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ABSTRACT

A new one-parameter Chris-Jerry distribution, created by mixing exponential and gamma distributions, is
discussed in this article in the presence of incomplete lifetime data. We examine a novel generalized progressively
hybrid censoring technique that ensures the experiment ends at a predefined period when the model of the test
participants has a Chris-Jerry (CJ) distribution. When the indicated censored data is present, Bayes and likelihood
estimations are used to explore the CJ parameter and reliability indices, including the hazard rate and reliability
functions. We acquire the estimated asymptotic and credible confidence intervals of each unknown quantity.
Additionally, via the squared-error loss, the Bayes’ estimators are obtained using gamma prior. The Bayes estimators
cannot be expressed theoretically since the likelihood density is created in a complex manner; nonetheless, Markov-
chain Monte Carlo techniques can be used to evaluate them. The effectiveness of the investigated estimations
is assessed, and some recommendations are given using Monte Carlo results. Ultimately, an analysis of two
engineering applications, such as mechanical equipment and ball bearing data sets, shows the applicability of the
proposed approaches that may be used in real-world settings.

KEYWORDS

Chris-Jerry model; generalized censoring; likelihood and Bayes estimations; MCMC algorithms; engineering
applications

1 Introduction

Numerous researchers have struggled to model lifespan data with a long tail. In recent decades
of literature, the oldest common heavy-tailed distributions were exponential, Lindley, and Pareto.
A new one-parameter lifetime distribution by mixing two popular distributions, namely, exponen-
tial and gamma distributions, called the Chris-Jerry (CJ(ur)) distribution, has been introduced by
Onyekwere et al. [1]. They also presented its mathematical properties and pointed out that it provides
a good fit over the other eleven lifetime distributions in the literature. A random variable of lifetime,
say Y, is said to follow the CJ distribution, denoted by Y ~ CJ(u) with scale parameter u > 0, then
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its probability density function (PDF) and cumulative distribution function (CDF) are given by

2
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and
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respectively; see Onyekwere et al. [1]. Also, the respective reliability function (RF) and hazard rate
function (HRF) of Y at time ¢ > 0 are
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In Fig. 1, for specific values of u, several shapes of Eqs. (1) and (4) are displayed. It represents

that the CJ density shapes allow for unimodal, decreasing, or increasing, while the failure rate shapes
allow for bathtub-shaped.
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Figure 1: The CJ-PDF (left side) and CJ-HRF (right side) shapes

The reliability practitioner’s goal in life-testing research is to end the test before all of the tested
subjects fail. It happens due to financial or time constraints. A hybrid censoring is a system that
combines Type-I (time) and Type-II (failure) censoring techniques. One disadvantage of standard
Type-1, Type-II, or hybrid censoring methods is that they do not allow units to be withdrawn
from the test at locations other than the ultimate termination point; see Balakrishnan et al. [2].
Intermediate removal may be advantageous when a balance between decreased experimental duration
and observation of at least some extreme lifespan is desired, or when some of the surviving units in
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the experiment that are removed early on can be re-purposed for future testing. These reasons and
incentives direct dependability practitioners and theorists towards the field of progressive technique.

Progressive censoring Type-II (PC-T2) has been used the most, especially in reliability and survival
analyses. It is preferable to the usual Type-II censoring approach. It can be advantageous in numerous
scenarios, such as in professional environments and health-care settings. It enables the removal of
operational experimental units throughout the experiment. Assume that » units fail out of n identical,
where 1 < m < n. Consider R = (R, R,, ..., R,) to be fixed earlier than time. When the first failure
occurs (say Yi...), R; (out of n — 1) is eliminated from the examination. When the next failure Y5,,.,
occurs, R, (out of n — 2 — R)) is eliminated at random, and so on. When the mth failure happens, all
remaining item(s) R,, are eliminated from the examination, then stop it; see Balakrishnan et al. [3].

If test subjects are very reliable, the PC-T2 has the disadvantage of having an extremely lengthy test
time. To overcome this issue, Kundu et al. [4] proposed an alternate kind of censoring termed progres-
sive hybrid censoring Type-I (PHC-T1), in which the examination terminates at 7* = min{7, Y,,,..},
where T is a set period. When few failures are recorded before time 7', the PHC-T1 has the
disadvantage of not being usable. As a consequence, it may be impossible or exceedingly challenging to
assess the parameters. Cho et al. [5] proposed a new generalized-progressive hybrid censoring (G-PHC)
technique as a modification of the PHC-T1 by allowing us to see a specific number of failed units. As
a result, it aims to minimize both overall testing time and unit failure costs. In the next section, this
strategy will be described in more detail.

This research is novel as, for the first time, it compares two different methods of determining
the CJ distribution for life parameters under imperfect information. Hence, we aim to complete the
current work for the following motives:

e The CJ model outperforms various competitor models in the literature, including the exponen-
tial, Lindley, and Muth lifespan models, in fitting engineering data sets, as proved later in the
actual data section.

e The estimations of the CJ distribution parameters of life under incomplete sampling plans have
not been investigated yet in the literature. So, we consider the G-PHC strategy.

e The proposed G-PHC plan is beneficial because it allows for the flexibility of stopping trials
at a predefined period and reducing overall test length while keeping the desired features of a
progressive system in practice. So, more accurate statistical estimates can be directly deduced
from this study.

e The CJ failure rate has a bathtub shape, which is a preferred occurrence in many practical areas.

As far as we understand, no discussion of inferential elements of the CJ distribution exists.
Therefore, the purpose of this work, which employs the G-PHC strategy, has the next six objectives:

1. Explore several estimation challenges of the CJ’s parameter (including: u, R(f), and A(?)), in
the presence of generalized progressively hybrid censored data, using maximum likelihood and
Bayes estimation methodologies.

2. Employ an approximation method called Monte-Carlo Markov-chain (MCMC) to evaluate
the Bayesian estimations of the CJ parameters using a gamma conjugate prior and the squared
error loss.

3. Create the approximate confidence interval (ACI) as well as the highest posterior density
(HPD) interval estimates for each unknown quantity.
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4. Install ‘maxLik’ (by Henningsen et al. [6]) and ‘coda’ (by Plummer et al. [7]) packages in R
4.2.2 programming environment to calculate the theoretical results of ©, R(¢), and 4(¢) which
cannot be represented in closed expressions.

5. Assess the effectiveness of all acquired estimators via a series of numerical evaluations.

6. Examine two engineering applications, based on repairable mechanical equipment and ball
bearings data sets, to demonstrate the CJ distribution’s capacity to fit varied data types and
adapt the offered methodologies to actual practical circumstances.

The next parts are organized as follows: Section 2 describes the proposed G-PHC plan. Maximum
likelihood and Bayes’ estimations are provided in Sections 3 and 4, respectively. Simulation findings
are presented in Section 5. Two engineering applications are examined in Section 6. Finally, several
conclusions, remarks, and recommendations are listed in Section 7.

2 G-PHC Plan

This section explains the G-PHC procedure. Let us give { Y}, 1>, ..., Y,} to the lives produced by
a distribution with CDF F(y; 1) and PDF f(y; u). Let T > 0 be a fixed time (where T € (0, 00)) and
r < m < n be pre-fixed integers with a fixed plan R (where m + > R, = n). When Y,,,,,, recorded,
R, of n — 1 is destroyed randomly. Similarly, when Y,,., recorded, R, of n — 2 — R, is removed, and
so on. End the examination at 7* = max{Y,,,.,, min{Y,,.... T}}. f T < Y.,., < Y,.... (say, Case-1), the
examination is ended at Y,.,,; if Y..,., < T < Y,,.... (say, Case-2), the examination is ended at 7" where
j is the number of failed units recorded up to T’; otherwise, when Y., < Y,.... < T (say, Case-3), the
examination is ended at Y,,.,... However, let {Y, R} be a G-PHC sample from a continuous population.

