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ABSTRACT

This research proposes multicriteria decision-making (MCDM)-based real-time Mesenchymal stem cells (MSC)
transfusion framework. The testing phase of the methodology denotes the ability to stick to plastic surfaces, the
upregulation and downregulation of certain surface protein markers, and lastly, the ability to differentiate into
various cell types. First, two scenarios of an enhanced dataset based on a medical perspective were created in the
development phase to produce varying levels of emergency. Second, for real-time monitoring of COVID-19 patients
with different emergency levels (i.e., mild, moderate, severe, and critical), an automated triage algorithm based on a
formal medical guideline is proposed, taking into account the improvement and deterioration procedures from one
level to the next. For this strategy, Einstein aggregation information under the Pythagorean probabilistic hesitant
fuzzy environment (PyPHFE) is developed. Einstein operations on PyPHFE such as Einstein sum, product, scalar
multiplication, and their properties are investigated. Then, several Pythagorean probabilistic hesitant fuzzy Einstein
aggregation operators, namely the Pythagorean probabilistic hesitant fuzzy weighted average (PyPHFWA) opera-
tor, Pythagorean probabilistic hesitant fuzzy Einstein weighted geometric (PyPHFEWG) operator, Pythagorean
probabilistic hesitant fuzzy Einstein ordered weighted average (PyPHFEOWA) operator, Pythagorean probabilistic
hesitant fuzzy Einstein ordered weighted geometric (PyPHFEOWG) operator, Pythagorean probabilistic hesitant
fuzzy Einstein hybrid average (PyPHFEHA) operator and Pythagorean probabilistic hesitant fuzzy Einstein hybrid
geometric (PyPHFEHG) operator are investigated. All the above-mentioned operators are helpful in design the
algorithm to tackle uncertainty in decision making problems. In last, a numerical case study of decision making
is presented to demonstrate the applicability and validity of the proposed technique. Besides, the comparison of
the existing and the proposed technique is established to show the effectiveness and validity of the established
technique.
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1 Introduction

Coronavirus disease 2019 (COVID-19) is a highly contagious sickness that can range from mild
to severe. Fever, cough, and shortness of breath are common symptoms of COVID-19, which can
escalate to acute respiratory distress syndrome, which causes breathing problems, a low ratio of the
partial pressure arterial oxygen to the fraction of inspired oxygen (PaO2/FiO2), and multi-organ failure
[1,2]. MSCs were first found in the bone marrow in 1991, but they can now be extracted from a
variety of tissues, including the umbilical cord and adipose tissue [3]. MSCs have anti-inflammatory
characteristics due to their ability to modify cellular immune responses. MSCs can be used to treat a
variety of disorders due to their regeneration capabilities and immunoregulatory function [4]. Finding
and testing acceptable MSC methods with effective utilization may be difficult since MSCs must first
meet the selection and general requirements. Additionally, dealing with very precious MSCs and a
huge number of patients needs an intelligent transfusion approach for COVID-19 patients with varying
degrees of sickness severity, making prioritization problematic. This method falls under a multicriteria
decision making (MCDM) problem since the needs in the second stage should follow the ranking of
emergency COVID-19 patients in each severity level according to the evaluation criteria. As a result,
choosing the finest MSC preparation process that conforms with national health laws, as well as
selecting the most suited patients for the treatment, is critical for delivering effective cell-based therapy.
To assist medical teams in solving the complicated obstacles outlined above, intelligent computing
concerns should be addressed in order to present a fully intelligent real-time MSC transfusion
framework based on the emergency severity of COVID-19 patients. Triage and prioritization are used
in the medical field to either classify patients into distinct emergency categories or to prioritize them
in the hereafter. Triage is an emergency medical procedure that classifies the severity of a patient’s
condition and defines the treatment sequence. Automating this task could considerably enhance the
quality of patient treatment and hospitalization, allowing for the greatest number of lives to be saved.
Patients with chronic heart disease were previously classified into distinct emergency levels using an
automated triage approach.

In fact, a system’s complexity grows more and more, making it impossible for DMs to select the
best option among a wide range of viable options. It is difficult to put into words how challenging
achieving a single objective is, yet it is not unattainable. Several corporations are faced with encour-
aging workers, identifying aims, and creating viewpoint. As a result, whether affecting individuals or
panels, organizational decisions must consider a number of goals simultaneously. In this context, each
DM should be restricted to finding the optimum solution for each factor associated with real problems,
based on criteria that can be handled consciously. For decision-makers, establishing suitable ways for
deciding on the appropriate option has become increasingly vital.

Classic or crisp procedures may not necessarily be the most successful when dealing with
unstructured situations in decision-making circumstances. Zadeh [5] developed fuzzy sets (FS) in 1965
as a technique to manage such inconsistency. In FSs, Zadeh assigns membership grades to a set of
components in the interval [0,1]. Zadeh’s work on this topic is notable since many of the set theoretic
elements of crisp circumstances were described for fuzzy sets and it plays an important role in decision
making [6,7].

Atanassov [8] investigated the intuitionistic fuzzy set (IFS), a better variation of the fuzzy set (FS)
that includes both membership and non-membership degrees. IFSs have been shown to be useful and
commonly used by researchers to evaluate uncertainty and instability in data throughout the previous
few decades. Several researchers work on it, such as Yue [9] proposed the bilateral matching decision-
making for knowledge innovation management taking into account matching willingness by using the
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intuitionistic fuzzy set environment, group decision making [10], aggregation operators [11], geometric
aggregation operators [12], etc.

Wherever the MG and NMG numbers are more than one, the DMs are frequently confronted with
certain qualities. In that circumstance, IFSs have little chance of producing a satisfactory result. To
handle such a circumstance, Yager [13] proposed the Pythagorean fuzzy set (PyFS), which is a broad
form of IFS. For PyFS, the sum of the squares of MG and NMG equals one. Wan et al. [14] introduced
a three-step process for managing haze using the Pythagorean fuzzy multi-attribute group decision
making, Yager et al. [15,16] also presented decision making procedures by using PyFS, Peng et al. [17]
proposed some PyFS results. Torra [18] created the hesitant fuzzy set (HFS) to demonstrate the FS
more firmly than the previous classical fuzzy set modifications, which needed the membership to have a
set of specific values. Yue et al. [19] introduced the methodology for matching two-sided under hesitant
fuzzy information and discussed their application related to smart intelligence, Xia et al. [20] presented
hesitant fuzzy aggregation information, Liu et al. [21] introduced generalized power aggregation
operator, Yu et al. [22] presented the MCDM under choquet integral based on HFS, Zhang [23]
introduced the power aggregation operator, Liao et al. [24,25] introduced the hybrid and extended
hybrid weighted aggregation operator on HFS, Joshi et al. [26] introduced TOPSIS method based on
interval valued IHF choquet integral and similarly many other researchers also worked on HFS.

