − δ

u − δ ) (β + 1)2e−(β+1)
2} ]

1/ϑ

, u ∈ (0, 1). (11)

Setting u to be equal 0.25, 0.5, and 0.75 in Eq. (11) yields the �rst (Q1), second (Q2), and third (Q3)

quartiles of the HTPXLD. �ese quartiles help assess the symmetry (skewness) and peakedness (kurtosis)

of the data. Bowley’s skewness (η1) ([42]) andMoor’s kurtosis (η2) ([43]) are statistics calculated using these

quartiles to quantify these characteristics precisely. �e equations for η1 and η2 are provided below:

η1 = Q(0.75) − 2Q(0.5) + Q(0.25)
Q(0.75) − Q(0.25) ,
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and

η2 = Q(0.875) − Q(0.625) − Q(0.375) + Q(0.125)
Q(0.75) − Q(0.25) .

Table 1 presents quantile values (Q1, Q2, Q3), η1 and η2 of the HTPXLD for various parameter values

and u values. �e table reveals several trends: �e data show that increasing ϑ leads to higher values for Q1,

Q2, and Q3, while η1 and η2 decrease. Values are generally higher at β = 0.5 compared to β = 0.8, and there

is a consistent trend where Q1, Q2, and Q3 increase with δ, while η1 and η2 decrease.

Table 1: Results of Q1, Q2, Q3, η1, and η2 linked to the HTPXLD distribution

β δ ϑ = 1.8 ϑ = 2.5
Q1 Q2 Q3 η1 η2 Q1 Q2 Q3 η1 η2

0.5 1.3 0.4741 0.8249 1.3384 0.1881 1.2850 0.5843 0.8706 1.2335 0.1179 1.2458

1.5 0.5738 0.9795 1.5398 0.1600 1.2514 0.6703 0.9851 1.3645 0.0930 1.2252

1.7 0.6389 1.0766 1.6598 0.1425 1.2353 0.7242 1.0546 1.4402 0.0772 1.2163

1.9 0.6853 1.1441 1.7405 0.1305 1.2261 0.7618 1.1018 1.4904 0.0668 1.2115

2.1 0.7204 1.1940 1.7989 0.1217 1.2203 0.7897 1.1362 1.5262 0.0590 1.2088

2.3 0.7478 1.2326 1.8434 0.1150 1.2163 0.8112 1.1625 1.5532 0.0531 1.2071

2.5 0.7699 1.2633 1.8783 0.1097 1.2136 0.8284 1.1833 1.5744 0.0485 1.2062

2.7 0.7881 1.2884 1.9065 0.1054 1.2115 0.8425 1.2001 1.5914 0.0448 1.2055

3 0.8102 1.3184 1.9400 0.1003 1.2093 0.8593 1.2202 1.6115 0.0404 1.2048

3.5 0.8373 1.3551 1.9805 0.0942 1.2070 0.8800 1.2445 1.6356 0.0351 1.2044

3.7 0.8459 1.3665 1.9930 0.0923 1.2063 0.8865 1.2521 1.6430 0.0334 1.2043

4 0.8570 1.3813 2.0091 0.0898 1.2055 0.8948 1.2618 1.6526 0.0313 1.2042

4.5 0.8718 1.4009 2.0304 0.0866 1.2045 0.9059 1.2747 1.6652 0.0285 1.2042

4.7 0.8768 1.4075 2.0375 0.0855 1.2042 0.9097 1.2790 1.6694 0.0277 1.2043

5 0.8834 1.4163 2.0469 0.0841 1.2038 0.9147 1.2847 1.6749 0.0265 1.2043

0.8 1.3 0.3261 0.5742 0.9497 0.2043 1.3033 0.4463 0.6707 0.9635 0.1323 1.2565

1.5 0.3958 0.6857 1.1004 0.1772 1.2647 0.5131 0.7621 1.0713 0.1079 1.2316

1.7 0.4417 0.7565 1.1909 0.1597 1.2454 0.5553 0.8180 1.1341 0.0922 1.2199

1.9 0.4746 0.8060 1.2521 0.1476 1.2341 0.5847 0.8561 1.1757 0.0815 1.2134

2.1 0.4995 0.8428 1.2965 0.1385 1.2268 0.6066 0.8841 1.2056 0.0734 1.2095

2.3 0.5190 0.8712 1.3303 0.1317 1.2217 0.6236 0.9055 1.2281 0.0673 1.2070

2.5 0.5348 0.8940 1.3569 0.1262 1.2180 0.6372 0.9225 1.2458 0.0625 1.2053

2.7 0.5478 0.9125 1.3784 0.1218 1.2153 0.6484 0.9362 1.2599 0.0586 1.2041

3 0.5636 0.9348 1.4040 0.1165 1.2123 0.6617 0.9526 1.2767 0.0539 1.2028

3.5 0.5831 0.9621 1.4349 0.1100 1.2090 0.6781 0.9726 1.2969 0.0483 1.2016

3.7 0.5892 0.9706 1.4445 0.1081 1.2080 0.6833 0.9788 1.3032 0.0466 1.2014

4 0.5972 0.9817 1.4568 0.1054 1.2069 0.6899 0.9868 1.3111 0.0443 1.2009

4.5 0.6079 0.9963 1.4731 0.1021 1.2054 0.6988 0.9974 1.3217 0.0414 1.2006

4.7 0.6115 1.0012 1.4786 0.1010 1.2050 0.7017 1.0009 1.3252 0.0403 1.2005

5 0.6162 1.0078 1.4858 0.0995 1.2045 0.7057 1.0056 1.3299 0.0390 1.2003
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3.3 Moments

Moments of distribution o�er valuable insights into its shape.�ey revealmeasures like central tendency

(average), dispersion (spread), skewness (asymmetry), and kurtosis (peakedness). �erefore, deriving the

moments is crucial for understanding any new distribution. �e k-th moment about the origin of the

HTPXLD is obtained by using PDF (9) as follows:

µ′k =
∞∑
j1=0

τ j1 , j2ϑ

∞

∫
0

(2 + β + yϑ)yk+ϑ( j2+1)−1e−β( j1+1)yϑdy

= ∞∑
j1=0

τ j1 , j2ϑ

⎡⎢⎢⎢⎢⎣
∞

∫
0

(2 + β)yk+ϑ( j2+1)−1e−β( j1+1)yϑdy +
∞

∫
0

yk+ϑ( j2+2)−1e−β( j1+1)y
ϑ

dy

⎤⎥⎥⎥⎥⎦
. (12)

Using the transformation z = β( j + 1)yϑ in (12), we have

µ′k =
∞∑
j1=0

τ j1 , j2

⎡⎢⎢⎢⎢⎣
(2 + β)

β( j1 + 1) j2+1+(k/ϑ)
∞

∫
0

z j2+(k/ϑ)e−zdz + 1

β( j1 + 1) j2+2+(k/ϑ)
∞

∫
0

z j2+(k/ϑ)+1e−zdz

⎤⎥⎥⎥⎥⎦
= ∞∑

j1=0

τ j1 , j2Γ ( j2 + 1 + (k/ϑ))
β( j1 + 1) j2+1+(k/ϑ) [(2 + β) + j2 + 1 + (k/ϑ)

β( j1 + 1) ] , (13)

where Γ(.) stands for gamma function (GF). For n = 1 in (13), the mean of the HTPXLD is produced.

Moreover, the k-th central moment of Y may be calculated in the way that follows by utilizing moments

around the origin.

µk = E(Y − µ′1)k =
k∑

u=0

(−1)u ( k

u
) µ′u1 µ′k−u .

�en, using the formulas, κ1 = µ3/(µ2)1.5 and κ2 = µ4/(µ2)2 , one may �nd the coe�cients of skewness

and kurtosis, respectively. �ey play crucial roles in establishing the asymmetry and �atness of the provided

distribution. Also, another importantmeasure is the coe�cient of variation (CV), de�ned byCV = σ
µ′1
, where

µ′1 is the �rst moment and σ is the standard deviation.

Likewise, the k-th incomplete moment of the HTPXLD, based on PDF (9), is determined as follows:

λk(x) = ∞∑
j1=0

τ j1 , j2ϑ

x

∫
0

(2 + β + yϑ)yk+ϑ( j2+1)−1e−β( j1+1)yϑdy

= x∑
j1=0

τ j1 , j2ϑ

⎡⎢⎢⎢⎢⎣
x

∫
0

(2 + β)yk+ϑ( j2+1)−1e−β( j1+1)yϑdy +
x

∫
0

yk+ϑ( j2+2)−1e−β( j1+1)y
ϑ

dy

⎤⎥⎥⎥⎥⎦
. (14)

Using the transformation z = β( j + 1)yϑ in (14), we have

λk(x) = ∞∑
j1=0

τ j1 , j2

⎡⎢⎢⎢⎢⎢⎣
(2 + β)

β( j1 + 1) j2+1+(k/ϑ)
β( j+1)x ϑ

∫
0

z j2+(k/ϑ)e−zdz + 1

β( j1 + 1) j2+2+(k/ϑ)
β( j+1)x ϑ

∫
0

z j2+(k/ϑ)+1e−zdz

⎤⎥⎥⎥⎥⎥⎦
= ∞∑

j1=0

τ j1 , j2

⎧⎪⎪⎨⎪⎪⎩
(2 + β)γ ( j2 + (k/ϑ) + 1, β( j + 1)xϑ)

[β( j1 + 1)] j2+(k/ϑ)+1 + γ ( j2 + (k/ϑ) + 2, β( j + 1)xϑ)
[β( j1 + 1)] j2+(k/ϑ)+2

⎫⎪⎪⎬⎪⎪⎭, (15)
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where γ(., x) is the lower incomplete GF. One can �nd applications of incomplete moments by [44].

Tables 2 and 3 present numerical outcomes for the �rst four moments, variance (σ 2), σ , κ1, κ2 and CV

for the HTPXLD for some selected parameter values. Based on the positive values of κ1 > 0, the HTPXLD

exhibits right-skewed. �e distribution is characterized as leptokurtic for κ1 > 3 and platykurtic for κ1 < 3.
Table 2: Numerical outcomes for the �rst four moments, σ 2, σ , κ1, κ2 and CV for the HTPXLD when ϑ = 1.8