Then, the joint PDF (say .Z.(-)) is

Dg
%(/’”Y) = AE [R(T: :u“)]R* Hf()/i:m:n; /’L)[R(yi:m:n; M)]Ri: g = 19 29 39 (5)

i=1

where Ry, =n—r — Z;l Riand Ry, =n—m — Z;’: R;. The main benefit that would be acquired
by an investigator when dealing with G-PHC is that it enables us to obtain r failures, although the
investigator would prefer to record m failures. In Table 1, the G-PHC notations are presented.

Table 1: Notations of the G-PHC technique

3 D, A; R

! r [ X2 R+D 0 |

2 j 2R om0 R,
3 m LY. ®R+D 0

Recently, several researchers have done G-PHC-based investigations; for example, Koley et al. [¢],
Elshahhat [9], Wang [10], Lee et al. [11], Lee [12], Zhu [13], Singh et al. [14], Elshahhat et al. [15],
Maswadah [16], later, Alotaibi et al. [17].



CMES, 2024, vol.140, no.3 3077

We have two limitations in this study, as follows: (i) All inferential methodologies discussed in the
next sections are investigated based on the assumption that the quantity j at 7 is higher than or equal
to 1; (ii) All CJ parameters w, R(?), and Ah(¢) are always assumed to be unknown.

3 Likelihood Inference
Using (1), (2) and (5), we can express Eq. (5), where y; = y,,.., for simplicity, as

2Dg H—pyr De
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uT (uT + 2) + u + 2. The natural logarithm of (6) becomes
€. (uly) o« —nlog (1 4 2) + 2D, log (1) — v
Dg Dg
+ D log (14 uy?) + D Rilogle (v; w)] + R log[p (T; w)]. @)
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As a result, the maximum likelihood estimator (MLE), denoted by /i, of u, can be offered by
directly maximizing (7) with the following nonlinear normal equation:

(i ¢* (T: )
R, +rY =0, ®)
Z 1 + fiy? Z} ¢ (v it ) ¢ (T; i)

where ¢* (y;; A) =2y, (y,+1)+ 1,and ¢* (T; 2) =2T (AT + 1) + 1.

Obviously, from (8), the MLE [ of i cannot be derived in a closed expression. Clearly, depending
on the structure of the likelihood function (5), the target MLE [ cannot be represented in a closed
solution. This complexity will depend on iterative numerical methods to calculate the MLE when there
is no analytical solution to the likelihood equation.

2D

It is essential to investigate the existence and uniqueness of the MLE [i. The complex form in
(8) makes it difficult to verify these features theoretically. To address this issue, we simulate a G-PHC
sample from CJ (0.5) with (n,m, T) = (50,25,2.5) and R, = 1, i = 1,...,m. After that, we get the
MLE for u is 0.7361. Fig. 2 depicts the log-likelihood and normal-equation functions given by (7)
and (8), respectively. It provides how the vertical line (which represents the MLE of w) intersects the
log-likelihood curve (at the apex) and the normal equation curve (at the zero point). As a result, the
MLE 1 of u exists and is unique.

Once 1 is found, by replacing p with [, it is straightforward to estimate the RF (2) and HRF (4),
respectively as:
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Figure 2: The log-likelihood and normal-equation curves

Aside from the point estimate, the 100(1 — y)% ACI of u, R(¢), or A(¢) is of importance. Using the
asymptotic features of i, we acquire the ACIs for all unknown parameters. Because of the complexity
of the Fisher information, creating V(-) matrix using the observed I(-)|,_;, matrix is more convenient.

As a result, the V(-) matrix may be estimated as:

V(/)“) = I_l (,LL) Ip:[u

ae]”
-5
n=j
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Thus, the 100(1 — )% ACI of u at a significance level y% is given by
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Addltlonally, to build the 100(1 — y)% ACIs of R(¢) and A(¢), we must first obtain the variances of
their estimators R(r) and h(z) Following Greene [1£], the respective variances of h(t) and h(t) denoted
by VR and V,,, are obtained as

Ve= AN |y and V= V@A s,
where ¢ (f; u) = pt (ut +2) + pw + 2, o* (G u) =2t (nt + 1) + 1,
S =1 [(W+2D)7' Q4 puf2t = (k+27" + D2+ un)) — 1]
and
n@Buet +2)¢ (t; u) — (1 + pnt*)e* (t; 1)
[p (t; WP '
As a consequence, 100(1 — y)% ACIs of R(¢) and /(f) can be acquired respectively as

R F zyy Ve and fz(l) T z%\/;,,.

4 Bayesian Inference

Bayesian setup is an effective method for integrating knowledge in challenging scenarios. Briefly,
we report some of its advantages and inconveniences as follows:

A =

e Some advantages of employing Bayesian analysis:
— It offers a natural and logical approach to combining previous knowledge with data inside
a strong theoretical framework for decision-making.

— It gives conditional and accurate conclusions without the need for asymptotic approximations.

— It gives interpretable responses and follows the probability principle.

— It offers a suitable environment for a variety of models, including hierarchical models and
missing data issues.

e Some inconveniences of employing Bayesian analysis:

— It does not explain how to choose a previous. There is no proper way to select a predecessor.

— It can produce posterior distributions that are heavily influenced by the priors.

— It often comes with a high computational cost, especially in models with a large number of
parameters.

— It provides simulations that produce slightly different answers unless the same random seed
is used.

However, the major topic of discussion in this part is the Bayesian inference of w, R(#), and A(?).
Prior distributions and loss functions, it should be noted, both play critical roles in Bayes’ paradigm.
This paper considers the squared-error loss as the most useful symmetric loss in the literature. Without
loss of generality, other loss functions such as Linex, entropy, or others can be easily incorporated.

Choosing a prior for an unknown parameter might be difficult. In reality, as stated by
Arnold et al. [19], there is no accepted method for picking an appropriate prior for Bayesian estimation.
Because the CJ parameter p has values between 0 and oo, the gamma distribution is a suitable prior
choice to adapt w. Assume that u ~ Gamma(a, b), then its PDF (say w) becomes
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w(u;a,b) oc p'e™, a,b > 0. (10)

From (6) and (10), the posterior PDF (say 2) of u is

D.
2Dg+a—1 p—p(b+y) 6
L uerele

s 1 KAl QUADIN D i (11)

i=1
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Using (11), due to the nonlinear form in (6), the Bayes estimate of w, R(#), or h(¢) is difficult
to acquire analytically. As a result, using the MCMC methodology, we produce Markovian samples
from (11), and then we acquire the Bayes estimate and create the appropriate HPD interval for
each unknown parameter. In this regard, for more details about the MCMC mechanism, we refer
to Asadi et al. [20] and Nagy et al. [21]. However, Fig. 3 demonstrates that the posterior PDF (11) is
identical to the normal density. So, in the next steps, we must apply the Metropolis-Hastings (MH)
approach to produce the Bayes estimates and build the HPD intervals for all unknown subjects:

Step 1. Set 1 = j1 (initial value).

Step 2. Put @ = 1.

Step 3. Generate p* using N(u@", V(ﬁ)).

Q (w'ly) }
Q (W)
Step 5. Obtain a variate u from U(0, 1).
Step 6. If u < M, set u'™ = pu*, else, set u™ = =",

Step 4. Obtain M = min |:1,

Step 7. Redefine R(r) and A(¢) via u replacing by 4™ in (3) and (4), respectively.
Step 8. Set o = @@ + 1.
Step 9. Redo Steps 3-8 B times, then ignore the first samples (say B°) burn-in period to acquire B
samples of w, R(?), or h(7) (say k) as [k &0, k& k®].
Step 10. Find « as
1 B
B Zm:B°+l €,
where B* = B — B°.
Step 11: Compute the (1 — y)100% HPD interval of « via sorting its simulated MCMC variates
ask” forw = B°+ 1,...,B and conducting the technique by Chen et al. [22] as

K =

(K«v*), K(/'*+<l—y)1B°)) >

where b* is specified as

K (o t10-ype1) — K@ = 1;1?;?3- (K(mﬂ(pym-]) - K(w)) .
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Figure 3: The posterior PDF of p

5 Numerical Evaluations

In this part, to assess the accuracy and utility of the acquired estimates of u, R(¢), and A(¢)
presented in the preceding sections, we implement several Monte Carlo tests.

