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ABSTRACT

Transient heat conduction problems widely exist in engineering. In previous work on the peridynamic differential
operator (PDDO) method for solving such problems, both time and spatial derivatives were discretized using the
PDDO method, resulting in increased complexity and programming difficulty. In this work, the forward difference
formula, the backward difference formula, and the centered difference formula are used to discretize the time
derivative, while the PDDO method is used to discretize the spatial derivative. Three new schemes for solving
transient heat conduction equations have been developed, namely, the forward-in-time and PDDO in space (FT-
PDDO) scheme, the backward-in-time and PDDO in space (BT-PDDO) scheme, and the central-in-time and
PDDO in space (CT-PDDO) scheme. The stability and convergence of these schemes are analyzed using the Fourier
method and Taylor’s theorem. Results show that the FT-PDDO scheme is conditionally stable, whereas the BT-
PDDO and CT-PDDO schemes are unconditionally stable. The stability conditions for the FT-PDDO scheme are
less stringent than those of the explicit finite element method and explicit finite difference method. The convergence
rate in space for these three methods is two. These constructed schemes are applied to solve one-dimensional and
two-dimensional transient heat conduction problems. The accuracy and validity of the schemes are verified by
comparison with analytical solutions.
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1 Introduction

Transient heat conduction problems are prevalent in petroleum, chemical, metallurgy, and many
other fields. Consequently, effective numerical methods for studying these problems are crucial for
practical engineering applications.

Currently, numerical methods for solving transient heat conduction equations are broadly classi-
fied into two categories: mesh-based methods, including finite difference method (FDM) [1,2], finite
element method (FEM) [3,4], Finite Volume Method [5,6], and Boundary Element Method (BEM)
[7]; and meshless methods, such as the generalized finite difference method [8,9], smoothed particle
hydrodynamics method (SPH) [10], meshless local Petrov-Galerkin method (MLPG) [1 1-14], meshless
local radial basis function-based differential quadrature (RBF-DQ) [15], peridynamics (PD) [16,17],
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and peridynamic differential operator (PDDO) [18,19]. Based on time discretization, these methods
can be divided into explicit and implicit schemes. In the explicit scheme, unknown quantities are
explicitly given in terms of known quantities, offering the advantage of simpler programming but
suffering from strict stability conditions. Conversely, in the implicit scheme, unknown quantities
cannot be explicitly expressed, making the solution computationally challenging yet allowing for larger
time step sizes due to increased stability. Consequently, the implicit scheme is often favored in software.

The PDDO method, a recent advancement based on PD theory [20], is a nonlocal differential
operator that bridges local partial derivatives and nonlocal integrals using Taylor series expansions and
orthogonal function properties. Capable of solving differential equations and calculating derivatives
from smooth functions or scattered data amidst discontinuities or singular points [21], it also features
time nonlocality and generalized space-time nonlocality, unrestricted by order of space and time par-
tial derivatives, proving its efficacy in practical applications. For instance, Dorduncu devised a nonlocal
stress analysis model for functionally graded sandwich panels using PDDO [22], Gao et al. developed
a nonlocal model for fluid flow and heat transfer coupling using PDDO [23], and Li et al. introduced
a nonlocal model for steady-state thermoelastic analysis of functionally graded materials with PDDO
[24]. Additionally, Li et al. compared the PDDO with the other nonlocal differential operators and
proposed some improvements for PDDO [25-27].

In the previous work involving the PDDO method, both time and space derivatives were
discretized using the PDDO method [28,29]. Given the relative complexity and computational expense
of the PDDO method, it is essential to reduce its complexity. The FDM, being the oldest numerical
method, offers the advantage of straightforward implementation. Consequently, it was chosen to
discretize the time derivative. Furthermore, considering the capability of the PDDO method to handle
complex regions and discontinuous problems in space, the PDDO method was utilized to discretize
the spatial derivative.

In this study, the coupling of FDM with the PDDO method (FD-PDDO) has been developed to
solve transient heat conduction equations. In order to establish both explicit and implicit methods, the
time derivative is approximated using the forward difference formula, backward difference formula,
and centered difference formula, respectively. As a result, the forward-in-time and PDDO in space
(FT-PDDO) scheme, backward-in-time and PDDO in space (BT-PDDO) scheme, and central-in-time
and PDDO in space (CT-PDDO) scheme are developed. The FT-PDDO scheme is explicit, while the
BT-PDDO and CT-PDDO schemes are implicit. The stability and convergence of these new schemes
are analyzed using the Fourier method and Taylor’s theorem, respectively. The developed schemes are
applied to solve one-dimensional and two-dimensional transient heat conduction problems, and their
accuracy and validity are verified through comparison with the analytical solution.

2 Mathematical Model

The transient heat conduction equation can be expressed as:

AT (x, 1) ,
—ZZDV T, )+ 0(x1) xeQ
T(x,0) =g (x) xeQ, ()
T(x,t) =T (x,1) xel

where T is the temperature; ¢ is the time; x is the spatial variable; Q (x, 7) is the heat source; T (x, f)
is the temperature on the boundary I' of the computational zone 2; g (x) is the initial temperature;
D= % where p is the density; c is the specific heat capacity; k, is the thermal conductivity coefficient.
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3 Numerical Method
3.1 Basic Theory of the FDM

The FDM is a mesh-based algorithm, and its basic idea is to transform the derivative into
numerical differentiation. Taking the time derivative 2 as an example and using the uniform grid
shown in Fig. 1, the forward difference formula can be obtained from [1] as follows:

dT Tk+1 _ Tk
il ~ T 2
dt — At @
The backward difference formula in [1] is as follows:
dT T —T*
il ~ T 3
dt |, At ®)
k+1
The centered difference formula in [1] is as follows:
dT T — T+
— AN “4
t,._, At
k+1/2

where T* represents the numerical solution of 7T at the time point ¢ = ¢,. The truncation error of the
forward difference formula and the backward difference formula is O (At), while the truncation error
of the centered difference formula is O ((At)z). The truncation errors can be obtained using Taylor’s
theorem.

Figure 1: Uniform grid diagram

3.2 The PDDO Method

The PD theory is a nonlocal theory proposed by Silling et al. [20]. Point x interacts with Point x’
within an interaction domain H, as shown in Fig. 2. The relative position vector between these points
is defined as & = x'—x. Each point has its interaction domain (family). The interaction can be specified
as § = mAx with m being an integer and Ax representing the grid spacing between the points. The
interaction domain of points may have different sizes and shapes. The degree of nonlocal interaction
between the points is specified by the weight function w (§).

Figure 2: PD interaction domains for the discretized points x and x’

Madenci et al. [29,30] proposed the PDDO method based on the PD theory. For the M-
dimensional scalar function, the N-th order Taylor expansions of f (x') = f (x + &) are expressed
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as Eq. (5).