The concept of Pythagorean HFS (PyHFS) was suggested by Khan et al. [27]. They developed
operators to aggregate the data and proposed a comparison mechanism. Wan et al. [28,29] pre-
sented the decision methodologies under Pythagorean fuzzy information and Garg [30] presented
hesitant PyF (HPyF) maclaurin symmetric mean operator, Garg et al. [31,32] introduced aggregation
operators on HPyFS and Khan et al. [33] introduced hybrid aggregation operators on PyHFS.
Zulqarnain et al. [34] developed some aggregation operators under interval-valued Pythagorean fuzzy
soft information. Batool et al. [35] proposed the notion of a Pythagorean probabilistic hesitant fuzzy
set and investigated its application in decision-making approaches. PyPHFS has both positive and
negative hesitant membership degrees with the restriction that the square sum of the positive and
negative hesitant membership degrees is either less than or equal to one. The DMs in PHFS is
constrained to a single domain and are unaware of the negative membership degree or its possible
occurrence probabilities. Each hesitantly negative membership level also has a preference over others.
If one DM includes values 0.3, 0.4, and 0.6 for positive membership degree with their associated
preference values 0.1 and 0.9, other DM may reject. As an example, the DMs may offer their opinions
on DM difficulties in the form of multiple alternative values. Under the PyPHFS idea, the possibility of
rejection level with hesitation is taken into account. Despite HFSs and PHFSs, the information about
chances will reduce. The probability of occurrence with positive and negative membership degrees
provides extra information on the degree of disagreement among the DMs. Batool et al. [35] also used
its application for Fog-Haze Factor Assessment Problem.

Different priority levels are frequently assigned to each criterion in each emergency situation,
adding to the task’s complexity. Ultimately, a COVID-19 patient prioritization process inside each
emergency/triage situation necessitates a synchronized evaluation of the inverse relationship among the
criteria, resulting in a trade-off. To address the first issue, an accurate automated triage guideline must
be developed and implemented into the proposed MSC transfusion system. By prioritizing COVID-19
patients within each triage level, MCDM approaches are critical for overcoming the aforementioned
problems. MCDM is a multi-objective decision model that is an extension of decision theory. It
can address multi-criteria decision-making problems by constructing a decision matrix based on the
intersection of each triage level’s evaluation criteria. The fundamental purpose of the MCDM is to
rank/prioritize a group of alternatives based on a variety of evaluation criteria. For the MCDM
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technique Pythagorean Probabilistic Hesitant Fuzzy Information Aggregation when dealing with
difficulties like this, Einstein Operations can be quite useful.

In this research work, we administered the Einstein aggregation operators (AOs) to PyPHFS
environment, i.e., PyPHFEWA, PyPHFEOWA, PyPHFEHWA, PyPHFEWG, PyPHFEOWG and
PyPHFEHWG operator. Idempotency, boundedness, and monotonicity are among the properties of
the recommended operators that are established. The PyPHF AOs are taken into consideration by such
operators in probabilistic scenarios, which is their main benefit. In the case of probabilistic material,
the lack of PyPHFE AOs could lead to a scarcity of probabilistic information.

The paper is arranged in the prescribed manner. Section 2 contains the definition of FSs,
IFSs, PyFSs, HFSs, and PyHFSs, PyPHFSs as well as PyPHFE aggregation operators. Section 3
is comprised of the PyPHFEWA, PyPHFEOWA, PyPHFEHWA, PyPHFEWG, PyPHFEOWG,
and PyPHFEHWG operators, as well as their features such as monotonicity, idempotency, and
boundedness. Section 4 presents how to use the MCDM technique. Section 5 contains the conclusion
and discussion of the study.

2 Preliminaries

In this section, let’s review the fundamentals of fuzzy sets, intuitionistic fuzzy sets, and
Pythagorean fuzzy sets. These concepts will be used here when they have been reviewed.

Definition 2.1. [5] For a fixed set �. A FS Õ in � is presented as

Õ = {〈ÿĥ, υÕ (ÿĥ)〉 |ÿĥ ∈ �} ,

for each ÿĥ ∈ �, the positive membership grade υÕ : � → � specifies the degree to which the element
ÿĥ ∈ Õ, where � = [0, 1] be the unit interval.

Definition 2.2. [8] For a fixed set �. An IFS Õ in � is presented as

Õ = {〈ÿĥ, υÕ (ÿĥ) , τÕ (ÿĥ)〉 |ÿĥ ∈ �} ,

for each ÿĥ ∈ �, the positive membership grade υÕ:� → � and the negative membership grade τÕ :
� → � specifies the positive and negative degrees of membership of ÿĥ to the Intuitionistic fuzzy set Õ,
respectively, where � = [0, 1] be the unit interval. Moreover, it is required that 0 ≤ υÕ (ÿĥ)+τÕ (ÿĥ) ≤ 1,
for each ÿĥ ∈ �.

Definition 2.3. [10] For a fixed set �. A PyFS Õ in � is presented as

Õ = {〈ÿĥ, υÕ (ÿĥ) , τÕ (ÿĥ)〉 |ÿĥ ∈ �} ,

for each ÿĥ ∈ �, the positive membership grade υÕ : � → � and the negative membership grade
τÕ : � → � specifies the positive and negative degrees of membership of ÿĥ to the Pythagorean
fuzzy set Õ, respectively, where � = [0, 1] be the unit interval. Furthermore, it is required that 0 ≤
υ2

Õ
(ÿĥ)+τ 2

Õ
(ÿĥ) ≤ 1, for each ÿĥ ∈ �. Conventionally, ∪χ� =

√
1 − υ2

Õ
(ÿĥ) − τ 2

Õ
(ÿĥ) is said to be degree

of hesitancy of ÿĥ to Õ.

In what follows, we symbolize by Py�Ŝ (�) the group of all Pythagorean fuzzy sets in �. For ease,
we shall symbolize the Pythagorean fuzzy number (PyFN) by the pair Õ = (υÕ, τÕ) .

Definition 2.4. [10] Let Õ1, Õ2 ∈ Py�Ŝ (�) . Then

(1) Õ1 � Õ2 if and only if υÕ1
(ÿĥ) ≤ υÕ2

(ÿĥ) and τÕ1
(ÿĥ) ≥ τÕ2

(ÿĥ) for each ÿĥ ∈ �. Clearly
Õ1 = Õ2 if Õ1 � Õ2 and Õ2 � Õ1.
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(2) Õ1 
 Õ2 = {min
(
υÕ1

(ÿĥ) , υÕ2
(ÿĥ)
)

, max
(
τÕ1

(ÿĥ) , τÕ2
(ÿĥ)
) |ÿĥ ∈ �

}
,

(3) Õ1 � Õ2 = {max
(
υÕ1

(ÿĥ) , υÕ2
(ÿĥ)
)

, min
(
τÕ1

(ÿĥ) , τÕ2
(ÿĥ)
) |ÿĥ ∈ �

}
,

(4) Õc
1 = {τÕ1

(ÿĥ) , υÕ1
(ÿĥ) |ÿĥ ∈ �

}
.

Definition 2.5. [18] For a fixed set �. A HFS Õ in � is presented as

Õ = {〈ÿĥ, h� (ÿĥ)〉 |ÿĥ ∈ �}
where h� (ÿĥ) is in the form of set, that is contained some possible values in unit interval, i.e., [0, 1]
which represents the membership degree of ÿĥ ∈ � in Õ.

