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ABSTRACT

The separation-of-variable (SOV) methods, such as the improved SOV method, the variational SOV method, and
the extended SOV method, have been proposed by the present authors and coworkers to obtain the closed-form
analytical solutions for free vibration and eigenbuckling of rectangular plates and circular cylindrical shells. By
taking the free vibration of rectangular thin plates as an example, this work presents the theoretical framework
of the SOV methods in an instructive way, and the bisection—based solution procedures for a group of nonlinear
eigenvalue equations. Besides, the explicit equations of nodal lines of the SOV methods are presented, and the
relations of nodal line patterns and frequency orders are investigated. It is concluded that the highly accurate
SOV methods have the same accuracy for all frequencies, the mode shapes about repeated frequencies can also
be precisely captured, and the SOV methods do not have the problem of missing roots as well.
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1 Introduction

The free vibration problems of rectangular plates can be classified into three categories according
to boundary conditions (BCs), Category 1: all edges are simply supported and/or guided; Category
2: only two opposite edges are simply supported and/or guided; Category 3: BCs not falling into
any of the above two categories. This classification is also suitable for the eigenbuckling problems
of rectangular plates.

The problems of Categories 1 and 2 have the well-known Navier and Levy types of exact solutions
that rigorously satisfy characteristic partial differential equations (PDEs) and BCs [I-5]. For the
problems of Category 3, it is hard or even impossible to find exact solutions. To obtain analytical
solutions to the problems of Category 3, several analytical methods have been developed from different
perspectives since the 1950s, such as the Kantorovich-Krylov (K-K) method [6-10], the separation-
of-variable (SOV) methods [11-15], the superposition method [16-19], the series expansion-based
methods [20-24], the symplectic eigenfunction expansion method [25-29], and the dynamic stiffness
method [30-34] for the plate assemblies.
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Since the present work focuses on the SOV methods obtaining closed form eigensolutions, the
motivations of the SOV methods are presented below. In the Navier method (an inverse method)
and Levy method (a semi-inverse method), the separable mode function has the form of w(x, y) =
@(X)¥(p), in which both ¢(x) and ¥ (y), or any one of them is constructed based on the simply
supported BCs, limiting the application scope of the inverse methods. To extend the application of
the Levy method, the direct SOV method [11] also using w(x, y) = ¢ (x)¥ (») is proposed from a new
perspective, wherein both unknown ¢(x) and v (y) are solved simultaneously, and the closed-form
solutions for the free vibration of rectangular plates with clamped adjacent edges were obtained for
the first time. Afterwards, a few more powerful SOV methods are proposed based on the Rayleigh
quotient, including the imSOV method [13], the vSOV method [12], the iSOV method [12], and the
eSOV method [14]. Among them, the imSOV, iSOV, and eSOV methods are general ones, implying
that they are suitable for rectangular plates and cylindrical shells with arbitrary homogeneous BCs.

In the SOV methods, mode functions have separable forms, like w(x, y) = @(x)¥(y). The
relationships of the eigenvalues corresponding to spatial and temporal coordinates are achieved
according to characteristic PDEs or/and the Rayleigh quotient. Transcendental eigenvalue equations
are attained with the homogeneous BCs. Although there are several publications for each SOV method,
there are no works about the following things: the general theoretical frameworks, the practical
calculation method for natural frequencies and modes, the accuracy of frequencies of different orders,
and the problem of missing frequencies or solution integrity.

In this context, this work presents the general methodology of how to solve the SOV solutions
of characteristic PDEs, and how to obtain closed-form analytical solutions through the Rayleigh
quotient. In addition, bisection-based solution procedures are presented to solve eigenvalue equations,
and nodal line patterns which are used to check the accuracy and integrity of the SOV solutions are
investigated. Note that the free vibration analysis of an isotropic rectangular thin plate is employed to
achieve the objective of the present work.

The rest of this manuscript is organized as follows. Section 2 presents the theoretical framework
of the SOV methods. After presenting the designing purposes and nonlinear eigenvalue equations of
each SOV method, Section 3 gives the bisection-based solution procedures. Section 4 investigates the
relations of nodal line patterns and frequency orders, as well as the accuracy and integrity of solutions.
Section 5 compares the results of the SOV methods with those of the finite element method (FEM)
and other methods, and conclusions are drawn in Section 6.

2 Theoretical Frameworks of the SOV Methods

The SOV methods are used to solve characteristic PDEs, the stationary value problems of the
Rayleigh quotient, or both simultaneously. This section first presents the theoretical framework of the
SOV methods, including the introduction of the characteristic PDEs and the Rayleigh quotient, as
well as the methodology of finding SOV solutions based on them, and then demonstrates that all SOV
methods come from the framework.

Fig. | shows a rectangular plate with length 2a, width 2b, and thickness 4. According to the
Kirchhoff plate theory [35], the displacement functions of thin plates have the forms as

oW (x,y,t

U(xayazat):_zﬁ
ax

oW (x,y,t

V(X,%Zat):_z(;y)

ay
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Wx,y,z2,0 =W(x,y1) (D

where x, y are the coordinates of the middle surface, z is the coordinate of the thickness direction,
and the origin of the coordinates is at the center of the middle surface; U, V, and W represent the
displacements in the x, y and z directions, respectively, and only the deflection W is the independent
variable according to Eq. (1).

i =

Figure 1: A rectangular plate and the Cartesian coordinates

2.1 Characteristic Partial Differential Equations and Boundary Conditions

For a harmonic motion, the deflection W (x, y, 1) = w(x,y)e*’, where i = /—1, w is the radial
frequency, and w (x, y) is the mode function. The equation of the lateral translational motion for the
free vibration of thin plates are [35]
0., 10,

+

= —pha? 2
ox oy phw™w ()

where p is the density, and / is the thickness; O, and Q, are the transverse shear forces, which have the
forms as

IM, M IM, | OM,

xy
X - 2 y = 3
Q ax + ay Q ax ay 3
o*w o*w *w o*w o*w
M=-D|\—+v—= ). M=-D\—+v— |, M,=—D1—-v) 4)
ax? d)? d)? ax? axay

where M, and M,, and M,, are the bending moments, and the twisting moment per unit length; D =
ER/[12 (1 —v?)] is the flexural rigidity, in which E is the Young’s modulus, and v is the Poisson’s
ratio. The equivalent shear forces have the forms as
oM oM.,

SV =0+

V’C == X
=T ay 0x

©)

By substituting Eq. (4) into Eq. (3) and then into Eq. (2), the characteristic PDE is obtained as
D 0*w n 9*w L 9w
ax* ax2ay*  dy*

) — pho’w =0 (6)

With the coordinate transformations & = x/a, n = y/b, Eq. (6) changes to

9 94 94
AL, P LAV Lo T 7
dE* dE2n? an*

where the aspect ratio « = a/b and the non-dimensional frequency 2* = ?(pha'/D). All

homogeneous BCs expressed in terms of w are listed in Table 1. Besides, symbolisms are used to denote
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the BCs of four edges. For example, “CSGF” indicates that the edges of £ = —1,n = —1, & =1
and n = 1 are clamped (C), simply supported (S), guided (G) and free (F) respectively, and other
combinations of BCs can be interpreted in the same way.