N N-m N—ny—-npr_q

fx+8) :ZZ Z ;' K gttt £ (x) + R(N, x) (5)

M
mn,) - ny B B B Pl

n1=0 np=0 npr=0
where R (N, x) representing the remainder of the M-dimensional approximation.

Multiplying each term in Eq. (5) by PD functions gi">"" (§) and integrating over the domain of
interaction H, forms Eq. (6).

ap|+p2+»..+ﬁMf (X) _ -

where p, = 0,1,--- ,N (i = 1,2,---, M) represents the partial derivative with respect to variable
x;and p, + p, + --- + py < N. The function gi/"*”™ (§) is a PD function constructed based on
the orthogonality principle in the domain of interaction H, of the point x, which must possess the
orthogonality property of

X P B / é_nl . S;’/[Mgfvll’zmpM (g) dV = 8}1]1]]8”2”2 . 6”MFM (7)

where n, = 0,--- ,N withn, +n, +--- 4+ ny,, < N; §,, represents the Kronecker symbol. The PD
function g (&) can be constructed as [29,30]:

N N—q N=gqy—qp—1
AETE) =D D A, (EDENE? g (®)
q1=0 ¢=0 qM=O
where w,,,,.,,, (|1€]) is the weight function related to term &£, - - - £/

The unknown coefficient apirm in Eq. (8) can be obtained from the following equations:

N N-qp N=q1—4ap-1

a1 M — pPir2ePM
ZZ Z Z A("l"z nyr) (a142- qM) a1a0am b’;lqz aM )
q1=0 ¢p=0 q1+q++qp=0

where ¢; = 0,--- ,N withi = 1,2,--- ,M and ¢, + ¢, + - -- + ¢, < N. The coefficient matrix is
constructed as follows:

A("1"2---"M)(t/wz---t/M) - / Wqyg5--qp1 (|E|) 51’71+q1$2”2+42 o 'SLMMMdV (10)
Hx
The right-hand term is as follows:
b’é}f}ﬁ ﬁﬁﬁ =mim!---ny! 8"1ﬁ1 S"zrlz T 8"M/’M (11)

3.3 The FD-PDDO Method for Solving One-Dimensional Transient Heat Conduction Equations
Using the FDM to discrete the time derivative and the PDDO to discrete the spatial derivative,
the new scheme of FD-PDDO is obtained for solving the one-dimensional transient heat conduction
equation.
The FT-PDDO scheme is obtained by using the forward difference formula in time and the PDDO
method in space as follows:
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T = T 4 DAt/ T (x+8) g, (€) ds

Hx,-
N
=T+ DAIZ T (x) g (x, — x;) Ax; (12)
j=1
The BT-PDDO scheme is obtained by using a backward difference formula in time and the PDDO
method in space, namely

T = T + DA / T (x+8) g} (6) de
Hxl'
Ny

=T+ DAIZ T (x) gy (% — x) Ax; (13)
=1

The CT-PDDO scheme is obtained by using the centered difference formula in time and the
PDDO method in space, which is:

k+1 k
Tf“:T,"+DAt/ r (X+§)2+T(x+§)gfv(§)ds
Hy;
DAt L DAt L&
=T+ 5 Z ™ (xf) gx (xf - xi) Ax; + 5 Z T (xj) gy (x, - x,~) Ax; (14)

j=1 Jj=1

3.4 Stability and Convergence Analysis of the FD-PDDO Method for Solving One-Dimensional
Transient Heat Conduction Equations

The weight function is taken as w(§) = e~/ where the interaction domain is § = mAx with m
the integer parameter and Ax the uniform spatial step size. This study assumes the polynomial order as
N = 2, integer parameter as m = 2 and m = 3 (the range for m is suggestedas N <m < N+2[29,30]).
Fig. 3 shows the PD interaction domains for the discretized Point x and x’ in the one-dimensional case,
with the interaction domain of § = mAx(m = 2).

Figure 3: PD interaction domains for the discretized points x and x’ in one-dimensional case

3.4.1 Stability and Convergence Analysis of the FT-PDDO Scheme

In the FT-PDDO scheme of Eq. (12), in the case of polynomial order N = 2 and integer parameter
m = 2, the right-hand term 3" T* (x;) & (x; — x) Ax; can be expanded as follows:
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Nay 2 2
z T (x) & (x, — x) Ax, = TF, |:a) (—2AX) Zai (_2AX){| Ax+T), |:a) (—AX) Z a (—Ax)"i| Ax
j=1

4=0 4=0

+ T |:a) DN (0)‘1} Ax

+ T}, |:a) (AX) Za; (Ax)"j| Ax+Tf, |:a) (2AX) Zaj (2Ax)"i| AX

q=0 q=0
(15)
where a;, a}, a; can be obtained from the following equations:
Aw Ay Ap aé bé
Ay Ay A a? = b? (16)
Ay Ay Ay a§ b§

Where AOO - 1.7724Ax; A()] - AIO - A]z - A21 - 0; AOZ = A20 - A” - 0.8823Ax3; A22 - 1.3219AXS;
b; = bt = 0, b = 2. The coefficients for the PD function are obtained as given in Eq. (17).

1
a; = —1.1279 ;
) AXx
a; =0 (17)

1
X

Therefore, the FT-PDDO scheme is obtained, as given in Eq. (18).
T =T+ [0.1453Ti’i2 + 0.4186T; | — 1.1279T + 0.4186 T, + 0.1453Tlﬁr2] (18)
where A = DAt/ AX~.

The Fourier method is now utilized to show the stability [1]. Let 7} = w,e™' (where VI=-1
and r is the positive constant). Substituting it into Eq. (18) yields the amplification factor as shown in
Eq. (19).

K =W /or =14+ A[—1.1279 4+ 0.2907 cos (2rAx) + 0.8372 cos (rAx)] (19)
The stability requirement is |«| < 1. Thus, the stability condition is shown in Eq. (20).

A <11 (20)

Taylor’s theorem is now utilized to show the truncation error [1]. The truncation error caused by
the PDDO method in space is shown only here. The term can be obtained from Eq. (18) as follows:

o5 (0145371, + 0.4186T, — 112797} + 0.4186T, +0.14537}, ] 1)

Eq. (21) is the approximation of T, (x,-, l"). By removing the time index, the function of T (x,_,),

T (x:_1), T (x:11), T (x;,) can be expanded by Taylor’s theorem. Take T (x,.,) for example, it can be
expanded as follows:

(Ax)’ (Ax)’ (Ax)*

T\'x (xl) + TYX)C (xl) + T

T'(xi) =T X+ Ax) =T (x) + AxT, (x;) + 7 Al T

(xi’ [k) + ..
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After calculation, the truncation error is as follows:

= 47 xxxx | x=n; (Ax)z ~ 0.2286 Tvxxx|x:ni (Ax)z (22)

T
where 7, is a point between x;_, and x,,..