Definition 2.6. [18] Let Õ1, Õ2 ∈ HF ı̃ (�) . Then

(1) Õc
1 = ⋃

α∈h
Õ1

(
ÿ

ĥ

) {1 − α} ;

(2) Õ1 � Õ2 = hÕ1
(ÿĥ) � hÕ2

(ÿĥ) = ⋃
α1∈h

Õ1

(
ÿ

ĥ

)
α2∈h

Õ2

(
ÿ

ĥ

)
max {α1, α2} ;

(3) Õ1 
 Õ2 = hÕ1
(ÿĥ) � hÕ2

(ÿĥ) = ⋃
α1∈h

Õ1

(
ÿ

ĥ

)
α2∈h

Õ2

(
ÿ

ĥ

)
min {α1, α2} ;

Definition 2.7. [32] For a fixed set �. A PyHFS Õ in � is presented as

Õ = {〈ÿĥ, υh� (ÿĥ) , τh� (ÿĥ)
〉 |ÿĥ ∈ �

}
,

for each ÿĥ ∈ �, the positive membership grade υÕ and the negative membership grade τ� are sets
in some values in [0, 1] , specifies the possible positive and negative degrees of membership of ÿĥ to
the Pythagorean hesitant fuzzy set Õ, respectively. Furthermore, it is required that

(
max

(
υh� (ÿĥ)

))2 +(
min

(
τh� (ÿĥ)

))2 ≤ 1 and
(
min

(
υh� (ÿĥ)

))2 + (max
(
τh� (ÿĥ)

))2 ≤ 1. The PyHF Number (PyHFN) will
be denoted by the pair Õ = (υh� , τh�

)
for convenience.

Definition 2.8. [32] Let Õ1 =
(
υh

ĥ1
, τh

ĥ1

)
and Õ2 =

(
υh

ĥ2
, τh

ĥ2

)
be two PyHFNs. The basic

operational laws defined as

(1) Õ1 ∪ Õ2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
)

ÿ2∈υh
ĥ2

(l
ĥ
)

(max(ÿ1, ÿ2)),
⋃

κ1 ∈τh
ĥ1

(l
ĥ
)

κ2 ∈τh
ĥ2

(l
ĥ
)

(min(κ1, κ2))

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

;

(2) Õ1 ∩ Õ2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⋃
κ1 ∈τh

ĥ1
(l

ĥ
)

κ2 ∈τh
ĥ2

(l
ĥ
)

(min(κ1, κ2)),
⋃

ÿ1∈υh
ĥ1

(l
ĥ
)

ÿ2∈υh
ĥ2

(l
ĥ
)

(max(ÿ1, ÿ2))

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

;

(3) Õc
1 = {τh� , υh�

}
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Definition 2.9. [36] For a fixed set �. A PHFS Õ in � is presented as

Õ = {〈ÿĥ, h� (ÿĥ) /℘ĥ〉 |ÿĥ ∈ �}
where h� (ÿĥ) is subset of [0, 1] and h� (ÿĥ) /℘ĥ represents the membership degree of ÿĥ ∈ � in Õ. And
℘ĥ represents the possibilities of h� (ÿĥ), with the constraint that

∑
ĥ ℘ĥ = 1.

2.1 Pythagorean Probabilistic Hesitant Fuzzy Set
Definition 2.10. For a fixed set �. A PyPHFS Õ in � is presented as

Õ = {〈ÿĥ, υh� (ÿĥ) /℘ĥ, τh� (ÿĥ) /cĥ

〉 |ÿĥ ∈ �
}

,

for all ÿĥ ∈ �, υh� (ÿĥ) and τh� (ÿĥ) are sets of some values in [0, 1] . Where υh� (ÿĥ) /℘ĥ & τh� (ÿĥ) /cĥ

specifies the possible positive and negative degrees of membership of ÿĥ to the Pythagorean proba-
bilistic hesitant fuzzy set Õ, respectively. ℘ĥ and cĥ represent the possibilities of membership grades
Also, there is 0 ≤ ÿi, κĵ ≤ 1 and 0 ≤ ℘i, cĵ ≤ 1 with

∑L

i=1 ℘i ≤ 1,
∑L

ĵ=1 cĵ ≤ 1 (L is a
positive integer to describe the number of elements contained in PyPHFS), where ÿi ∈ υh� (ÿĥ) , κĵ ∈
τh� (ÿĥ) , ℘i ∈ ℘ĥ, cĵ ∈ cĥ. Furthermore, it is required that

(
max

(
υh� (ÿĥ)

))2 + (min
(
τh� (ÿĥ)

))2 ≤ 1 and(
min

(
υh� (ÿĥ)

))2 + (max
(
τh� (ÿĥ)

))2 ≤ 1. For ease, we shall symbolize the Pythagorean Probabilistic
Hesitant Fuzzy Number (PyPHFN) by the pair Õ = (

υh� /℘ĥ, τh� /cĥ

)
. The group of all Pythagorean

probabilistic hesitant fuzzy sets in � is symbolized by PyPH�Ŝ (�) .

Definition 2.11. Let Õ1 =
(
υh

ĥ1
/℘ĥ1

, τh
ĥ1

/cĥ1

)
and Õ2 =

(
υh

ĥ2
/℘ĥ2

, τh
ĥ2

/cĥ2

)
be two PyPHFNs. The

basic operational laws defined as

(1) Õ1 ∪ Õ2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,℘1∈℘

ĥ1
ÿ2∈υh

ĥ2
(l

ĥ
) ,℘2∈℘

ĥ2

(max(ÿ1/℘1, ÿ2/℘2)),
⋃

κ1 ∈τ
h
ĥ1

(l
ĥ
),c1∈c

ĥ1
κ2 ∈τ

h
ĥ2

(l
ĥ
),c2∈c

ĥ2

(min(κ1/c1, κ2/c2))

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

;

(2) Õ1 ∩ Õ2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,℘1∈℘

ĥ1
ÿ2∈υh

ĥ2
(l

ĥ
) ,℘2∈℘

ĥ2

(min(ÿ1/℘1, ÿ2/℘2)),
⋃

κ1 ∈τ
h
ĥ1

(l
ĥ
),c1∈c

ĥ1
κ2 ∈τ

h
ĥ2

(l
ĥ
),c2∈c

ĥ2

(max(κ1/c1, κ2/c2))

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

;

(3) Õc
1 = {τh� /cĥ, υh� /℘ĥ

}
Definition 2.12. Let Õ1 =

(
υh

ĥ1
/℘ĥ1

, τh
ĥ1

/cĥ1

)
and Õ2 =

(
υh

ĥ2
/℘ĥ2

, τh
ĥ2

/cĥ2

)
be two PyPHFNs and

η > 0(∈ R), then their operations are presented as

(1) Õ1 ⊕ Õ2 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,ÿ2∈υh

ĥ2
(l

ĥ
)

℘1∈℘
ĥ1

,℘2∈℘
ĥ2

(√
ÿ2

1 + ÿ2
2 − ÿ2

1ÿ2
2/℘1℘2

)
,

⋃
κ1∈τh

ĥ1
(l

ĥ
) ,κ2 ∈τ

h
ĥ2

(l
ĥ
)

c1∈c
ĥ1

,c2∈c
ĥ2

(κ1κ2/c1c2)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

;
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(2) Õ1 ⊗ Õ2 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,ÿ2∈υh

ĥ2
(l

ĥ
)

℘1∈℘
ĥ1

,℘2∈℘
ĥ2

(ÿ1ÿ2/℘1℘2) ,

⋃
κ1∈τh

ĥ1
(l

ĥ
) ,κ2 ∈τ

h
ĥ2

(l
ĥ
)

c1∈c
ĥ1

,c2∈c
ĥ2

(√
κ2

1 + κ2
2 − κ2

1 κ
2
2 /c1c2

)
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

;

(3) ηÕ1 =

⎧⎪⎨
⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,℘1∈℘

ĥ1

(√
1 − (1 − ÿ2

1)
η/℘1

)
,

⋃
κ1 ∈τ

h
ĥ1

(l
ĥ
),c1∈c

ĥ1

(κ
η

1 /c1)

⎫⎪⎬
⎪⎭ ;

(4) Õη

1 =

⎧⎪⎨
⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,℘1∈℘

ĥ1

(ÿη

1/℘1) ,
⋃

κ1 ∈τ
h
ĥ1

(l
ĥ
),c1∈c

ĥ1

(√
1 − (1 − κ2

1 )
η/c1

)⎫⎪⎬
⎪⎭ .