5.1 Simulation Design

First, to get the point (or interval) estimate of w, R(¢), or h(f), we repeat the G-PHC mechanism
1,000 times for each u(= 0.5,1.5). Taking r = 0.5, the plausible value of (R(?), h(?)) is taken as
(0.95403, 0.09184) and (0.75073, 0.55618) for u = 0.5 and 1.5, respectively. Assigning T'(=2.5, 7.5),

n(= 40, 80), several failure probabilities (FPs%) of r and m are utilized, namely: FP[r] = £(=25,
n

37.5)% and FP[m] = %(=50, 75)%. Additionally, for each set of (n, m), different PC-T2 deigns R are
also considered, namely:

Scheme-A : (n — m,0""), Scheme-B : (O(%—l), n—m, 0(%)) , and Scheme-C : (0", n —m),

where 0" means 0 is repeated m — 1 times.
To get a G-PHC sample from CJ(u), do the following generation steps:
Step 1. Assign the actual value of .

Step 2: Simulate an ordinary PC-T2 sample of size m as:
a. Generate w,, w,, . . ., w, independent observations from uniform U(0, 1) distribution.

) -1
(27 i1 R1)

b. Set g; = w; ,i=1,2,...,m.
c. SetU=1—-g,8m1 " guinfori=12,...,m.
d. Set Y, = F'(u; ), i =1,2,...,m, PC-T2 order statistics from (2).
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Step 3. Determine j at 7.

Step 4. Specify the G-PHC data type as:
a. {Y,... . Y}ifT <Y, <Y,,itis Case-1;
b. {Y,....,Y}if Y, <T <Y, itis Case-2;
c. {Y,....Y }ifY, <Y, <T,itis Case-3.

As soon as the 1,000 G-PHC samples are collected, the offered frequentist point/interval estimates
of i, R(), and h(¢) are acquired via the ‘maxLik’ package. In Bayesian calculations, to highlight the
performance of the suggested gamma density prior, for each given value of u, two different sets of
(a, b) are utilized, namely: (i) At u = 0.5: Prior-1:(2.5,5) and Prior-2:(5,10); and (ii)) At © = 1.5:
Prior-1:(7.5,5) and Prior-2:(15,10). Here, the values of (a, b) are specified such that the prior mean is
translated to the genuine parameter value of .

Simulating 12,000 MCMC variates and then burning-in the first 2,000 draws, the Bayes MCMC
and 95% HPD interval estimates of u, R(#) and A(¢) are calculated by the ‘coda’ package. Though
MCMC is a strong tool in statistical programming for assessing complicated models and posterior
distributions, it requires extensive inspection and tweaking to ensure its validity and efficiency. The
trace (thinning) process, which involves picking different points from the sample at each preset step to
form an independent sample, is considered for this objective. In Fig. 4, using Scheme-A, Prior-1, and
(T,n,m,r) = (2.5,40, 20, 10), we plotted the trace diagrams of 1. It ensures that the MCMC draws are
sufficiently mixed and that the posterior density draws of u are strongly symmetric. It also supports
the MH sampler for u that has been proposed.
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Figure 4: (Continued)
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Next, we calculate the following quantities of x, R(?), or /() (say «):
1 1000 )
e Average Point Estimate (Av.PE): Av.PE(k) = 1000 > kY,
i=1
1 1000
e Root Mean Squared Error (RMSE): RMSE(k) = 1000 > (kK0 — k),
i=1
1 1000 )
e Mean Relative Absolute Bias (MRAB): MRAB(k) = 1000 —|/Z“) —K ‘,
i=1 K
1 1000
e Average Confidence Length (ACL): ACL,_,, (k) = 1000 > (U — ZLo),
i=1
1000
e Coverage Percentage (CP): CP,_,, (k) = 1000 ; I 2 ) ()
e where ' is the desired estimate of « at i th sample, I(-) is indicator function, (Z(-), Z (-)) is

two-sided of (1 — y)100% ACI (or HPD) of k.

5.2 Simulation Results and Discussions
In Tables 2-7, the Av.PEs, RMSEs, and MRABs are reported in the first, second, and third
columns, respectively, while in Tables 8-10, the ACLs and CPs are reported in the first and second
columns, respectively. Obviously, an effective estimator of wu, R(f), or i(f) should correspond to the
lowest level of RMSE, MRAB, and ACL as well as the highest level of CP. From Tables 2—10, we can
list the following observations:

e All acquired results of u, R(?), or h(¢) behaved well.

e As n(or FP[r]% or FP[m]%) increases, all estimation findings of u, R(¢), and A(z) perform well.

This note is also reached when )", R, tends to decrease.
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To acquire a highly efficient estimation of u, R(¢?), or Ah(f), the practitioner must decrease the
total progressive patterns or increase the size of at least one member of n, m, or r.

As T increases, for each value of u, the acquired RMSE, MRAB, and ACL values of i, R(7),
or h(t) decrease while their CP values increase.

As T grows, for each value of u, the accuracy for all estimates of all parameters becomes good.
As u increases, the acquired RMSE, MRAB, and ACL values of i, R(?), or h(?) increase.
As u increases, the acquired CP values of u, R(7), or h(¢) decrease.

In most cases, the simulated CPs of u, R(?), or /() are close to the pre-specified nominal 95%
level.

Due to the availability of gamma prior information, Bayesian evaluations of u, R(), or h(f)
perform satisfactorily when compared to conventional estimates.

For each value of u, the Bayes’ method via Prior-2-based produces highly precise results over
competitors. This observation is understandable given that the variance linked to Prior-2 is
lower than the variance associated with Prior-1. In the case of HPD interval estimations, a
similar result is obtained.

The HPD interval estimations of wu, R(f), or h(f) perform better in the presence of prior
knowledge coming from Prior-2 than those gathered from Prior-1, while both behaved well
compared to those developed from the asymptotic interval estimations.

Comparing the suggested PC-T2 designs A, B, and C, the offered point (or interval) findings
using Scheme-C (or conventional Type-II censoring) of all parameters perform better than
others.

To summarize, when the reliability practitioner performs the proposed strategy, it is advised
to explore the Chris-Jerry lifetime model using Bayes’ MCMC technique via the Metropolis-
Hastings sampler.

Table 2: Point estimations of & when u = 0.5

n

(m,r)  Scheme MLE MCMC

Prior — 1 2

T=25

40

80

(20,10) 0.5184 0.1211 0.1943 0.4374 0.1134 0.1654 0.4706 0.1003 0.1539
0.4996 0.0918 0.1595 0.4386 0.0895 0.1506 0.4706 0.0718 0.1185
0.4388 0.0893 0.1536 0.4891 0.0855 0.1334 0.4696 0.0686 0.1150
0.4656 0.0878 0.1475 0.5142 0.0770 0.1209 0.4673 0.0676 0.1144
0.4650 0.0788 0.1372 0.5137 0.0751 0.1185 0.4563 0.0660 0.1096
0.4647 0.0745 0.1269 0.5112 0.0723 0.1171 0.4601 0.0638 0.1042
0.5078 0.0739 0.1211 0.4915 0.0724 0.1138 0.5196 0.0626 0.1043
0.5011 0.0662 0.1037 0.5054 0.0619 0.1008 0.4899 0.0584 0.0927
0.4859 0.0642 0.0997 0.3749 0.0599 0.0975 0.3544 0.0548 0.0920
0.5034 0.0622 0.0960 0.4512 0.0589 0.0869 0.4793 0.0541 0.0815
0.5036 0.0608 0.0925 0.4560 0.0579 0.0839 0.4785 0.0532 0.0809
0.5026 0.0598 0.0905 0.4550 0.0555 0.0820 0.4786 0.0515 0.0786

(30,15)

(40,20)

(60,30)

A@WPFQwWPFQ@EP>OQw>

(Continued)
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Table 2 (continued)