Similarly, for the case of polynomial order N = 2 and integer parameter m = 3, the detailed
derivation process of the stability analysis of the FT-PDDO scheme is presented in Appendix A. The
stability condition is as follows:

A<28 (23)

The truncation error is as follows:
T 2 0.5098 T, (Ax)* 24)

The stability conditions of the FT-PDDO scheme in Eqs. (20) and (23) are less strict than that of
explicit FEM and explicit FDM, which the former one is A = DA?/Ax* < 2/x* and the latter one is
A = DAt/AX* < 1/2, respectively.

3.4.2 Stability and Convergence Analysis of the BT-PDDO Scheme

For the BT-PDDO scheme in Eq. (13), when the polynomial order is taken as N = 2 and the
integer parameter is taken as m = 2, it has the following form:

T = TF + DAt/AX [0.1453T) 4+ 0.4186 T — 1.1279T" + 0.4186 T/ + 0.1453T"1' ] (25)
and the amplification factor is:

1
1= A[—1.1279 4+ 0.2907 cos (2rAx) + 0.8372 cos (rAx)]

(26)

K

The stability requirement is |«¢| < 1 and it is not hard to show that this always holds for the
amplification factor in Eq. (26). Therefore, in this case, the BT-PDDO scheme is unconditionally
stable.

For the case of polynomial order N = 2 and integer parameter m = 3, the detailed derivation
process of the stability analysis of the BT-PDDO scheme is presented in Appendix B. In this case, the
BT-PDDO scheme is unconditionally stable.

The truncation error for the BT-PDDO scheme is the same as that of the FT-PDDO scheme,
which is Egs. (22) and (24) in the case of polynomial order N = 2 and integer parameter m = 2 and
m = 3, respectively.

3.4.3 Stability Analysis of the CT-PDDO Scheme

For the CT-PDDO scheme in Eq. (14), when the polynomial order is taken as N = 2 and the
integer parameter is taken as m = 2, it has the following form:

A
T = Tf 4 3 [0.1453T1 + 0418671 — 112797/ + 04186715 + 0145377, ]

i+l i+2

A
+ 5 [0.14537%, + 041867, — 112797 + 041867}, +0.14537, ] 27)
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The amplification factor is as follows:

14+ 2[=1.1279 + 0.2907 cos (2rAx) + 0.8372 cos (rAx)]
T 3[=1.1279 + 0.2907 cos (2rAx) + 0.8372 cos (rAx)]

(28)

The stability requirement is || < 1 and it is not hard to show that this always holds for the
amplification factor in Eq. (28). Therefore, in this case, the CT-PDDO scheme is unconditionally
stable.

For the case of polynomial order N = 2 and integer parameter m = 3, the detailed derivation
process of the stability analysis of the CT-PDDO scheme is presented in Appendix C. In this case, the
CT-PDDO scheme is unconditionally stable.

The truncation error for the CT-PDDO scheme is the same as that of the FT-PDDO scheme,
which is Eqs. (22) and (24) in the case of polynomial order N = 2 and integer parameter m = 2 and
m = 3, respectively.

3.5 FD-PDDO Method for Solving Two-Dimensional Transient Heat Conduction Equations

This section focuses on the schemes for solving two-dimensional transient heat conduction
equations. The FT-PDDO scheme is obtained using the forward difference formula in time and the
PDDO method in space as follows:

Ny Ny
T,-k+l = T,-k + DAt |:z T (xl(/)) gi? (Sm, 52(/‘,,‘)) AAj + z T (XZ(/)) g(])vz (51(/.:'),52(/,;)) AA/':| (29)
j=1 J=1
where £, = X1, — Xi0), 2 = Xop) — Xoiy, AA; = AX;AX,.

The BT-PDDO scheme is obtained using a backward difference formula in time and the PDDO
method in space, which is:

Ny N
T = TF + DAt {Z T (x10) &x (Eigins Exgr) AA, + Z T (X2)) &% (E16:00 &) AA_,} (30)

Jj=1 J=1

The CT-PDDO scheme is obtained by using the centered difference formula in time and the
PDDO method in space, namely

Ny Ny
) DAt
T,'Hl = T;k + T |:Z ! (xlm) g?vo (Slv,m 52(;‘.:‘)) AA,/‘ + Z ! <x2(/’>) g?vz (él(ma 52(;}:‘)) AA;Z|

Jj=1 J=1

N Ny
DAt (@) ' (@) )
+ N |:Z T" (1)) &% (81> £200) DA, + Z T* (x:0)) &% (E10» §200) AA/:| (31)

J=1 J=1

3.6 Stability and Convergence Analysis of the FD-PDDO Method for Solving Two-Dimensional
Transient Heat Conduction Equations

The weight function is chosen as w(§,,&,) = e % 260 where the interaction domain is § =
mAx with m the integer parameter and Ax the spatial step size. Herein, the polynomial order N = 2,
integer parameter m = 2 and m = 3 are considered. Fig. 4 shows the PD interaction domains for the
discretized Point X, with the interaction domain of § = mAx (m = 2).
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Figure 4: PD interaction domains for the discretized point X,

3.6.1 Stability and Convergence Analysis of the FT-PDDO Method

2715

For the FT-PDDO scheme in Eq. (29), in the case of polynomial order N = 2 and integer parame-
. N N
ter m = 2, the right-hand terms >, "9 7% (x,)) & (§1¢:0-6200) AA; and D20 T (x2)) 82 (§14.0-6200) A4,

can be expanded as follows:

Ny 2
Z T (xl(j)) gy (51(/,;),52(/,/')) AA; = Ax,AXx, Z 71%’_21,-+qg§0 (—2Ax,,qAX,)
j=1 q=-2
2 2
+ A A D TE 8 (—AX, gAX,) + Ax Ax, D TE, & (0.4Ax)
q=—2 qg=-2

2 2
+ Ax, Ax, Z Tl_’;mqggo (Ax;,gAx,) + Ax;AXx, z Tl_’;zmggo 2Ax,,qAX,)

g=—2 g=—2

and

Ny 2

Z T* (x20) &% (§16:0 E200) AA; = AX|AX, Z T}, 285 (qAXy, —=2AX,)

j=1 q==2

2 2
+ Ax,Ax, Z T, .85 (qAX, —AX,) + Ax Ax, Z T},.8 (qAx,,0)

q==2 q==2

2 2
+Ax A%, D TE 87 (gAx, Ax,) + Ax Ax, D TE 8P (gAx), 2Ax,)

g=-2 g==2

where

g§0 ¢é,5) = aégw ¢é,8&) + a?gw &1,6)8 + aé?w ¢é,5)6
+a§8w 1, 8) 512 +a§§w 1, 8) ";‘-22 +af(1)w 1, 6) 84
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2 (6,5) = agéw ¢, + a?éw &1,6)8 + agfw 1,56
+ dyw (£,8) & + apw (6,8) & + aliw (61, §) §&,