Definition 2.13. For any PyPHFN Õ = (υh� /℘ĥ, τh� /cĥ

)
, a score function be defined as

ı̃(Õ) =
(

1
MÕ

∑
ÿi∈υh

ĥ
,℘i∈℘h

ĥ

(ÿi · ℘i)

)2

−
(

1
NÕ

∑
κi∈τh�

,ci∈ch
ĥ

(κi · ci)

)2

where MÕ represents the number of elements in υh� and NÕ represents the number of elements in τh� .

Definition 2.14. For any PyPHFN Õ = (υh� /℘ĥ, τh� /cĥ

)
, an accuracy function is defined as

h(Õ) =
(

1
MÕ

∑
ÿi∈υh

ĥ
,℘i∈℘h

ĥ

(ÿi · ℘i)

)2

+
(

1
NÕ

∑
κi∈τh�

,ci∈ch
ĥ

(κi · ci)

)2

where MÕ represents the number of elements in υh� and NÕ represents the number of elements in τh� .

Definition 2.15. Let Õ1 =
(
υh

ĥ1
/℘ĥ1

, τh
ĥ1

/cĥ1

)
and Õ2 =

(
υh

ĥ2
/℘ĥ2

, τh
ĥ2

/cĥ2

)
be two PyPHFNs.

Then by using above definition, comparison of PyPHFNs can be described as

(1) If ı̃(Õ1) > ı̃(Õ2), then Õ1 > Õ2.

(2) If ı̃(Õ1) = ı̃(Õ2), and h(Õ1) > h(Õ2) then Õ1 > Õ2.

Definition 2.16. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be any group of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1. Then

(1) the PyPHFWA operator can be described as

PyPHFWA(Õ1, Õ2, . . . ., Õı̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿĵ ∈υ

Õĵ
℘

Õĵ
∈℘

Õĵ

√
1 − �ı̃

ĵ=1

(
1 −

(
ÿÕĵ

)2
)Fĵ

/�ı̃

ĵ=1℘Õĵ
,

⋃
κ
Õĵ

∈τ
Õĵ

c
Õĵ

∈c
Õĵ

�ı̃

ĵ=1

(
κÕĵ

)Fĵ

/�ı̃

ĵ=1cÕĵ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
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(2) the PyPHFWG operator can be described as

PyPHFWG(Õ1, Õ2, . . . ., Õı̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⋃
κ
Õĵ

∈τ
Õĵ

c
Õĵ

∈c
Õĵ

�ı̃

ĵ=1

(
κÕĵ

)Fĵ

/�ı̃

ĵ=1cÕĵ
,

⋃
ÿĵ ∈υ

Õĵ
℘

Õĵ
∈℘

Õĵ

√
1 − �ı̃

ĵ=1

(
1 −

(
ÿÕĵ

)2
)Fĵ

/�ı̃

ĵ=1℘Õĵ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Definition 2.17. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be any group of PyPHFNs, Õκ(ĵ ) be

the jth largest in them and F = (F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1. Then

(1) PyPHFOWA operator can be described as

PyPHFOWA(Õ1, Õ2, . . . , Õı̃ ) = F1Õκ(1) ⊕ F2Õκ(2) ⊕ . . . ⊕ Fı̃Õκ(ı̃)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿ

Õκ(ĵ )
∈υ

Õκ(ĵ )
℘

Õκ(ĵ )

∈℘
Õκ(ĵ )

√√√√1 − �ı̃
ĵ=1

(
1 −

(
ÿ

Õκ(ĵ )

)2
)Fĵ

/�ı̃

ĵ=1℘Õκ(ĵ )

,

⋃
κ
Õκ(ĵ )

∈τ
Õκ(ĵ )

c
Õκ(ĵ )

∈c
Õκ(ĵ )

�ı̃

ĵ=1

(
κ

Õκ(ĵ )

)Fĵ

/�ı̃

ĵ=1cÕκ(ĵ )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2) PyPHFOWG operator can be described as

PyPHFOWG(Õ1, Õ2, . . . , Õı̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
κ
Õκ(ĵ )

∈τ
Õκ(ĵ )

c
Õκ(ĵ )

∈c
Õκ(ĵ )

�ı̃

ĵ=1

(
κ

Õκ(ĵ )

)Fĵ

/�ı̃

ĵ=1cÕκ(ĵ )

,

⋃
ÿ

Õκ(ĵ )
∈υ

Õκ(ĵ )
℘

Õκ(ĵ )

∈℘
Õκ(ĵ )

√√√√1 − �ı̃
ĵ=1

(
1 −

(
ÿ

Õκ(ĵ )

)2
)Fĵ

/�ı̃

ĵ=1℘Õκ(ĵ )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where Õκ(ĵ ) is the jth largest in them

Definition 2.18. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be any group of PyPHFNs, Õκ(ĵ ) is

the jth largest of Õκ(ĵ ) = ı̃FĵÕĵ (ĵ = 1, 2, . . . , ı̃). Then the following two aggregation operators with
aggregation-associated vectorF = (F1,F2, . . . ,Fı̃ )

T , whereFi ∈ [0, 1],
∑ı̃

ĵ=1 Fĵ = 1 can be described as

(1) PyPHFHWA operator

PyPHFHWA(Õ1, Õ2, . . . , Õı̃ ) = F1Õκ(1) ⊕ F2Õκ(2) ⊕ . . . ⊕ Fı̃Õκ(ı̃)
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=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿ

Õκ(ĵ )
∈υ

Õκ(ĵ )
℘

Õκ(ĵ )

∈℘
Õκ(ĵ )

√√√√1 − �ı̃
ĵ=1

(
1 −

(
ÿ

Õκ(ĵ )

)2
)Fĵ

/�ı̃

ĵ=1℘Õκ(ĵ )

,

⋃
κ
Õκ(ĵ )

∈τ
Õκ(ĵ )

c
Õκ(ĵ )

∈c
Õκ(ĵ )

�ı̃

ĵ=1

(
κ

Õκ(ĵ )

)Fĵ

/�ı̃

ĵ=1cÕκ(ĵ )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2) PyPHFHWG operator can be described as

PyPHFHWG(Õ1, Õ2, . . . , Õı̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
κ
Õκ(ĵ )

∈τ
Õκ(ĵ )

c
Õκ(ĵ )

∈c
Õκ(ĵ )

�ı̃

ĵ=1

(
κ

Õκ(ĵ )

)Fĵ

/�ı̃

ĵ=1cÕκ(ĵ )

,

⋃
ÿ

Õκ(ĵ )
∈υ

Õκ(ĵ )
℘

Õκ(ĵ )

∈℘
Õκ(ĵ )

√√√√1 − �ı̃
ĵ=1

(
1 −

(
ÿ

Õκ(ĵ )

)2
)Fĵ

/�ı̃

ĵ=1℘Õκ(ĵ )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2.2 Einstein Operational Laws Based on PyPHFEs
The application of t-norms in FS theory at the intersection of two FSs is widely recognized. T-

conorms are being used to model disjunction or union. These are a straightforward explanation of the
conjunction and disjunction in mathematical fuzzy logic syntax, and they are utilized in MCDM to
combine criteria.