Table 1: Boundary conditions in terms of deflection

BCs Deflection  Slope Shear force Bending moment
Foredgesé = —landé =1
ow D (93w 3w D [ 9*w 32w
— Ve=——=—<+Q2- 2 Mg =—— | — 2
w T 3 a3(8§3 +Q2-va 858172) 3 a2(as2 + va o2
Foredgesn=—1landn=1
ow D (3w @-v) 3w D [ 9*w v 82w
haid | A (i M, o=——_( 4+ 7"
v an TR (an3 T2 e 1=\ a2 T2 ae
Simple support (S) 0 0
Clamp (C) 0 0
Guide (G) 0 0
Free (F) 0 0

2.2 Separation-of-Variable Solutions
This section introduces the general method of solving Eq. (7). Assuming that the closed-form
mode function (deflection) w has the separable form as

w(&,n) =¢ &) () (8)

then one can see from Table 1 that S, C, and G are separable, but F is not. Here ‘separable boundary
condition’ implies that the boundary condition depends only on ¢(£) or ¥ (). However, there is a
special case: if a pair of opposite edges are S-S, G-G, or S-G, then even if the other two edges are free,
their BCs are also separable. Section 3 will give an integration method to convert inseparable free BCs
into separable ones.

Assuming the functions ¢(&) or ¥ (n) in Eq. (8) are as follows:
¢ (§) = Ae*, ¥ (n) = Be” €))

where o and A are the spatial eigenvalues concerning spatial coordinates & and 7, respectively. With
the substitution of Eq. (9) into Eq. (7), we have

(W +a?2?) = 2 (10)
or
w4 oA = 027 (11)

which is the explicit relations of the two spatial eigenvalues ¢ and A and the frequency £2. One can see
that there are four u and four A satisfying Eq. (10), and they can be written as

M2 = +iw,, U3a = = o) (12)
Ao =S +ia,, Asa £ *B, (13)

where «, B, o, B, are real numbers. Accordingly, the closed-form ¢ and 4 can be expressed as
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¢ (&) = A, cos (&) + A, sin (a,§) + A;cosh (B,&) + A, sinh (B,§) (14)
¥ (1) = B, cos (a,n) + B, sin (a,n) 4 B; cosh (B,n) + B, sinh (B8,1) (15)

where 4, — A, and B, — B, are the mode function coefficients. It should be emphasized that the mode
functions in all SOV methods have the same expressions as given in Egs. (8), (14) and (15), but each
SOV method has a different technique to obtain «;, 8,, o, 8, and £2. By substituting ¢ and v into
the BCs of two pairs of opposite edges in Table 1, one can achieve 4, — 4, and B, — B, and two
transcendental eigenvalue equations about «,, 8,, o, B8, and £2. Solving for these five unknowns needs
the other three equations, which are obtained below.

With the substitution of the four combinations (5, A1), (125 As4)s (34> A12), (U345 Azg) INLO
Eq. (10), one can have

o+ (o)’ = 2° (16)
—? + (afy)’ = +2° (17)
Bl — ()’ = £62° (18)
B+ (aB)’ = 2° 19)

If the right-hand terms of Eqs. (17) and (18) are all equal to §2%, or —£22, then using Eqs. (16)—(18)
yields B} + o7 = 3§2°, or B} + «’B; = —$2°. These two equations contradict with Eq. (19), and this
situation is denoted as Case 1. If the signs of the right-hand terms of Eqs. (17) and (18) are opposite,
then Eq. (17) plus Eq. (18) and using (16) lead to Eq. (19), denoting this situation as Case 2.

Therefore, it can be seen that in Case 2, 8 +«; = 0 or 5 +«; = 0, having no non-trivial solutions,
thus Case 2 is unrealistic and not considered further. In Case 1, the right-hand terms of Egs. (17) and

(18) should be equal to £2* since B; 4+ «*; = 3§27 is more reasonable than 87 + o>, = —2? in terms
of Eq. (19), so Egs. (17) and (18) should be

@B)’ = 2° +af (20)
B = 2° + ()’ 21

The Eqgs. (16), (20) and (21) are the three required equations. By using Eqs. (16), (20), (21) and
two transcendental eigenvalue equations, one can determine «,, 8, o, 8, and £2. Besides, according
to Eqs. (16), (20) and (21), we have

al + B =282 (22)
(@B’ + (ae,)” = 282 (23)

Eq. (22) denotes the relation between §2 and two x-direction eigenvalues («;, 8,), and Eq. (23)
stands for the relation between £2 and two y-direction eigenvalues (8, o).

For the problems of Category 1, Eq. (16) and two transcendental eigenvalue equations are solved
together, and the solutions satisfy Eq. (7) and BCs exactly. For the problems of Category 2, Eqs. (16)
and (20) or Egs. (16) and (21) are solved together with two transcendental eigenvalue equations, and
the results also satisfy Eq. (7) and BCs exactly. Therefore, the Navier method and the Levy method
are the two special cases of the SOV methods.
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For the problems of Category 3, three Eqs. (16), (20), (21) and two transcendental eigenvalue
equations are solved concurrently, but Fq. (7) is not satisfied since Eq. (19) is not satisfied, implying
that the obtained closed-form mode function w and the frequency 2 are not exact. There are two
SOV methods solving Eqs. (16), (20), (21) and two transcendental eigenvalue equations. For the case
without free edges, the constructed SOV method is the direct SOV method [11]. For the case with free
edges, the constructed SOV method is the imSOV method [13], in which the expressions of separable
free BCs are given in Section 2.3.

2.3 Rayleigh Quotient

The Rayleigh quotient is generally used to derive characteristic PDEs of continuous systems and
generalized eigenvalue equations of discrete systems and also serves as the foundation of FEM for
dynamics problems. However, the present authors and coworkers found that the closed-form SOV
analytical solutions can also be achieved through the Rayleigh quotient.

For free vibration, the Rayleigh quotient [36] has the form as

2 Umax
w” = st
T,

where ‘st’ denotes w? is the stationary value of the quotient (Up./Tp); Una 1S the maximum potential
energy of a harmonic vibration; @’ 7T} is the maximum kinetic energy; 7 is called the reference kinetic
energy or the kinetic energy coefficient. For thin plates, we have

’ 32W 3w 2w\’ 2w\’
— () 420 - 25
Ui ZJT[(B#) 3x2®ﬂ4_(aﬁ) +2( v)(&wy) dxdy @3)

(24)

1 2
=5 ﬂ phw*dxdy (26)
By using the non-dimensional coordinates & and n, Eqs. (25) and (26) can be transformed into
__abD w\° 2v wadtw 1 3w\ 20 -v) [ #w)
= — 4+ —— ded 27
=R |2 () Er e () 2 ) s e
ab 5
T, = S ph ﬂ widedn (28)

With the substitution of Eqs. (27) and (28) into Eq. (24), one can obtain the same PDE as Eq. (7)
and the same natural BCs as those in Table 1.