The unknown coefficient can be obtained from the following equation:
Aa=b,

1 & & 512 522 & a a
& 12 && 5: 51522 51252 a a
. _ & &5 522 "31252 5; 51522 o _ | Yo Gy _
with A _/mw £ R dV’',a = 2 g ,and b =
& && & g8 & &E a4
&& &% &E & &E & ] ay  df 00

S
SO OO
N OO OO

The focus herein is solely on a uniform grid with Ax = Ax, = Ax,. Hence, the non-zero elements
in matrix A4 can be obtained as A} = 3.1414Ax%, A7) = Ay = A} = A = AY) = A)) = 1.5638Ax*,
A =AY = 2.3429Ax°%, and A), = A7) = A}, = 0.7784Ax°. Thus, the coefficients for the PD function
are as follows:

1 i 1
) = ~0.6364—— = ~0.6364——
@ =0 at =0
CE—
= 12784— . .
agg =0 Cloz = 12784A_x6
| = at =0

The FT-PDDO scheme is obtained as shown in Eq. (32).
T =T+ 1[0.003T}, , +0.0345T, , 4 0.0703T;_, +0.0345T7, ., + 0.003T

i—2,j-2 i—1,-2 i+1,j-2 i+2,j-2

+0.0345T%,, | +0.1738T"  +0.0021T% , + 0.17387% , +0.0345T", |
+0.07037*,, +0.00217¢ , — 1.2728T% + 0.0021 %, + 0.0703T*

i+1j i+2,j
+0.0345T", . +0.1738T% . +0.00217%,, +0.17387%, ., + 0.0345T*
+0.0037*

i+1,j+1 i+2,j+1
F s +0.0345T . +0.0703T%,, + 0.0345T*

i—1j+2 i+1,j42 + 0.003T*
where A = DAt/ AX’.

1+2,/+2]
The Fourier method is now utilized to show the stability [1]. Let T}, = w,e1"1'e™>*" (where VI =
—1 and r is the positive constant). Substituting it into Eq. (32) yields the amplification factor as shown
in Eq. (33).
Wi

(32)

K= =1—1.27281 + 1[0.012 cos(2r, Ax) cos(2r,Ax) + 0.138 cos(r, Ax) cos(2r, Ax)

Wy
+ 0.138 cos(2r; Ax) cos(r,Ax) + 0.6952 cos(r; Ax) cos(r,Ax)
+ 0.1406 cos(2r,Ax) + 0.1406 cos(2r; Ax) + 0.0042 cos(r,Ax) + 0.0042 cos(r,Ax)]  (33)

The stability requirement is || < 1. Thus, the stability condition is shown in Eq. (34).
A<1.1 (34)
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The Taylor’s theorem is used to show the truncation error. It is shown as follows:
T = (Ax)’ [0.228625T, ,,.,., + 0.228625T. +0.4978T,

X2 X9 X)X .Xl,‘(l,\‘zxz]

(35)

x1=)]i,x2=§/-
where (7,,§) is the point in the area enclosed by (Xi,X55), (X142, %2,), (X122, %5;1,) and
(xl,i+2’ xz,j+2) .

Similarly, for the case of polynomial order N = 2 and integer parameter m = 3, the detailed

derivation process of the stability analysis of the FT-PDDO scheme is presented in Appendix D. The
stability condition is as follows:

A <28 (36)

The truncation error is:

7 = (Ax)’ [0.509975T, ..., +0.509975T

XQXQXQX)

+ 1.1165T

XX xzxz]

(37)

Xl=7],'.X2=Ej

The stability conditions of the FT-PDDO scheme in two-dimensional shown in Egs. (34) and
(36) are equal to the one-dimensional shown in Egs. (20) and (23), respectively. This means that the
stability conditions of the FT-PDDO scheme are independent of dimensionality. The values of stability
conditions of the FT-PDDO scheme are less strict than those of explicit finite element method of
A = DAt/Ax* < 2/7* and explicit finite difference method of A = DA#/AX* < 1/4.

3.6.2 Stability and Convergence Analysis of the BT-PDDO Method

For the BT-PDDO scheme in Eq. (30), in the case of polynomial order N = 2 and integer
parameter m = 2, the detailed form is:

T = T+ A[0.003T , + 0034574, +0.0703T%", +0.0345T4' , +0.0037%

i+1,-2 i+2,j-2
+0.034575% | +0.1738T5 | +0.0021757, 4 0.1738T%5 | 4 0.0345T%7,

+0.07037%%, +0.0021 7% — 1.2728T%" + 0.0021 7%, + 0.07037%%)

+0.0345T5% | 4017387 +0.0021 T +0.1738T%, 4 0.0345T% |

+0.0037/%,, + 0.0345T +0.0703T5, + 0.0345T5, +0.003T%7 ] (38)

Furthermore, the amplification factor is:
k =1/[1 — A[—1.2728 + 0.012 cos(2r; Ax) cos(2r,Ax) + 0.138 cos(r, Ax) cos(2r, Ax)
+ 0.138 cos(2r; Ax) cos(r,Ax) + 0.6952 cos(r; Ax) cos(r,AXx)
+ 0.1406 cos(2r,Ax) 4+ 0.1406 cos(2r; Ax) + 0.0042 cos(r,Ax) 4+ 0.0042 cos(r, Ax)]] (39)

The stability requirement is |[«| < 1 and it can be seen that this always holds for the amplification
factor in Eq. (39). Therefore, in this case, the BT-PDDO scheme is unconditionally stable.

For the case of polynomial order N = 2 and integer parameter m = 3, the detailed derivation

process of the stability analysis of the BT-PDDO scheme is presented in Appendix E. In this case, the
BT-PDDO scheme is unconditionally stable.

The truncation error for the BT-PDDO scheme is the same as that of the FT-PDDO scheme,
which is Egs. (35) and (37) in the case of polynomial order N = 2 and integer parameter m = 2 and
m = 3, respectively.
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3.6.3 Stability and Convergence Analysis of the CT-PDDO Method

For the CT-PDDO scheme in Eq. (31), in the case of polynomial order N = 2 and integer
parameter m = 2, the detailed form is:

A
T/ = Tf 4 S[0.003TS%), , + 0034571, +0.0703T(} +0.0345 T, + 0.0037})

2 i+1,;-2 i+2,j-2

+0.034575 | 4017387 +0.0021 T + 0.1738T%! | 4 0.0345T%)

i~1,j-1 i+1,j—1 i+2,-1
+0.0703T%), +0.0021 T, — 1.2728 T4+ 4 0.0021 T4 + 0.0703T%"),
+ 003457 + 0173871 | +0.0021 75 + 0.1738T4 | +0.0345T%7.
+0.00374), +0.0345T5 !, +0.0703T%, 4 0.0345T% 4 0.003T% ]
Py
+ 510.0037,, +0.0345T%, , +0.0703T_, +0.0345T},, , +0.0037, .,