The Einstein sum (⊕ε) and Einstein product (⊗ε) are case studies of t-conorms and t-norms,
respectively, and are stated in the PyPHF environment as follows:

Ñ ⊕ε Š =
√

Ñ2 + Š2

1 + Ñ2Š2
, Ñ ⊗ε Š = ÑŠ√

1 +
(

1 − Ñ2

) (
1 − Š2

)
Based on the above Einstein operations, we give the following new operations on PyPHFEs.

Definition 2.19. Let Õ1 =
(
υh

ĥ1
/℘ĥ1

, τh
ĥ1

/cĥ1

)
and Õ2 =

(
υh

ĥ2
/℘ĥ2

, τh
ĥ2

/cĥ2

)
be two PyPHFEs and

η > 0(∈ R), then

(1) Õ1 ⊕ Õ2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,ÿ2∈υh

ĥ2
(l

ĥ
)

℘1∈℘
ĥ1

,℘2∈℘
ĥ2

(√
ÿ2

1 + ÿ2
2

1 + ÿ2
1ÿ2

2

/℘1℘2

)
,

⋃
κ1∈τh

ĥ1
(l

ĥ
) ,κ2 ∈τ

h
ĥ2

(l
ĥ
)

c1∈c
ĥ1

,c2∈c
ĥ2

⎛
⎝ κ1κ2√

1 + (1 − κ2
1

) (
1 − κ2

2

)/c1c2

⎞
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

;
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(2) Õ1 ⊗ Õ2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,ÿ2∈υh

ĥ2
(l

ĥ
)

℘1∈℘
ĥ1

,℘2∈℘
ĥ2

⎛
⎝ ÿ1ÿ2√

1 + (1 − ÿ2
1

) (
1 − ÿ2

2

)/℘1℘2

⎞
⎠ ,

⋃
κ1∈τh

ĥ1
(l

ĥ
) ,κ2 ∈τ

h
ĥ2

(l
ĥ
)

c1∈c
ĥ1

,c2∈c
ĥ2

(√
κ2

1 + κ2
2

1 + κ2
1 κ

2
2

/c1c2

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

;

(3) ηÕ1 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,℘1∈℘

ĥ1

(√(
1 + ÿ2

1

)η − (1 − ÿ2
1

)η(
1 + ÿ2

1

)η + (1 − ÿ2
1

)η /℘1

)
,

⋃
κ1 ∈τ

h
ĥ1

(l
ĥ
),c1∈c

ĥ1

⎛
⎝ √

2κ
η

1√(
2 − κ2

1

)η + (κ2
1

)η /c1

⎞
⎠

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

;

(4) Õη

1 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⋃
ÿ1∈υh

ĥ1
(l

ĥ
) ,℘1∈℘

ĥ1

⎛
⎝ √

2ÿη

1√(
2 − ÿ2

1

)η + (ÿ2
1

)η /℘1

⎞
⎠ ,

⋃
κ1 ∈τ

h
ĥ1

(l
ĥ
),c1∈c

ĥ1

(√(
1 + κ2

1

)η − (1 − κ2
1

)η(
1 + κ2

1

)η + (1 − κ2
1

)η√1 − (1 − κ2
1 )

η/c1

)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

.

3 PyPHF Einstein Aggregation Operators

In this section, we develop several new Einstein operators for PyPHFNs, namely the Pythagorean
probabilistic hesitant fuzzy Einstein weighted averaging (PyPHFEWA) operator, the Pythagorean
probabilistic hesitant fuzzy Einstein ordered weighted averaging (PyPHFEOWA) operator, the
Pythagorean probabilistic hesitant fuzzy Einstein weighted geometric (PyPHFEWG) operator, and
the Pythagorean probabilistic hesitant fuzzy Einstein ordered weighted geometric (PyPHFEOWG)
operator.

3.1 Pythagorean Probabilistic Hesitant Fuzzy Einstein Weighted Averaging Operators

Definition 3.1. Let Õĵ =
(

εh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1. Then PyPHFEWA:PyPHFN ı̃ −→
PyPHFN such that

PyPHFEWA(Õ1, Õ2, . . . , Õı̃ ) = F1 · εÕ1 ⊕ε F2· ∈ Õ2⊕̃ε . . . ⊕ε Fı̃·εÕ1

is called the Pythagorean probabilistic hesitant fuzzy Einstein weighted averaging operator.

Theorem 3.1. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs. Then

the aggregation result using PyPHFEWA, we can achieve the following:
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PyPHFEWA(Õ1, Õ2, . . . , Õı̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿ

Õĵ
∈υ

Õĵ
℘

Õĵ
∈℘

Õĵ

√√√√√√�ı̃
ĵ=1

⎛
⎝1+

(
ÿ

Õĵ

)2
⎞
⎠Fĵ

−�ı̃
ĵ=1

⎛
⎝1−

(
ÿ

Õĵ

)2
⎞
⎠Fĵ

�ı̃
ĵ=1

⎛
⎝1+

(
ÿ

Õĵ

)2
⎞
⎠Fĵ

+�ı̃
ĵ=1

⎛
⎝1−

(
ÿ

Õĵ

)2
⎞
⎠Fĵ

/�ı̃

ĵ=1℘Õĵ
,

⋃
κ
Õĵ

∈τ
Õĵ

c
Õĵ

∈c
Õĵ

√
2�ı̃

ĵ=1

(
κ
Õĵ

)Fĵ

√√√√√�ı̃
ĵ=1

⎛
⎝2−

(
κ
Õĵ

)2
⎞
⎠Fĵ

+�ı̃
ĵ=1

⎛
⎝(κ

Õĵ

)2
⎞
⎠Fĵ

/�ı̃

ĵ=1cÕĵ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where F = (F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ with Fĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1.

Proof. We will demonstrate the theorem by mathematical induction. For ı̃ = 2

PyPHFEWA(Õ1, Õ2) = F1.εÕ1 ⊕ε F2.εÕ2

Since both F1.εÕ1 and F2.εÕ2 are PyPHFNs, and also, F1.εÕ1 ⊕ε F2.εÕ2 is a PyPHFN.