β δ µ′1 µ′2 µ′3 µ′4 σ2 σ κ1 κ2 CV

0.5 1.3 0.9933 1.4831 2.9200 7.0059 0.4965 0.7046 1.3160 5.1272 0.7094

1.5 1.1373 1.8574 3.8658 9.5912 0.5639 0.7509 1.1118 4.4033 0.6603

1.7 1.2252 2.1029 4.5182 11.4361 0.6017 0.7757 1.0014 4.0682 0.6331

1.9 1.2855 2.2785 4.9993 12.8259 0.6260 0.7912 0.9309 3.8745 0.6155

2.1 1.3297 2.4110 5.3701 13.9130 0.6430 0.8018 0.8815 3.7483 0.6030

2.3 1.3636 2.5148 5.6651 14.7878 0.6555 0.8096 0.8447 3.6596 0.5938

2.5 1.3905 2.5986 5.9058 15.5074 0.6652 0.8156 0.8163 3.5940 0.5866

2.7 1.4123 2.6676 6.1061 16.1102 0.6728 0.8203 0.7935 3.5434 0.5808

3 1.4385 2.7510 6.3505 16.8509 0.6818 0.8257 0.7669 3.4862 0.5740

3.5 1.4703 2.8542 6.6559 17.7838 0.6923 0.8320 0.7351 3.4210 0.5659

3.7 1.4803 2.8867 6.7529 18.0819 0.6955 0.8340 0.7253 3.4016 0.5634

4 1.4931 2.9288 6.8788 18.4699 0.6996 0.8364 0.7128 3.3774 0.5602

4.5 1.5101 2.9852 7.0488 18.9958 0.7049 0.8396 0.6964 3.3462 0.5560

4.7 1.5157 3.0041 7.1060 19.1733 0.7066 0.8406 0.6909 3.3361 0.5546

5 1.5233 3.0294 7.1827 19.4119 0.7089 0.8420 0.6837 3.3228 0.5527

0.8 1.3 0.7066 0.7715 1.1319 2.0463 0.2722 0.5218 1.4226 5.5391 0.7384

1.5 0.8125 0.9722 1.5075 2.8149 0.3120 0.5586 1.2082 4.7125 0.6875

1.7 0.8775 1.1047 1.7682 3.3664 0.3347 0.5785 1.0927 4.3285 0.6593

1.9 0.9221 1.1998 1.9612 3.7833 0.3494 0.5911 1.0189 4.1058 0.6410

2.1 0.9550 1.2717 2.1103 4.1101 0.3598 0.5998 0.9672 3.9602 0.6281

2.3 0.9802 1.3282 2.2292 4.3736 0.3675 0.6062 0.9288 3.8577 0.6185

2.5 1.0002 1.3739 2.3264 4.5907 0.3734 0.6111 0.8991 3.7816 0.6110

2.7 1.0165 1.4115 2.4073 4.7727 0.3782 0.6150 0.8754 3.7229 0.6050

3 1.0360 1.4571 2.5061 4.9966 0.3837 0.6194 0.8476 3.6563 0.5979

3.5 1.0598 1.5135 2.6299 5.2789 0.3903 0.6247 0.8144 3.5803 0.5894

3.7 1.0673 1.5313 2.6692 5.3692 0.3923 0.6263 0.8043 3.5576 0.5868

4 1.0768 1.5543 2.7203 5.4868 0.3948 0.6283 0.7913 3.5292 0.5835

4.5 1.0895 1.5852 2.7893 5.6463 0.3982 0.6310 0.7741 3.4926 0.5791

4.7 1.0938 1.5956 2.8125 5.7002 0.3993 0.6319 0.7685 3.4807 0.5777

5 1.0994 1.6095 2.8437 5.7726 0.4007 0.6330 0.7610 3.4651 0.5758

Table 3:Numerical outcomes for the �rst four moments, σ 2, σ , κ1, κ2 and CV for the HTPXLD when ϑ = 2.5
β δ µ′1 µ′2 µ′3 µ′4 σ2 σ κ1 κ2 CV

0.5 1.3 0.9477 1.1376 1.6265 2.6607 0.2395 0.4894 0.8062 3.5801 0.5164

1.5 1.0500 1.3617 2.0591 3.5040 0.2593 0.5092 0.6428 3.2292 0.4850

1.7 1.1109 1.5034 2.3456 4.0827 0.2693 0.5189 0.5521 3.0729 0.4671

(Continued)
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Table 3 (continued)

β δ µ′1 µ′2 µ′3 µ′4 σ2 σ κ1 κ2 CV

1.9 1.1521 1.6025 2.5517 4.5081 0.2753 0.5247 0.4932 2.9860 0.4554

2.1 1.1819 1.6762 2.7078 4.8353 0.2792 0.5284 0.4515 2.9315 0.4471

2.3 1.2047 1.7333 2.8304 5.0952 0.2820 0.5310 0.4203 2.8945 0.4408

2.5 1.2226 1.7789 2.9296 5.3070 0.2841 0.5330 0.3959 2.8680 0.4359

2.7 1.2372 1.8163 3.0114 5.4830 0.2857 0.5345 0.3764 2.8481 0.4320

3 1.2545 1.8612 3.1105 5.6977 0.2874 0.5361 0.3534 2.8264 0.4274

3.5 1.2755 1.9163 3.2333 5.9656 0.2894 0.5380 0.3258 2.8026 0.4218

3.7 1.2820 1.9336 3.2721 6.0507 0.2900 0.5385 0.3173 2.7958 0.4201

4 1.2904 1.9558 3.3222 6.1610 0.2908 0.5392 0.3065 2.7875 0.4179

4.5 1.3015 1.9856 3.3896 6.3098 0.2917 0.5401 0.2921 2.7771 0.4150

4.7 1.3052 1.9956 3.4122 6.3599 0.2920 0.5404 0.2873 2.7738 0.4140

5 1.3101 2.0088 3.4424 6.4270 0.2924 0.5407 0.2810 2.7696 0.4127

0.8 1.3 0.7393 0.7031 0.8063 1.0677 0.1565 0.3956 0.8914 3.7799 0.5351

1.5 0.8218 0.8462 1.0273 1.4146 0.1709 0.4134 0.7223 3.3723 0.5030

1.7 0.8711 0.9372 1.1745 1.6542 0.1784 0.4223 0.6285 3.1875 0.4848

1.9 0.9045 1.0010 1.2807 1.8310 0.1829 0.4277 0.5676 3.0832 0.4728

2.1 0.9288 1.0486 1.3615 1.9674 0.1860 0.4312 0.5246 3.0169 0.4643

2.3 0.9473 1.0856 1.4251 2.0759 0.1881 0.4338 0.4923 2.9712 0.4579

2.5 0.9620 1.1152 1.4765 2.1645 0.1898 0.4356 0.4672 2.9381 0.4529

2.7 0.9738 1.1394 1.5190 2.2382 0.1910 0.4371 0.4471 2.9130 0.4488

3 0.9880 1.1686 1.5706 2.3281 0.1925 0.4387 0.4234 2.8852 0.4440

3.5 1.0051 1.2044 1.6345 2.4406 0.1941 0.4406 0.3949 2.8544 0.4383

3.7 1.0105 1.2156 1.6547 2.4763 0.1946 0.4411 0.3862 2.8455 0.4365

4 1.0173 1.2301 1.6809 2.5227 0.1952 0.4418 0.3750 2.8344 0.4343

4.5 1.0264 1.2495 1.7160 2.5853 0.1960 0.4427 0.3602 2.8205 0.4313

4.7 1.0294 1.2560 1.7278 2.6064 0.1962 0.4430 0.3552 2.8160 0.4303

5 1.0335 1.2646 1.7436 2.6346 0.1966 0.4433 0.3487 2.8102 0.4290

Tables 2 and 3 reveal several trends: As β and δ increase, it κ1 shows a decrease in kurtosis, with values

in Table 3 being lower than those in Table 2, indicating reduced kurtosis at ϑ = 2.5 compared to ϑ = 1.8. �e

values of σ 2, σ , and CV follow similar trends across the tables, increasing with higher β and δ in both cases.

3.4 Stochastic Ordering

A concept in probability distributions that has been studied in great detail is stochastic ordering, which

is crucial for analyzing comparative behavior among random variables in reliability theory and other �elds.

Stochastic ordering is a powerful tool used in probability and statistics to compare the behavior of random

variables. It allows us to understandwhich randomvariable is “less risky” or has a “lower probability of taking

on extreme values” compared to another. A random variable Y1 is regarded as less than a random variable Y2

in the following ways:

• SO (represented by Y1≤stY2) if FY1
(y) ≥ FY2

(y) ∀ y.

• hazard rate order (represented by Y1≤hrY2) if hY1
(y) ≥ hY2

(y) ∀ y.
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• likelihood ratio order (represented by Y1≤l rY2) if
fY1(y)

fY2(y)
decreases in y.

According to Shaked et al. [45], the following impacts are widely recognized:

Y1≤l rY2 ⇒ Y1≤hrY2 ⇒ Y1≤stY2 .

Let Y1 ∼ HTPXLD (ω1), ω1 ≡ (δ1 , β, ϑ1) and Y2 ∼ HTPXLD (ω2), ω2 ≡ (δ2 , β, ϑ2), then the likelihood

ratio ordering is as follows:

f1(y;ω1)
f2(y;ω2) =

δ1(δ1 − 1)ϑ1(2 + β + yϑ1)yϑ1−1e−βyϑ1 [δ2 − (1 + β●yϑ2) e−βyϑ2 ]2
δ2(δ2 − 1)ϑ2(2 + β + yϑ2)yϑ2−1e−βyϑ2 [δ1 − (1 + β●yϑ1) e−βyϑ1 ]2 ,

then

d

dy
log [ f1(y;ω1)

f2(y;ω2)] =
ϑ1 y

ϑ1−1

(2 + β + yϑ1) −
ϑ2 y

ϑ2−1

(2 + β + yϑ2) −
2ϑ2y

ϑ2−1e−βy
ϑ2 [β● − β (1 + β●yϑ2)]

[δ2 − (1 + β●yϑ2) e−βyϑ2 ] − ϑ2 − 1
y

+ ϑ1 − 1
y
− βϑ1yϑ1−1 + βϑ2yϑ2−1 + 2ϑ1y

ϑ1−1e−βy
ϑ1 [β● − β (1 + β●yϑ1)]

[δ2 − (1 + β●yϑ1) e−βyϑ1 ] .

For ϑ2 < ϑ1 , δ2 < δ1 , we get d
d y

log [ f1(y ;ω1)
f2(y ;ω2)

] < 0, for all y ≥ 0, hence d
d y

log [ f1(y ;ω1)
f2(y ;ω2)

] < 0, is decreasing
in y and hence Y1≤l rY2.

3.5 Extropy Measures

�e extropy (Ext), which is the double complement of the entropy [46], was developed as an alternative

uncertainty measure by Lad et al. [47]. �e Ext can be statistically utilized to evaluate the accuracy of

predicted distributions through the total log scoring method. For a non-negative random variableY, Ext is

de�ned as follows:

Ξ = −1
2

∞

∫
0

f 2(y)dy. (16)

�us, using PDF (6) in (16), the extropy of the HTPXLD may be represented as follows:

Ξ = −1
2δ2

∞

∫
0

(β●ϑ(δ − 1)β)2(2 + β + yϑ)2y2(ϑ−1)e−2βyϑ
⎡⎢⎢⎢⎢⎣
1 − (1 + β●yϑ) e−βy

ϑ

δ

⎤⎥⎥⎥⎥⎦
−4

dy. (17)

Using the expansion (7) in (17) gives

Ξ = −1
2

∞∑
j1=0

(−1) j1(β●(δ − 1)ϑβ)2
δ2+ j1

( 3 + j1
j1
)
∞

∫
0

(2 + β + yϑ)2y2(ϑ−1)e−2βyϑ(1 + β●yϑ) j1 e−β j1 yϑdy. (18)

Using binomial expansion in (18), we have

Ξ = −1
2

∞∑
j1=0

j1∑
j2=0

( 3 + j1
j1
)( j2

j1
)(−1) j1(β●)2+ j(ϑ(δ − 1)β)2

δ2+ j1

∞

∫
0

(2 + β + yϑ)2y2(ϑ−1)+ϑ j2 e−(2β+β j1)yϑdy,
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�en a�er some simpli�ed form, the previous equation will be

Ξ = −1
2

∞∑
j1=0

p j1 . j2ϑ

⎡⎢⎢⎢⎢⎣
∞

∫
0

(2 + β)2y2(ϑ−1)+ϑ j2 e−(2β+β j1)yϑdy + (2 + β)
∞

∫
0

y2(ϑ−1)+ϑ j2+ϑ e−(2β+β j1)y
ϑ

dy

+
∞

∫
0

y2(2ϑ−1)+ϑ j2 e−(2β+β j1)y
ϑ

dy

⎤⎥⎥⎥⎥⎦
. (19)

Using the transformation z = β( j + 1)yϑ in (19), the extropymeasure ofHTPXLD thus has the following

structure a�er some simpli�cation:

Ξ = −1
2

∞∑
j1=0

p j1 . j2

⎡⎢⎢⎢⎢⎣
(2 + β)2Γ (2 + j2 − (1/ϑ))
(2β + β j1)(2+ j2−(1/ϑ)) + (2 + β)Γ (3 + j2 − (1/ϑ))

(2β + β j1)(3+ j2−(1/ϑ)) + Γ (4 + j2 − (1/ϑ))
(2β + β j1)(4+ j2−(1/ϑ))

⎤⎥⎥⎥⎥⎦
,

where p j1 . j2 = j1∑
j2=0
( 3 + j1

j1
)( j2

j1
) (−1) j1(β●)2+ j ϑ((δ−1)β)2

δ2+ j1
.