When seeking the SOV solutions based on the Rayleigh quotient, Eqs. (8), (9) and Eqs. (12)—(15)
are also used, and we assume that ¢ is known but ¢ is unknown, or v is unknown but ¢ is known.
When v is known and ¢ is unknown, £2. is used to denote the corresponding frequency. When ¢ is
unknown and ¢ is known, §2, is used to represent the corresponding frequency.

For the case with known ¥ and unknown ¢, according to Eqs. (27), (28) and (24), we can obtain
the governing equation for ¢, as

d'p S, Eo (S N
S Eoa-n T (- a) e =0 29)
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and the boundary bending moment and equivalent shear force for the edges § = —1 and § = 1, as
abD d*¢
Mé = p (Sld_%'z + UO(ZS2¢)
abD [ d*¢ d¢
=2 [sld—gﬁazwsz—z(l —0 Sy £] (30)

where the integral constants are

o[ vuse] (o] (us-[ (e o

If an edge parallel to the y-axis is free, the separable free BCs can be obtained from Eq. (30), as

%—i—vaz%d) =0

? 1 (32)
d—¢+a2(v§—2(l—v)§)d—¢ =0
dg? S, N X

By substituting the first expression in Eq. (9), or ¢ (§) = Ae™ into Eq. (29), one can obtain the
relation between 1 and £2, as

S
w4+ 2a? |:v—2 —(1-=v) —ﬂ W+ (a4—4 - .Qj) =0 (33)

the roots of which can be written in the same forms as those in Eq. (12), but here the spatial eigenvalues
are

[ S, ST S, 28 .S S;
= Z -y == x Z (1= = 34
“ a\ \/_USI ( U) Sl_ Sl + ot + _VSI ( U) S]_ ( )
S, ST s, 94 [ S, S,
= 2 (Q-p2| =2 > 21— = 35
Bi oz\ / _v S, (1—-v) s |7 +— _v 5 (1—-v) s | (35)

The expression of ¢ in terms of @, and B, has the same form as that in Eq. (14). Similarly, for the
situation with unknown i and known ¢, the governing equation for v can be achieved as

d*yr T, T, &>y T,

207 (v = (1 —v) — “(Z -2ty =
dn* o |:VT1 ( g T1:| dn? T T, ! =0 (36)
where

1 1 d2 1 d 2 1 d2 2
o ()en [ (@ er-[ (e o
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The separable boundary bending moment and equivalent shear force for the edges n = —1 and
n=1are
abD >y vT,
My = (T‘ an T ?‘/’)
abD &y v, =20 —v) Ty dy
V,= T — 38
! b* |: Ydn o? dn (38)
The separable free BCs of an edge parallel to the x-axis can be obtained from Eq. (38), as
d? T
14 + Vi, " —0
dn*  a?T, (39)
dy vL-20-wTdy _
dn? 2T, dn

With the substitution of the second expression in Eq. (9), or ¥ () = Be* into Eq. (36), the relation
between A and £2, is obtained as

[ T T T.
Maoa v = 2222 22 _04)=0 40
+ 2a T, (I—=v) 7 |F T\ % (40)
whose roots have the forms of Eq. (13), and
[T, .7 T, [ T, T,
=o' ——(=v)—=| ——+ ¢ — —(1—-v)= 41
o =a \\/_le (1I-v) T, T1+ },+_le (1-v) T | (41)
[T .7 T [T Ty
1 2 3 4 2 3
= —— =)= —=+2*—|[v=—>10—-v) = 42
p=u \/_le A=ng| -—g+2-pr-ad-vg (42)

The expression of ¥ in terms of &, and B, is the same as that in Eq. (15).

The SOV methods based on the Rayleigh quotient include the iSOV method [12], the eSOV method
[14], and the vSOV method [12]. In these three methods, the coefficients 4, — 4, and B, — B, and two
transcendental eigenvalue equations can also be achieved by substituting ¢ and ¥ into the simply
support, clamp and guide BCs in Table 1 and the free BCs in Egs. (32) and (39).

In the iSOV and eSOV methods, two transcendental eigenvalue equations and Eqs. (34), (35),
(41), (42) are solved for «,, Bi, oy, By, £2, and £2,. In the vSOV method, 2, = 2, = £, and
two transcendental eigenvalue equations and Eqs. (34), (35), (23), or two transcendental eigenvalue
equations and Eqs. (41), (42), (22) are solved for «y, B, as, B>, 2.

The iSOV and the eSOV methods are suitable for solving three Categories of problems. For the
problems of Categories 1 and 2, the obtained solutions are exact; for the problems of Category 3, the
solutions make the Rayleigh quotient take stationary value, implying that the solutions are the most
accurate in the SOV function space. The vSOV method applies to the eigenproblem analysis of the
rectangular plates without adjacent free edges.
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3 SOV Methods and Bisection-Based Solution Procedures

In Section 2, the SOV methods have been formed based on the theoretical framework. This
section first gives the purposes of proposing each SOV methods and then presents the corresponding
eigenvalue equations. Then, the bisection-based solution procedures are provided for the imSOV
method, the vSOV method, and the eSOV method respectively. Unlike the Newton iteration method,
the bisection-based methods do not have the problem of choosing the initial values of solutions. The
computational cost is discussed finally.

3.1 Improved SOV Method

The imSOV method [13] is proposed to solve characteristic partial differential Eq. (7), which is a
general method since it is capable of dealing with arbitrary homogeneous BCs. If an edge is free, its
separable BCs are given in Eqs. (32) and (39).

This method uses Eqs. (16), (20), (21) and two transcendental equations to solve «;, 8,, o, 8, and
£2. The two transcendental equations can be attained through the substitution of ¢ (¢§) and v (n) into
two pairs of BCs, as shown in Section 2.2. Here, taking a CCSS rectangular plate as an example, the
two transcendental equations can be derived as

altanh2 ﬁl :/31 tan2 o (43)

az tanh 2 ﬂz == ﬂ2 tan 2 Ol2 (44)

The bisection-based solution procedure for the imSOV method is as follows:
Preparation
1) To express &, and B, in terms of «; and ;.