F1.εÕ1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿ

Õ1
∈υ

Õ1
℘

Õ1
∈℘

Õ1

√√√√√
(

1+
(

ÿ
Õ1

)2
)F1

−
(

1−
(

ÿ
Õ1

)2
)F1

(
1+
(

ÿ
Õ1

)2
)F1

+
(

1−
(

ÿ
Õ1

)2
)F1

/℘Õ1
,

⋃
κ
Õ1

∈τ
Õ1

c
Õ1

∈c
Õ1

√
2
(

κ
Õ1

)F1

√√√√(2−
(

κ
Õ1

)2
)F1

+
((

κ
Õ1

)2
)F1

/cÕ1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

F2.εÕ2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿ2∈υ

Õ2
℘

Õ2
∈℘

Õ2

√√√√√
(

1+
(

ÿ
Õ2

)2
)F2

−
(

1−
(

ÿ
Õ2

)2
)F2

(
1+
(

ÿ
Õ2

)2
)F2

+
(

1−
(

ÿ
Õ2

)2
)F2

/℘Õ2
,

⋃
κ
Õ2

∈τ
Õ2

c
Õ2

∈c
Õ2

√
2
(

κ
Õ2

)F2

√√√√(2−
(

κ
Õ2

)2
)F2

+
((

κ
Õ2

)2
)F2

/cÕ2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Then

PyPHFEWA(Õ1, Õ2) = F1.εÕ1 ⊕ε F2.εÕ2

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿ1∈υ

Õ1
℘

Õ1
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Õ1

√√√√√
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1+
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ÿ
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1−
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ÿ
Õ1
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ÿ
Õ1

)2
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(

1−
(

ÿ
Õ1

)2
)F1

/℘Õ1
,

⋃
κ
Õ1

∈τ
Õ1

c
Õ1

∈c
Õ1

√
2
(

κ
Õ1

)F1

√√√√(2−
(

κ
Õ1

)2
)F1

+
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κ
Õ1

)2
)F1

/cÕ1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⊕ε
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
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Õ2
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⋃
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Õ2
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Õ2
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Õ2
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Õ2
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=
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Õ1
∈℘

Õ1
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ÿ
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ÿ
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ÿ
Õ1
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ÿ
Õ2
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ÿ
Õ2
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ÿ
Õ2
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1−
(

ÿ
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ÿ
Õ1
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ÿ
Õ2

)2
)F2

−
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1−
(

ÿ
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(

ÿ
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(

ÿ
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Õ1
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Õ1
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Õ1
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√
2
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κ
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(
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(

κ
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+
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κ
Õ2

)2
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⎞
⎟⎟⎟⎟⎟⎠

√√√√√√√√√√1+

⎛
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2
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κ
Õ1

)2
)F1

(
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(

κ
Õ1

)2
)F1

+
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κ
Õ1
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)F1

⎞
⎟⎟⎟⎟⎟⎠.ε

⎛
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2
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κ
Õ2
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)F2

(
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(

κ
Õ2
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+
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κ
Õ2

)2
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⎞
⎟⎟⎟⎟⎟⎠

/cÕ1
cÕ2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
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ÿ
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ÿ
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(

ÿ
Õ2
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(
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(

ÿ
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−.ε

(
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(

ÿ
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+
(
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(

ÿ
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.ε

(
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(

ÿ
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,

⋃
κ
Õ1
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√
2
(
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(
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(

κ
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.ε

(
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(

κ
Õ2
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+
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κ
Õ1

)2
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.ε

((
κ
Õ2

)2
)F2

/cÕ1
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Thus, the result holds for ı̃ = 2

Assume that the results holds for ı̃ = k

PyPHFEWA(Õ1, Õ2, . . . , Õk) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿĵ ∈υ

Õĵ
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Õĵ
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(
ÿ

Õĵ
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⎞
⎠Fĵ

+�k
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(
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Õĵ
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Õĵ
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Õĵ
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Õĵ
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⎞
⎠Fĵ

+�k
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⎛
⎝(κ

Õĵ
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⎞
⎠Fĵ

/�k
ĵ=1cÕĵ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Now we will prove for ı̃ = k + 1

PyPHFEWA(Õ1, Õ2, . . . , Õk+1) = PyPHFEWA(Õ1, Õ2, . . . , Õk) ⊕ε Fk+1.εÕk+1
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=
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ĵ=1

⎛
⎝1+

(
ÿ
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,

⋃
κ
Õĵ
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√√√√√�k
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Õĵ

)2
⎞
⎠Fĵ
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⊕ε
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(
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(
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√
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(
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(

κ
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√√√√√√�
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(
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⎞
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⎛
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Õĵ
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⎞
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Fĵ
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⎞
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Thus

PyPHFEWA(Õ1, Õ2, . . . , Õı̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋃
ÿĵ ∈υ
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ĵ=1

⎛
⎝1+

(
ÿ
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Õĵ

∈c
Õĵ
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There are some properties which are fulfilled by the PyPHFEWA as follows:

Theorem 3.2. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ with Fĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1; then we have the following:

(1) Boundary:

Õ− ≤ PyPHFEWA(Õ1, Õ2, . . . , Õı̃ ) ≤ Õ+



1798 CMES, 2023, vol.136, no.2

where

Õ− =
⎛
⎝min

1≤ĵ≤ı̃
min

ÿ
Õĵ

∈υh
ĥĵ

ÿÕĵ
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ı̃
, max

1≤ĵ≤ı̃
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Õĵ
∈υh

ĥĵ
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(2) Monotonicity: Let Õ∗
ĵ
=
(

υ̇h
ĥĵ

/℘ĥ
ĵ
, τ̇h

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs. If

Õĵ ≤ Õ∗
ĵ
, while the probabilities are same. Then

PyPHFEWA(Õ1, Õ2, ..., Õı̃ ) ≤ PyPHFEWA(Õ∗
1, Õ∗

2, ..., Õ∗
ı̃
)

Proof. (1) Let f (x) = 1 − x
1 + x

, x ∈ [0, 1], then f ′(x) = −2

(1 + x)
2 < 0, so f (x) is a decreasing function.

Let max
(

ÿÕĵ
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Õĵ
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Since F = (F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ with Fĵ ∈ [0, 1] with
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ĵ=1 Fĵ = 1, we have
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ÿÕĵ

)2

1 + max
(

ÿÕĵ
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ÿÕĵ
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ĵ=1

⎛
⎜⎝1 −

(
ÿÕĵ
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ÿÕĵ
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ĵ=1 Fĵ
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ÿÕĵ
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Õĵ

)2

1+
(

ÿ
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ÿÕĵ
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Õĵ
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Õĵ

)2

1+
(

ÿ
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ı̃∏
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ÿÕĵ
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ĵ=1

(
1 +

(
ÿÕĵ
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ÿÕĵ
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Consider

g(y) = 2 − y
y

, y ∈ (0, 1]

Then

g′(y) = − 2
y2

, i.e., is a decreasing function on [0, 1].
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Let,
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κÕĵ

)2

≤
(
κÕĵ
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forall ĵ = 1, 2, . . . , ı̃

2 − max
(
κÕĵ
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κÕĵ

)2

max
(
κÕĵ
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κÕĵ
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κÕĵ

)2

min
(
κÕĵ
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Õĵ

)2

⎞
⎟⎟⎟⎟⎟⎠

Fĵ
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κÕĵ

)2

≤
2

ı̃∏
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Definition 3.2. Let Õĵ =
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/℘ĥ
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ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1. Then PyPHFEWG:PyPHFN ı̃ −→
PyPHFN such that

PyPHFEWG(Õ1, Õ2, . . . , Õı̃ ) = ÕF1
1 ⊗ε ÕF2

2 ⊗ε . . . ⊗ε ÕFı̃
ı̃

is called the Pythagorean probabilistic hesitant fuzzy Einstein weighted geometric operator.

Theorem 3.3. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs. Then

the aggregation result using PyPHFEWG, we can achieve the following
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ĵ=1

⎛
⎝2−

(
κ
Õĵ
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Õĵ

)2
⎞
⎠Fĵ
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where F = (F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ with Fĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1.