T=175

40 (20,10) 0.5048
0.5084
0.5088
0.5027
0.5031
0.5039
0.4996
0.4822
0.4933
0.5004
0.4637
0.4778

(30,15)

80 (40,20)

(60,30)

OPOFP>OFP>O® >

0.0786 0.1325 0.4556 0.0726 0.1277 0.4786
0.0686 0.1168 0.4920 0.0633 0.1034 0.5004
0.0668 0.1040 0.4908 0.0605 0.0998 0.5069
0.0609 0.1022 0.4740 0.0582 0.0975 0.4744
0.0588 0.1009 0.4651 0.0563 0.0916 0.4579
0.0580 0.0986 0.4744 0.0553 0.0900 0.4685
0.0536 0.0948 0.4932 0.0532 0.0852 0.5137
0.0510 0.0853 0.4895 0.0475 0.0788 0.5027
0.0488 0.0793 0.4790 0.0467 0.0769 0.5029
0.0481 0.0779 0.4639 0.0459 0.0748 0.4430
0.0458 0.0762 0.4820 0.0435 0.0699 0.5002
0.0450 0.0738 0.5016 0.0388 0.0611 0.4948

0.0724
0.0611
0.0586
0.0557
0.0552
0.0539
0.0524
0.0466
0.0455
0.0424
0.0401
0.0380

0.1211
0.0989
0.0973
0.0940
0.0924
0.0873
0.0836
0.0726
0.0708
0.0683
0.0638
0.0600

Table 3:

Point estimations of 4 when u = 1.5

n (m,r)  Scheme
Prior —

MLE MCMC

1

T=25

40 (20,10) 1.5209
1.5372
1.5324
1.5119
1.5149
1.5049
1.5016
1.5134
1.5164
1.5040
1.5066
1.5026

(30,15)

80 (40,20)

(60,30)

AWP>OQOWP>OQO@E>O® >

0.2534 0.1509 1.4564 0.2418 0.1475 1.5615
0.2467 0.1450 1.5271 0.2377 0.1393 1.5997
0.2367 0.1371 1.5303 0.2213 0.1211 1.5935
0.2195 0.1246 1.3855 0.2108 0.1169 1.5572
0.1926 0.1194 1.3639 0.1860 0.0983 1.5063
0.1849 0.1113 1.3444 0.1709 0.0939 1.5218
0.1742 0.1063 1.4991 0.1669 0.0880 1.6262
0.1685 0.1018 1.4434 0.1612 0.0832 1.5958
0.1585 0.0974 1.4539 0.1494 0.0774 1.6037
0.1459 0.0917 1.4120 0.1389 0.0681 1.4347
0.1381 0.0837 1.4991 0.1241 0.0588 1.4549
0.1286 0.0789 1.4999 0.1057 0.0541 1.4594

0.2041
0.1936
0.1726
0.1672
0.1591
0.1519
0.1489
0.1345
0.1267
0.1216
0.1096
0.0957

0.1278
0.1191
0.1076
0.0924
0.0880
0.0795
0.0744
0.0714
0.0686
0.0610
0.0504
0.0469

T=25

40 (20,10) 1.5345
1.5359
1.5373
1.5193
1.5197
1.5157
1.5119
1.5125

1.5145

(30,15)

80 (40,20)

AwPFrQ@wP>Q ">

0.2494 0.1413 1.5227 0.2218 0.1370 1.5772
0.2408 0.1365 1.5262 0.2148 0.1282 1.5939
0.2326 0.1306 1.5536 0.1960 0.1211 1.5818
0.2105 0.1195 1.4270 0.1696 0.1099 1.5594
0.1968 0.1049 1.4041 0.1687 0.0997 1.5289
0.1864 0.0983 1.3640 0.1682 0.0941 1.5494
0.1716 0.0908 1.4416 0.1496 0.0835 1.6073
0.1616 0.0884 1.4479 0.1406 0.0779 1.6047
0.1585 0.0847 1.4578 0.1353 0.0640 1.6014

0.1745
0.1493
0.1463
0.1315
0.1263
0.1217
0.1178
0.1066
0.0945

0.1076
0.0854
0.0817
0.0786
0.0753
0.0732
0.0657
0.0618
0.0549

(Continued)
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Table 3 (continued)

n (m,r) Scheme MLE MCMC
Prior — 1 2
T=25
(60,30) A 1.5095 0.1405 0.0714 1.4938 0.1152 0.0614 1.4772 0.0902 0.0519
B 1.5119 0.1321 0.0683 1.4959 0.1053 0.0584 1.4522 0.0844 0.0514
C 1.5140 0.1272 0.0648 1.5102 0.0898 0.0510 1.4779 0.0794 0.044
Table 4: Point estimations of R(z) when u = 0.5
n (m,r)  Scheme MLE MCMC
Prior — 1 2
T=25
40 (20,10) A 0.9503 0.0453 0.0392 0.9631 0.0274 0.0258 0.9583 0.0180 0.0138
B 0.9535 0.0433 0.0384 0.9630 0.0261 0.0234 0.9583 0.0167 0.0119
C 0.9550 0.0419 0.0334 0.9629 0.0258 0.0230 0.9584 0.0153 0.0101
(30,15) A 0.9513 0.0378 0.0305 0.9590 0.0257 0.0229 0.9589 0.0132 0.0093
B 0.9514 0.0369 0.0299 0.9590 0.0244 0.0221 0.9605 0.0120 0.0087
C 0.9518 0.0353 0.0289 0.9590 0.0239 0.0204 0.9600 0.0110 0.0085
80 (40,20) A 0.9524 0.0331 0.0284 0.9551 0.0221 0.0194 0.9506 0.0097 0.0083
B 0.9535 0.0323 0.0260 0.9553 0.0198 0.0152 0.9528 0.0093 0.0082
C 0.9558 0.0291 0.0241 0.9747 0.0181 0.0151 0.9720 0.0089 0.0079
(60,30) A 0.9533 0.0275 0.0224 0.9570 0.0177 0.0140 0.9612 0.0087 0.0076
B 0.9532 0.0265 0.0212 0.9572 0.0160 0.0135 0.9605 0.0084 0.0074
C 0.9534 0.0239 0.0196 0.9572 0.0157 0.0132 0.9607 0.0081 0.0072
T=25
40 (20,10) A 0.9527 0.0381 0.0312 0.9605 0.0215 0.0191 0.9572 0.0162 0.0111
B 0.9523 0.0335 0.0268 0.9550 0.0186 0.0166 0.9536 0.0143 0.0090
C 0.9523 0.0327 0.0261 0.9552 0.0181 0.0158 0.9527 0.0132 0.0085
(30,15) A 0.9533 0.0292 0.0239 0.9578 0.0174 0.0153 0.9579 0.0119 0.0084
B 0.9533 0.0268 0.0228 0.9592 0.0170 0.0146 0.9603 0.0110 0.0082
C 0.9532 0.0259 0.0211 0.9578 0.0167 0.0143 0.9588 0.0104 0.0078
80 (40,20) A 0.9538 0.0246 0.0202 0.9549 0.0166 0.0135 0.9516 0.0095 0.0074
B 0.9534 0.0224 0.0181 0.9566 0.0160 0.0132 0.9555 0.0089 0.0071
C 0.9534 0.0218 0.0176 0.9572 0.0148 0.0129 0.9549 0.0085 0.0070
(60,30) A 0.9538 0.0205 0.0170 0.9594 0.0141 0.0125 0.9625 0.0082 0.0069
B 0.9539 0.0191 0.0158 0.9567 0.0134 0.0113 0.9595 0.0078 0.0068
C 0.9536 0.0185 0.0152 0.9547 0.0122 0.0099 0.9573 0.0064 0.0067
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Table 5: Point estimations of R(z) when u = 1.5
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n (m,r)

Prior —

Scheme

MLE

MCMC

1

T=25

40 (20,10)

(30,15)

80 (40,20)

(60,30)