Weighted extropy (WExt), introduced by [48], o�ers an alternative perspective to traditional entropy.

Unlike entropy, it assigns greater weight to larger values within a probability distribution. It can be expressed,

mathematically, by

Ξw = −1
2

∞

∫
0

y f 2(y)dy. (20)

�en by inserting PDF (6) in (20), then the WExt is

Ξw = −1
2δ2

∞

∫
0

(β●ϑ(δ − 1)β)2(2 + β + yϑ)2y2ϑ−1e−2βyϑ
⎡⎢⎢⎢⎢⎣
1 − (1 + β●yϑ) e−βy

ϑ

δ

⎤⎥⎥⎥⎥⎦
−4

dy.

Using the similar procedure discussed above, then Ξw is as follows:

Ξw = −1
2

∞∑
j1=0

p j1 . j2

⎡⎢⎢⎢⎢⎣
(2 + β)2Γ (2 + j2)
(2β + β j1)(2+ j2) +

(2 + β)Γ (3 + j2)
(2β + β j1)(3+ j2) +

Γ (4 + j2)
(2β + β j1)(4+ j2)

⎤⎥⎥⎥⎥⎦
.

�e residual extropy (RExt) at the time t of residual lifespan Zt is given by

ΞR = −1
2Ḡ2(t)

∞

∫
t

f 2(z)dz. (21)

�en, by inserting PDF (6) in (21) and using the similar procedure discussed above, the RExt will be

ΞR = −1
2Ḡ2(t)

∞∑
j1=0

p j1 . j2

⎡⎢⎢⎢⎢⎣
(2 + β)2Γ (2 + j2 − (1/ϑ), (2β + β j1)tϑ)

(2β + β j1)(2+ j2−(1/ϑ)) + (2 + β)Γ (3 + j2 − (1/ϑ), (2β + β j1)tϑ)
(2β + β j1)(3+ j2−(1/ϑ))

+ Γ (4 + j2 − (1/ϑ), (2β + β j1)tϑ)
(2β + β j1)(4+ j2−(1/ϑ))

⎤⎥⎥⎥⎥⎦
,
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where Γ(., x) is the upper incomplete GF. According to Table 4, for both values of ϑ, there is a discernible

trend in the Ext and RExt measures towards becoming less negative with rising β. Both Ext and RExt exhibit

a decline in negativity as β rises. On the other hand,WExt’s negativity steadily drops as β rises.When ϑ = 2.5
is used instead of ϑ = 1.8, the decline in WExt is more gradual and more noticeable at higher β values.

Table 4: �e Extropy metrics for the HTPXLD distribution

β δ ϑ = 1.8 ϑ = 2.5
Ext WExt RExt Ext WExt RExt

t = 0.8 t = 1.2 t = 0.8 t = 1.2

0.5 1.3 −0.2515 −0.1852 −0.3412 −0.3633 −0.3098 −0.2573 −0.4791 −0.5849
1.5 −0.2204 −0.1963 −0.3024 −0.3366 −0.2871 −0.2727 −0.4291 −0.5495
1.7 −0.2060 −0.2039 −0.2814 −0.3201 −0.2769 −0.2832 −0.4030 −0.5273
1.9 −0.1977 −0.2095 −0.2683 −0.3090 −0.2712 −0.2909 −0.3870 −0.5121
2.1 −0.1923 −0.2137 −0.2593 −0.3010 −0.2677 −0.2969 −0.3762 −0.5011
2.3 −0.1885 −0.2171 −0.2527 −0.2949 −0.2652 −0.3016 −0.3685 −0.4927
2.5 −0.1858 −0.2199 −0.2477 −0.2902 −0.2635 −0.3054 −0.3627 −0.4862
2.7 −0.1836 −0.2222 −0.2439 −0.2864 −0.2622 −0.3086 −0.3582 −0.4809
3.0 −0.1812 −0.2250 −0.2394 −0.2819 −0.2607 −0.3125 −0.3530 −0.4746
3.5 −0.1784 −0.2285 −0.2341 −0.2766 −0.2591 −0.3173 −0.3471 −0.4671
3.7 −0.1776 −0.2296 −0.2326 −0.2749 −0.2587 −0.3188 −0.3453 −0.4648
4.0 −0.1765 −0.2310 −0.2306 −0.2728 −0.2581 −0.3208 −0.3431 −0.4618
4.5 −0.1752 −0.2329 −0.2280 −0.2701 −0.2574 −0.3235 −0.3402 −0.4579
4.7 −0.1748 −0.2336 −0.2271 −0.2691 −0.2572 −0.3244 −0.3393 −0.4566
5.0 −0.1742 −0.2344 −0.2260 −0.2679 −0.2569 −0.3256 −0.3380 −0.4549

0.8 1.3 −0.3537 −0.1793 −0.4811 −0.5077 −0.3917 −0.2491 −0.6600 −0.8068
1.5 −0.3068 −0.1892 −0.4420 −0.4874 −0.3598 −0.2627 −0.6063 −0.7812
1.7 −0.2849 −0.1960 −0.4184 −0.4736 −0.3451 −0.2722 −0.5749 −0.7636
1.9 −0.2723 −0.2010 −0.4026 −0.4636 −0.3368 −0.2792 −0.5543 −0.7506
2.1 −0.2640 −0.2049 −0.3913 −0.4560 −0.3315 −0.2845 −0.5398 −0.7407
2.3 −0.2582 −0.2080 −0.3828 −0.4501 −0.3278 −0.2888 −0.5290 −0.7329
2.5 −0.2539 −0.2105 −0.3762 −0.4454 −0.3252 −0.2923 −0.5208 −0.7266
2.7 −0.2506 −0.2126 −0.3709 −0.4414 −0.3232 −0.2953 −0.5142 −0.7214
3.0 −0.2468 −0.2151 −0.3647 −0.4367 −0.3209 −0.2988 −0.5065 −0.7151
3.5 −0.2425 −0.2183 −0.3573 −0.4309 −0.3184 −0.3033 −0.4975 −0.7073
3.7 −0.2413 −0.2194 −0.3550 −0.4291 −0.3177 −0.3047 −0.4947 −0.7049
4.0 −0.2397 −0.2207 −0.3521 −0.4267 −0.3168 −0.3065 −0.4912 −0.7017
4.5 −0.2376 −0.2225 −0.3484 −0.4236 −0.3157 −0.3090 −0.4866 −0.6975
4.7 −0.2369 −0.2231 −0.3471 −0.4225 −0.3153 −0.3098 −0.4851 −0.6961
5.0 −0.2360 −0.2239 −0.3454 −0.4211 −0.3148 −0.3109 −0.4831 −0.6942
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3.6 Stress-Strength Model

�e SS model is a powerful tool in reliability engineering used to assess the probability of a component

surviving under operational conditions. It considers two random variables: strength (X), which stands for

the component’s intrinsic ability to withstand stress (Y). �erefore, the core concept of the SS model is

captured by the following equation: R = P(Y < X), where R represents the reliability, or the probability of

the component functioning successfully.�ismodel has a wide range of applications across various scienti�c

�elds. Let the strength X ∼ HTPXLD (δ1 , β1 , ϑ) and stress Y ∼ HTPXLD (δ2 , β2 , ϑ), then the SS parameter

for the HTPXLD is given by

R =
∞

∫
0

δ1(δ1 − 1)β●1 ϑβ1(2 + β1 + xϑ)xϑ−1e−β1x
ϑ

[δ1 − (1 + β●1 xϑ) e−β1x ϑ ]2
δ2 [1 − (1 + β●2xϑ) e−β2x ϑ ]
δ2 − (1 + β●2xϑ) e−β2x ϑ

dx , (22)

where β●1 = β1
(1+β1)

2 , and β●2 = β2
(1+β2)

2 . Using expansion (7) twice for the numerator of Eq. (22) gives

R = ∞∑
u1 ,u2=0

A∗
∞∫
0

ϑ(2 + β1 + xϑ)(1 + β●1 xϑ)u1(1 + β●2xϑ)u2
xϑ−1e−[β1(u1+1)+β2u2]x

ϑ

× [1 − (1 + β●2xϑ) e−β2x ϑ ] dx , (23)

where A∗ = (−1)u1+u2(u1+1)β1β
●

1

(δ1)
u1+1(δ2)

u2
. Again, employing the binomial expansion in (23), we get

R = ∞∑
u1 ,u2=0

u1∑
v1=0

u2∑
v2=0
( u1

v1
)( u2

v2
)A∗ ∞∫

0

ϑ(2 + β1 + xϑ)(β●1 )v1xv1ϑ(β●2)v2xv2ϑxϑ−1e−β1(u1+u2+1)x
ϑ

dx

− ∞∑
u1 ,u2=0

u1∑
v1=0

u2∑
v2=0
( u1

v1
)( u2 + 1

v2
)A∗ ∞∫

0

ϑ(2 + β1 + xϑ)β●1 )v1xv1ϑ(β●2)v2xv2ϑxϑ−1e−[β1(u1+u2+1)+β2]x
ϑ

dx .

(24)

A�er simplifying Eq. (24), we get

R = ∞∑
u1 ,u2=0

A∗∗
∞∫
0

ϑ(2 + β1 + xϑ)(β●1 )v1xv1ϑ(β●2)v2xv2ϑxϑ−1e−[β1(u1+1)+β2(u2+1)]x
ϑ

dx

− ∞∑
u1 ,u2=0

B∗∗
∞∫
0

ϑ(2 + β1 + xϑ)(β●1 )v1xv1ϑ(β●2)v2xv2ϑxϑ−1e−[β1(u1+1)+β2(u2+1)]x
ϑ

dx ,
(25)

where A∗∗ = u1∑
v1=0

u2∑
v2=0
( u1

v1
)( u2

v2
)A∗ and B∗∗ = u1∑

v1=0

u2∑
v2=0
( u1

v1
)( u2 + 1

v2
)A∗.