Eliminating £2 from Eqgs. (16) and (21) generates

Bl — o}
©="n (45)
Then, with Eqgs. (16), (20) and (45), one can have
Br + 30
B="5 (46)
2) Substituting Eqgs. (45) and (46) into Eq. (44) yields
2 (B> +3 2 2(82 — o2
Vv B} — o tanh M = /B? + 3’ tan M (47)

o? o’
Therefore, the original five Eqs. (16), (20), (21), (43) and (44) reduce to two nonlinear equations
Eqs. (43) and (47), and the unknowns are «; and 8.
Solution procedure

The flowchart of solving Eqs. (43) and (47) together is presented in Figs. 2 and 3, in which the
non-zero small number ¢ is the initial value of «;; A is a small increment, and f; (¢, ;) = 0 denotes
Eq. (47) and f, («;, B;) = 0 stands for Eq. (43).
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| Aipot = &, €0 I

0 1 Bisection method
|

[ fa(@1bor Bibot) =

| (@3b0t: Bibot) |

r

| Tyup = A1pot +A |

1 Bisection method
| fo(@1up Brup) =0 |

’ A1bot = A1up
| (alupr ﬁlup) | Bibot = Biup

f1(@1bot, Bibot)
* fl(“lup: ﬁlup) <0 No

Yes

Solution domain
€[ A1 bots Ayup)

B1€[Bibot, fgzup]

Figure 2: The procedure finding solution domains in the imSOV method

ay€[@1pot, X1up)

B1€[B1vot, Prup]

’J] A1mid = (alup + a1pot)/2 [L

Bisection method

| fo(@1mid, Bimig) = 0 I

r

‘ (@1mids P1mia) l

T3bot = A1mid
Bivot = Pimid

Ayup = Aimid

iglup = Bimid
Tyup — A1pot < é

@ = Ayimid

B1 = Bimid

f1(@1up, Prup)

No * fi(@1mid) Pimia) < 0 Yes

Figure 3: The process of calculating accurate results in each solution domain

Step 1 Find solution domains

The flowchart in Fig. 2 is used to search solution domains of Eq. (47), and a domain is represented
by a; € (albon alup)’ Bi € (Bivots Biup)-
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It can be seen that by increasing the value of «, gradually, one can find a set of («,, 8,) satisfying
Eq. (43); then, one can select the solution domains of Eq. (47) from the set of («,, B,) satisfying
Eq. (43).

Step 2 Calculate accurate results

For each domain, the procedure shown in Fig. 3 is employed to calculate accurate solutions with
the bisection method, in which §, the solution precision of @, and §,, is a number much smaller than
A. Note that § is also the solution precision when using the bisection method, for example, to solve
Bivo fOr a given «,, in Fig. 2. Finally, «,, 8, and £2 can be calculated through Eqs. (45), (46), and one
of Egs. (16), (20), (21).

It is noteworthy that the above solution procedure including two steps, finding solution domains
and calculating accurate solutions, is also used in other SOV methods. If the imSOV method is used to
deal with the plates with free corners, the solution procedure is the same as that of the eSOV method,
refer to Section 3.3.

3.2 Variational SOV Method

The vSOV method [12] is proposed to improve accuracy and extend the application of the direct
SOV method [11]. The vSOV method can deal with rectangular plates without free corners (a free
corner implies two adjacent edges are free). In addition to two transcendental eigenvalue equations,
this method assumes £2, = §2, = 2 and solves either Eqs. (22), (41)and (42) or Eqs. (23), (34) and (35).

It can be seen that Eqs. (22) and (23) comes from Eq. (7) (a strong-form equation) and Eqs. (34)
and (35), or (41) and (42) comes from Eq. (24) (a weak-form equation). So the vSOV method can be
viewed as a mixed method, implying that the vSOV method is used to solve the strong-form Eq. (7)
in the x or the y direction and obtain the stationary value of the Rayleigh quotient in the y or the x
direction simultaneously.

It should be noteworthy that the vSOV method is the basis of the iSOV method [12] and the
eSOV method [14]. Based on the bisection method, the solution procedures of the vSOV method are
presented below for two cases.

Casel: Plates without free edges

Also take a CCSS plate as an example, and the transcendental equations are Eqs. (43) and (44).
The coefficients 4, — A, of ¢ (§) are

cos cosq;

A, =A cota;,As = —A———, A, = —A,— 48
2 1Coly, A lCOSh,Bl 4 ISIIlhﬁl (48)

Preparation
1) To express «,, B, and £2 in terms of «; and S,.

As shown in Egs. (14) and (48), ¢ (&) is the explicit function of «; and B,, then Eq. (37) shows that
T, — T, are the explicit functions of «; and B,.

Besides, Eq. (22) shows that £2 is also the function of «; and B,, so Eqs. (41) and (42) indicate that
o, and B, are the explicit functions of &, and 8.

2) Substituting Eqs. (41) and (42) into Eq. (44), one can have a transcendental equation about «;,
and B,, which can be solved together with Eq. (43) for «, and g,.

Solution procedure

The solution procedure is the same as that in Section 3.1, refer to Figs. 2 and 3.
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Case2: Plates with one free edge or two opposite free edges

Here taking a CSSF plate as an example, the transcendental equation for the x directionis Eq. (43).
According to the BCs of the edges n = —1 and n = 1, the y-direction transcendental equation can be
achieved as

B (N, — ;) (N, + B;) tan2 o, = &, (N,, + ;) (N,1 — &3) tanh 2 B, (49)
where N,; and N, are
v, =2 —-v)T;

y1 2
T,
50
vT, (50
sz =
i o?T,
Preparation

1) To express «,, B, and £2 in terms of «, and ;.

Eq. (37) shows T, — T, are the explicit functions of «; and 8,, and §2 can be calculated from Eq. (22)
using «, and f8,, so «, and B, are the explicit functions of «, and 8,, refer to Eqs. (41) and (42).

2) By substituting Egs. (41) and (42) into Eq. (49), one can obtain a transcendental equation
regarding o, and B,, which can be solved together with Eq. (43) for «; and ;.

Solution procedure

The solution procedures of the vSOV method are the same as that of the imSOV method in
Section 3.1.

3.3 Extended SOV Method

The eSOV method [14] is proposed to improve accuracy and extend the application of the vSOV
method [12], and it applies to any homogeneous BCs, so it is a general solution method. The eSOV
method obtains the closed form eigensolutions by finding the stationary values of the Rayleigh
quotient.

The method has nothing to do with Eq. (7). In this method, four Eqs. (34), (35), (41) and (42) in
conjunction with two transcendental eigenvalue equations are solved to achieve the six unknowns «;,
Bi, oz, Ba, £2, and £2,, in which £2, and £2, are independent each other in mathematical sense, but they
are the same in physical sense, which can be proved through the Rayleigh quotient itself.