0.7466
0.7430
0.7430
0.7483
0.7477
0.7477
0.7505
0.7479
0.7479
0.7500
0.7494
0.7494

QWwrPraOQwrrQw»> Q=

0.0545
0.0539
0.0519
0.0458
0.0424
0.0401
0.0379
0.0344
0.0344
0.0318
0.0303
0.0286

0.0573
0.0524
0.0504
0.0440
0.0428
0.0418
0.0400
0.0376
0.0356
0.0337
0.0321
0.0300

0.7603
0.7449
0.7442
0.7759
0.7806
0.7848
0.7511
0.7632
0.7609
0.7700
0.7510
0.7508

0.0528
0.0513
0.0506
0.0384
0.0373
0.0364
0.0352
0.0316
0.0305
0.0270
0.0231
0.0213

0.0658
0.0644
0.0633
0.0429
0.0422
0.0410
0.0384
0.0343
0.0337
0.0297
0.0256
0.0236

0.7373
0.7290
0.7303
0.7382
0.7494
0.7460
0.7233
0.7299
0.7282
0.7650
0.7606
0.7606

0.0323 0.0383
0.0315 0.0356
0.0311 0.0346
0.0310 0.0325
0.0292 0.0312
0.0282 0.0301
0.0265 0.0299
0.0239 0.0274
0.0209 0.0243
0.0184 0.0226
0.0173 0.0215
0.0167 0.0193

T=15

40 (20,10)

(30,15)

80 (40,20)

(60,30)

0.7436
0.7433
0.7430
0.7467
0.7466
0.7466
0.7483
0.7481
0.7479
0.7487
0.7486
0.7487

QWO Qw>Qwm»>

0.0517
0.0515
0.0508
0.0440
0.0415
0.0391
0.0365
0.0351
0.0344
0.0302
0.0295
0.0280

0.0536
0.0533
0.0524
0.0460
0.0423
0.0416
0.0377
0.0363
0.0356
0.0330
0.0294
0.0264

0.7459
0.7451
0.7391
0.7669
0.7718
0.7805
0.7636
0.7622
0.7600
0.7521
0.7517
0.7485

0.0475
0.0469
0.0464
0.0371
0.0368
0.0367
0.0326
0.0306
0.0252
0.0251
0.0230
0.0196

0.0527
0.0518
0.0507
0.0432
0.0415
0.0411
0.0364
0.0339
0.0294
0.0267
0.0255
0.0223

0.7339
0.7303
0.7329
0.7378
0.7444
0.7378
0.7274
0.7280
0.7287
0.7558
0.7612
0.7556

0.0320 0.0351
0.0315 0.0334
0.0286 0.0329
0.0275 0.0319
0.0268 0.0286
0.0255 0.0274
0.0235 0.0268
0.0218 0.0249
0.0206 0.0233
0.0197 0.0201
0.0183 0.0193
0.0173 0.0187

Table 6: Point estimations of h(z) when u = 0.5

n (m,r)
Prior —

Scheme

MLE

MCMC

1

T=25

40 (20,10)

A 0.0997 0.1284 0.3243 0.0785 0.1145 0.2384 0.0857
B 0.0932 0.1088 0.2701 0.0759 0.1011 0.2201 0.0842

0.0791 0.2177
0.0732 0.2055

(Continued)
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Table 6 (continued)

n (m,r) Scheme MLE MCMC
Prior — 1 2
T=2.5

0.0901 0.0986 0.2356 0.0739 0.0896 0.1916 0.0830 0.0675 0.1802
0.0976 0.0903 0.2275 0.0819 0.0780 0.1911 0.0820 0.0624 0.1721
0.0973 0.0854 0.2041 0.0881 0.0717 0.1833 0.0787 0.0574 0.1605
0.0965 0.0723 0.2156 0.0808 0.0703 0.1794 0.0798 0.0532 0.1523
0.0952 0.0691 0.2111 0.0898 0.0673 0.1750 0.0989 0.0514 0.1436
0.0929 0.0659 0.1837 0.0893 0.0616 0.1732 0.0944 0.0498 0.1359
0.0884 0.0641 0.1694 0.0503 0.0572 0.1626 0.0557 0.0467 0.1351
0.0935 0.0587 0.1603 0.0858 0.0549 0.1546 0.0773 0.0432 0.1257
0.0935 0.0553 0.1423 0.0854 0.0485 0.1346 0.0787 0.0427 0.1212
0.0932 0.0513 0.1380 0.0876 0.0457 0.1252 0.0784 0.0413 0.1183
T=175
0.0976 0.1038 0.2204 0.0787 0.0870 0.2008 0.0856 0.0782 0.1897
0.0955 0.0914 0.2015 0.0899 0.0755 0.1742 0.0928 0.0634 0.1793
0.0956 0.0893 0.1893 0.0895 0.0735 0.1618 0.0947 0.0583 0.1734
0.0946 0.0792 0.1845 0.0843 0.0705 0.1585 0.0841 0.0527 0.1656
0.0935 0.0729 0.1687 0.0815 0.0687 0.1511 0.0791 0.0507 0.1418
0.0937 0.0705 0.1576 0.0843 0.0674 0.1459 0.0823 0.0481 0.1385
0.0923 0.0692 0.1513 0.0902 0.0649 0.1413 0.0968 0.0472 0.1311
0.0931 0.0607 0.1390 0.0866 0.0583 0.1317 0.0889 0.0449 0.1259
0.0909 0.0593 0.1327 0.0855 0.0551 0.1294 0.0901 0.0443 0.1213
0.0936 0.0570 0.1288 0.0809 0.0542 0.1202 0.0747 0.0433 0.1117
0.0922 0.0518 0.1197 0.0865 0.0485 0.1115 0.0808 0.0406 0.1094
0.0927 0.0502 0.1140 0.0905 0.0445 0.1040 0.0852 0.0384 0.1002

(30,15)

80 (40,20)

(60,30)

QAW OwW>OwW>O

40 (20,10)

(30,15)

80 (40,20)

(60,30)

AEPOWP>OwW>O® >

Table 7: Point estimations of h(z) when u = 1.5

n (m,r) Scheme MLE MCMC
Prior — 1 2
T=25

40 (20,10) 0.5727 0.1472 0.2268 0.5335 0.1349 0.2043 0.5915 0.1095 0.1760
0.5814 0.1389 0.2192 0.5730 0.1304 0.1880 0.6139 0.1003 0.1469
0.5814 0.1305 0.1974 0.5745 0.1278 0.1729 0.6102 0.0937 0.1378
0.5658 0.1243 0.1675 0.4958 0.1094 0.1542 0.5891 0.0863 0.1209
0.5672 0.1185 0.1559 0.4832 0.0955 0.1486 0.5604 0.0830 0.1120
0.5620 0.1126 0.1483 0.4724 0.0933 0.1419 0.5690 0.0806 0.1074
0.5594 0.1067 0.1408 0.5580 0.0901 0.1330 0.6294 0.0777 0.1030

0.5657 0.0995 0.1337 0.5262 0.0847 0.1233 0.6121 0.0705 0.0980
(Continued)

(30,15)