Note that the integrals in Eq. (25) can be obtained as follows:

I1 = ∞∑
u1 ,u2=0

A∗∗
∞

∫
0

ϑ(2 + β1)(β●1 )v1xv1ϑ+ν2ϑ+ϑ−1(β●2)v2 e−β1(u1+u2+1)x
ϑ

dx

= ∞∑
u1 ,u2=0

A∗∗(2 + β1)(β●1 )v1(β●2)v2Γ(v1 + v2 + 1)
[β1(u1 + u2 + 1)]v1+v2+1 ,

I2 = ∞∑
u1 ,u2=0

A∗∗
∞

∫
0

ϑ(β●1 )v1xv1ϑ+v2ϑ+2ϑ−1(β●2)v2 e−β1(u1+u2+1)x
ϑ

dx
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= ∞∑
u1 ,u2=0

A∗∗(β●1 )v1(β●2)v2Γ(v1 + v2 + 2)
[β1(u1 + u2 + 1)]v1+v2+2 ,

I3 = ∞∑
u1 ,u2=0

B∗∗
∞

∫
0

ϑ(2 + β1)β●1 )v1xv1ϑ+v2ϑ+ϑ−1(β●2)v2xv2ϑ e−[β1(u1+u2+1)+β2]x
ϑ

= ∞∑
u1 ,u2=0

B∗∗(2 + β1)(β●1 )v1(β●2)v2Γ(v1 + v2 + 1)
[β1(u1 + u2 + 1) + β2]v1+v2+1 ,

and

I4 = ∞∑
u1 ,u2=0

B∗∗
∞

∫
0

ϑ(β●1 )v1xv1ϑ+ν2ϑ+2ϑ−1(β●2)v2 e−[β1(u1+u2+1)+β2]x
ϑ

dx ,

= ∞∑
u1 ,u2=0

B∗∗(β●1 )v1(β●2)v2Γ(v1 + v2 + 2)
[β1(u1 + u2 + 1) + β2]v1+v2+2 .

�en, by inserting I1 , I2 , I3 and I4, in the Eq. (25), the SS parameter of HTPXLD is as follows:

R = ∞∑
u1 ,u2=0

[(2 + β1)A∗∗(β●1 )v1(β●2)v2Γ(v1 + v2 + 1)[β1(u1 + 1) + β2u2]v1+v2+1 + A∗∗(β●1 )v1(β●2)v2Γ(v1 + v2 + 2)
[β1(u1 + 1) + β2u2]v1+v2+2 ]

− ∞∑
u1 ,u2=0

[(2 + β1)B∗∗(β●1 )v1(β●2)v2Γ(v1 + v2 + 1)[β1(u1 + 1) + β2(u2 + 1)]v1+v2+1 + B∗∗(β●1 )v1(β●2)v2Γ(v1 + v2 + 2)
[β1(u1 + 1) + β2(u2 + 1)]v1+v2+2 ].

4 Actuarial Measures

�is section introduces several well-known risk measures for the developed model. �ese measures

include Value-at-Risk (VaR), Tail Value-at-Risk (TVaR), Tail Variance (TV), and Tail Variance Premium

(TVP).

4.1 Value-at-Risk

As outlined in reference [49], the q-th quantile of a random variable’s CDF corresponds to its VaR.�e

VaR for the HTPXLD is given by

VaR = [−(β + 1)2
β

− 1

β
W−1 {( qδ−δq−δ

) (β + 1)2e−(β+1)2} ]
1/ϑ

. (26)

4.2 Tail Value-at-Risk

TVaR is a crucial risk measure that evaluates the expected loss beyond a speci�ed probability level, once

an event has occurred. For the HTPXLD, the TVaR is de�ned as

TVaR = 1

1 − q ∫
∞

VaRq

y f (y;ω)dy.
4.3 Tail Variance and Tail Variance Premium

Landsman [50] �rst introduced the TV risk measure, which is de�ned by the variance of the loss

distribution above a certain critical threshold. �e TV for the HTPXLD can be expressed as

TV = E(Y 2 ∣ Y > yq) − (TVaR)2 .
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4.4 Tail Variance Premium

�e TVP combines statistics related to both the central tendency and dispersion of the data, making it

a signi�cant risk measure. �e TVP for the HTPXLD is given by

TVP = TVaR + κTV, κ > 0.
Table 5 demonstrates several key trends: Increasing ϑ values lead to higher VaR and TVaR values,

indicating an overall increase in risk measures. For example, higher ϑ values correspond to higher risk

estimates. For a given δ, higher ϑ results in greater TVP values across all κ levels. �is indicates a more

pronounced sensitivity to risk with increasing ϑ. Within the same ϑ and δ settings, TVP values rise with κ,

re�ecting a higher quantile level and, consequently, increased risk assessment.

Table 5: Actuarial measures for β = 0.5
ϑ δ q VaR TVaR TV TVP

κ = 0.50 κ = 0.75 κ = 0.90
1.2 1.3 0.900 2.7485 4.1237 1.8060 5.0267 5.4782 5.7491

0.910 2.8932 4.2686 1.7965 5.1669 5.6160 5.8855

0.920 3.0559 4.4306 1.7847 5.3229 5.7691 6.0368

0.930 3.2414 4.6140 1.7699 5.4990 5.9415 6.2070

0.940 3.4563 4.8254 1.7516 5.7012 6.1391 6.4018

0.950 3.7112 5.0745 1.7285 5.9388 6.3709 6.6302

0.960 4.0234 5.3778 1.6987 6.2271 6.6518 6.9066

0.970 4.4248 5.7654 1.6593 6.5951 7.0099 7.2589

0.980 4.9858 6.3047 1.6035 7.1065 7.5073 7.7479

0.990 5.9258 7.2052 1.5131 7.9618 8.3401 8.5670

0.995 6.8374 8.0788 1.4316 8.7946 9.1525 9.3672

0.999 8.8470 10.0138 1.2841 10.6559 10.9769 11.1696

2.1 0.900 3.8078 5.2073 1.7661 6.0903 6.5319 6.7968

0.910 3.9634 5.3543 1.7459 6.2273 6.6637 6.9256

0.920 4.1363 5.5176 1.7238 6.3795 6.8104 7.0690

0.930 4.3307 5.7012 1.7002 6.5513 6.9764 7.2314

0.940 4.5532 5.9116 1.6729 6.7481 7.1663 7.4172

0.950 4.8137 6.1580 1.6422 6.9791 7.3896 7.6359

0.960 5.1284 6.4561 1.6063 7.2592 7.6608 7.9018

0.970 5.5280 6.8350 1.5629 7.6165 8.0072 8.2417

0.980 6.0795 7.3594 1.5067 8.1128 8.4895 8.7155

0.990 6.9934 8.2319 1.4226 8.9432 9.2989 9.5122

0.995 7.8750 9.0775 1.3534 9.7542 10.0925 10.2955

0.999 9.8205 10.9572 1.2260 11.5702 11.8767 12.0606

(Continued)
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Table 5 (continued)

ϑ δ q VaR TVaR TV TVP

κ = 0.50 κ = 0.75 κ = 0.90
1.8 1.3 0.900 1.9621 2.5456 0.2755 2.6833 2.7522 2.7935

0.910 2.0304 2.6067 0.2687 2.7410 2.8082 2.8485

0.920 2.1059 2.6741 0.2613 2.8047 2.8701 2.9092

0.930 2.1902 2.7494 0.2531 2.8760 2.9392 2.9772

0.940 2.2860 2.8348 0.2441 2.9569 3.0179 3.0545

0.950 2.3970 2.9338 0.2339 3.0507 3.1092 3.1443

0.960 2.5297 3.0519 0.2224 3.1631 3.2187 3.2520

0.970 2.6952 3.1995 0.2086 3.3038 3.3560 3.3872

0.980 2.9185 3.3991 0.1912 3.4947 3.5425 3.5712

0.990 3.2747 3.7195 0.1670 3.8030 3.8447 3.8698

0.995 3.6024 4.0173 0.1473 4.0909 4.1277 4.1498

0.999 4.2776 4.6395 0.1172 4.6981 4.7274 4.7450

2.1 0.900 2.4385 2.9852 0.2360 3.1032 3.1622 3.1976

0.910 2.5045 3.0423 0.2294 3.1570 3.2144 3.2488

0.920 2.5768 3.1051 0.2226 3.2164 3.2721 3.3054

0.930 2.6569 3.1750 0.2153 3.2826 3.3364 3.3687

0.940 2.7471 3.2540 0.2074 3.3577 3.4095 3.4406

0.950 2.8509 3.3452 0.1988 3.4446 3.4943 3.5241

0.960 2.9739 3.4539 0.1890 3.5484 3.5956 3.6240

0.970 3.1264 3.5895 0.1778 3.6784 3.7229 3.7496

0.980 3.3310 3.7729 0.1641 3.8549 3.8960 3.9206

0.990 3.6570 4.0684 0.1441 4.1404 4.1764 4.1980

0.995 3.9582 4.3443 0.1297 4.4091 4.4415 4.4610

0.999 4.5859 4.9280 0.1047 4.9804 5.0066 5.0223

5 Parameter Estimation

Our main goal in this section is to use the ML estimation method to obtain the point and interval

estimates of the unknown parameters of the HTPXLD. Assume that y1 , . . . , yn , a sample of size n, is taken

from the HTPXLD speci�ed by the PDF (6). For the vector of parameters ω = (δ, β, ϑ)T , the log-likelihood
function can be written as

log l∗ = n log(δ(δ − 1)ϑβ2(1 + β)2 ) +
n∑
i=1

log (2 + β + yϑi ) −
n∑
i=1

βyϑi − 2
n∑
i=1

log [δ − (1 + β●yϑi ) e−βyϑi ] .
Regarding the model parameters δ, β, and ϑ , the partial derivatives of log l∗ are obtained, respectively,

as follows:

∂ log l∗

∂δ
= 2n(δ − 1)

δ(δ − 1) −
n∑
i=1

2

[δ − (1 + β●yϑi ) e−βyϑi ]
, (27)
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∂ log l∗

∂β
= 2n

β(1 + β) +
n∑
i=1

1

(2 + β + yϑi ) −
n∑
i=1

yϑi +
n∑
i=1

2yϑi e
−βyϑi M(y i , β, ϑ)

[δ − (1 + β●yϑi ) e−βyϑi ]
, (28)

where, M(y i , β, ϑ) = [ 1−β−(1+β)3−β(1+β)yϑi(1+β)3
] , and

∂ log l∗

∂ϑ
= n

ϑ
+ n∑

i=1

yϑi ln y i

(2 + β + yϑi ) −
n∑
i=1

βyϑi ln y i − 2 n∑
i=1

yϑ ln y i e
−βyϑ [β (1 + β●yϑ) − β●]

[δ − (1 + β●yϑi ) e−βyϑi ]
. (29)

�e non-linear Eqs. (27)–(29) are equated with zero to obtain the ML estimates (MLEs) δ̂, β̂, and ϑ̂ . As

seen, it is di�cult to formulate easily, making it challenging to solve them directly for the vector parameter

ω = (δ, β, ϑ)T . Consequently, iterative techniques are used, such as the Newton-Raphson to get MLEs δ̂, β̂,

and ϑ̂ .

Instead of determining point estimates for the unknownparameters, it would bemore helpful to identify

a range of values that, with a speci�ed probability, encompass them. �ese ranges are referred to as interval

estimates. To build the parameters CIs, the asymptotic distribution of MLE of ω = (δ, β, ϑ)T will be used,

that is

(ω̂ − ω) DÐ→ N3(0, I−1(ω̂)),
where ω̂ is the MLE of ω and I−1(ω) is the inverse of the observed information matrix of ω, and it is given

by

I−1(ω̂) =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−∂2 log l∗
∂δ2

−∂2 log l∗
∂δ∂β

−∂2 log l∗
∂δ∂ϑ

−∂2 log l∗
∂β2

−∂2 log l∗
∂β∂ϑ

−∂2 log l∗
∂ϑ2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

−1

ω̂=(δ̂ , β̂ , ϑ̂)

= ⎛⎜⎝
σ̂ 2
11 σ̂ 2

12 σ̂ 2
13

σ̂ 2
22 σ̂ 2

23

σ̂ 2
33

⎞⎟⎠ .