+0.0345T, | +0.1738TF ,  +0.0021T% , +0.1738T% . +0.0345T%, |
+0.0703T,, +0.0021 7% — 1.2728T" + 0.0021 7%, + 0.0703T",
+0.0345T",  +0.1738T*

i—=2,j+1 i—1,j+1
+0.003T%, , +0.0345T", _, +0.0703T*

i—1,j+2 iji+2

+0.00217%,, +0.1738T}, ., + 0.0345T}

i+1,j+1 i+2,j+1
+0.0345T%, ., + 0.003T"

t+2,/+2]

(40)

Moreover, the amplification factor is as follows:
A
K= <1 + 5 [ —1.2728 + 0.012 cos(2r,Ax) cos(2r,Ax) + 0.138 cos(r; Ax) cos(2r,AXx)
40.138 cos(2r; Ax) cos(r,Ax) + 0.6952 cos(r, Ax) cos(r,Ax)

+0.1406 cos(2r,Ax) + 0.1406 cos(2r,Ax) + 0.0042 cos(r,Ax) + 0.0042 cos(rle):| } /

A
{1 —3 [ — 1.2728 + 0.012 cos(2r,Ax) cos(2r,Ax) + 0.138 cos(r, Ax) cos(2r,Ax)
4+0.138 cos(2r; Ax) cos(r,Ax) + 0.6952 cos(r, Ax) cos(r,Ax)

+0.1406 cos(2r,Ax) + 0.1406 cos(2r, Ax) + 0.0042 cos(r,Ax) + 0.0042 cos(r, Ax):| ] (41)

The stability requirement is |«|] < 1 and it can be observed that this always holds for the
amplification factor in Eq. (41). Therefore, in this case, the CT-PDDO scheme is unconditionally
stable.

For the case of polynomial order N = 2 and integer parameter m = 3, the detailed derivation
process of the stability analysis of the CT-PDDO scheme is presented in Appendix F. In this case, the
CT-PDDO scheme is unconditionally stable.

The truncation error for the CT-PDDO scheme is the same as that of the FT-PDDO scheme,
which is Egs. (35) and (37) in the case of polynomial order N = 2 and integer parameter m = 2 and
m = 3, respectively.
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4 Numerical Examples

The global error ¢ is defined as follows:

1 1 « 2
£ = - T —-T, (42)
| TE |max K ; ( )
where | 7¢|,,,. denotes the maximum of the absolute value of the temperature in the analytical solution;

T¢ and T; are the analytical solution and numerical solution at the node x;, respectively. The parameter,
K, represents the total number of PD points in the discretization.

4.1 One-Dimensional Transient Heat Conduction Problem
The first example is the one-dimensional transient heat conduction problem with Dirichlet
boundary condition. The equation, initial condition, and boundary condition are shown as follows:
0T 8T
ar  ax?
T (x,0) =sinx
T@O, =0 T(mr,t)=0

O<x<m,0<t<10

(43)

The analytical solution for this problem is 7 (x,7) = e 'sin (x). In the FD-PDDO scheme, the
weight function is taken as w(§) = ¢~%/” and the interaction domain is chosen as § = mAx (m = 2
or m = 3); the initial condition can be discretized as: 77 = sin(x;),i = 1,2,---, K; the boundary
condition can be discretized as: 317 T* (x) £ (x; — x;) Ax =0, forx; = 0+Ax/2and x, = 7 — Ax/2.

Tables | and 2 show the comparison of global error and the rate of convergence when taking
interaction domain constant m = 2 and m = 3 in FD-PDDO schemes with polynomial order N = 2,
respectively. It is evident that all the schemes have a convergent rate of around 2, which is consistent
with the theoretical analysis. The convergent solution can be obtained when the time step size satisfies
the stability condition in the FT-PDDO scheme. In addition, with the increase in the interaction
domain constant m, the stability region of the FT-PDDO scheme is enlarged, and the convergent
solution can be obtained even if the time step size is large. The maximum time step size of FT-PDDO
has increased five times and two times, respectively, with interaction domain constant m = 2 compared
with explicit FEM (A = DAt/Ax* < 2/n?) and explicit FDM (A = DAt/Ax* < 1/2), respectively.
Meanwhile, the maximum time step size can be magnified thirteen times and five times in FT-PDDO
with interaction domain constant m = 3 compared with explicit FEM (A = DAt/Ax* < 2/n?) and
explicit FDM (A = DAt/Ax* < 1/2), respectively.

Table 1: Error measures of In (¢) with N = 2, m = 2 in FD-PDDO schemes

1
At=SA¥ (r=1) At=11Ax* (A = 1.1)
AX 7/20 w/40 /80 7/160 Rate x/20 #x/40 /80 /160  Rate

FT-PDDO -8.773 10.535 —12.180 —13.722 2.380 —6.948 —8.375 —9.781 —11.177 2.034
BT-PDDO —-6.725 —8.063 —9.425 —10.800 1.959 —-6.217 —7.564 —8.932 —10.310 1.968
CT-PDDO -7.541 —8.839 —10.183 —11.548 1.927 —7.551 —8.842 —10.180 —11.548 1.922
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Table 2: Error measures of In (¢) with N = 2, m = 3 in FD-PDDO schemes

At =2Ax* (A =2) At =2T7Ax* (L =2.7)
AXx 7/20 w/40 w/80 m/160 Rate x/20 w/40 =/80 m/160  Rate

FT-PDDO -6.290 —-7.826 —9.293 —-10.721 2.131 -5.870 —-7.356 —8.791 —10.201 2.082
BT-PDDO -5.641 —6.944 —-8.291 -9.658 1931 —-5416 —6.725 —8.077 —9.447 1.938
CT-PDDO —-6.983 —8.155 —9.438 —10.774 1982 —-7.003 —-8.159 —-9.439 —-10.774 1.814

4.2 Two-Dimensional Transient Heat Conduction Problem
The second example is the two-dimensional transient heat conduction problem with Dirichlet
boundary condition. The equation, initial condition, and boundary condition are shown as follows:

or D 0T + T 0 L.,0 L. ,0<t<t

R _ —_ <X < L, U< X, < L,,, U< T =1,

31 0 9 tem P ’

T (x,x,,0) =30 )

T(Ozxzzt) = T(Lxlaxbt) = T(x1909 Z) = T(xlaszat) = 0

. . . 9] ] s imxy i jmx (pitn? kpj2n?
The analytical solution is [3] 7 (xy, x5, ) = 2.7, 2.7, A;sin 7 sin ]LTZZ exp [_ (AP + ) t],

A . Ly, L,%l L?\,Z
where 4; = U‘% [(=1)" = 1][(=1Y — 1]. Herein, the parameters are taken as: L, = L,, = 3m,
tws = 128, k, = 1.25W/(m - K), pc = 1J[m’ - K) which means D = % = 1.25m?/s. In the
FD-PDDO scheme, the weighting function is taken as w(§;,&) = e *1* 25 and the interaction
domain is considered as § = mAx (m = 2 or m = 3). The boundary condition can be discretized
as follows: Z]]i(;) T (x1) &° (51620 &20) A4, = 0 for x,, = 0+ Ax/2, x,, = L, — Ax/2, and
ZJNJ? Tk (.X2(/)) g(2)0 (gl(}',i)ﬂ 52(]",')) AA/ == O for XZ(I') == O + Ax/z, .XZ(,') = sz - Ax/z.