80 (40,20)

w>Qwe>Qwe
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Table 7 (continued)
n (m,r) Scheme MLE MCMC
Prior — 1 2
T=25
C 0.5684 0.0913 0.1259 0.5323 0.0804 0.1173 0.6165 0.0634 0.0855
(60,30) A 0.5599 0.0865 0.1188 0.5079 0.0714 0.1052 0.5207 0.0544 0.0710
B 0.5613 0.0794 0.1130 0.5565 0.0601 0.0899 0.5322 0.0457 0.0685
C 0.5651 0.0751 0.1058 0.5569 0.0553 0.0828 0.5307 0.0442 0.0665
T=15
40 (20,100 A 0.5800 0.1409 0.1969 0.5707 0.1236 0.2014 0.6006 0.1025 0.1335
B 0.5840 0.1369 0.1912 0.5726 0.1203 0.1742 0.6105 0.0868 0.1249
C 0.5821 0.1273 0.1880 0.5876 0.1168 0.1646 0.6033 0.0809 0.1141
(30,15 A 0.5696 0.1208 0.1668 0.5184 0.1009 0.1495 0.5904 0.0763 0.1133
B 0.5692 0.1163 0.1461 0.5054 0.0941 0.1437 0.5732 0.0732 0.1023
C 0.5677 0.1106 0.1406 0.4826 0.0856 0.1423 0.5904 0.0679 0.0975
80 (40,200 A 0.5649 0.1060 0.1349 0.5252 0.0807 0.1285 0.6184 0.0657 0.0929
B 0.5675 0.1044 0.1293 0.5288 0.0743 0.1201 0.6173 0.0650 0.0852
C 0.5669 0.0930 0.1208 0.5345 0.0667 0.0978 0.6149 0.0545 0.0806
(60,30) A 0.5629 0.0913 0.1159 0.5537 0.0654 0.0953 0.5443 0.0520 0.0792
B 0.5641 0.0749 0.1083 0.5547 0.0598 0.0893 0.5308 0.0457 0.0686
C 0.5660 0.0738 0.1038 0.5626 0.0511 0.0783 0.5447 0.0419 0.0616
Table 8: Interval estimations of
n (mr) Scheme ACI HPD ACI HPD
Prior — 1 2 1 2
u=0.5 w=15
T=25
40 (20,10) A 0.363 0918 0.280 0.932 0.220 0.940 0.955 0.895 0.697 0.913 0.554 0.917
B 0.339 0.924 0.268 0.938 0.216 0.946 0.919 0.909 0.689 0.927 0.498 0.932
C 0.317 0.927 0.253 0.941 0.212 0.949 0.878 0.913 0.657 0.929 0.439 0.936
(30,15) A 0.294 0.934 0.245 0.948 0.211 0.956 0.777 0.917 0.635 0.931 0.416 0.940
B 0.291 0.936 0.241 0.950 0.209 0.958 0.756 0.918 0.612 0.932 0.370 0.942
C 0.251 0.939 0.236 0.953 0.207 0.962 0.726 0.928 0.589 0.938 0.327 0.947
80 (40,20) A 0.243 0.944 0.228 0.958 0.184 0.967 0.680 0.930 0.562 0.945 0.291 0.953
B 0.240 0.946 0.215 0.960 0.179 0.969 0.649 0.931 0.519 0.948 0.274 0.955
C 0.227 0.950 0.201 0.964 0.172 0.973 0.609 0.939 0.441 0.954 0.238 0.962
(60,30) A 0.213 0.954 0.184 0.968 0.163 0.977 0.546 0.942 0.409 0.956 0.218 0.966
B 0.201 0.958 0.168 0.972 0.151 0.981 0.528 0.944 0.371 0.959 0.187 0.968
C 0.189 0.962 0.162 0.976 0.149 0.985 0.501 0.945 0.352 0.960 0.164 0.972

(Continued)



3090 CMES, 2024, vol.140, no.3

Table 8 (continued)
n (m,r) Scheme  ACI HPD ACI HPD

Prior — 1 2 1 2

n=0.5 nw=1.5
T=175

0.264 0.924 0.215 0.935 0.205 0.945 0.925 0.904 0.681 0.924 0.498 0.942
0.258 0.930 0.208 0.939 0.195 0.951 0.896 0.918 0.657 0.928 0.471 0.946
0.242 0.933 0.204 0.940 0.193 0.954 0.878 0.922 0.636 0.931 0.433 0.947
0.229 0.940 0.202 0.942 0.184 0.962 0.826 0.926 0.612 0.935 0.358 0.949
0.223 0.942 0.200 0.943 0.169 0.965 0.776 0.927 0.577 0.936 0.320 0.950
0.213 0.945 0.198 0.950 0.167 0.966 0.713 0.932 0.556 0.942 0.319 0.956
0.207 0.950 0.185 0.956 0.165 0.971 0.675 0.937 0.520 0.949 0.282 0.963
0.180 0.952 0.174 0.960 0.159 0.973 0.622 0.940 0.519 0.952 0.256 0.966
0.176 0.956 0.168 0.965 0.149 0.977 0.609 0.948 0.409 0.958 0.242 0.972
0.169 0.960 0.162 0.968 0.137 0.981 0.510 0.951 0.370 0.961 0.199 0.975
0.157 0.964 0.151 0.971 0.130 0.985 0.508 0.953 0.360 0.963 0.186 0.977
0.153 0.968 0.144 0.972 0.125 0.989 0.481 0.954 0.325 0.964 0.159 0.98

40 (20,10)

(30,15)

80 (40,20)

(60,30)

AWPrQ@wrQT>QF >

Table 9: Interval estimations of R(¢)
n (m,r) Scheme ACI HPD ACI HPD

Prior — 1 2 1 2

uw=0.5 uw=1.5
T=175

0.078 0.931 0.059 0.938 0.052 0.950 0.206 0.927 0.151 0.935 0.119 0.945
0.071 0.935 0.053 0.942 0.048 0.954 0.193 0.929 0.149 0.937 0.103 0.949
0.067 0.938 0.043 0.946 0.038 0.957 0.190 0.930 0.142 0.938 0.095 0.950
0.059 0.939 0.039 0.947 0.036 0.958 0.179 0.935 0.137 0.941 0.078 0.956
0.054 0.942 0.037 0.950 0.035 0.960 0.158 0.938 0.131 0.942 0.070 0.958
0.050 0.944 0.036 0.952 0.033 0.963 0.145 0.941 0.128 0.944 0.069 0.959
0.047 0.946 0.035 0.953 0.032 0.964 0.139 0.943 0.123 0.946 0.061 0.963
0.044 0.948 0.032 0.956 0.030 0.966 0.136 0.945 0.113 0.949 0.056 0.965
0.040 0.952 0.031 0.960 0.027 0971 0.135 0.946 0.096 0.952 0.053 0.967
0.038 0.954 0.028 0.962 0.025 0973 0.132 0.947 0.089 0.955 0.043 0.970
0.035 0.956 0.025 0.964 0.023 0975 0.111 0.951 0.081 0.958 0.040 0.972
0.032 0.957 0.024 0.965 0.021 0976 0.109 0.952 0.077 0.961 0.035 0.973

40 (20,10)

(30,15)

80 (40,20)

(60,30)

QO@P>POQOTP>OQOFP>OQF >

T=175

0.063 0.935 0.054 0942 0.046 0.954 0.194 0.929 0.148 0.939 0.110 0.947
0.055 0.939 0.047 0.946 0.041 0.958 0.190 0.931 0.134 0.941 0.087 0.954
0.047 0.941 0.042 0.949 0.037 0961 0.179 0.934 0.131 0.942 0.086 0.955
0.043 0.943 0.038 0.950 0.035 0962 0.158 0.938 0.126 0.945 0.079 0.960
0.040 0.946 0.036 0.953 0.033 0.966 0.151 0.940 0.121 0.946 0.063 0.963
0.038 0.948 0.033 0.955 0.031 0.968 0.145 0.943 0.117 0.948 0.058 0.964

(Continued)

40 (20,10)

(30,15)

OW >0 wp
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Table 9 (continued)

n (m,r) Scheme ACI HPD ACI HPD

Prior — 1 2 1 2
w=20.5 uw=15

80 (40,20) 0.036 0.950 0.032 0.956 0.030 0.970 0.132 0.945 0.113 0.949 0.057 0.968

A

B 0.034 0.952 0.031 0.959 0.027 0972 0.127 0.947 0.102 0.952 0.053 0.970

C 0.033 0.954 0.030 0.963 0.026 0976 0.122 0.948 0.089 0.956 0.046 0.972
(60,30) A 0.029 0.957 0.027 0.965 0.025 0978 0.112 0.951 0.081 0.958 0.039 0.975