Asymptotic normality of the MLEs allows for the construction of the 100(1 − φ)% asymptotic CIs of

and for δ, β, and ϑ , respectively.

δ̂ ± zφ/2 σ̂11 , β̂ ± zφ/2 σ̂22 , ϑ̂ ± zφ/2 σ̂33 ,
where is the upper φ/2th percentile point of the standard normal distribution.

6 Simulation

�is section presents a simulation study to assess the performance ofMLEs for theHTPXLDparameters(ϑ , δ, β). �e R package is utilized to compute the mean, relative bias (RBias), bias, mean squared error

(MSE), root mean squared error (RMSE), average interval length (AIL) of 95%, and coverage probability

(CP) of 95% for the estimated values of ϑ, δ, and β. �e simulation process is outlined as follows:

1) Generate 5000 random samples from the HTPXLD with sizes n = 50, 100, 150, 200, 250, 300, 350, and
400.
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2) Choose parameter values for the simulations as follows: set1 = (ϑ = 0.8, δ = 1.5, β = 0.7), set2 = (ϑ = 0.5,
δ = 1.5, β = 0.7), set3 = (ϑ = 0.5, δ = 1.2, β = 0.3), set4 = (ϑ = 0.7, δ = 1.6, β = 0.4), set5 = (ϑ = 1.1, δ = 1.9,
β = 0.7), and set6 = (ϑ = 0.4, δ = 1.7, β = 0.9).

3) Compute the MLEs, RBiases, Biases, RMSEs, and MSEs for each sample size and parameter set.

Additionally, calculate the AIL and CP at a 95% con�dence level for all sample sizes and parameter sets.

4) Present the numerical results in Tables 6–8. �e performance of the estimated parameters is analyzed

based on complete samples.

Table 6: Simulation values for set1 and set2

n Parameter set1 = (ϑ = 0.8, δ = 1.5, β = 0.7) set2 = (ϑ = 0.5, δ = 1.5, β = 0.7)

Mean RBias Bias MSE RMSE AIL CP Mean RBias Bias MSE RMSE AIL CP

50

ϑ 0.9058 0.1322 0.1058 0.0153 0.1239 0.2528 97.04 0.5763 0.1526 0.0763 0.0119 0.1090 0.3054 96.27

δ 1.7217 0.1478 0.2217 1.3828 1.1759 3.9854 97.87 1.7122 0.1415 0.2122 1.0143 1.0071 3.6420 97.47

β 0.7313 0.0447 0.0313 0.0239 0.1546 0.5934 96.32 0.7505 0.0721 0.0505 0.0777 0.2787 1.0744 96.68

100

ϑ 0.9045 0.1306 0.1045 0.0137 0.1170 0.2070 96.98 0.5680 0.1360 0.0680 0.0078 0.0882 0.2200 96.33

δ 1.6086 0.0724 0.1086 0.4165 0.6454 2.4940 97.94 1.5949 0.0633 0.0949 0.3448 0.5872 2.2716 97.80

β 0.7283 0.0404 0.0283 0.0159 0.1261 0.4817 96.36 0.7440 0.0628 0.0440 0.0447 0.2115 0.8111 96.21

150

ϑ 0.9041 0.1302 0.1041 0.0130 0.1138 0.1801 97.10 0.5659 0.1318 0.0659 0.0059 0.0768 0.1575 96.86

δ 1.5661 0.0441 0.0661 0.1403 0.3745 1.4451 96.74 1.5604 0.0403 0.0604 0.1134 0.3367 1.2986 96.58

β 0.7265 0.0379 0.0265 0.0116 0.1079 0.4105 96.50 0.7341 0.0488 0.0341 0.0234 0.1530 0.5847 95.98

200

ϑ 0.9037 0.1296 0.1037 0.0124 0.1114 0.1627 97.08 0.5654 0.1309 0.0654 0.0054 0.0735 0.1276 97.24

δ 1.5508 0.0338 0.0508 0.1429 0.3781 1.4687 97.80 1.5444 0.0296 0.0444 0.0739 0.2718 1.0511 95.66

β 0.7260 0.0371 0.0260 0.0099 0.0993 0.3751 96.30 0.7256 0.0366 0.0256 0.0153 0.1236 0.4742 96.46

250

ϑ 0.9035 0.1294 0.1035 0.0121 0.1100 0.1464 97.28 0.5651 0.1302 0.0651 0.0050 0.0710 0.1114 96.98

δ 1.5342 0.0228 0.0342 0.0580 0.2408 0.9346 95.70 1.5304 0.0203 0.0304 0.0598 0.2446 0.9515 96.36

β 0.7242 0.0345 0.0242 0.0082 0.0903 0.3412 96.66 0.7242 0.0346 0.0242 0.0098 0.0989 0.3758 96.26

300

ϑ 0.9035 0.1293 0.1035 0.0120 0.1093 0.1363 97.28 0.5650 0.1301 0.0650 0.0049 0.0699 0.1005 97.12

δ 1.5250 0.0167 0.0250 0.0457 0.2137 0.8319 95.74 1.5223 0.0149 0.0223 0.0389 0.1972 0.7680 95.64

β 0.7231 0.0329 0.0231 0.0071 0.0840 0.3166 96.78 0.7233 0.0333 0.0233 0.0079 0.0888 0.3359 96.60

350

ϑ 0.9033 0.1292 0.1033 0.0118 0.1086 0.1283 96.90 0.5650 0.1299 0.0650 0.0047 0.0686 0.0853 97.02

δ 1.5171 0.0114 0.0171 0.0320 0.1788 0.6979 95.46 1.5174 0.0116 0.0174 0.0333 0.1826 0.7125 95.52

β 0.7218 0.0311 0.0218 0.0062 0.0786 0.2961 97.04 0.7224 0.0320 0.0224 0.0069 0.0829 0.3129 96.72

400

ϑ 0.9032 0.1290 0.1032 0.0116 0.1075 0.1188 97.12 0.5647 0.1295 0.0647 0.0045 0.0674 0.0738 97.24

δ 1.5132 0.0088 0.0132 0.0264 0.1624 0.6346 95.30 1.5115 0.0077 0.0115 0.0286 0.1690 0.6611 96.16

β 0.7219 0.0313 0.0219 0.0054 0.0732 0.2738 96.68 0.7218 0.0311 0.0218 0.0063 0.0793 0.2989 96.74

Table 7: Simulation values for set3 and set4

n Parameter set3 = (ϑ = 0.5, δ = 1.2, β = 0.3) set4 = (ϑ = 0.7, δ = 1.6, β = 0.4)

Mean RBias Bias MSE RMSE AIL CP Mean RBias Bias MSE RMSE AIL CP

50

ϑ 0.5481 0.0963 0.0481 0.0047 0.0683 0.1901 96.92 0.7960 0.1371 0.0960 0.0185 0.1359 0.3774 95.91

δ 1.5422 0.2851 0.3422 1.1934 1.0924 3.5758 97.72 1.7977 0.1236 0.1977 1.0371 1.0184 3.7559 98.03

β 0.3752 0.2508 0.0752 0.0207 0.1438 0.4805 95.26 0.3858 0.0356 0.0142 0.0052 0.0718 0.2782 96.30

100

ϑ 0.5473 0.0947 0.0473 0.0034 0.0586 0.1351 96.88 0.7848 0.1212 0.0848 0.0119 0.1089 0.2678 96.22

δ 1.3742 0.1452 0.1742 0.1331 0.3648 1.2566 97.02 1.7383 0.0864 0.1383 0.4876 0.6982 2.6831 98.12

β 0.3620 0.2066 0.0620 0.0108 0.1039 0.3274 96.38 0.3863 0.0342 0.0137 0.0040 0.0634 0.2445 96.34

150

ϑ 0.5462 0.0925 0.0462 0.0029 0.0543 0.1119 97.26 0.7840 0.1199 0.0840 0.0096 0.0981 0.1986 96.98

δ 1.3517 0.1264 0.1517 0.0708 0.2662 0.8572 96.38 1.6919 0.0574 0.0919 0.1850 0.4301 1.6474 96.58

β 0.3619 0.2063 0.0619 0.0087 0.0934 0.2741 96.48 0.3864 0.0340 0.0136 0.0033 0.0576 0.2193 96.78

(Continued)
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Table 7 (continued)

n Parameter set3 = (ϑ = 0.5, δ = 1.2, β = 0.3) set4 = (ϑ = 0.7, δ = 1.6, β = 0.4)

Mean RBias Bias MSE RMSE AIL CP Mean RBias Bias MSE RMSE AIL CP

200

ϑ 0.5462 0.0924 0.0462 0.0027 0.0523 0.0961 97.14 0.7827 0.1181 0.0827 0.0085 0.0923 0.1610 96.82

δ 1.3311 0.1092 0.1311 0.0414 0.2036 0.6106 95.78 1.6686 0.0429 0.0686 0.1031 0.3210 1.2295 95.74

β 0.3590 0.1967 0.0590 0.0071 0.0840 0.2348 96.52 0.3887 0.0281 0.0113 0.0026 0.0515 0.1945 96.88

250

ϑ 0.5461 0.0923 0.0461 0.0025 0.0505 0.0845 96.92 0.7825 0.1178 0.0825 0.0080 0.0893 0.1417 97.10

δ 1.3259 0.1049 0.1259 0.0331 0.1819 0.5145 95.72 1.6476 0.0298 0.0476 0.0757 0.2752 1.0626 95.14

β 0.3589 0.1965 0.0589 0.0063 0.0794 0.2081 96.58 0.3891 0.0272 0.0109 0.0024 0.0489 0.1818 96.74

300

ϑ 0.5460 0.0919 0.0460 0.0025 0.0497 0.0784 97.02 0.7822 0.1174 0.0822 0.0076 0.0869 0.1144 97.08

δ 1.3221 0.1018 0.1221 0.0284 0.1685 0.4550 95.52 1.6443 0.0277 0.0443 0.0638 0.2526 0.9750 95.96

β 0.3587 0.1956 0.0587 0.0058 0.0759 0.1889 96.56 0.3915 0.0212 0.0085 0.0021 0.0457 0.1690 97.02

350

ϑ 0.5459 0.0918 0.0459 0.0025 0.0496 0.0725 97.36 0.7819 0.1170 0.0819 0.0074 0.0861 0.1008 96.94

δ 1.3152 0.0960 0.1152 0.0247 0.1571 0.4190 95.76 1.6416 0.0260 0.0416 0.0581 0.2411 0.9310 96.38

β 0.3569 0.1896 0.0569 0.0052 0.0724 0.1772 96.72 0.3970 0.0075 0.0030 0.0019 0.0437 0.1620 97.22

400

ϑ 0.5456 0.0912 0.0456 0.0024 0.0493 0.0676 97.66 0.7812 0.1160 0.0812 0.0072 0.0851 0.0904 97.08

δ 1.3123 0.0936 0.1123 0.0217 0.1472 0.3730 95.70 1.6320 0.0200 0.0320 0.0460 0.2145 0.8314 95.84

β 0.3566 0.1886 0.0566 0.0049 0.0698 0.1632 96.70 0.4015 0.0038 0.0015 0.0018 0.0420 0.1533 97.08

Table 8: Simulation values for set5 and set6

n Parameter set5 = (ϑ = 1.1, δ = 1.9, β = 0.7) set6 = (ϑ = 0.4, δ = 1.7, β = 0.9)