Tables 3 and 4 show the comparison of global error and the rate of convergence when taking
interaction domain constant m = 2 and m = 3 in FD-PDDO schemes with polynomial order N = 2,
respectively. It can be seen that all the schemes have convergent rates around 2 which is consistent
with the theoretical analysis. The FT-PDDO scheme gives the convergent solution even if the time
step is large. The maximum time step size can be magnified five times and four times in FT-PDDO
with interaction domain constant m = 2 compared with explicit FEM (. = DAt/Ax* < 2/n?) and
explicit FDM (. = DAt/Ax* < 1/4), respectively. Meanwhile, the maximum time step size can be
magnified ten times and eight times in FT-PDDO with interaction domain constant m = 3 compared
with explicit FEM (A = DAt/Ax* < 2/7?) and explicit FDM (A = DAt/ AXx* < 1/4), respectively.
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Table 3: Error measures of In (¢) with N = 2, m = 2 in FD-PDDO schemes

1, 1 I
- =1 == =1.1
Al= 75 Ax (=1 At=—-Ax0.=11)

Ax 3/10  3/20  3/40  3/80 Rate 3/10  3/20  3/40  3/80  Rate
FT-PDDO -3.761 —5.019 —6.332 —7.679 1.884 —2.763 —4.519 —5.932 —7.329 2.196

BT-PDDO —-2.306 —3.644 —4.990 —-6.310 1926 —1.458 —-2.624 —4.067 —-5.309 1.852
CT-PDDO -2.798 —4.114 -—-5.454 -6.786 1.921 -—-2.232 -3.570 -—-5.101 —-6.174 1.896

Table 4: Error measures of In (¢) with N = 2, m = 3 in FD-PDDO schemes

2 2.7
At = BAxZ r=2) At = 3Ax2 (A=2.7)
Ax 3/10  3/20  3/40  3/80  Rate 3/10  3/20  3/40  3/80  Rate

FT-PDDO -1.703 -3.269 —4.709 —6.124 2.125 —-0.870 —-2.370 —-3.744 —-5.058 2.014
BT-PDDO —-0.719 -2.110 —3.476 —4.840 1982 —-0.554 —1.688 —3.059 —4.722 2.004
CT-PDDO -2.033 —-3.534 —4928 —6.364 2.082 —1.369 —-2.672 —-3.944 5477 1.975

4.3 Two-Dimensional Transient Heat Conduction Problem with Both Dirichlet and Neumann
Boundary Condition

The third example is the two-dimensional transient heat conduction problem with both Dirichlet
and Neumann boundary conditions. The equation, initial condition, and boundary condition are
shown as follows:

oT *’T 9°'T
T _ D(

) 0<x<L,,0<x,<L,,0<1=1t

at axlz 8x22 X9 end
T (x1, %, 0) = 30 (45)
T\‘ (O,Xz,t) = 0: T(Lxla-xbt) = T(x27 07 t) = T(xl:szat) = 0
The analytical solution is [3] T (x,X,,1) = > Z]. , Bjcos ——1 (2’ 1)”‘1 sin &2 ’”‘2 2 exp
[— (% + kg’j) t], where B, = 2 (=)™ [(=1) = 1]. Herein, the parameters are taken as

follows: L, = L, = 3m, t,, = 125, k, = 1.25W/(@m-K), pc = 1J/(m’ - K) which means
k . : .

D = £ = 1.25nm?/s. In the FD-PDDO scheme, the boundary condition can be discretized as:
0

C
i N
ZN() T* (xl(j)) g;O (‘S;:l(/,i)aszu,i;\? AAj = 0 for X1 = 0+ Ax/2, ij(l) T" (xl(/')) ggo (gl(/,msz(/,i)) AAj = 0 for
Xip =Ly, — Ax/2,and 372 T (x5)) 82 (§1» E200) AA; = 0 for x5, = 0+ Ax/2, x5, = L,, — Ax/2.

Tables 5 and 6 show the comparison of global error and the rate of convergence when taking
interaction domain constant m = 2 and m = 3 in FD-PDDO schemes with polynomial order N = 2,
respectively. As shown in Tables 5 and 6, the rate of convergence of the FT-PDDO scheme is around 2,
which is consistent with the theoretical analysis. The FT-PDDO scheme gives the convergent solution
even if the time step is large.
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Table 5: Error measures of In (¢) with N = 2, m = 2 in FD-PDDO schemes

1 1
At= oA (r=1) At= A (0.=1)
Ax 3/10 320 3/40  3/80 Rate 3/10  3/20  3/40  3/80  Rate

FT-PDDO -3.701 —4.941 —-6.270 —-7.632 1.890 —2.395 —3.857 —5.258 —6.652 2.047
BT-PDDO —-3.815 —-5.952 —-8.285 -—11.251 3.576 —-2.308 —4.036 —5.703 —7.276 2.389
CT-PDDO -3.705 -5.203 —-6.682 —8.126 2.126 —2.137 —-3.470 —4.877 —6.286 1.994

Table 6: Error measures of In (¢) with N = 2, m = 3 in FD-PDDO schemes

3 2
At =S A (r=32) At=FAX(h=2)
Ax 3/10 ~ 3/20  3/40  3/80  Rate 3/10  3/20  3/40  3/80  Rate

FT-PDDO —-1.816 —-3.409 —-4905 -6.256 2.135 —1.591 -3.117 —-4.584 -6.015 2.127
BT-PDDO -2477 —4.003 —5.595 -7.390 2.362 -—-2.026 —-3.739 —5.393 —6.969 2.377
CT-PDDO -3.017 —4.783 —6.241 —-7.320 2.069 —-2.973 —4.445 -5.809 -7.169 2.017

5 Conclusions

In this study, the FD-PDDO schemes for solving one-dimensional and two-dimensional transient
heat conduction equations are constructed. These schemes utilize the finite difference method to
discretize the time derivative and the PDDO method to discretize the spatial derivative. The FD-
PDDO schemes, which include the FT-PDDO scheme, the BT-PDDO scheme, and the CT-PDDO
scheme, are developed. The stability and convergence of these schemes are analyzed using the Fourier
method and Taylor’s theorem, respectively. The performance of the schemes in solving transient heat
conduction equations is investigated, and the results are compared to those of the analytical solutions.
The conclusions are as follows:

(1) The FT-PDDO scheme is conditionally stable, with the stability condition A = DAt/Ax* < 1.1
in the case of polynomial order N = 2 and interaction domain constant m = 2, and A = DAt/Ax* <
2.8 in the case of polynomial order N = 2 and interaction domain constant m = 3 in both one-
dimensional and two-dimensional cases. Compared to the explicit FEM and FDM, the FT-PDDO
method has less strict stability conditions. In addition, both the BT-PDDO scheme and the CT-PDDO
scheme are unconditionally stable.