To simplify solution procedures, the four unknowns of «;, B8, «, and B, are solved first. By
eliminating £2, from Eqs. (34) and (35), we have

S S
o — B =2a’ [vﬁ—(l —v) Ej (51)
and eliminating §2, from Eqs. (41) and (42) generates
T. T
o) — B =2a [VTT —(1=-v) Tj] (52)

Then we only need to solve Eqs. (51), (52) and two transcendental equations for o, B, o, and S..
After obtaining «;, B, @, and B,, one can use any one of Eqs. (34), (35), (41) and (42) to obtain the
frequency 2 because of 2 = 2, = £2,.
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Casel: Plates without free edges

Also taking the CCSS plate as an example, and the two transcendental equations are Eqs. (43)
and (44). The mode function coefficients 4, — A4, are given in Eq. (48), and B, — B, are

cos o, cos o,
B, =B,cota,, B, = —B,———, B, = —B,— 53
2 1 o5, D3 ICOSh 8, 4 1Slrlh 5, ( )

Preparation
1) To express B3, in terms of «;, B, and «,.
Eq. (52) can be reformed as
B T T
ﬁj:ai—Zaz[vf—(l—v)T?] (54)

which shows that B, is an explicit function of «, 8;, and «,. Then ¥ (n) in Eq. (15) and S, — S, in
Eq. (31) are also the explicit functions of «;, B, a,.

2) By substituting Eq. (54) into Eq. (44), we have

T. T. T. T.
aztanh2\/oz§ — a2 [vf —(1=v) T?] = \/a% — a2 [vﬁ —(1=v) Tj tan 2 a, (55)

Since T, — T, are the explicit functions of «; and 8, thus the y-direction transcendental Eq. (55)
is an equation for «, 8, and o,

Solution procedure

After preparation, we can solve Eqs. (55), (43) and (51) for &y, B;, o,. Eqs. (43) and (55) are the
transcendental equations, and Eq. (51) denotes the relation between the two-direction eigenvalues.

The procedure to find solution domains of Egs. (55), (43) and (51) is presented in Fig. 4, wherein
Eq. (43) is denoted by f3(«y, B1) = 0, Eq. (55) is denoted by f,(«y, 81, ;) = 0 and Eq. (51) is denoted
by fi(ay, Bi,a,) = 0. The process of calculating accurate results is similar to that in Fig. 3. More
explanations about Fig. 4 are given below:

1) Since Eq. (43) is only about &, and B,, so to facilitate the solution procedure, for a given o,
Eq. (43) is solved firstly to obtain B,,,, with the bisection method.

2) With the known (1, Bive)> Eq. (55) is a nonlinear equation of «,, which can be solved by the
bisection method to obtain ay.,.

3) After having a group of (pe, Bivor» ®aper) Satisfying Eqs. (43) and (55). By gradually increasing
the value of «, with the increment A, one can determine a group of (¢, Biup> ®%2up), then the solution
domain of Eq. (51) is obtained, which is &, € (@ipots @1up)> Bi € (Bivors Brup) AN &t € (Caper, Aoy ) -
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Aypor = £,€>0 |

1 Bisection method

| fZ (“lbob Blbot) =0 I

l (@1bots Bibot) J

Bisection method
| f1(@1bots Bibots A2bor) =0 I

r

A
| (@1bot Bibot X2bot ) |

[ Qyup = C;'l.bot +A l

| Bisection method
J

| fz(alup»ﬁlup) =0

i)
| (aluprﬁlup) l ;lbot = Elup
Bisection method =
| fl(alupxﬁlupramp) =0 ]l ‘i 1bot _ tup
Aohot = aZup

‘ (@1up: Brup: A2up) l

f3(@1p0t Bibot: Tabot)
) fS(alupfﬁlup' aZup) <0

Solution domain
;€[ por @y up]
B1€[Bivots Blup]

a5 €[Apor “Zup]

Figure 4: The procedure finding solution domains in the eSOV method

Case2: Plates with one free edge or two opposite edges free

The situation with one free edge is considered first. Similar to the vSOV method, the CSSF plate
is taken as an example too. Eqs. (43) and (49) are the two transcendental equations. The coefficients
A, — A, are given in Eq. (48), and the coefficients B, — B, are

cosa, N, — o3 cosa, Ny —a;

B, = B,cotw,, By = —B , B, = —B,— 2 56
? ! P 1cosh,BzNyz—i—,Bz2 ! ls1nh,82Ny2+,322 (36)

Preparation

1) As shown in Section 3.1, 8, can be achieved from Eq. (43) for a given «, with the bisection
method, and T, — T, are the explicit functions of @, and S,.

2) N,; and N, are also the explicit functions of «, and B, according to Eq. (50), from which we
have

T T
Ny + N, =20 [vf —(1=v) f} (57)

From Eqs. (52) and (57), one can obtain
:822=05§_Ny1_Nv2 (58)
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Substituting Eq. (58) into Eq. (49) to eliminate 8, generates

o — N, — N, (N, — &) tan 2a;, = a, (N,, — &) tanh (2, a2 — N, — Nﬂ) (59)

which is a nonlinear equation for «, 8, ;. Then from Eqs. (58), (56), (15) and (31), one can see that f,,
B, — B,, ¥ (n) and S, — S, are also the explicit functions of o, 8, o..

Solution procedure

Solving Eqgs. (43), (59) and (51) can give «y, B,, o,. Among these three equations, Eqs. (43) and (59)
are the transcendental equations corresponding to two coordinate directions respectively, and Eq. (51)
establishes the eigenvalue relation of two directions. The process for finding the solution domains of
these three equations is the same as that shown in Fig. 4. Then a similar process as that in Fig. 3 can
be used to calculate accurate results.

Case3: Plates with free corners

Taking a SSFF plate as an example, the y-direction transcendental equation is Eq. (49), and the
x-direction transcendental equation is similar to Eq. (49), as

Bi (Nxz - 0112) (le + ,312) tan 20, = o (N,\Q + ,312) (le - 0112) tanh2 g, (60)
where N,, and N,, are the variables from the free BCs of the edges§ = —1 and & = 1, as
L8, —2(1 =) S;

N, = 61
xl o S, ( )
OIZUSZ
b= 62
2 S, (62)
The mode function coefficients B, — B, are listed in Eq. (56), and 4, — A, are
N\» 2 N\‘ 2
Ay= A cota, Ay = —A oL 22 TRy g SR e TS (63)
cosh 8, N, + B; sinh B, N,, + B;
Preparation
1) Deal with the eigenvalue equations in the x direction.
From Eqs. (61) and (62), we have
S S
Na+N,=2|v=—(1—-v)= 64
at N o |:VS1 ( U)S1:| (64)
Then from Eqs. (51) and (64), one can obtain
alz_ﬂlzzNzl-"_N\cZ (65)

By substituting Eq. (65) into Eq. (60), we have
Bi (Nxz - 0112)2 tan 2o, = o (Nxz + ,312)2 tanh2 B, (66)

which is a quadratic equation of N,,. By using the root formula, N,, can be obtained, which is the
explicit function of «;, B,, then the coefficient 4, — A, and the integrals 7, — T, are the explicit functions
of oy, B,.
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2) Deal with the eigenvalue equations in the y direction, and the work is the same as that in
Section 3.2.
3) From Eqgs. (65) and (66), we know that both N, and N, are the explicit functions of «;, B,. It can

be seen from 2) that S| — S, are the explicit functions of «;, 8, and «,. By substituting S, — S,, Ny, Ny,
into Egs. (61) and (62), we have two nonlinear equations for «;, 8, o..