Mean RBias Bias MSE RMSE AIL CP Mean RBias Bias MSE RMSE AIL CP

50 ϑ 1.2640 0.1491 0.1640 0.0326 0.1805 0.2948 96.72 0.4733 0.1833 0.0733 0.0094 0.0971 0.2493 95.56

δ 1.7362 0.0862 0.1638 1.8461 1.3587 4.6438 98.13 1.5771 0.0723 0.1229 0.5111 0.7149 2.8026 97.62

β 0.6544 0.0651 0.0456 0.0142 0.1193 0.4416 96.66 0.8806 0.0216 0.0194 0.0199 0.1410 0.5505 96.34

100 ϑ 1.2660 0.1509 0.1660 0.0318 0.1783 0.2552 97.26 0.4664 0.1661 0.0664 0.0066 0.0810 0.1818 96.15

δ 1.7464 0.0809 0.1536 1.3245 1.1509 4.1466 98.58 1.5823 0.0692 0.1177 0.1510 0.3886 1.5058 96.08

β 0.6550 0.0643 0.0450 0.0117 0.1083 0.3873 96.68 0.8814 0.0207 0.0186 0.0149 0.1222 0.4762 96.64

150 ϑ 1.2642 0.1492 0.1642 0.0303 0.1740 0.2262 97.12 0.4640 0.1599 0.0640 0.0052 0.0719 0.1283 96.92

δ 1.7562 0.0757 0.1438 0.4419 0.6648 2.5872 97.70 1.5854 0.0674 0.1146 0.1199 0.3463 1.3183 96.58

β 0.6555 0.0636 0.0445 0.0096 0.0981 0.3429 96.70 0.8817 0.0204 0.0183 0.0124 0.1113 0.4311 96.70

200 ϑ 1.2638 0.1489 0.1638 0.0296 0.1720 0.2056 97.28 0.4631 0.1579 0.0631 0.0047 0.0687 0.1057 96.82

δ 1.7721 0.0673 0.1279 0.1947 0.4413 1.6687 96.18 1.5970 0.0606 0.1030 0.0742 0.2723 0.9929 95.54

β 0.6557 0.0633 0.0443 0.0083 0.0909 0.3086 96.82 0.8827 0.0192 0.0173 0.0098 0.0989 0.3819 96.80

250 ϑ 1.2627 0.1479 0.1627 0.0289 0.1701 0.1953 97.04 0.4627 0.1568 0.0627 0.0045 0.0670 0.0924 97.00

δ 1.7836 0.0613 0.1164 0.1748 0.4181 1.5604 96.56 1.5999 0.0589 0.1001 0.0657 0.2564 0.9204 95.74

β 0.6607 0.0561 0.0393 0.0074 0.0858 0.2864 96.92 0.8829 0.0190 0.0171 0.0088 0.0941 0.3633 97.20

300 ϑ 1.2629 0.1481 0.1629 0.0287 0.1693 0.1802 96.84 0.4625 0.1563 0.0625 0.0044 0.0660 0.0823 97.22

δ 1.9858 0.0452 0.0858 0.1164 0.3412 1.2132 95.60 1.6174 0.0486 0.0826 0.0591 0.2431 0.8406 96.08

β 0.6656 0.0491 0.0344 0.0068 0.0826 0.2695 97.08 0.8839 0.0179 0.0161 0.0078 0.0881 0.3367 96.92

350 ϑ 1.2640 0.1491 0.1640 0.0288 0.1697 0.1709 96.94 0.4625 0.1563 0.0625 0.0043 0.0653 0.0738 97.08

δ 1.8199 0.0421 0.0801 0.1117 0.3343 1.1639 95.64 1.6412 0.0346 0.0588 0.0527 0.2297 0.7731 95.84

β 0.6675 0.0464 0.0325 0.0064 0.0802 0.2551 96.72 0.8865 0.0150 0.0135 0.0069 0.0829 0.3169 97.08

400 ϑ 1.2636 0.1487 0.1636 0.0284 0.1686 0.1596 97.02 0.4622 0.1554 0.0622 0.0042 0.0646 0.0650 97.14

δ 1.8908 0.0048 0.0092 0.0963 0.3103 1.0332 95.52 1.7009 0.0005 0.0009 0.0451 0.2125 0.6796 95.76

β 0.6683 0.0453 0.0317 0.0060 0.0776 0.2406 96.88 0.8877 0.0137 0.0123 0.0059 0.0771 0.2934 97.08

�e results show in Tables 6–8 that bias, MSE, and RMSE all signi�cantly decrease with increasing

sample size (n). Furthermore, higher sample sizes increase CP and AIL, producing more accurate and

trustworthy estimates and con�dence ranges.
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• Greater sample sizes lead to improvements inMSE. As the sample size increases, the parameter estimates

converge closer to the real values, indicating that the MLEs are becoming more exact, as indicated by

lower MSE values.

• As the sample size grows, the CP gets better, indicating that the CIs created for the parameter estimates

get more trustworthy. �e robustness of the estimates is improved by higher CP values, which indicate

a higher probability that the intervals include the genuine parameter values.

• As the sample size grows, the values of AIL become lower.

7 Applications

�is section demonstrates the applicability of the HTPXLD in �tting real-world data by evaluating it

against three actual datasets. �e HTPXLD is compared with several alternative models, including XLD [1],

Lindley (LD) [51], exponentiated generalized XLD (EGXLD) [52], power exponentiated LD (PELD) [53],

Kumaraswamy LD (KLD) [54], Weibull power LD (WPLD) [15], exponentiated generalized power LD

(EGLD) [55], power LD (PLD) [56], Weibull LD (WLD) [57], extended LD (EXLD) [58], and PXLD.

We use nine well-established goodness-of-�t measures to compare these models, including the

Kolmogorov-Smirnov (R6) statistic, its p-value (R7), Anderson-Darling statistics (R10), its p-value (R11),

the Hannan-Quinn Information Criterion (R5), Akaike Information Criterion (R2), Bayesian Information

Criterion (R3), Consistent R2 (R4), Cramér-von Mises statistic (R8), and its p-value (R9). �e optimal

model is identi�ed based on the highest values forR7,R11, andR9, and the lowest values forR6,R10,R8,

R5,R2,R4, andR3.

7.1 �e First Dataset

�e �rst dataset consists of repair times for an airborne communication transceiver, provided by [59].

�e recorded times are: 0.50, 0.60, 0.60, 0.70, 0.70, 0.70, 0.80, 0.80, 1.00, 1.00, 1.00, 1.00, 1.10, 1.30, 1.50, 1.50,

1.50, 1.50, 2.00, 2.00, 2.20, 2.50, 2.70, 3.00, 3.00, 3.30, 4.00, 4.00, 4.50, 4.70, 5.00, 5.40, 5.40, 7.00, 7.50, 8.80,

9.00, 10.20, 22.00, 24.50. Table 9 displays the results of the descriptive analysis for this dataset.

Table 9: Descriptive statistics for the �rst dataset

n Mean Median σ2 σ κ1 κ2 Range Minimum Maximum Sum

40 4.0125 2.1000 26.6801 5.1653 2.7171 10.5433 24.0000 0.5000 24,5000 160.5000

For the �rst dataset, Table 10 presents theMLEs along with their standard errors (SEs). Table 11 provides

the numerical values for the R6 statistic, its R7, R10, its R11, R8, its R9, as well as the R2, R3, R4, and R5

statistics. Fig. 3 includes the histogram, violin plot, QQ (quantile-quantile) plot, box plot with strip chart,

and TTT (total time in test) plot. �e estimated PDFs of competing models for the �rst dataset are shown

in Fig. 4, while Fig. 5 displays the estimated CDFs of the competitive models. Additionally, Fig. 6 illustrates

the PP plots of the competing models. Figs. 4–6 demonstrate the �t of our distribution to the actual data.

Table 10: Estimates values and SEs for all models applied to the �rst dataset

Models δ̂ β̂ ϑ̂ η̂ SE(δ̂) SE(β̂) SE(ϑ̂) SE(η̂)

HTPXLD 1.0281 0.0584 1.2010 0.0473 0.0520 0.1296

XLD 0.3811 0.0442

PXLD 0.4762 0.8547 0.0820 0.0861

(Continued)
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Table 10 (continued)

Models δ̂ β̂ ϑ̂ η̂ SE(δ̂) SE(β̂) SE(ϑ̂) SE(η̂)

LD 0.4242 0.0485

PLD 0.7989 0.5867 0.0822 0.0994

EGXLD 0.1804 1.5616 1.0488 0.0384 0.0026 0.2279

PELD 0.9251 0.0353 0.2217 0.1698 0.0545 0.0797

KLD 1.5614 1.4776 0.2033 0.0035 0.0341 0.0322

WPLD 0.0052 1.0898 71.8390 120.0244 0.0009 0.0214 164.8468 13.8702

EGLD 1.5752 0.1798 0.9358 0.0035 0.0393 0.1985

WLD 0.9604 0.2546 0.0000 0.1089 0.0446 0.0541

EXLD 0.0081 1.0682 0.0806 4.3109 0.2829 0.0931

Table 11: Fitting measures values for the �rst data set

Models R1 R2 R3 R4 R5 R6 R7 R8 R9 R10 R11

HTPXLD 185.8189 191.8189 196.8855 192.4856 193.6508 0.1158 0.6566 0.0751 0.7234 0.6135 0.6342
XLD 195.0261 197.0261 198.7150 197.1313 197.6367 0.1838 0.1341 0.2847 0.1492 1.7324 0.1298
PXLD 192.2416 196.2416 199.6194 196.5660 197.4629 0.1387 0.4253 0.1399 0.4234 1.0735 0.3205
LD 197.5826 199.5826 201.2715 199.6879 200.1933 0.2157 0.0484 0.4120 0.0667 2.4386 0.0537
PLD 191.8854 195.8854 199.2631 196.2097 197.1067 0.1345 0.4639 0.1366 0.4345 1.0387 0.3371

EGXLD 191.0672 197.0672 202.1338 197.7338 198.8991 0.1596 0.2600 0.2052 0.2582 1.2995 0.2324
PELD 256.1107 262.1107 267.1774 262.7774 263.9427 0.1425 0.3909 0.1187 0.5026 0.8830 0.4242
KLD 191.5231 197.5231 202.5898 198.1898 199.3551 0.2101 0.0585 0.3710 0.0859 2.1543 0.0760
WPLD 191.1065 199.1065 205.8621 200.2494 201.5491 0.1296 0.5123 0.1366 0.4348 1.0264 0.3432
EGLD 192.0077 198.0077 203.0743 198.6744 199.8396 0.1615 0.2479 0.2150 0.2405 1.3484 0.2171
WLD 191.0227 197.0227 202.0894 197.6894 198.8547 0.1290 0.5181 0.1359 0.4371 1.0212 0.3459
EXLD 189.1611 195.1611 200.2278 195.8278 196.9931 0.1328 0.4808 0.1000 0.5870 0.8413 0.4514
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Figure 3: Some basic non-parametric plots for the �rst dataset
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Figure 4: Estimated PDFs for the competing models for the �rst dataset
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Figure 5: Estimated CDFs for the competing models for the �rst dataset



2570 Comput Model Eng Sci. 2025;142(3)

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

HTPXLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

XLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

PXLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

LD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

PLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

EGXLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

PELD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

WLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

KLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

EXLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

WPLD

0.00
0.25
0.50
0.75
1.00

0.25 0.50 0.75 1.00

Obs

E
xp

EGLD

Figure 6: PP plots of competing models for the �rst dataset

7.2 �e Second Dataset

�e data set provided by [60] shows the monthly remission periods of 128 individuals with bladder

cancer who were selected at random. the data set that we work with is 0.08, 2.09, 3.48, 4.87, 6.94, 8.66, 13.11,

23.63, 0.2, 2.23, 3.52, 4.98, 6.97, 9.02, 13.29, 0.4, 2.26, 3.57, 5.06, 7.09, 9.22, 13.8, 25.74, 0.5, 2.46, 3.64, 5.09, 7.26,

9.47, 14.24, 25.82, 0.51, 2.54, 3.7, 5.17, 7.28, 9.74, 14.76, 6.31, 0.81, 2.62, 3.82, 5.32, 7.32, 10.06, 14.77, 32.15, 2.64,

3.88, 5.32, 7.39, 10.34, 14.83, 34.26, 0.9, 2.69, 4.18, 5.34, 7.59, 10.66, 15.96, 36.66, 1.05, 2.69, 4.23, 5.41, 7.62, 10.75,

16.62, 43.01, 1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49, 7.66, 11.25, 17.14, 79.05, 1.35, 2.87, 5.62,

7.87, 11.64, 17.36, 1.4, 3.02, 4.34, 5.71, 7.93, 11.79, 18.1, 1.46, 4.4, 5.85, 8.26, 11.98, 19.13, 1.76, 3.25, 4.5, 6.25, 8.37,

12.02, 2.02, 3.31, 4.51, 6.54, 8.53, 12.03, 20.28, 2.02, 3.36, 6.76, 12.07, 21.73, 2.07, 3.36, 6.93, 8.65, 12.63, 22.69.