There are some properties which are fulfilled by the PyPHFEWG as follows:

Theorem 3.4. Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ with Fĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1; then we have the following:

(1) Boundary:

Õ− ≤ PyPHFEWG(Õ1, Õ2, . . . , Õı̃ ) ≤ Õ+
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where
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ĥĵ

ÿÕĵ
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κÕĵ
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(2) Monotonicity: Let Õ∗
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ĵ
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(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs. If

Õĵ ≤ Õ∗
ĵ
, while the probabilities are same. Then

PyPHFEWG(Õ1, Õ2, . . . , Õı̃ ) ≤ PyPHFEWG(Õ∗
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2, . . . , Õ∗
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)

We developed the following ordered weighted operators based on PyPHFNs.

Definition 3.3. (1) Let Õĵ =
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ĵ
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/cĥ
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)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ ∈ [0, 1] with
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ĵ=1 Fĵ = 1. Then PyPHFEOWA:PyPHFN ı̃ −→
PyPHFN such that

PyPHFEOWA(Õ1, Õ2, ..., Õı̃ ) = F1.εÕρ(1) ⊕ε F2.εÕρ(2) ⊕ε ... ⊕ε Fı̃.εÕρ(ı̃)
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Õρ(ĵ )
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Õρ(ĵ )

)2
⎞
⎠Fĵ
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√√√√√√�ı̃
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ρ(ĵ )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where Õρ(ĵ ) be the ĵ th largest in them, is called the Pythagorean probabilistic hesitant fuzzy Einstein
ordered weighted averaging operator.

(2) Let Õĵ =
(

υh
ĥĵ

/℘ĥ
ĵ
, τh

ĥĵ

/cĥ
ĵ

)
(ĵ = 1, 2, . . . , ı̃) be a collection of PyPHFNs, F =

(F1,F2, . . . ,Fı̃ )
T are the weights of Õĵ ∈ [0, 1] with

∑ı̃

ĵ=1 Fĵ = 1. Then PyPHFEOWG: PyPHFN ı̃ −→
PyPHFN such that

PyPHFEOWG(Õ1, Õ2, . . . , Õı̃ ) = ÕF1
ρ(1) ⊗ε ÕF2

ρ(2) ⊗ε . . . ⊗ε ÕFı̃
ρ(ı̃)
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Õρ(ĵ )

℘
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where Õρ(ĵ ) be the ĵ th largest in them, is called the Pythagorean probabilistic hesitant fuzzy Einstein
ordered weighted geometric operator.

4 Decision Making Methodology

Step 1 Normalization of the Expert information in Pythagorean probabilistic hesitant fuzzy
information.

Step 2 We determine the weight vectors by using the Pythagorean probabilistic hesitant fuzzy
entropy measure, entropy of the criteria is defined as
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(1)

Step 3 By exploiting the proposed PyPHFWA operator/PyPHFWG operator, the overall prefer-
ence values ℵk of the alternative £k(k = 1, 2, 3, 4) are calculated as following formulas:

PyPHFEWA(Õ1, Õ2, . . . , Õı̃ ) =
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Õĵ
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Õĵ
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and

PyPHFEWG(Õ1, Õ2, . . . , Õı̃ ) =
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Õĵ

∈τ
Õĵ
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Step 4 Find out the score values for each given alternative using the following formula:

s(ℵ) =
(

1
Mℵ

∑
�i∈τhġ ,p̃i∈p̃hġ

(�i · p̃i)

)2

−
(

1
Nℵ

∑
�i∈ðh�

,�i∈�hġ

(�i · �i)

)2

Step 5 Rank the alternative in ascending order. The alternative having large score value are the
best alternative among the consider alternatives.

Flow chart of the proposed decision making methodology is given in Fig. 1.

Figure 1: Steps of algorithm for MCDM by using pythagorean probabilistic hesitant fuzzy einstein
aggregation operators

4.1 Numerical Example
The Emergency Decision Making for COVID-19’s emergency circumstance is discussed in this

part. Several researchers made decisions to minimize the influence of COVID-19 [37–40].

Case Study: We present a real specific example of an emergency caused by a novel coronavirus
outbreak (NCoViD-2019) that occurred in China to demonstrate the objectivity and operation of the
suggested methodology. NCoViD-2019 is a brand-new virus that has infected thousands of people
in just a few weeks. The virus has killed about 3,000 people in China, and it has afflicted more than
80,000 people around the world. Due to the nature of the emergency, the DMs must act quickly and
rescue those who are in danger in order to effectively control the situation and prevent further deaths.
There are three important factors to communicating emergency response requirements:

(1)
◦

C1: Launch to save Persons influenced by the disease: Effective actions should be done to save
the lives of those who have been impacted and are trapped. In addition, infected people should
be transported to the hospital immediately and placed in separate units.

(2)
◦

C2: Manage the problem as soon as possible: In the event of an emergency, the rescue workers
should adopt steps to correct the situation and identify the presence of a virus, such as
establishing isolation wards, vaccinating persons, and locking down the borders. Techniques
for detecting and treating sick people could be used.
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(3)
◦

C3: Recovering from viruses and preventing others from contracting them: Individuals who are
releasing the virus may be impacted by medical therapy, which could get others sick. Antibiotics
are used to treat the infection. Persons suffering from respiratory ailments should seek medical
attention, and a test must be performed. Use hand sanitizer on a regular basis. Make an effort
to exercise and get proper sleep. Be aware of your surroundings’ symptoms, including coughing
or fever.

To combat NCoViD-2019, there are four emergency options: £1 = build high-tech wards in
hospitals, £2 = vaccinate persons, £3 = lock down the borders, and £4 = check and cure strategies.
The expert information is given in Table 1.

Table 1: Collective data of decision makers
◦

C1

◦
C2

◦
C3

£1 (0.2/0.6, 0.3/0.4) ,(0.3/1) (0.45/1) , (0.2/0.6, 0.8/0.4) (0.7/0.9, 0.6/0.1) , (0.6/0.7, 0.7/0.3)

£2 (0.8/0.3, 0.1/0.7) , (0.1/1) (0.5/1) , (0.3/0.7, 0.4/0.3) (0.9/1, 0.6/0.1) , (0.3/0.6, 0.2/0.4)

£3 (0.05/0.5, 0.2/0.5) , (0.1/1) (0.1/1) , (0.3/0.4, 0.4/0.6) (0.5/0.5, 0.6/0.5) , (0.3/0.9, 0.1/0.1)

£4 (0.4/0.4, 0.6/0.6) , (0.5/1) (0.7/1) , (0.1/0.5, 0.1/0.5) (0.2/1) , (0.3/0.2, 0.6/0.8)

F = (0.314, 0.355, 0.331)T

Step 1 Because the attributes are uniform so there are no need to normalized.

Step 2 The weight vector in this case study is known F = (0.314, 0.355, 0.331)T . So we do not need
to determine using proposed entropy measures.