Solution procedure

In the above preparation, one has obtained three nonlinear equations, including Egs. (59), (61)
and (62). Among them, Eq. (59) is the y-direction transcendental equation, and Egs. (61) and (62)
relate the eigenvalues of the x and y directions.

The solution domains of these three equations can be found with the procedure in Fig. 5, in
which f; = 0, f, = 0 and f; = 0 stand for Eqs. (59), (62) and (61), respectively. By increasing the
value of «;, gradually, one can find a set of («,, 8, o) satisfying Eqgs. (59) and (62); then by using the
bisection method again, one can find («,, B, «,) satisfying Eq. (61) from the set of («y, B;, o). Finally,
the closed-form solutions are achieved.

| Aypor = £,6>0 |
fi(@bot, Bibot, @zbor) = 0 | Bisection method 2]
f2(@1bot: Bibots @zbot) = 0

¥
|(“1bot»ﬁlbut-a2bot)|

| Myyp = Aipor +4 |

fi (alup, f?lup- azUP) = | Bisection method
a =a
fz(alupfﬁlupﬂ a2up) =0 l 1bot lup

| (Hlup-’glup*azup) | Bl.bot i Blup
Tobot = @2up

f3(@1bot: Bibot: X2bot)
5 fB(alup- ﬁlup:a2up) <0

Solution domain
@ €[@1pot, Ayup]
Bie[ﬁlbotaﬁlup]

“25[“2bot- azup]

Figure 5: The procedure finding solution domains for SSFF plates in the eSOV method

In addition to the above solution procedures, an iteration method can also be used here. If («;,
B, £2,) are obtained with the assumed (o, B, £2,), then («,, B,, £2,) can be updated with the obtained
(a1, Bi, £2,), then updating (o, B,, £2,) again, the iteration ends if |.Qy — £2.| /%2, is small enough. This
iteration solution method is the iSOV method [12].

3.4 Computational Cost

The SOV methods are analytical methods, which can be used to solve characteristic PDEs or
the stationary value of the Rayleigh quotient, not requiring to discretize spatial domain like FEM.
To obtain frequencies and modes, only a few closed-form transcendental and algebraic eigenvalue
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equations need to be solved, as shown in Sections 3.1-3.3. So, the SOV methods are efficient and
economical, and solving programs can be implemented on regular PCs.

In previous publications (for example, [11-15]), the Newton iteration method was used to solve
eigenvalue equations. If initial values are appropriate, convergence can be reached after 3 or 4
iterations. But the initial values of solutions should be close to solutions, otherwise the solutions cannot
be found, or the solutions are not expected, implying that selecting initial values is a troublesome issue
especially when solving solutions of many orders.

To avoid the issue of selecting initial values, the bisection-based solution procedures are presented
in this work as alternative methods to the Newton method, as shown in Sections 3.1-3.3. The
procedures include two steps, searching solution intervals and calculating accurate solutions, and the
bisection approach is used in the two steps.

4 Nodal Line Patterns and the Solution Integrity

This section gives the nodal line equations, from which the nodal line geometrical configurations
or patterns can be obtained. Besides, with the help of the nodal line patterns, the solution integrity of
the SOV methods is qualitatively discussed.

4.1 Nodal Line Patterns

The SOV methods have the advantage that they have separable and explicit equations of nodal
lines. The nodal line equations can be achieved by assuming the mode function w(&,n) in Eq. (8) is
equal to zero, that is

wE,m=¢@E v m=0 (67)
then the nodal line equations are

#E)=0 (68)
v(m =0 (69)

Solving the above two equations yields the positions of nodal lines within a plate. Since ¢ (§) is
just a function of & and () is just a function of 7, then the nodal lines determined by Egs. (68) and
(69) are straight lines parallel to plate edges. That is, the nodal lines of ¢ (§) = 0 are perpendicular to
the x-axis, and the ones of () = 0 perpendicular to the y-axis. Besides, at the intersections of the
nodal lines, ¢ (&) = ¥ (1) = 0. In the SOV methods, Eq. (68) and Eq. (69) are applicable to arbitrary
homogeneous BCs.

According to Eqs. (14), (15), (68) and (69) can be rewritten as
¢ (&) = A, cos (a,§) + Ay sin (,§) + A5 cosh (B1§) + Aysinh (B1€) =0 (70)
¥ (1) = By cos (aan) + By sin (a,n) + B; cosh (Byn) + Bysinh (B,n) = 0 (71)

where A, — A,, B, — B,, a;, a5, B1, B, can be obtained through the procedures provided in Section 3, so
the forms of these two equations are explicit. A mode of a plate has no or many nodal lines, and the
feature of a mode shape depends on the positions of nodal lines. The nodal line pattern of a mode is
a geometry graph including all nodal lines inside a plate.

In the following, a simply supported plate is considered to show how to determine the positions of
nodal lines. According to Egs. (14) and (15) and the simply supported BCs, see Table 1, we can obtain
the eigenvalue equations and mode function coefficients as follows:
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mm
. O[I = —_—
sin2a, =0 2
sin2 a, = 0} = mm (72)
o) = ——
2
Al - Sinal,Az - COSOll,A3 - A4 - 0
Bl = SlIl az, Bz = COSO{Z, B3 = B4 = 0 (73)
where m,n = 1,2,3,--- are the numbers of half waves in the x and y directions, respectively. Then
using Eqs. (70) and (71) generates the equations of nodal lines as
¢ (§) = sin mr cos (mné) + cos mr sin (mjT ) = sin mr 1+&=0 (74)
N 2 2 2 2 N 2 N
¥ (n) = sin % cos (%n) + cos % sin (%n) = sin % d1+n=0 (75)

where £ € (—1,1), n € (—1,1). Given m and n, one can calculate the nodal line positions and the
number of nodal lines from Eqs. (74) and (75). For example, if m = 2, then § = 0 and there is only one
nodal line; if m = 3, then & = £1/3 and there are two nodal lines. The number of nodal lines is equal
to the number of half waves minus one.