B 0.028 0.960 0.025 0.968 0.022 0.980 0.101 0.953 0.078 0.961 0.036 0.976

C 0.027 0.961 0.024 0.969 0.021 0.981 0.098 0.954 0.071 0.963 0.032 0.978

Table 10: Interval estimations of A ()

n (m,r) Scheme ACI HPD ACI HPD

Prior — 1 2 1 2

40 (20,10) 0.121 0.945 0.090 0.953 0.074 0.957 0.547 0.936 0.395 0.944 0.277 0.954
0.114 0.947 0.085 0.955 0.070 0.961 0.526 0.939 0.375 0.947 0.261 0.957
0.110 0.948 0.080 0.957 0.068 0.963 0.506 0.942 0.359 0.950 0.238 0.959
0.101 0.950 0.078 0.958 0.065 0.964 0.479 0.944 0.339 0.952 0.217 0.962
0.097 0.952 0.075 0.960 0.063 0.966 0.443 0.947 0.325 0.956 0.195 0.965
0.093 0.954 0.073 0.961 0.058 0.969 0.415 0949 0.315 0.958 0.181 0.967
0.082 0.956 0.071 0.963 0.055 0.971 0.380 0.952 0.296 0.961 0.176 0.970
0.078 0.957 0.065 0.967 0.053 0973 0.348 0.954 0.275 0.963 0.159 0.974
0.072 0.960 0.063 0.968 0.051 0.975 0.328 0.957 0.253 0.966 0.141 0.975
0.066 0.965 0.057 0.971 0.048 0.978 0.310 0.959 0.227 0.968 0.126 0.976
0.061 0.969 0.052 0.974 0.046 0.981 0.289 0.962 0.211 0.971 0.107 0.978
0.054 0.974 0.047 0978 0.043 0.984 0.269 0.965 0.200 0.974 0.092 0.981

(30,15)

80 (40,20)

(60,30)

QFPFPQFP>QFEP>OQE >

T=175

40 (20,10) 0.096 0.949 0.071 0.958 0.069 0.962 0.528 0.939 0.389 0.946 0.259 0.957
0.084 0.951 0.067 0.960 0.065 0.966 0.516 0.942 0.355 0.949 0.244 0.959
0.082 0.952 0.065 0.962 0.063 0.968 0.506 0.945 0.346 0.951 0.220 0.962
0.072 0.956 0.064 0.963 0.062 0.969 0.458 0.947 0.325 0.953 0.210 0.964
0.069 0.957 0.062 0.965 0.055 0973 0.414 0.950 0.324 0.957 0.177 0.968
0.067 0.958 0.060 0.967 0.053 0974 0.408 0.952 0.316 0.959 0.166 0.970
0.066 0.960 0.058 0.969 0.052 0.975 0.357 0.955 0.296 0.962 0.152 0.973
0.058 0.963 0.055 0.973 0.051 0976 0.335 0.957 0.289 0.964 0.141 0.976
0.057 0.965 0.052 0.975 0.050 0.977 0.316 0.960 0.232 0.968 0.123 0.978
0.055 0.968 0.051 0.977 0.045 0.981 0.291 0.962 0.210 0.970 0.103 0.980
0.053 0.971 0.050 0.978 0.042 0.983 0.282 0.965 0.208 0.972 0.096 0.982
0.050 0.975 0.048 0.980 0.039 0.985 0.261 0.968 0.185 0.975 0.090 0.984

(30,15)

80 (40,20)

(60,30)

QTP>POQOTP>OQOFP>OQF >
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6 Engineering Applications

This part analyzes two sets of actual data from the engineering field to assess the effectiveness
of the estimating methods in practice. In a similar way, without loss of generality, one can easily
apply the same proposed methods to other actual datasets from scientific fields, e.g., medicine, physics,
chemistry, etc.

6.1 Mechanical Equipment Data

To highlight the utility of methodologies proposed for an actual phenomenon, an engineering
application representing the failure times for 30 items of repairable mechanical machines (RMM) is
analyzed in this subsection; see Table 11. Nassar et al. [23] reanalyzed the RMM data set after it was
first provided by Murthy et al. [24].

Table 11: Time points of RMM data set

0.11 0.30 0.40 0.45 0.59 0.63 0.70 0.71 0.74 0.77
0.94 1.06 1.17 1.23 1.23 1.24 1.43 1.46 1.49 1.74
1.82 1.86 1.97 2.23 2.37 2.46 2.63 3.46 4.36 4.73

From the full RMM data, to check the effectiveness of the CJ model, we shall compare its fit to
other five models in the literature, namely: XLindley (XL(u)) by Chouia et al. [25], Xgamma (XG(u))
by Sen et al. [26], Muth (M(u)) discussed by Irshad et al. [27], Lindley (L(x)) by Ghitany et al. [28], and
exponential (E(u)) reviewed by Tomy et al. [29]. To establish this objective, behind the Kolmogorov—
Smirnov (KS) distance (with its p-value), we obtain the negative log-likelihood (NL), Akaike (A),
consistent Akaike (CA), Bayesian (B), and Hannan—Quinn (HQ); see Table 12. The MLE (with its
standard—error (St.Er)) is utilized to evaluate all proposed criteria.

Table 12: Fit values of the CJ and its competitors from RMM data

Model MLE (St. Er) NL A CA B HQ KS (p-value)

cl 1.4341 (0.1729) 41.547  85.095 85.237 86.496 85.543  0.1367 (0.6294)
XL 0.8365(0.1197) 42435 86.870 87.013  88.272  87.319  0.1669 (0.3738)
XG 1.2526 (0.1616) 42.685 87.370  87.513  88.772  87.819  0.1745(0.3204)
M 0.1128 (0.0984)  45.747 93.494 93.637 94.895 93.942  0.2860 (0.0148)
L 0.9763 (0.1345) 41.694  85.380  85.532 86.790  85.837  0.1407 (0.5925)
E 0.6482 (0.1183) 43.005 88.011 88.154 89.412 88.459 0.1845(0.2590)

It shows, from Table 12, that the CJ distribution has the best values of all proposed criteria than

its competing distributions. So, based on the RMM data, depending on all considered criteria, we
decided that the CJ lifespan model is superior to the others. Fig. 5 shows the fitted PDFs, the fitted
RFs, and probability—probability (PP) for the CJ and its competing models. As expected, it confirms
the numerical findings established in Table 12.
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To examine the acquired theoretical estimators of w, R(¢) and A(¢) from the RMM data set, by
taking (m,r) = (15,10) based on different choices of R and T, three G-PHC samples are created;
see Table 13. From Table 13, the point estimates (with their St.Ers) as well as the interval estimates
(with their interval widths) of u, R(¢), and A(t) at t = 0.75 are calculated; see Table 14. Because there
is no additional information about the CJ(u) parameter in the RMM data set, the Bayes estimates
are generated by running the MCMC sampler 50,000 times and disregarding the first 10,000 times as
burn-in. Table 14 reveals that the estimation outputs of all parameters are nearly identical.