Table 12 displays the results of the descriptive analysis for this dataset.

Table 12: Descriptive statistics for the second dataset

n Mean Median σ2 σ κ1 κ2 Range Minimum Maximum Sum

128 9.2094 6.2800 108.2132 10.40256 3.3987 19.3942 78.9700 0.0800 79.0500 1178.8000

For the second dataset, Table 13 presents theMLEs along with their SEs. Table 14 provides the numerical

values for theR6 statistic, itsR7,R10, itsR11,R8, itsR9, as well as theR2,R3,R4, andR5 statistics. Fig. 7

includes the histogram, violin plot, QQ plot, box plot with strip chart, and TTT plot. �e estimated PDFs

of competing models for the second dataset are shown in Fig. 8, while Fig. 9 displays the estimated CDFs

of the competitive models. Additionally, Fig. 10 illustrates the PP plots of the competing models. Figs. 8–10

demonstrated the �t of our distribution to the actual data.
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Table 13: Estimates values and SEs for all models applied to the second data set

Models δ̂ β̂ ϑ̂ η̂ SE(δ̂) SE(β̂) SE(ϑ̂) SE(η̂)

HTPXLD 1.0376 0.0297 1.1444 0.0437 0.0184 0.0662

XLD 0.1859 0.0118

PXLD 0.2422 0.8835 0.0298 0.0478

LD 0.1992 0.0125

PLD 0.8346 0.2950 0.0473 0.0370

EGXLD 0.2916 0.4800 1.0244 0.0345 0.0056 0.1218

PELD 0.8743 0.0224 0.0876 0.0939 0.0301 0.0262

KLD 0.5015 0.9518 0.2795 0.0028 0.1661 0.0273

WPLD 0.0081 1.0747 46.7070 84.8577 0.0020 0.0673 395.3561 17.2771

EGLD 0.4873 0.2821 0.8991 0.0050 0.0344 0.1042

WLD 1.0514 0.1062 0.0002 0.0675 0.0094 0.0159

EXLD 0.0022 1.2330 0.0423 4.2883 0.2490 0.0547

Table 14: Fitting measures values for the second data set

Models R1 R2 R3 R4 R5 R6 R7 R8 R9 R10 R11

HTPXLD 812.8935 818.8935 827.4496 819.0871 822.3699 0.0281 1.0000 0.0112 1.0000 0.0778 1.0000
XLD 829.9418 831.9418 834.7939 831.9736 833.1006 0.1017 0.1415 0.3348 0.1081 1.7385 0.1286
PXLD 824.1349 828.1349 833.8390 828.2309 830.4525 0.0744 0.4785 0.1641 0.3498 1.0405 0.3366
LD 833.7925 835.7925 838.6445 835.8242 836.9513 0.1114 0.0834 0.4851 0.0433 2.6005 0.0440
PLD 822.1099 826.1099 831.8139 826.2059 828.4274 0.0702 0.5538 0.1350 0.4393 0.8517 0.4449

EGXLD 823.7563 829.7563 838.3124 829.9498 833.2327 0.0852 0.3104 0.1902 0.2875 1.0352 0.3392
PELD 1028.9585 1034.9585 1043.5146 1035.1521 1038.4349 0.0447 0.9604 0.0383 0.9421 0.2559 0.9671
KLD 823.5787 829.5787 838.1347 829.7722 833.0550 0.1003 0.1518 0.3078 0.1285 1.5033 0.1757
WPLD 824.0243 832.0243 843.4324 832.3495 836.6595 0.0725 0.5117 0.1696 0.3354 1.0694 0.3227
EGLD 823.1934 829.1934 837.7495 829.3870 832.6698 0.0823 0.3514 0.1742 0.3238 0.9652 0.3759
WLD 823.7849 829.7849 838.3410 829.9785 833.2613 0.0721 0.5192 0.1664 0.3436 1.0484 0.3327
EXLD 822.7917 828.7917 837.3478 828.9852 832.2681 0.0922 0.2265 0.2100 0.2490 1.3555 0.2151
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Figure 7: Some basic non-parametric plots for the second dataset
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Figure 8: Estimated PDFs for the competing models for the second dataset
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Figure 9: Estimated CDFs for the competing models for the second dataset
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Figure 10: Estimated CDFs for the competing models for the second dataset

7.3 �e�ird Dataset

�e third data set represents values for the in�ation rate in several countries that were recorded in June

2024.�e term “in�ation rate” describes how prices for products and services vary over time.�e electronic

address fromwhich it was taken is as follows: https://tradingeconomics.com/ (accessed on 07 February 2025).

�e data set is reported in Table 15. Table 16 displays the results of the descriptive analysis for this dataset.

Table 15: In�ation rate recorded in June 2024

Country In�ation

rate %

Country In�ation

rate %

Country In�ation

rate %

Country In�ation

rate %

Australia 3.60 Germany 2.20 Netherlands 3.20 Spain 3.40
Brazil 3.93 India 4.75 Russia 8.30 Switzerland 1.30
Canada 2.90 Indonesia 2.51 United Kingdom 2.00 Saudi Arabia 1.60
China 0.30 Italy 0.80 Singapore 3.10 United States 3.30

Euro Area 2.50 South Africa 5.20 Japan 2.80
France 2.20 Mexico 4.69 South Korea 2.40

Table 16: Descriptive statistics for the third dataset

n Mean Median σ 2 σ κ1 κ2 Range Minimum Maximum Sum

22 3.0445 2.8500 2.8805 1.6972 1.2190 5.4068 8.0000 0.3000 8.3000 66.9800

For the third dataset, Table 17 presents the MLEs along with their SEs. Table 18 provides the numerical

values for theR6 statistic, itsR7,R10, itsR11,R8, itsR9, as well as theR2,R3,R4, andR5 statistics. Fig. 11

includes the histogram, violin plot, QQ plot, box plot with strip chart, and TTT plot. �e estimated PDFs

of competing models for the third dataset are shown in Fig. 12, while Fig. 13 displays the estimated CDFs

of the competitive models. Additionally, Fig. 14 illustrates the PP plots of the competing models. Figs. 12–14

demonstrate the �t of our distribution to the actual data.

From the numerical values in Tables 11, 14, and 18 the HTPXLD is better than XLD, LD, EGXLD, PELD,

KLD, WPLD, EGLD, PLD, WLD, EXLD, and PXLD for the three datasets.

https://tradingeconomics.com/
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Table 17: Estimates values and SEs for all models applied to the third data set

Models δ̂ β̂ ϑ̂ η̂ SE(δ̂) SE(β̂) SE(ϑ̂) SE(η̂)

HTPXLD 1.0698 0.0401 2.0517 0.2073 0.0648 0.3153

XLD 0.4758 0.0756

PXLD 0.2407 1.6102 0.0728 0.2161

LD 0.5414 0.0843

PLD 1.5161 0.2948 0.2132 0.0908

EGXLD 59.2893 0.0505 2.0251 243.7637 0.1162 0.7654

PELD 1.3771 30.4806 0.9934 1.2941 95.0480 0.1759

KLD 0.3463 1.7807 4.1649 0.4822 0.8894 9.8057

WPLD 0.0200 1.0710 13.3755 61.8533 0.0187 0.0923 23.0746 55.0031

EGLD 4.6251 0.1411 3.0186 0.0026 0.0299 1.0152

WLD 1.9006 0.2919 0.0000 0.3030 0.0345 0.7661

EXLD 0.0797 1.8331 0.3009 0.6872 0.6462 0.0880

Table 18: Fitting measures values for the third data set

Models R1 R2 R3 R4 R5 R6 R7 R8 R9 R10 R11

HTPXLD 80.3785 86.3785 89.6516 87.7118 87.1495 0.0968 0.9861 0.0290 0.9817 0.2310 0.9795
XLD 90.0141 92.0141 93.1051 92.2141 92.2711 0.2634 0.0945 0.3685 0.0869 1.8797 0.1076
PXLD 84.3294 88.3294 90.5114 88.9609 88.8434 0.1119 0.9458 0.0541 0.8563 0.3470 0.8982
LD 87.6773 89.6773 90.7684 89.8773 89.9343 0.2417 0.1531 0.2938 0.1405 1.5116 0.1739
PLD 83.7147 87.7147 89.8968 88.3463 88.2287 0.1112 0.9483 0.0499 0.8816 0.3238 0.9184

EGXLD 81.2359 87.2359 90.5090 88.5692 88.0069 0.1206 0.9060 0.0519 0.8695 0.3383 0.9059
PELD 116.9745 122.9745 126.2476 124.3078 123.7455 0.0980 0.9841 0.0324 0.9704 0.2461 0.9723
KLD 81.1021 87.1021 90.3752 88.4354 87.8731 0.1176 0.9211 0.0487 0.8888 0.3199 0.9217
WPLD 81.5916 89.5916 93.9558 91.9445 90.6197 0.1234 0.8913 0.0610 0.8127 0.3839 0.8632
EGLD 81.6568 87.6568 90.9299 88.9901 88.4278 0.1509 0.6981 0.0794 0.7000 0.4771 0.7685
WLD 81.5766 87.5766 90.8497 88.9099 88.3476 0.1229 0.8937 0.0603 0.8170 0.3811 0.8660
EXLD 81.5617 87.5617 90.8348 88.8950 88.3328 0.1265 0.8732 0.0610 0.8129 0.3907 0.8565
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Figure 11: Some basic non-parametric plots for the third dataset
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Figure 12: Estimated PDFs for the competing models for the third dataset
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Figure 13: Estimated CDFs for the competing models for the third dataset

�e actuarial measures VaR, TVaR, TV, and TVP of the HTPXLD, PXLD, PLD, EGXLD, WLD, KLD,

EXLD, and WPLD are computed and compared using the third data set in the following. Tables 19 and 20

present the numerical �ndings.