The nodal line patterns of the SSSS and CCSS isotropic square plates (« = 1) are shown in Figs. 6
and 7 respectively, where the values (i, j) = (m — 1, n — 1), wherein i and j represent the numbers of
nodal lines perpendicular to the x-axis and the y-axis, respectively. By observing the nodal line patterns
and the frequency orders, one can find that for these two square plates, the correspondences between
the numbers of nodal lines and the frequency orders are the same, but the positions of nodal lines
are different. For the SSSS plate, the nodal lines distribute evenly within the plate, while for the CCSS
plate, the nodal lines no longer distribute evenly, further away from the clamped edges parallel to them,
refer to the two patterns of (2, 2) in Figs. 6, 7. It can be seen that the sizes of square () and square )
in Fig. 6 are the same, while in Fig. 7 square (©) is larger than square ).

For comparison, Tables 2, 3 present the relationships between the numbers of nodal lines and
the frequency orders for the SSSS and CCSS rectangular plates (¢« = 1.5) respectively. For the two
rectangular plates, the correspondences between the nodal line patterns and frequency orders are
different. For example, the frequency of order 15 for the SSSS plate corresponds to the pattern (0,
3), while the frequency of the same order for the CCSS plate corresponds to the pattern (5, 0).

Besides, Figs. 6, 7 show that the nodal lines in the SOV methods are straight, even though for
repeated frequencies, such as the two frequencies with patterns of (1, 0) and (0, 1). But the combinations
of two modes having straight nodal lines that are parallel to plate edges can produce the modes having
diagonal or curved nodal lines, also refer to the modes plotted in Section 5. Here the SSSS square
plate is taken as an example to show the combining results. For clarity’s sake, the first pair of repeated
frequencies corresponding to the patterns of (1, 0) and (0, 1), or (m, n) = (2, 1) and (1, 2), is taken into
account below. The two-mode functions are

W (E My = ¢ ©)la ¥ (D], = —sin (x8) cos (Sn)

bl

W (E iy = & @)y ¥ ()], = —sin (wn) cos (58 (76)
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0N7=49348 03=12337 03=12337 0}=19.739 02=24.674
(0,0) (1,0) 0, 1) (1,1 (2,0

NZ=24674 0%2=32.076 N%=32.076 NZ=41946 0%,=41.946
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Figure 6: Nodal line patterns of the SSSS square plate for the first 15 modes
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Figure 7: Nodal line patterns of the CCSS square plate for the first 15 modes

Then by letting the two combinations of the two modes equal to zero, we have

T i W(S—n)sinn($+n) _

w(§, 77)|(m,n)=(2,1) + w(, n)l(m,n>=(1,2) = —4cos 7 Cos 7 Cos 4 4 0 )
w mg  nwE+n) . w(E—n)
w (&, 77)|(m,n)=(2,1) —wi(, n)l(m,n)=(1,2) = —4cos 7 Cos 7 Cos 4 sin 4 =0
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Table 2: The numbers of nodal lines and frequency orders for the SSSS rectangular plate (¢ = 1.5) for
the first 15 modes

Frequency orders The number of nodal lines parallel to the y axis

0 1 2 3 4

2% =8.0191 23 =15421  @7=27758 22 =45.030 2%, =67.237
27 =24.674 22=32076  22=44413 27, =61.685 27, =83.892
23 =52.432 22=59835 @} =72172 2}, =89.443

2% =91.294

w o = O

The number of nodal
lines parallel to the x
axis

Table 3: The numbers of nodal lines and frequency orders for the CCSS rectangular plate (¢« = 1.5)
for the first 15 modes

Frequency orders The number of nodal lines parallel to the y axis
0 1 2 3 4 5

0 2}=11224 £3=19.138 £7=32350 £2=50.663 £F =73989 0% =10229
1 22 =30.581 £2=38.134 £22=50892 07 =68.834 27, =91.886
2 27=61104 £§=068.554 0, =81.084 £}, =98.741

The number of nodal
lines parallel to the x

axis

Since & = +1 and n = +£1 are not the required nodal lines for the simply supported plate, hence
we obtain two equations of nodal lines from Eq. (77), as

05 s

which correspond to two diagonal nodal lines for the repeated frequencies.

As for other BCs, the above combining method can also be used to achieve the modes with
diagonal or curved nodal lines corresponding to repeated frequencies.

4.2 Solution Accuracy and Integrity

For the problems of Categories 1 and 2, the SOV methods achieve the Navier and Levy solutions
respectively, and the solutions are exact. For the problems of Category 3, one generally believes that
there are no SOV exact solutions, and even believes that there are no closed-form solutions. To obtain
the SOV and closed-form solutions of the problems of Category 3, the SOV methods are proposed, and
the solutions are found to be highly accurate [12]. It is noteworthy that the nSOV method in [12] was
renamed as the vSOV method after it was proposed. The imSOV method [12] has the same accuracy as
the direct SOV method [11], and the iSOV method almost has the same accuracy as the eSOV method.
In Section 5, the results of the SOV methods are compared with those of the FEM, and their high
accuracy and versatility are validated.
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According to the Rayleigh quotient, if the modes obtained by two methods have the same nodal
line patterns, then the frequencies obtained by the two methods have the same accuracy, and the
accuracy of the frequencies is one order higher than that of the modes. Through the numerical
comparisons in [12] and [15], etc., also refer to Figs. & and 9 in Section 5, one can see that the SOV
methods generate the same nodal line patterns as the referenced FEM, so the SOV methods are highly
accurate, even though for the inseparable problems of Category 3.

FEM

Figure 8: Some modes for the CCSS square plate. (a) Mode 2; (b) Mode 15; (c) Mode 20

Figure 9: Some modes for the SSFF square plate. (a) Mode 2; (b) Mode 7; (c) Mode 11

In addition, the closed-form analytical solutions obtained by the SOV methods are simple and
have explicit forms, therefore, it is necessary to check the integrity of the simple solutions or if there
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is a problem with missing roots. This can be fulfilled by counting the numbers of the nodal lines of
modes.

It can be seen from Figs. 6 and 7 and Tables 2 and 3 that for both square and rectangular plates,
the numbers of the vertical (parallel to the y-axis) and horizontal (parallel to the x-axis) nodal lines
increase one by one with the frequency order, indicating that the SOV methods have no problem
missing frequencies. This also ensures that the SOV methods have the same accuracy for the frequencies
of different orders.

5 Numerical Comparisons

To show the high accuracy of the SOV methods and the effectiveness of the proposed bisection-
based procedures for solving eigenvalue equations, this section compares the frequencies and modes
obtained by the SOV methods and the FEM, as well as several non-SOV methods including the method
of superposition [37,38], the spectral dynamic stiffness method (S-DSM) [39], the Galerkin method [40]
and the symplectic superposition method [41].

The FEM’s results are achieved by NASTRAN using 200 x 200 (for Tables 4, 5, Figs. 8, 9) and
250 x 500 (for Table 6) bending panel elements. In calculation, v = 0.33, a = 1 and the thickness length
ratio #/2a = 1/200. The results of the SOV methods are calculated by the bisection-based solution
procedures given in Section 3.