(2) The FD-PDDO schemes, including the FT-PDDO scheme, the BT-PDDO scheme, and the
CT-PDDO scheme, have a convergence rate of 2 in space when the polynomial order N = 2.

This study introduces three new schemes, namely the FT-PDDO scheme, the BT-PDDO
scheme, and the CT-PDDO scheme, for solving one-dimensional and two-dimensional transient heat
conduction equations. Numerical examples demonstrate their effectiveness. The algorithm’s approach
can also be extended to solve more complex differential equations. Furthermore, given that the PDDO
method can handle complex geometries [17,28] and discontinuity problems [31], it is anticipated that
our method will find wider practical applications.
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Appendix A. Stability analysis of the FT-PDDO method for solving one-dimensional transient heat
conduction equations

For the case of polynomial order N = 2 and integer parameter m = 3, the FT-PDDO scheme is:
TH' =T} + A[0.0455T} , + 0.1535T}, — 0.02337} | — 0.35137} — 0.02337,, + 0.15357},
+0.0455T*

1+3]

and the amplification factor is:

K = e Jop = 1+ A[—0.3513 4 0.0909 cos (3rAx) + 0.3070 cos (2rAx) — 0.0467 cos (rAX)]

The stability requirement is |«| < 1. Thus, the stability condition can be obtained as follows:
A <28

Appendix B. Stability analysis of the BT-PDDO method for solving one-dimensional transient heat
conduction equations

For the case of polynomial order N = 2 and integer parameter m = 3, the BT-PDDO scheme is
as follows:
TH' =T} + A[0.0455T + 0.1535T — 0.02337*" — 0.35137"" — 0.0233T"' 4+ 0.1535T")

i+2
+0.04557"]

i+3

Additionally, the amplification factor is:
B 1
~ 1= A[=0.3513 4 0.0909 cos (3rAx) + 0.3070 cos (2rAx) — 0.0467 cos (rAx)]

K

The stability requirement always holds and is |¢| < 1. Therefore, in this case, the BT-PDDO
scheme is stable.

Appendix C. Stability analysis of the CT-PDDO method for solving one-dimensional transient heat
conduction equations

For the case of polynomial order N = 2 and integer parameter m = 3, the CT-PDDO scheme is:
A
T = Tk 3 [0.0455T§<_3 +0.15357% , — 0.02337F | — 0.35137F — 0.02337% | +0.1535T% , + 0.0455T§;3]
A
+3 [0.0455T{‘j31 + 0153575 —0.0233754! — 0351375 — 0.0233754 +0.1535754 + 0.0455Tf++31]

Moreover, the amplification factor is as follows:

A
1+ 3 [—0.3513 + 0.0909 cos (3rAx) 4+ 0.3070 cos (2rAx) — 0.0467 cos (rAx)]

K =

A
1— 5 [—0.3513 + 0.0909 cos (3rAx) 4+ 0.3070 cos (2rAx) — 0.0467 cos (rAx)]

The stability requirement is |«| < 1. It can be seen that it always holds for the amplification factor
in the above equation. Therefore, in this case, the CT-PDDO scheme is stable.



2726 CMES, 2024, vol.140, no.3

Appendix D. Stability analysis of the FT-PDDO method for solving two-dimensional transient heat
conduction equations

For the case of polynomial order N = 2 and integer parameter m = 3, the FT-PDDO scheme is
as follows:

T = TP 4+ A[0.0006Tf 5, 5 +0.004Tf 5, 5 +0.01087F | 5 +0.0147T,_5+0.01087f, | 5 +0.004TF,,, 5 +0.00067},5; 5

+0.004Tf 5, 5 +0.0195TF 5, +0.0356Tf | ; 5+ 0.0354T},_, +0.0356T}F, | ; 5 +0.0195Tf,,, , +0.004Tf, 5, ,

1

+0.01087f 5, | +0.0356TF 5, | —0.0113TF ;| —0.09367}F, | —0.0113Tf,,; | +0.0356T},,, | +0.01087T} 5, |

+0.0147Tf 5 +0.0354TF , , — 0.0936 T | ; — 0.2644T}, — 0.0936T},, ; +0.0354T},, ; + 0.0147TF 5,

+0.010875 5 | +0.0356T% , .| —0.01137%

R —0.09367};,, — 0.0113Tf,, ;| +0.0356T},, ;.| +0.01087},

3,+1 1j+1 ij+1 i+1,j+1 i+3,j+1
+0.004Tf 5,5 +0.0195T , ) +0.0356TF | ;.5 +0.0354T}, 5 +0.0356T}, | ;\» +0.0195Tf 5 5 +0.004Tf 5,

k k k k k k k
+0.0006T% ;3 +0.004T% ;5 +0.0108T% | . 5 +0.0147TF; 5 + 0.0108TL ;5 +0.004T% ;5 +0.0006T%, 5 ;5]

343 i—2,j+3 i i

Moreover, the amplification factor is:

K= Okl _ 1 4+ A[0.0024cos(3r1 Ax)cos(3ry Ax) + 0.016cos(2r1 Ax)cos(3ry Ax) + 0.0432cos(r1 Ax)cos(3r; Ax)

Wk
4+ 0.016c0s5(3r1 Ax)cos(2ra Ax) + 0.078cos(2r1 Ax)cos(2ry Ax) + 0.1424cos(r1 Ax)cos(2rp Ax)
+ 0.0432cos(3r1 Ax)cos(ry Ax) + 0.1424cos(2ri Ax)cos(rp Ax) — 0.0452cos(r; Ax)cos(ry Ax)
+ 0.0294cos(3rp Ax) 4+ 0.0708cos(2ra Ax) — 0.1872cos(rp AX)
4 0.0294cos(3r1 Ax) + 0.0708cos(2r; Ax) — 0.1872cos(r;1 Ax) — 0.2644]

The stability requirement is |«| < 1. Thus, the stability condition is given by:
A <28

Appendix E. Stability analysis of the BT-PDDO method for solving two-dimensional transient heat
conduction equations

For the case of polynomial order N = 2 and integer parameter m = 3, the BT-PDDO scheme is:

TS5 =75+ 2[0.0006 71,5 +0.004T14, 5 +0.0108TH! 1 +0.014775 Y +0.0108754 5 +0.004 7,5 +0.0006T5Y,

+0.004714 ) +0.0195T/H, ) +0.0356T1H!,, +0.0354T5H, +0.0356 T, +0.0195TH, ) +0.00475E!