We �nd that for di�erent signi�cance levels q and di�erent values of ω, the HTPXLDmodel has greater

values of the risk measures VaR, TVaR, TV, and TVP from Tables 19 and 20 and the Figs. 15 and 16. �is

suggests that compared to the PXLD, PLD, EGXLD, WLD, KLD, EXLD, and WPLD, the HTPXLD has a

heavier tail.
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Figure 14: PP plots of competing models for the third dataset

Table 19:�e actuarial metrics VaR, TVaR, and TV values for the data set3

Measure q HTPXLD PXLD PLD EGXLD WLD KLD EXLD WPLD

VaR 0.900 5.2743 5.2588 5.2483 5.2616 5.2122 5.2467 5.2178 5.2137

0.910 5.4370 5.3808 5.3728 5.4142 5.4309 5.3773 5.4270 5.4200

0.920 5.6196 5.5143 5.5093 5.5600 5.5772 5.5209 5.5884 5.5781

0.930 5.8273 5.6624 5.6609 5.7224 5.7304 5.6811 5.7451 5.7310

0.940 6.0675 5.8292 5.8320 5.9065 5.9029 5.8628 5.9216 5.9030

0.950 6.3520 6.0213 6.0296 6.1198 6.1011 6.0735 6.1248 6.1007

0.960 6.6995 6.2496 6.2648 6.3749 6.3362 6.3260 6.3660 6.3349

0.970 7.1441 6.5339 6.5588 6.6952 6.6281 6.6437 6.6661 6.6257

0.975 7.4226 6.7089 6.7400 6.8936 6.8073 6.8411 6.8504 6.8041

0.980 7.7588 6.9180 6.9572 7.1321 7.0209 7.0788 7.0706 7.0167

0.985 8.1833 7.1802 7.2301 7.4331 7.2880 7.3796 7.3461 7.2825

0.990 8.7616 7.5370 7.6026 7.8462 7.6501 7.7943 7.7203 7.6426

0.995 9.6903 8.1177 8.2115 8.5262 8.2358 8.4818 8.3269 8.2246

0.999 11.5697 9.3554 9.5193 10.0045 9.4693 10.0013 9.6097 9.4487

TVaR 0.900 6.7833 6.2786 6.2994 6.4212 6.3610 6.3774 6.3940 6.3588

0.910 6.9421 6.3852 6.4093 6.5406 6.4705 6.4959 6.5065 6.4680

0.920 7.1191 6.5025 6.5305 6.6724 6.5910 6.6269 6.6302 6.5880

0.930 7.3187 6.6333 6.6658 6.8200 6.7251 6.7737 6.7680 6.7216

0.940 7.5479 6.7815 6.8193 6.9878 6.8766 6.9410 6.9243 6.8725

0.950 7.8164 6.9534 6.9976 7.1834 7.0523 7.1362 7.1049 7.0473

0.960 8.1406 7.1587 7.2111 7.4185 7.2616 7.3713 7.3207 7.2557

0.970 8.5503 7.4164 7.4794 7.7153 7.5233 7.6690 7.5910 7.5160

0.975 8.8045 7.5757 7.6461 7.9000 7.6850 7.8550 7.7580 7.6768

(Continued)
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Table 19 (continued)

Measure q HTPXLD PXLD PLD EGXLD WLD KLD EXLD WPLD

0.980 9.1094 7.7671 7.8463 8.1228 7.8786 8.0798 7.9583 7.8692

0.985 9.4919 8.0082 8.0992 8.4050 8.1218 8.3655 8.2102 8.1109

0.990 10.0103 8.3386 8.4464 8.7939 8.4537 8.7613 8.5544 8.4406

0.995 10.8416 8.8802 9.0179 9.4386 8.9948 9.4218 9.1167 8.9777

0.999 12.5396 10.0487 10.2591 10.8520 10.1491 10.8963 10.3206 10.1219

TV 0.900 2.0173 0.8444 0.9123 1.1044 0.8768 1.1089 0.9315 0.8684

0.910 1.9890 0.8244 0.8925 1.0844 0.8539 1.0917 0.9082 0.8454

0.920 1.9555 0.8033 0.8718 1.0633 0.8299 1.0736 0.8839 0.8214

0.930 1.9158 0.7810 0.8497 1.0407 0.8044 1.0543 0.8580 0.7958

0.940 1.8662 0.7570 0.8258 1.0174 0.7781 1.0339 0.8287 0.7694

0.950 1.8055 0.7302 0.7993 0.9894 0.7469 1.0109 0.7991 0.7381

0.960 1.7289 0.7014 0.7704 0.9587 0.7131 0.9857 0.7644 0.7043

0.970 1.6284 0.6662 0.7383 0.9237 0.6751 0.9574 0.7250 0.6663

0.975 1.5653 0.6481 0.7171 0.9031 0.6524 0.9406 0.7021 0.6435

0.980 1.4892 0.6262 0.6950 0.8796 0.6273 0.9220 0.6762 0.6184

0.985 1.3955 0.6009 0.6692 0.8515 0.5981 0.9001 0.6457 0.5892

0.990 1.2730 0.5679 0.6359 0.8201 0.5606 0.8733 0.6069 0.5517

0.995 1.0936 0.5217 0.5878 0.7634 0.5085 0.8366 0.5515 0.4984

0.999 0.8038 0.4417 0.5042 0.6734 0.4162 0.7755 0.4528 0.4077

Table 20:�e actuarial metrics TVP values for the data set3

κ q HTPXLD PXLD PLD EGXLD WLD KLD EXLD WPLD

0.50 0.900 7.7920 6.7008 6.7555 6.9734 6.7994 6.9319 6.8597 6.7930

0.910 7.9366 6.7974 6.8556 7.0828 6.8975 7.0418 6.9606 6.8908

0.920 8.0968 6.9042 6.9664 7.2041 7.0060 7.1637 7.0721 6.9987

0.930 8.2766 7.0238 7.0906 7.3403 7.1273 7.3008 7.1970 7.1195

0.940 8.4810 7.1600 7.2322 7.4964 7.2657 7.4579 7.3386 7.2572

0.950 8.7191 7.3184 7.3972 7.6781 7.4257 7.6416 7.5044 7.4164

0.960 9.0051 7.5094 7.5963 7.8979 7.6182 7.8642 7.7029 7.6078

0.970 9.3645 7.7495 7.8485 8.1771 7.8609 8.1478 7.9535 7.8492

0.975 9.5871 7.8998 8.0046 8.3515 8.0112 8.3253 8.1091 7.9985

0.980 9.8540 8.0802 8.1939 8.5626 8.1923 8.5407 8.2964 8.1784

0.985 10.1896 8.3087 8.4338 8.8308 8.4209 8.8156 8.5330 8.4055

0.990 10.6468 8.6226 8.7643 9.2040 8.7340 9.1980 8.8578 8.7165

0.995 11.3883 9.1411 9.3118 9.8203 9.2490 9.8402 9.3924 9.2270

0.999 12.9415 10.2696 10.5112 11.1887 10.3572 11.2841 10.5470 10.3258

0.75 0.900 8.2963 6.9119 6.9836 7.2495 7.0186 7.2091 7.0926 7.0101

0.910 8.4339 7.0035 7.0787 7.3539 7.1110 7.3147 7.1876 7.1021

0.920 8.5857 7.1050 7.1843 7.4699 7.2135 7.4321 7.2931 7.2041

(Continued)
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Table 20 (continued)

κ q HTPXLD PXLD PLD EGXLD WLD KLD EXLD WPLD

0.930 8.7556 7.2191 7.3030 7.6005 7.3284 7.5644 7.4115 7.3184

0.940 8.9475 7.3493 7.4387 7.7508 7.4602 7.7164 7.5458 7.4496

0.950 9.1705 7.5010 7.5971 7.9255 7.6125 7.8944 7.7042 7.6009

0.960 9.4373 7.6847 7.7889 8.1376 7.7965 8.1106 7.8940 7.7839

0.970 9.7716 7.9161 8.0331 8.4081 8.0297 8.3871 8.1347 8.0157

0.975 9.9785 8.0618 8.1839 8.5773 8.1743 8.5604 8.2846 8.1594

0.980 10.2263 8.2367 8.3676 8.7824 8.3491 8.7712 8.4654 8.3330

0.985 10.5385 8.4589 8.6011 9.0436 8.5704 9.0406 8.6945 8.5529

0.990 10.9651 8.7645 8.9233 9.4090 8.8742 9.4163 9.0096 8.8544

0.995 11.6617 9.2715 9.4587 10.0111 9.3761 10.0493 9.5302 9.3516

0.999 13.1425 10.3800 10.6372 11.3571 10.4613 11.4780 10.6602 10.4277

0.90 0.900 8.5989 7.0385 7.1204 7.4151 7.1501 7.3755 7.2324 7.1404

0.910 8.7323 7.1271 7.2126 7.5165 7.2391 7.4785 7.3239 7.2289

0.920 8.8790 7.2255 7.3151 7.6294 7.3379 7.5931 7.4257 7.3273

0.930 9.0429 7.3362 7.4305 7.7566 7.4490 7.7225 7.5402 7.4378

0.940 9.2275 7.4628 7.5626 7.9034 7.5769 7.8714 7.6701 7.5650

0.950 9.4413 7.6105 7.7170 8.0739 7.7245 8.0460 7.8241 7.7117

0.960 9.6966 7.7899 7.9045 8.2814 7.9034 8.2584 8.0087 7.8895

0.970 10.0158 8.0160 8.1439 8.5466 8.1310 8.5308 8.2435 8.1157
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Figure 15: Competing model VaR, TVaR, and TV plots for the third dataset
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Figure 16: Competing model TVP plots for the third dataset

8 Conclusion

In the applied sciences, modeling heavy-tailed datasets is an important task, especially in domains

like �nance, medicine, and actuarial analysis. �is paper constructs a novel heavy-tailed distribution by

combining the PXLD with a heavy-tailed family. Especially when modeling leptokurtic lifespan data, that

is, data with thicker tails this novel distribution presents a strongly modi�ed version of the PXLD. With

asymmetric forms and di�erent degrees of peakedness, our suggested density gives more versatility, and

its hazard rate function has various shapes. We delve into its statistical properties, deriving the quantile

function, moments, incomplete moments, stochastic ordering, SS reliability parameter, and some extropy

measures. We employ the ML procedure to estimate the model parameters. To assess the e�ectiveness of

our proposed estimators, we conduct various simulation experiments. �ese experiments will evaluate the

estimator’s performance using metrics like an average estimate, relative bias, bias, mean squared error, root

mean squared error, average interval length, and coverage probability. We employ our suggested model to

examine three real-world datasets to demonstrate its usefulness. �e simulation analysis provided evidence

thatMLEs exhibit improved accuracywith increasing sample size.�is is supported by the observed decrease

in MSE, which is consistent with the theoretical expectation of parameter estimates converging toward their

true values as the sample size grows. As sample numbers rise, the CP of the approximate CIs improves. As

a result, we can be more certain that the actual parameter values fall inside the stated con�dence intervals.

Next, we evaluate its e�ectiveness in comparison to well-known rival models, emphasizing its bene�ts.

A limitation of this study lies in its exclusive reliance on deriving point and interval estimates using the

maximum likelihood method in the case of a complete sample. �e simulation analysis presented in this

work focuses speci�cally on scenarios with large sample sizes. Future studies should examine how well the

HTPXLD performs in more realistic settings, such as those requiring ranked set sampling. Future studies

should examine the HTPXLD’s performance on a larger variety of datasets with a range of attributes to fully

evaluate its adaptability.
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