Table 4: The first 20 frequencies £22 for the CCSS square plate

Mode orders 1 2 3 4 5
imSOV 6.7168 15.1373 15.1373 23.1662 28.6419
vSOV 6.7653 15.1668 15.1672 23.2113 28.6582
eSOV 6.7647 15.1667 15.1667 23.2110 28.6582
FEM 6.7628 15.1330 15.1949 23.2036 28.6362
Mode orders 6 7 8 9 10
imSOV 28.6419 36.4465 36.4465 47.1173 47.1173
vSOV 28.6585 36.4844 36.4846 47.1272 47.1274
eSOV 28.6582 36.4843 36.4843 47.1272 47.1272
FEM 28.6732 36.4349 36.5098 47.1108 47.1338
Mode orders 11 12 13 14 15
imSOV 49.4851 54.8048 54.8048 67.6662 67.6662
vSOV 49.5291 54.8331 54.8334 67.7064 67.7066
eSOV 49.5289 54.8331 54.8331 67.7064 67.7064
FEM 49.5056 54.7857 54.8454 67.6302 67.7078
Mode orders 16 17 18 19 20
imSOV 70.5404 70.5404 78.1612 78.1612 85.6736
vSOV 70.5470 70.5471 78.1822 78.1824 85.7171
eSOV 70.5470 70.5470 78.1822 78.1822 85.7169

FEM 70.5327 70.5489 78.1346 78.1803 85.6548
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Table S: The first 20 frequencies §2* for the SSFF square plate
Mode orders 1 2 3 4 5
eSOV 0.8300 4.5963 4.5963 9.5259 13.0962
FEM 0.8416 4.3285 4.8228 9.5506 12.7574
Mode orders 6 7 8 9 10
eSOV 13.0962 18.4047 18.4047 26.5481 26.5481
FEM 13.3704 18.2363 18.6529 26.1762 26.8057
Mode orders 11 12 13 14 15
eSOV 28.0206 31.8916 31.8916 41.9365 41.9365
FEM 28.1269 31.6947 32.1796 41.8191 42.1856
Mode orders 16 17 18 19 20
eSOV 44.9395 44.9395 50.2564 50.2564 56.3692
FEM 44.5486 45.2999 50.0386 50.5494 56.4808
Table 6: The first 8 frequencies for non-Levy type of rectangular plates (¢« = 1/2)
M P s s s e iy s
CCCC,n=2%,v=0.3
Superposition [37] 6.120 7956 11.19 1583 16.00 17.77 20.82 21.81
FEM 6.144 7956 11.19 1583 16.00 17.77 20.82 21.81
eSOV 6.145 7958 11.19 15.83 16.00 17.77 20.82 21.82
S-DSM [39] 6.144 7956 11.19 1583 16.00 17.77 20.82 21.81
Galerkin [40] 6.145 7958 16.00 17.74
CFFF, » =42 v =0.333
Superposition [3§] 3.487 5278 10.03 18.84 21.78 24.55 31.07 33.88
FEM 3.487 5278 10.03 18.84 21.78 24.55 31.06 33.88
eSOV 3511 5312 10.19  19.36 2196 2458 31.89 33.59
S-DSM [39] 3.487 5.278 10.03 18.84 21.78 24.55 31.07 33.88
FFFE, \» =402, v=0.3
Symplectic superposition [41]  5.366  6.644 14.62 1490 22.00 2538 26.00 29.68
FEM 5366 6.643 14.62 1490 22.00 2537 26.00 29.68
eSOV 5.557 6.662 1473 1529 2234 2564 26.18 29.99
S-DSM [39] 5366 6.644 14.62 1490 22.00 2538 26.00 29.68
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Tables 4 and 5 compare the first 20 frequencies £2° = wa’\/ph/D of the CCSS and SSFF square
plates, Table 6 compares the first 8 frequencies of the clamped, free and cantilever rectangular plates
(¢ = 1/2), and Figs. 8 and 9 compare some mode shapes.

It can be seen from Tables 4—6 that the SOV methods are quite accurate, especially when the plates
have no free edges (for example, the CCSS and CCCC plates), and in general, the accuracy of the
SOV methods holds with the increase in mode orders (for instance, from the first to twenty orders).
Since the CCSS and SSFF square plates are diagonal symmetrical, the SOV methods obtain repeated
frequencies, while the FEM does not.

Besides, the nodal lines of the modes obtained by the SOV methods are straight lines even though
for repeated frequencies, as mentioned in Section 4. However, when there are repeated frequencies,
modes can have diagonal and curved nodal lines. In this situation, one can also see that the SOV
methods can accurately capture this kind of modes by using the combining method as explained in
Section 4.1. For example, Tables 4 and 5 show that the 2nd, the 7th, and the 15th frequencies are
repeated frequencies, and Figs. § and 9 show that the nodal lines of the corresponding modes obtained
by the eSOV method are also curves, as those obtained by NASTRAN.

6 Conclusion

The SOV methods provide a general approach for obtaining closed-form analytical solutions to
characteristic problems involving rectangular plates and cylindrical shells. This work introduces three
notable contributions and observations.

The theoretical framework of the SOV methods is presented in a thought-provoking manner,
outlining the construction principles and methodologies behind these techniques. Based on the concept
of finding the stationary value of the Rayleigh quotient, the vSOV method, the eSOV method, and the
iSOV method were developed to achieve precise solutions. Additionally, using a different concept, the
imSOV method was formulated to directly solve characteristic partial differential equations. Similar
theoretical frameworks can also be established for the SOV methods used in solving eigenvalue
problems of circular cylindrical shells and the eigenbuckling problems of rectangular plates.

Beyond the theoretical framework, this work presents a few bisection-based procedures for solving
nonlinear eigenvalue equations, accompanied by flowcharts to illustrate implementation steps. In these
procedures, the bisection method is initially applied to identify solution intervals and subsequently
used to determine accurate solutions within each interval, thus avoiding the issue of missing roots.
Unlike the Newton iteration method, these procedures are self-starting, eliminating the need to choose
initial values for eigenvalues of different orders. Numerical results confirm the effectiveness of the
proposed procedures.

Lastly, the explicit equations for nodal lines are provided, and the integrity of the solutions along
with the patterns of nodal line modes are examined. It is concluded that, while the SOV methods
produce straight nodal lines, diagonal and curved lines can also be accurately represented by the
combining approaches for repeated frequencies. Moreover, by counting the nodal lines, it is observed
that the SOV methods do not miss any modes, achieving consistent accuracy across frequencies and
modes of various orders.

The closed-form solutions obtained by the SOV methods are highly accurate but are not exact
except in cases where at least two opposite edges are simply supported/ guided. Furthermore, the SOV
methods are not suitable for anisotropic rectangular plates and cylindrical shells.
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