Step 3 By exploiting the proposed PyPHFWA operator, we achieve the overall preference values
ℵk of the alternative £k(k = 1, 2, 3, 4). For instance
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−�ı̃
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Õĵ

)2
⎞
⎠Fĵ
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ℵ1 =
〈{0.5065

0.54
,

0.4549
0.06

,
0.5210

0.36
,

0.4707
0.04

}
,{

0.2383
0.42

,
0.2558
0.18

,
0.3989
0.28

,
0.4228
0.12

} 〉

Similarly for other alternatives

ℵ2 =
〈 {

0.7781
0.3

,
0.6598

0.7

}
,{

0.1519
0.42

,
0.1323
0.28

,
0.1694

0.18
,

0.1479
0.12

}〉
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ℵ3 =
〈{0.2983

0.25
,

0.3590
0.25

,
0.3169
0.25

,
0.3742
0.25

}
,{

0.1519
0.36

,
0.1053
0.04

,
0.1694
0.54

,
0.1179
0.06

} 〉

ℵ4 =
〈 {

0.4990
0.4

,
0.5575

0.6

}
,{

0.1735
0.10

,
0.2253
0.40

,
0.1735
0.10

,
0.2253
0.40

}〉

Step 4 The score values are obtained as

s(ℵ) =
(

1
Mℵ

∑
�i∈τhġ ,p̃i∈p̃hġ

(�i · p̃i)

)2

−
(

1
Nℵ

∑
�i∈ðh�

,�i∈�hġ

(�i · �i)

)2

s(ℵ1) = 0.0496, s(ℵ2) = 0.3103, s(ℵ3) = 0.0449, s(ℵ4) = 0.2133

Step 5

s(ℵ2) > s(ℵ4) > s(ℵ1) > s(ℵ3).

Therefore

£2 > £4 > £1 > £3.

The best choice is £2.

4.1.1 For PyPHFWG Operator

Step 3 By exploiting the proposed PyPHFWG operator, we achieve the overall preference values
ℵk of the alternative ℵk(k = 1, 2, 3, 4).

PyPHFEWG(Õ1, Õ2, . . . , Õı̃ ) =
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Õĵ

∈τ
Õĵ
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Õĵ
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,
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ℵ2 =
〈 {
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0.3

,
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0.7

}
,{
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,
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,
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ℵ3 =
〈{0.1005

0.25
,

0.1089
0.25

,
0.1543

0.25
,
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0.25

}
,{
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,
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,
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,
0.2515
0.06

} 〉

ℵ4 =
〈 {
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,
0.3305

0.6

}
,{
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,
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,
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0.10
,
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0.40

}〉

Step 4 The score values are obtained as

s(ℵ1) = −0.0498, s(ℵ2) = 0.1185, s(ℵ3) = −0.036, s(ℵ4) = 0.1030

Step 5

s(ℵ2) > s(ℵ4) > s(ℵ3) > s(ℵ1).

Therefore

£2 > £4 > £3 > £1.

The best choice is £2.

5 Comparison Analysis

To show the applicability and appropriateness of the established Pythagorean probabilistic hesi-
tant fuzzy Einstein operators-based methodology, we compared the approach based on the suggested
operator in accordance with the existing decision assistance approach to validate the advantages and
stability of the developed methodology.

Comparison with Batool et al. [41]:

Batool et al. [41] evolved novel Algebraic aggregation operators under Pythagorean probabilistic
hesitant fuzzy information to sort out the best alternative. Table 3 gives the comparison findings and
shows that the PyPHFWA, PyPHFOWA, PyPHFHWA, PyPHFWG, PyPHFOWG and PyPHFHWG
operators are special instances of our developed Einstein aggregation operators.

In a nutshell, our suggested solutions are expected to become more extensive and flexible than
a few existing strategies for addressing MADM problems. Collected specialist data [41] is listed in
Table 2.

Given weight vector is

W̃ = (W̃1 = 0.314, W̃2 = 0.355, W̃3 = 0.331)

Comparative studies with collected specialist data by [41] is enclosed in Table 3.

Table 3 shows a comparison between the existing technique and the results obtained by the
proposed methodology along with the final ranking order of the alternatives. The operators in the
considered existing theories are: PyPHFWA, PyPHFOWA, PyPHFHWA, PyPHFWG, PyPHFOWG
and PyPHFHWG aggregation operators by Batool et al. [41]. Thus, the proposed operators are
an enhanced and generalized form of the existing operators because it remains unchanged on the
same output ranking for different operators. Moreover, the best alternative chosen by the proposed
operators remains the same as that with that of the existing operator signifies that the established
operators are an enhanced version and generalized over the existing operator in the literature.
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Table 2: Specialist evaluation information
◦

C1

◦
C2

◦
C3

£1

(
(0.2/0.6, 0.3/0.4) ,

(0.3/1)

) (
(0.45/1) ,

(0.2/0.6, 0.8/0.4)

) (
(0.7/0.9, 0.6/0.1) ,
(0.6/0.7, 0.7/0.3)

)

£2

(
(0.8/0.3, 0.1/0.7) ,

(0.1/1)

) (
(0.5/1) ,

(0.3/0.7, 0.4/0.3)

) (
(0.9/1, 0.6/0.1) ,
(0.3/0.6, 0.2/0.4)

)

£3

(
(0.05/0.5, 0.2/0.5) ,

(0.1/1)

) (
(0.1/1) ,

(0.3/0.4, 0.4/0.6)

) (
(0.5/0.5, 0.6/0.5) ,
(0.3/0.9, 0.1/0.1)

)

£4

(
(0.4/0.4, 0.6/0.6) ,

(0.5/1)

) (
(0.7/1) ,

(0.1/0.5, 0.1/0.5)

) (
(0.2/1) ,

(0.3/0.2, 0.6/0.8)

)

Table 3: Comparison matrix

Operator Scores Ranking

£1 £2 £3 £4

PyPHFWA [41] 0.0965 0.4777 0.0740 0.2172 £2 > £4 > £1 > £3

PyPHFWG [41] 0.4432 0.5644 0.1701 0.3827 £2 > £4 > £1 > £3

PyPHFOWA [41] 0.0935 0.4671 0.0735 0.1954 £2 > £4 > £1 > £3

PyPHFOWG [41] 0.4315 0.5511 0.1609 0.3842 £2 > £4 > £1 > £3

PyPHFHWA [41] 0.0978 0.4606 0.0717 0.2156 £2 > £4 > £1 > £3

PyPHFHWG [41] 0.4301 0.5511 0.1672 0.3725 £2 > £4 > £1 > £3

PyPHFEWA (Proposed) 0.0496 0.3103 0.0449 0.2133 £2 > £4 > £1 > £3

PyPHFEWG (Proposed) −0.0498 0.1185 −0.036 0.1030 £2 > £4 > £3 > £1

6 Conclusion

We conducted a thorough investigation into PyPHF aggregation operators in this paper. First,
we have defined certain operational guidelines based on Einstein operations for PyPHFS. The
weighted averaging and geometric Einstein aggregation operators have also been intended to deal with
PyPHF data, such as Pythagorean probabilistic hesitant fuzzy averaging (PyPHFA) and Pythagorean
probabilistic hesitant fuzzy geometric (PyPHFG) aggregation data in decision-making issues, due to
the importance of operating procedures and a number of useful characteristics have been shown on
them. To explain the usage, adaptability, and effectiveness of the procedure, we created a Healthcare
framework and employed specified aggregation material to solve this problem.

We will examine the conceptual framework of Pythagorean probabilistic hesitant fuzzy sets for
Einstein operations in future work using innovative decision-making approaches like as TOPSIS,
VIKOR, EDAS and how these techniques are used in domains including analytical thinking, intelligent
systems, soft computing, etc.
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