Table 13: Artificial G-PHC samples from RMM data

Sample  Scheme T () R T Data

8 (39, 01) 0.75 (6) 5 1.85 0.11,0.30, 0.45, 0.59, 0.70, 0.74, 1.17, 1.46, 1.74,
1.82

5% (09,39,09) 1.95(12) 3 1.95 0.11,0.30, 0.40, 0.45, 0.59, 0.63, 0.71, 1.17, 1.24,
1.49,1.74, 1.86

54 (01,39 2.50(15) 0 246  0.11, 0.30, 0.40, 0.45, 0.59, 0.63, 0.70, 0.71, 0.74,

0.77,0.94, 1.23, 1.43, 1.86, 2.46

Table 14: Estimates of u, R(?), and /(f) from RMM data

Sample Par. MLE MCMC ACI HPD
Est. St. Er  Est. St. Er Lower Upper Width Lower Upper Width
2 n 1.1476 0.2261 1.1356 0.1501 0.7044 1.5908 0.8864 0.8422 1.4287 0.5865

R(0.5) 0.8277 0.0489 0.8300 0.0322 0.7319 0.9235 0.1916 0.7663 0.8918 0.1254
h(0.5) 0.3665 0.1144 0.3627 0.0754 0.1422 0.5907 0.4485 0.2179 0.5114 0.2935
5% | 1.0901 0.1944 1.0803 0.1399 0.7092 1.4711 0.7619 0.8065 1.3501 0.5436
R(0.5) 0.8401 0.0417 0.8418 0.0298 0.7584 0.9218 0.1633 0.7836 0.8989 0.1153
h(0.5) 0.3378 0.0960 0.3350 0.0687 0.1495 0.5260 0.3764 0.2043 0.4699 0.2656
5 ) 1.1224 0.1810 1.1144 0.1351 0.7676 1.4772 0.7096 0.8547 1.3825 0.5278
R(0.5) 0.8332 0.0390 0.8346 0.0289 0.7567 0.9096 0.1529 0.7790 0.8917 0.1126
h(0.5) 0.3538 0.0907 0.3517 0.0674 0.1761 0.5315 0.3553 0.2225 0.4841 0.2616

At varying options of u, Fig. 6 stands that the acquired 1 based on ., for i = 1,2,3 existed
and is unique. We also suggest using the value of /i in each sample (in Table 14) as an initial guess
for running the required Bayesian evaluations. Fig. 7, based on .#, (as an example), shows that the
collected Markovian variates of u, R(?), or h(f) are converged satisfactorily, as well as that those
iterations are nearly symmetrical.
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6.2 Ball Bearings Data

In this part, we analyze real data representing the times 22 ball bearings (BBs) rotated before
they stopped after one million rotations; see Table 15. Caroni [30] and Elshahhat et al. [31] examined
this dataset. To examine the superiority of the CJ model, using the BBs data set, the suggested CJ
distribution will be compared to the XL, XG, M, L, and E lifetime models. Table 16 indicates that the
CJ model is the best compared to others due to having the smallest values for all fitted criteria except
the highest p-value. Fig. & supports this conclusion also.
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Table 15: Times to failure of 22 ball bearings
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Table 16: Fit values of the CJ and its competitors from BBs data

Model MLE (St. Er) NL A CA B HQ KS (p-value)
a 0.0420 (0.0052) 108.421 218.842  219.042 219.933  219.099 0.1297 (0.8531)
XL 0.0275(0.0041) 110.478 222956  223.156  224.047 223.213  0.1998 (0.3434)
XG 0.0416 (0.0052) 108.634  219.269  219.469 220.360  219.526  0.1362 (0.8089)
M 0.0283 (0.0043)  110.081 222.162  222.362 223.253  222.419 0.1920 (0.3923)
L 0.0279 (0.0042)  110.281  222.562  222.762  223.653 222.819 0.1956 (0.3693)
E 0.0142 (0.0030) 115.689 233.378  233.578  234.469  233.635 0.308 (0.0305)

Just like the same estimation scenarios illustrated in Subsection 6.1, from the complete BBs data,
different G-PHC samples with fixed (m,r) = (12,8) and various choices of R, i = 1,...,m are
created; see Table 17. However, in Table 18, all estimations results of w, R(?), and A(?) (at t = 1)
developed from the likelihood and Bayes’ inferential approaches are presented. However, Table 18
indicates that the acquired point estimates of u, R(?), or h(¢) are quite close to one another. A similar
conclusion is reached when comparing the estimated intervals for the same parameters.

Table 17: Artificial G-PHC samples from BBs data

Sample

Scheme

T()

R*

T*

Data

A
S

I,

(2(5)’ 0(7))
(0(4)’ 2(5)’ 0(3))

(0(7) , 2(5))

42 (4)

85 (10)

106 (12)

4

2

0

67.8

85

105.12

17.88, 28.92, 33.00, 41.52, 42.12, 48.80,

51.84, 67.80

17.88, 28.92, 33.00, 41.52, 42.12, 45.60,
51.84, 54.12, 67.80, 84.12

17.88, 28.92, 33.00, 41.52, 42.12, 45.60,
48.80, 51.84, 54.12, 67.80, 84.12, 105.12

Table 18: Estimates of u, R(f), and A(¢) from BBs data

Sample

Par.

MLE

MCMC

ACI

HPD

Est.

St. Er

Est.

St. Er

Lower

Upper

Width

Lower

Upper Width

5%

52

5

0.0413
0.9847
0.0029
0.0381
0.9873
0.0024
0.0361
0.9888
0.0021

uw
R(10)
h(10)

n
R(10)
h(10)

N
R(10)
h(10)

0.0074
0.0063
0.0012
0.0062
0.0047
0.0009
0.0055
0.0039
0.0008

0.0410
0.9847
0.0029
0.0378
0.9873
0.0024
0.0359
0.9887
0.0021

0.0042
0.0035
0.0007
0.0039
0.0030
0.0006
0.0037
0.0026
0.0005

0.0268
0.9724
0.0004
0.0259
0.9780
0.0005
0.0254
0.9812
0.0006

0.0558
0.9970
0.0053
0.0502
0.9965
0.0042
0.0468
0.9964
0.0036

0.0290
0.0245
0.0049
0.0242
0.0185
0.0036
0.0214
0.0152
0.0030

0.0330
0.9776
0.0016
0.0302
0.9813
0.0013
0.0287
0.9836
0.0011

0.0492
0.9912
0.0043
0.0455
0.9928
0.0036
0.0432
0.9938
0.0031

0.0162
0.0135
0.0027
0.0153
0.0115
0.0023
0.0145
0.0102
0.0020
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Fig. 9 indicates that the acquired estimates ji, from ., for i = 1,2, 3, existed and are unique.
It also confirms the same results in Table 18. Fig. 10, based on . (as an example), shows that the
MCMC algorithm is implemented well and the calculated estimates of u, R(?), and i(¢) are symmetric,
negative-skewed, and positive-skewed, respectively.
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Figure 9: Profile log-likelihoods of u from BBs data
As a result of the G-PHC mechanism, the analysis outcomes from the RMM and BBs data

sets comprehensively investigate the Chris-Jerry lifetime model, support the simulation results, and
demonstrate the feasibility of the proposed operations in the context of an engineering scenario.
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7 Conclusions

In this study, we investigated different statistical operations for a novel Chris-Jerry distribution
using generalized progressively hybrid censored data. Using both maximum likelihood and Bayesian
techniques, we explore the model parameter, reliability, and hazard rate functions. The asymptotic
characteristics of the frequentist estimates are used to estimate their asymptotic confidence intervals.
The gamma prior distribution and squared error loss are incorporated to provide Bayesian estimation.
It comes to light that the posterior distribution cannot be directly determined. Therefore, to get
the Bayes’ point/interval investigations, the Markov Chain Monte Carlo approach is used. Various
scenarios in an extensive Monte Carlo simulation are used to see the behavior of the various
approaches and illustrate their applicability. We noticed that the proposed sampling strategy improves
conventional and progressive hybrid censoring processes by allowing an examination to go beyond
a predetermined inspection time if scarce failures are collected. The simulation findings revealed
that, based on such censored data, the Bayesian technique should be used to estimate Chris-Jerry
parameters of life. Real data analysis based on repairable mechanical equipment and ball bearing data
sets demonstrated that the suggested model behaved better than numerous other traditional models,
including XLindley, Lindley, Xgamma, Muth, and exponential distributions. We focused primarily
on the Chris-Jerry lifespan in the context of generalized progressively hybrid data. It would also be
interesting to look into the estimate of the same distribution parameters in the presence of a competing
risk framework or an accelerated life test. The maximum product of the spacing technique and Bayes’
inference through the spacing-based function may also be considered in future research. Further, it
is important to compare the proposed symmetric Bayesian method with the asymmetric Bayesian
method against Linex, entropy losses, or others. Moreover, the proposed strategy can be discussed
in the presence of fault identification and ball bearing diagnosis data; for further details, we refer to
Wu et al. [32]. We believe that the findings and techniques presented in this study will be useful to
researchers when the recommended strategy is required.
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