i+1,j— i+2 i+3,—-2
+0.010871%, | +0.0356T4, | — 00113714 | —0.00367/ —0.01137/H | +0.0356T)%), | +0.0108T, |
+0.0147T5L +0.0354T%), — 0.0936 T, — 0.2644T5 — 0.0936TH!, +0.0354T55), +0.0147T5E,
+0.010871HL | +0.0356 T/, | — 0.011371H, | — 009367/, —0.01137FY | +0.035675E), | +0.01087H,

+0.00471H ) +0.0195T5, ) +0.0356 T/, ) + 003547} +0.0356 T/, +0.0195TFE, ) +0.004755,

k+1 k+1 k+1 k+1 k+1 k+1 k+1
+0.0006T7% 5 +0.004T%) 1+ 00108714, 5 +0.014775 L +0.0108T !, 5 +0.004T5L, 4 + 0000675, ]
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The amplification factor is as follows:

k = 1/{1 — 1[0.0024 cos(3r1 Ax) cos(3rp Ax) + 0.016 cos(2r; Ax) cos(3rp Ax) + 0.0432 cos(r] Ax) cos(3r;Ax)
+ 0.016 cos(3r1 Ax) cos(2rpAx) + 0.078 cos(2r1 Ax) cos(2rp Ax) + 0.1424 cos(ry Ax) cos(2rp AX)
4 0.0432 cos(3r1 Ax) cos(ry Ax) + 0.1424 cos(2r; Ax) cos(im Ax) — 0.0452 cos(r; Ax) cos(im Ax)
4 0.0294 cos(3ry Ax) 4+ 0.0708 cos(2ry Ax) — 0.1872 cos(im Ax)
4 0.0294 cos(3r; Ax) + 0.0708 cos(2r; Ax) — 0.1872 cos(r; Ax) — 0.2644]}

The stability requirement is [« | < 1. It can be observed that it always holds. Therefore, in this case,
the BT-PDDO scheme is stable.

Appendix F. Stability analysis of the CT-PDDO method for solving two-dimensional transient heat
conduction equations

For the case of polynomial order N = 2 and integer parameter m = 3, the CT-PDDO scheme is:

A .
T = Tk 4 5[0.0006T{i 323 F0.004TF 5 5 +0.01087F | 5 +0.0147T}, 5 +0.01087Tf, | ; 5+ 0.004Tf,,; 5 +0.0006TF 5, 5

+0.004T} 5, 5 +0.0195Tf 5, 5 +0.0356TF |, , +0.0354T 5 +0.0356T}, |, +0.0195Tf,, , +0.004T} 5, ,

—0.0936T%

+0.01087} 5, | +0.0356T) ,, | —0.0113T} i

k k k
Lt —0.0113TF, |, +0.0356TF,,,_, +0.0108TF 5 ,_,

+0.0147Tf 5+ 0.0354T} , , — 0.0936 T | ; — 0.2644T}; — 0.0936 T}, ; + 0.0354T},, ; + 0.0147T} 5,

—0.0936T%

+0.01087} 5 ;.| +0.0356T) ;| —0.0113T} i

k k k
Ko —0.0113TF, | | +0.0356TF, | +0.0108TF,5 |

1j+1
+0.004T} 5,5 +0.0195Tf 5 ;) +0.0356TF | 5 +0.0354T; 5 +0.0356 TS, | 5 +0.0195Tf, 5 +0.004Tf 5 5

+0.00067F 3 ;.5 +0.004TF 5, 3 +0.01087F | 5 +0.0147Tf; 5+ 0.0108TF | 5 +0.004TF, 5 +0.00067} 5, 5]

A k+1 k+1 k+1 k+1 k+1 k41 k+1
+ E[0.0006le3 Ly 0.004T . 5+ 0.0108777 5 +0.0147T; 5 + 0.0108T ;5 +0.004T;5 5 +0.00067%, 5

+0.004T15, ) +0.01957%, ) +0.0356 T/, +0.0354T5, 4+ 0.0356 T, +0.0195TE,_, +0.004T1"!

N - i+, i+2, i+3,/-2
+0.010871H, | +0.0356 77!, —0.01137H | — 009367/, — 00113714, +0.03567%), | +0.0108T%, |
+0.0147T15 +0.0354T14, — 0.0936 T, — 026447} — 0.0936 71, +0.0354TH +0.0147T(E
+0.010871% | +0.0356T4, | — 00113714, | —0.0936 7/ —0.0113754 | +0.0356T5%) | +0.0108T, |

+0.0047/H, ) +0.0195Tf4 ) +0.0356T1H , +0.0354T Y +0.0356 T, +0.0195TKE, ) +0.004T(E,

k41 k+1 k41 k+1 k+1 k41 k+1
+0.00067;75], 5 +0.004T;7 3 +0.01087;7 5 +0.0147T; 15 + 0.0108 T, 5 +0.0047;5 3 +0.0006 T, 4]
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Moreover, the amplification factor is as follows:
A
K = [ 1+ 3 |:0.0024 cos(3r;Ax) cos(3raAx) + 0.016 cos(2r1 Ax) cos(3ra Ax) + 0.0432 cos(r; Ax) cos(3rp Ax)

+0.016 cos(3r1 Ax) cos(2ra Ax) + 0.078 cos(2r; Ax) cos(2rp Ax) + 0.1424 cos(r1 Ax) cos(2ry Ax)
4+0.0432 cos(3r; Ax) cos(rp Ax) + 0.1424 cos(2r; Ax) cos(rp Ax) + (—0.0452) cos(ri Ax) cos(in Ax)
+0.0294 cos(3rp Ax) + 0.0708 cos(2ra Ax) + (—0.1872) cos(rp Ax)

+0.0294 cos(3r1 Ax) + 0.0708 cos(2ri Ax) + (—0.1872) cos(ri Ax) + (—0.2644)]] /

A
{ 1— > [0.0024 cos(3r1Ax) cos(3rpAx) + 0.016 cos(2r; Ax) cos(3rpAx) + 0.0432 cos(r; Ax) cos(3rp Ax)

+0.016 cos(3r; Ax) cos(2rpAx) + 0.078 cos(2r; Ax) cos(2rp Ax) + 0.1424 cos(r; Ax) cos(2rp Ax)
+0.0432 cos(3r1 Ax) cos(rp Ax) + 0.1424 cos(2r; Ax) cos(rp Ax) + (—0.0452) cos(r1 Ax) cos(rn Ax)
40.0294 cos(3rAx) + 0.0708 cos(2ry Ax) + (—0.1872) cos(rp Ax)

+0.0294 cos(3r; Ax) + 0.0708 cos(2ri Ax) + (—0.1872) cos(r; Ax) + (—0.2644)“

The stability requirement is |[«| < 1. It can be noticed that it always holds for the above equation.
Therefore, in this case, the CT-PDDO scheme is stable.
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